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Ordinals in topological groups
by

Raushan Z. Buzyakova (Greensboro, NC)

Abstract. We show that if an uncountable regular cardinal 7 and 7 4+ 1 embed in
a topological group G as closed subspaces then G is not normal. We also prove that an
uncountable regular cardinal cannot be embedded in a torsion free Abelian group that
is hereditarily normal. These results are corollaries to our main results about ordinals in
topological groups. To state the main results, let 7 be an uncountable regular cardinal
and G a T topological group. We prove, among others, the following statements: (1) If 7
and 7+ 1 embed closedly in G then 7 X (7+ 1) embeds closedly in G; (2) If 7 embeds in G,
G is Abelian, and the order of every non-neutral element of G is greater than 2 — 1 then
[I;cn 7 embeds in G; (3) The previous statement holds if 7 is replaced by 74 1; (4) If G
is Abelian, algebraically generated by 741 C G, and the order of every element does not
exceed 2" — 1 then [],_n (7 + 1) is not embeddable in G.

1. Introduction. The paper is devoted to the following problem.

PROBLEM. Let G be a topological group and X, Y C G. What conditions
on X and/or Y and/or G guarantee that X x X and/or X xY embed
(closedly) in G?

It is known, in particular, that X™ is homeomorphic to a closed sub-
space of the Abelian free topological group over X for every natural number
n [S-T]. We restrict ourselves to cases when X and Y in this problem are
spaces of ordinals. A corollary to one of our main results implies that if w;
and w; + 1 embed closedly in G then so does w; X (w1 + 1), thus making G
not normal. Another result of the paper implies that wq is not embeddable
in a torsion free Abelian group that is hereditarily normal. This is because,
once such a group contains wj it contains w; x wy as well. In short, investi-
gating the above problem is one approach to study separation and covering
properties in topological groups. We refer the reader to surveys [COM] and
[TKA] that contain some results and references related to the topic in ques-
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tion. The main results of the paper are those cited in the abstract and are
given by statements 2.6, 3.3, 3.4, 4.7, and 4.8.

To shorten our statements, let us agree that whenever we claim that
X = {24 : @ < 7} is homeomorphic to an ordinal 7 we assume that z, < «
is a homeomorphism inducing an order on X.

We will use the x sign for the binary operation in a given topological
group G. The neutral element of G is denoted by eg. The order of g € G
is denoted by o(g). If the order of every element of G does not exceed N
we write o(G) < N. The equality o(G) = N means that o(G) < N and the
order of at least one element equals V.

Let G be a topological group and (x, : @ < 7) a sequence in G, where 7
is an infinite regular cardinal. We say that (x, : @ < 7) converges to z € G
if for any open neighborhood U of x there exists an ordinal ay < 7 such
that x4 € U whenever a > ay. We will use the following fact quite often.

Fact. Let G be a topological group and T an infinite regular cardinal. If
(xq :a < T) and (Yo : @ < T) converge in G to x and y, respectively, then

(To * Yo : 0 < T) converges to xxy and (xy' 1 a < 7) to x™L.

An ordinal 7, when treated as a topological space, is endowed with the
topology of linear order. The symbol o™ denotes o * - - - * &, where « is an
element of a group G. The topological second power of the space ™ will be
denoted by 7 x 7. The topological Nth power of 7 will be denoted by [[,c 7.

In notation and terminology we will follow [ENG]. All spaces are assumed
to satisfy T7. It is a classical theorem of Kolmogorov and Pontryagin that a
Ty topological group is Tikhonov (see, for example, [PON]).

2. 7 x (7+1) in topological groups. In this section we will prove that
if a topological group contains closed copies of 7 and 7 + 1, where 7 is an
uncountable regular cardinal, then G contains a closed copy of 7 x (7 + 1).
It follows in particular that if wq and w; + 1 embed in a topological group
G as closed subspaces then G is not normal.

The strategy is straightforward. Given X = {z,:a <7} and Y = {y, :
a <71+ 1} in G, we carefully select a closed unbounded subset T" of 7 such
that {zq :a@ € T} % {ya : « € TU{7}} is as desired.

LEMMA 2.1. Let G be a topological group and X = {4 : a < 7},Y =
{Ya : @ < 7+ 1} C G homeomorphic to ordinals T and T + 1, respectively,
where T is an infinite reqular cardinal. Then for any A < T there exists
A* < 1 such that T *yo # T3 * Yy for any o, 3,7 > \*.

Proof. Assume the contrary. Then we can select non-decreasing sequences
(Bi)i<r of elements of 7 and (;)i<r, (7Vi)i<r Of elements of 7 + 1 such that

(1) Zx*Ya; = Tp, * Y,
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(2) Bi > A

2
(3) {(@;)i<r and (7;)i<r converge to 7.

(
By (3), (Yo, : @ < 7) and (y,, : ¢ < 7) converge to y,. Therefore, the sequence
(A * Yo, 1 1 < T) converges to xy xyr. By (1), the sequence (zg, xy,, : 1 < T)
also converges to z) x yr. Therefore, ((zs, *x ;) * v, 1. i < 1) converges to
(zA*yr)*y;+ = x). That is, (zg, 1 i < 7) converges to x, contradicting (2)
and the fact that x4 < « is a homeomorphism of X with 7. u

LEMMA 2.2. Let G be a topological group and X = {4 : a < 7},Y =
{Ya : @ < 7+ 1} C G homeomorphic to ordinals T and T + 1, respectively,
where T is an uncountable reqular cardinal. Then for any A < T there exists
A* < 1 such that xo x Yy # T3 % yy for any o, 3,7 > \*.

Proof. Assume the contrary. Then we can select non-decreasing sequences
(n)n<w and (Bp)n<y of elements of 7 and (7, )n<. of elements of 7+ 1 such
that

(1) Ta, *Yr = 28, * Yyni

2) limy,—oo T, = limy, oo T3, = p for some p € G;
n Bn

(3) 1 > A

Put ¢ = lim,,_. y,,, . The limit exists by countable compactness of Y. Recall
that yo, < « is a homeomorphism of Y with 74 1. Applying this fact and (3),
we have g > y,.

By continuity of x, limy, .o Za,, *yx = p*yy and limy, . g, *Y,, = P*q.
By (1), pxyx = px q. Therefore, y) = ¢, contradicting g > y. =

LEMMA 2.3. Let G be a topological group and X = {xq : a < 7},Y =
{Ya : @ < 7+1} C G closed and homeomorphic to 7 and T+ 1, respectively,
where T is an infinite reqular cardinal. Then for any A < 7 there exists
A* <7 such that x\ % yo # xg*x Yy for any o, 3 > \*.

Proof. Assume the contrary. Then we can select non-decreasing sequences
(ai)i<r of elements of 7+ 1 and (f3;);<, of elements of 7 such that

(1) @x* Yo, = Tp, * Y

(2) (a4)i<r and (B;)i<, converge to 7.
By (2), (ya, )i<r converges to y,. Therefore, (xx*yq,)icr converges to zy*y;.
By (1), (xg, * yr)i<r also converges to xy x y,. By (2), we may assume that
B; # B; for distinct 4, j € 7. Therefore, x) x ¥, is a complete accumulation
point for the set X x yy = {xq x y) : @ < 7}, contradicting the fact that X
is closed in G. =

LEMMA 2.4. Let G be a topological group and X = {4 : a < 7},Y =
{Ya : @« < 7+1} C G closed and homeomorphic to 7 and T+ 1, respectively,
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where T is an infinite reqular cardinal. Then for any A < T there exists
A* <7 such that x\ %y # xo *yg for any o, 3 > \*.

Proof. Assume the contrary. Then we can select non-decreasing sequences
(ai)i<r of elements of 7 and (3;);<, of elements of 7 + 1 such that

(1) 2A*yxn = Ta, x Yp;;

(2) (a;)i<r and (B;)i<; converge to .
By (1), the sequence (zq, x yg,)i<r converges to xx x yx. By (2), (yg,)i<r
converges to yr. Therefore, ((za; * yg,) * y@1>i<f converges to (zy * yy) *
y-1. By (2), we may assume that «o; # «; for distinct 4,5 < 7. Therefore,
(zy * yx) xy; ! is a complete accumulation point for the set {z4, : i < 7},
contradicting the fact that X is closed in G. =

LEMMA 2.5. Let G be a topological group and X, Y C G closed and
homeomorphic to T and T+1, respectively, where T is an uncountable reqular
cardinal. Then there exist X', Y C G closed and homeomorphic to T and
T + 1, respectively, such that x is one-to-one on X' x Y’

Proof. Put X = {zo : a <7} and Y = {yo : @ < 7+ 1}. We will
construct X’ = {x), :a <7} and Y’ = {y,, : @ <7+ 1} inductively.
Assume that for all 8 < o < 7, we have defined A3 and )\/’g that meet
the following conditions:
(1) A} <Aj <7 fory<p;
(2) Ag =sup{A; : vy < S} for 8 > 0;
(3) Ag <A
(4) zr,xy #zxwif z € {zy : Ay <y <7}and y,w € {y, : \j <7y <
T+ 1}
(B) zxyn, #zrwifzw,z €{zy: A<y <thandw € {y,: \j <7 <
T+ 1};
(6) za, ¥y # 2xwyy if 2 €{zy 1 Ay <y <7handy € {y,: \j <y <
T+ 1}
(1) g *xypg Frzxwif z€{zy: Ay <y <7rhandw e {y, : \j <y <
T+ 1}
Ifa=0put \y =0. If @« > 0 put A\, = sup{)% : B < a}. Note that A\, is
limit if o is limit, and Aq = AJ if @ = v + 1. Let A7 be an ordinal strictly
between A, and 7 that meets requirements (4)—(7). Such an ordinal exists by
Lemmas 2.1-2.4. Put A, = 7. Put X' ={x), :a<7}and Y ={y), :a <
7+1}. By (2), X’ and Y are closed in X and Y, respectively, and therefore
in G. As 7 is a regular cardinal, X’ and Y’ are homeomorphic to 7 and 7+1,
respectively. To finish the proof we need to show that x Ay *YAg, *x Aoy *YAg,
whenever (a1, £1) # (a2, f2). We have a number of cases to consider.
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Case [a1 < min{fi,as, B2} or as < min{ay, 1, 02}]. Assume oy is
the smallest. By (1)-(3), Ag,, Aaz, Agy > AL, - Now apply (4).

Case [$1 < min{ay, ag, f2} or B2 < min{ay, 1, a2}]. Apply (5).
Case [ = f2 < min{f, as} or ag = f1 < min{ai, f2}]. Apply (6).
Case [a1 = 01 < min{ag, f2} or ag = B2 < min{ay, f1}]. Apply (7).
Case [a1 = ag < min{f, B2} or f1 = P2 < min{ay,a2}]. Apply the
fact that multiplication by a scalar is an automorphism. m

THEOREM 2.6. Let G be a topological group and T an uncountable reqular
cardinal. If T and 7 4+ 1 are embeddable in G as closed subspaces then T X
(1 + 1) is embeddable in G as a closed subspace.

Proof. By Lemma 2.5, there exist disjoint and closed X = {x, : a < 7},
Y = {yo : @« <741} C G such that % is one-to-one on X x Y. To reach the
conclusion of the theorem, it suffices to show that *|xxy is a closed map
and X Y is closed in G. Assume the conclusion is not true. This means
that there exists a point in the remainder of the Stone-Cech compactification
B(X xY) =X xY that is glued up with a point in G under the continuous
extension of x| xxy over (X x Y'). This point from the remainder must be
the complete accumulation point for X x {y,} in X x Y, for some o < 7.
That is, *|xx{y,} is not a closed map or X x y, is not closed in G. Since
multiplication by a scalar is an automorphism and X is closed in G, this
cannot happen. =

COROLLARY 2.7. Let G be a topological group and T an uncountable
regular cardinal. If T and 7 + 1 embed in G as closed subspaces then G is
not normal.

3. Topological groups generated by 7+ 1. In the next section we
will prove that if an Abelian topological group contains an ordinal 7, where
T is a regular cardinal or the immediate successor of such, then G contains
7 x 7 provided the order of every non-neutral element of G is greater than 3.
In this section we will justify this requirement on the order. A particular
case of a more general result of this section states that if an Abelian group
G is algebraically generated by w; +1 and o(G) < 3 then (w1 +1) X (w1 +1)
is not embeddable in G.

LEMMA 3.1. Let G be an Abelian topological group algebraically gener-
ated by T+1 C G (or by T C G), where T is an uncountable regular cardinal.
Suppose X = {x, : o < 7} C G is homeomorphic to 7. Then there exist
a non-negative integer Ky, a 7-sized Jx C T, and gx € G such that for
any o € Jx, xo = gx * Co, where c,, can be represented as the x-product of
Kx-many ordinals in the range [o, T).
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Proof. We will carry out the proof for the case when G is algebraically
generated by 7+ 1. For each o < 7 fix a triple (A, Ba, Cq) of non-negative
integers and a triple (aq, by, co) oOf elements of G such that

(1) oy = aq * by * Co;

(2) aq can be represented as the x-product of A,-many ordinals strictly
less than a;

(3) by = 7B

(4) co can be represented as the x-product of Cy-many ordinals in the
range [a, T).

Since G is Abelian and algebraically generated by 7 + 1, such triples exist.

Since 7 is regular and uncountable, there exist stationary Jy C 7 and
a triple (A, B,C) such that (A, By, Co) = (A, B,C) for any a € Jy. For
every a € Jy, fix an A-long sequence (aq (i) : i € A) of ordinals less than «
such that ap, = an(0) - - - x aq (A — 1). Such sequences exist by (2). Define
a regressive function fy : Jo — 7 by letting fo(a) = an(0). Since Jy is
stationary, 7 is an uncountable regular cardinal, and fy is regressive, we
can apply the pressing-down lemma (see, for example, [KUN]). Applying
the pressing-down lemma to Jy, 7, and fy, we find stationary J; C Jy such
that a(0) = ag(0) for any o, 3 € Ji. Similarly, for each 0 < i < A, we
find a stationary J; C J;—1 such that an(i) = ag(i) for any «, 5 € J;. Put
Jx = Ja—1. It is clear that Jy is 7-sized and a, = ag = a for any o, 3 € Jx
and some fixed a € G. Put gx = a*x 75 and Kx = C. By (1) and (4), gx,
Kx, and Jx are as desired. =

In the next statement we will use a classical fact of algebra that if G is
Abelian and o(G) = N (that is, the maximum order is N) then o(g) divides
N for every g € G.

LEMMA 3.2. Let G be an Abelian topological group algebraically gener-
ated by 7+1 C G (or by T C G), where T is an uncountable regular cardinal.
Suppose X = {zxq : a < 7} C G is homeomorphic to 7. Then there exist a
natural number Kx, an unbounded closed subset Ix of T, and gx € G such
that x, = gx *a™X for every a € Ix. If, additionally, o(G) = N, then Kx
can be chosen strictly between 0 and N.

Proof. We will consider the case when G is algebraically generated by
7+ 1. Let gx, Jx, and Kx be as in the conclusion of Lemma 3.1.

CLAIM. There exists a T-sized I C T such that x5 = gx * XXX for any
Arel.

To prove the claim, fix any o < 7. We need to find A > « such that
Ty =gx * MEX | For this fix a strictly increasing sequence (o, ), of ordinals
in Jx N [a,7) such that z,, = gx * Tp1 * - * Ty Ky, Where ap, < 25, <
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Qn+1- Such a sequence exists by Lemma 3.1. Since a < «ay, < 7, we have
lim;, oo ty = A > a. By continuity of %, lim, oo gx * Tp1 * - * Tp gy =
gx * MEX | Since Z~ ¢ 7y is a homeomorphism of X with 7, and a,, — A, we
have z,, — x). Thus, ) = gx * MX The claim is proved.

Let Ix be the closure of I in 7. By the same argument as in the Claim,
we can show that x4 = gx * ofx for all a € Ix.

To show that Kx > 0, assume the contrary. Then x, = gx * ofx = gx
for all @ € I. This contradicts the fact that x, < « is a homeomorphism
of X with 7.

Finally, let o(G) = N. Since gV = eg for all ¢ € G, we can assume
without loss of generality that Kx < N. u

PrOPOSITION 3.3. Let G be an Abelian topological group algebraically
generated by T+ 1 C G, where T is an uncountable reqular cardinal. Suppose
o(G) < N and Si,...,Sy C G are homeomorphic to T. If ¢ is the complete
accumulation point for each of S1,...,Sn then Si,..., SN are not disjoint.

Proof. Suppose the conclusion is true for all natural numbers less than N.
Let o(G) = N.Foreachi=1,...,N,let Ig,, Kg,, gs, be as in the conclusion
of Lemma 3.2. Since 0 < Kg, < N for each i, there exist distinct 7,5 €
{1,..., N} such that Ks, = K5, = K. By continuity of x, we have ¢ =
gs; * 7Hs; = gs; * 7885 Therefore, gs, = gs; = g*. Since Ig,, Isj are T-sized
countably compact subspaces of 7, there exists a € Ig, N Ig;. Therefore,
g**OzK €SNS;. m

COROLLARY 3.4. Let G be an Abelian group algebraically generated by
7+ 1 C G, where T is an uncountable regular cardinal. If o(G) < 2V — 1
then [[;cn (7 + 1) is not embeddable in G.

Proof. Observe that the topological power of N copies of 7+ 1 contains
— 1 disjoint copies of T that converge to the corner point (7,...,7). Now
apply Proposition 3.3. =

2N

The results of this section give rise to the following questions.

QUESTION 3.5. Let G be an Abelian group generated by wi and o(G) < 3.
Is it true that w1 X wy 18 not embeddable in G ¢

QUESTION 3.6. Can Proposition 3.3 and/or Corollary 3.4 be proved with-
out assuming commutativity?

4. Topological powers of ordinals in topological groups. In sev-
eral lemmas we will deal with the expression P = P((z; : i € N)) =

22wz IR C S C{0,...,N—1}, then by P(S, R, X, (; : i € S\R))
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we denote the value of P((z; : i € N)) when
eq ifieN\S,
=4 X ifieR,
o ifie S \ R.
For example, if N = 4 then P({0,2,3},{0,3}, X, (22)) = A2’ % 22" « (%1 *
A2 = Bzt x
In the next lemma we will use the following arithmetical facts.
(1) 2Nt 4. 420 =2N 1,
(2) Let A=ap2"+---+ag2’ and B = b,2" + - -- + bp2°, where a;,b; €
{0,1}. If A = B then a; = b; for all i.
To prove our main results of this section (Theorems 4.7 and 4.8) we

will follow the strategy of Section 2. The analogues of Lemmas 2.1-2.4 are
particular cases of Lemma 4.1.

LEMMA 4.1. Suppose G is an Abelian topological group, the order of
every non-neutral element of G is greater than 2N — 1, and 7 C G is
an uncountable regular cardinal. Suppose A < 7, S C {0,...,N — 1}, and
L,R C S are distinct. Then there exists \* < T such that

P(S, L\, (x; i€ S\L))# P(S,R,\,(y; :i € S\ R))
whenever x;,y; € T\ A*.

Proof. Assume the conclusion of the lemma is not true. Then we can
find strictly increasing sequences (y i)n, (On,j)n for i € S\ L and j € S\ R,
all converging to the same limit ~y, such that

PlL.A<y<T;

P2. P(S,L,\,(an,i:i€ S\ L)) =P(S,R,\, (Oni:i€S\R)) for all n.
Let Ly = in_12V "1+ ... 4092, where i, =0if k ¢ L and i), = 1 if k € L.
That is, Ly is the exponent of A on the left side. Similarly, we define Rj.
Let £ = jy_12Y "1 4+ + 502°, where j, = 1 if k € N\ S and j; = 0 if
k € S. That is, F is the exponent of eq.

By continuity and commutativity of x, we have

lim P(S, LA, (i € S\ L)) = AA xy2 717 B- L

n—oo

lim P(S,R, A\, (Bni:i€S\R)) = AR *VQN_l_E_RA.

By P2, we have A 72N*1*E*LA = A% 72N*1*E*RA. By the above
mentioned arithmetical facts, if Ry = L) then L = R, contradicting the hy-
pothesis. Therefore, we may assume that Ly > Ry. Then we have \Ia—fx =
A= Cthat is, (Axy )P TR = eg. Thus, o(Axy™!) < Ly — Ry <2V —1.
Therefore, A x 7! = eq and A = v, contradicting P1. =
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LEMMA 4.2. Suppose G is an Abelian topological group, the order of
every non-neutral element of G is greater than 2N —1, and 7+1 C G, where
T is an infinite reqular cardinal. Suppose X < 7, S C {0,...,N — 1}, and
L,R C S are distinct. Then there exists \* < 7 such that

P(S, L\ (a; i€ S\ LY) # P(S,R,\, (yi :i € S\ R))
whenever x;,y; € (T + 1)\ A*.

Proof. Assume the conclusion of the lemma is not true. Then we can
find non-decreasing sequences (. i)~, (3y,;)y for i € S\ L and j € S\ R,
all converging to 7, such that

P(S, L, X\, {oy; i€ S\ L)) =P(S,R,\,(Byi:1€ S\ R))
for all . The rest of the argument is as in Lemma 4.1.
We denote by V=1 the map from [],.y G to G defined by
*N’1(<370, Ce Oy IN—1)) =X Kk kTN

LEMMA 4.3. Suppose G is an Abelian topological group, the order of
every non-neutral element of G is greater than 2V — 1, and 7 C G is an
uncountable regular cardinal. Then there exists T C T homeomorphic to T
such that *N =1 is one-to-one on [[;cy{t* : t € T}.

Proof. We will construct T' = {\, : @ < 7} inductively. Assume that for
all B < a, we have defined \g and )\E that meet the following conditions:
(1) A} < Aj <7 forall v < B
(2) Ag =sup{\; : v < Bk
(3) Ag < A%
(4) P(S,L,A\g,(z;: 1€ S\ L)) # P(S,R,\3,(yi : i € S\ R)) whenever
i, Yj > /\:};, S C N, and L,R C S are distinct.

Ifa:Oput)\a:0.Ifa>0put)\a:sup{)\§:ﬂ<a}.Let)\Zbeany
ordinal strictly between A, and 7 that meets condition (4). Such an ordinal
exists by Lemma 4.1.

By (1)-(3), T' = {A\a : @ < 7} is homeomorphic to 7. To finish the
proof we need to show that P((z; : i € N)) # P({y; : i € N)) whenever
(x; i€ N)#(y;:i€ N) and z;,y; € T.

To prove this, let S C N be the set of all indices 7 such that z; # y;.
Put A = min{z;,y; : i € S}. Let L C S be the set of all indices i such that
x; = A Let R C S be the set of all indices ¢ such that y; = A. Since A
exists, R or L is not empty. Then R # L, since otherwise R and L would
be in the complement of S. By the definition of S, x; = y; for all i € N\ S.
Therefore, the equality P((z; : i € N)) = P((y; : i € N)) is equivalent to
P(S,L,\(x; : i€ S\ L)) = P(S,R,\,(y; : i € S\ R)). By the definition
of A\, if i € S\ R then y; > A\. By (1)-(3), yv; > A*. Similarly, x; > A\* for
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all i € S'\ L. Applying (4), we conclude that P(S,L,\, (x; : i € S\ L)) #
P(S,R,\,(y;:i€ S\R)). m

LEMMA 4.4. Suppose G is an Abelian topological group, the order of
every non-neutral element of G is greater than 2V —1, and 7+1 C G, where
T 148 an infinite reqular cardinal. Then there exists T C T+ 1 homeomorphic
to T+ 1 such that ¥V~ is one-to-one on [[;cy{t* : t € T}.

Proof. The proof is word by word that of Lemma 4.3 except that T =
{A\s: B < 7+1}, where A; = 7. For 3 < 7, Ag is constructed as in Lemma 4.3
with reference to Lemma 4.2 instead of Lemma 4.1. m

To state and prove our next statement we need a bit more terminology.
Let 7 be an uncountable regular cardinal. A set L C [, 7 is a 7-line if
there exist a non-empty subset S C N and a sequence (\; : i € N \ S) such
that L = {xq : @ < 7}, where x,(i) = a if i € S and x,(i) = \; if i € N\ S.
If a space X is a continuous one-to-one image of [[;. 7 then 7-lines in X
are the images of 7-lines in [, 5 7 under the map under consideration.

PROPOSITION 4.5. Let f be a continuous one-to-one function on [[;cy 7,
where T is an uncountable reqular cardinal. Suppose f is a homeomorphism
on every T-line. Then there exists A < T such that f is a homeomorphism

on JLen(T\A).

Proof. Assume the contrary and let fbe the continuous extension of f
over [[,c (74 1). Assume we have defined ay_1 < 7, x4—1 € [[[;en(7+ 1\
ak-1)] \ [HieN(T \ ag-1)], and px—1 € HieN(T \ ag—1).

Step k < w. Let ay be any ordinal below 7 and above the maximum
of the set {xk-1(0), Px—1(0),...,xk—1(N — 1), pr—1(N — 1)} \ {7}. Since
[ is one-to-one and not a homeomorphism on [[,c 5 (7 \ az), there exists

xXp € [[Lien(T+ 1\ ar)] \ [[Lien (7 \ a)] such that f(x) = f(px) for some
Pk € [Lien (7 \ o).

We may assume that there exists a non-empty subset 1" of N such that
for any k, xx(i) = 7 iff i € T. Put p = lim,_o . By construction,
lim,, oo Pr (i) = p for all i € N and lim,,_,oo X, (j) = p for all j € N\ T. We
have lim,, o X, = X, where x(i) = 7if i € T and x(i) = pifi € N\ T.
Put p = (p : ¢ € N). Then p belongs to the 7-line L = {y, : o < 7},
where y, (i) is 7 if i € T' and p otherwise. The point x belongs to the closure
of L in [[;c 5 (7 + 1). By continuity of /. f(x) = f(p). Therefore, f is not a
homeomorphism on L, contradicting the hypothesis. n

LEMMA 4.6. Suppose G is an Abelian topological group, the order of
every non-neutral element of G is greater than N > 1, and 7 C G is an un-
countable regular cardinal. Then there exists T C T such that {aV : o € T}
is homeomorphic to T.
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Proof. Since the order of every non-neutral element is greater than N,
aN #£ BN for distinct o, 8 € 7. Therefore, {oV : @ < 7} is a continuous
one-to-one image of the diagonal A = {(a : 4 € N) : a < 7} of [[;cy T
under V1. If V1 is a homeomorphism on A then we are done. Otherwise,
there exists A < 7 such that f((A:i € N)) = f((r :i € N)), where f is the
continuous extension of ¥~ over [[;cx(7 4+ 1). Then {aV : A < o < 7} is
naturally homeomorphic to 7. Put T =7\ (A+1). =

THEOREM 4.7. Let G be an Abelian topological group and © C G an
infinite regular cardinal. If the order of every non-neutral element of G is
greater than 2 — 1 then [Licx 7 is embeddable in G.

Proof. If 7 = w then the conclusion holds since [ [;c - w is homeomorphic
to w. Assume 7 is uncountable. By Lemma 4.3, we may assume that AN—1
is one-to-one on X = [[;cy{e? : @ < 7}. By Proposition 4.5, it suffices to
show that *V~! is a homeomorphism on every 7-line of X. If L is a 7-line
in X then there exist a non-empty K C N and (g; : i € N \ K) such that
L= {x,:a <71}, where x,(i) = a? if i € K and x,(i) = g2 ifi € N\ K.
Put

E:Zeﬂi, where e; =1ifi € K ande; =01ifi € N\ K;
1EN
g = gJQVN__ll*- . -*g%o, where g; is eg if i € K and is as above if i € N\ K.
Then +VN~1(L) = {g* xa¥ : @ < 7}. By Lemma 4.6, we may assume that
af « a is a homeomorphic correspondence of {af : a < 7} with 7. Since
multiplication by the scalar g* is a homeomorphism of G with itself, we
conclude that +V =1 is a homeomorphism on L. m

THEOREM 4.8. Let G be an Abelian topological group and T +1 C G,
where T an infinite reqular cardinal. If the order of every non-neutral element
of G is greater than 2N — 1 then [Licny 7 is embeddable in G.

Proof. By Lemma 4.4, we may assume that ¥ ! is one-to-one on X =

HiEN{aT :a < 7+ 1}. Apply the facts that X is compact and is homeo-
morphic to [[;en(7+1). =

For our next discussion, a torsion free group is one in which the order of
every non-neutral element is infinite.

COROLLARY 4.9. Let G be a torsion free Abelian group. If w1 embeds
i G then G is not hereditarily normal.

Proof. By Theorem 4.7, w; X wi embeds in G. Since the former is not
hereditarily normal we are done. m

Our results naturally lead to the following question.
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QUESTION 4.10. Let X be a countably compact non-compact space. Sup-
pose X and BX embed in a topological group G as closed subspaces. Is G
not normal? What if “countably compact” is replaced by “non-paracompact
topological space”?
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