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F,-additive covers of Cech complete and
scattered- K -analytic spaces

by

Jifi Spurny (Praha)

Abstract. We prove that an F,-additive cover of a Cech complete, or more gener-
ally scattered-K-analytic space, has a o-scattered refinement. This generalizes results of
G. Koumoullis and R. W. Hansell.

1. Introduction. The main goal of our paper is an extension of results
of A. G. El’kin, G. Koumoullis and R. W. Hansell (see [1], [5, Theorem 2.1]
and [9, Theorem 2]) to nonmetrizable topological spaces.

A. G. Elkin [1] showed that an absolute Suslin metric space is either
discrete or contains a perfect compact subset. (We recall that a metric space
is absolute Suslin if it is homeomorphic to a Suslin subset of a complete
metric space.) G. Koumoullis improved this result in the following way: a
disjoint cover A of an absolute Suslin metric space Y consisting of F,-sets is
either o-discretely decomposable or there exists a compact set K C Y which
meets uncountably many sets of A. As a corollary, any disjoint Fj-additive
cover of an absolute Suslin metric space has a o-discrete refinement (see [5,
Section 3]).

Later on, R. W. Hansell [5, Theorem 2.1] generalized this result for point-
countable families of F,-sets by proving that if A is a point-countable cover
of an absolute Suslin metric space Y consisting of F,-sets, then either A
has a o-discrete refinement or there exists a compact set K C Y which
is not covered by any countable subfamily of A. It follows that a point-
countable F,-additive cover of an absolute Suslin metric space has a o-
discrete refinement (see [5, Theorem 3.3]).
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In Theorem 3.4 we are able to get rid of the assumption of metrizability.
Namely, we prove that an F-additive cover of a Cech complete space has a
o-scattered refinement.

This result is further generalized in Theorem 4.3, where the same is
proved for an F,-additive cover of a scattered-K-analytic space.

Nevertheless, these results for topological spaces are not completely sat-
isfactory since the notion of F,-sets is much more special than within metric
spaces. A natural generalization of F,-sets are (F' A G),-sets, i.e., sets of the
form J,,(F» N G,) where each F,, is closed and Gy, open. Unfortunately, the
method of proof of Theorem 3.4 does not seem to work for this class of sets.

Partial results under additional set-theoretical assumptions were ob-
tained by R. Pol (see [10, Theorem 1]) and P. Holicky (see [6, Theorem 1]).

2. Preliminaries. By a space we mean a completely regular Hausdorff
topological space.

Let F be a family of sets in a topological space X. A family R is a
refinement of F if | JR = JF and for every R € R there exists F' € F with
RCF.

A family F is called point-countable if each x € X lies in at most count-
ably many sets from F.

If S is a system of sets in X, we say that F is S-additive if | JFp isin S
for every subfamily Fy of F.

A family D in a topological space X is scattered if it is disjoint and for
every nonempty subfamily Dy of D, D contains an element that is relatively
open in | Dy (see [4, Definition 6.1]). If F is a scattered family of sets, then
there is a well-ordering < of F and open sets U(F), F' € F, such that

vF)nlJr=\J{EeF:E<F}.

We call the family {U(F) : F' € F} the associated open sets for F.

An indexed family F = {F; : i € I} is called o-scattered resolvable if
each E; is the union of a family {F;(n,l) : n € N, [ € J(n,i)} such that
{Fi(n,0) :i € I,1l € J(n,i)} is scattered for each n € N. We may suppose
that the index sets J(n,i) are all equal (see [8, p. 3]). We remark that the
notions of o-scattered resolvable family and of o-scattered-decomposable
family defined in [4, Definition 6.6] are equivalent.

A set-valued mapping f : X — Y between topological spaces is said to be
index-o-scattered if {f(F;) :i € I} is o-scattered resolvable in Y whenever
{F; :i € I} is o-scattered resolvable in X.

A topological space X is called Cech complete if X is a Gs-subset of its
Stone-Cech compactification SX (see [2, Theorem 3.9.1]).

A topological space X is scattered-K -analytic if X is the image of a
complete metric space M under an usco index-o-scattered map f: M — X
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(see [3, p. 11], [4, Definition 6.7] and [7, Definition 1]). (We recall that a
set-valued map f : X — Y between topological spaces is an usco map if f
has nonempty compact values and

AR ={zeX: fla)nF #0}
is closed in X for every closed set F' C Y.)

We say that a family R is o-scattered if R = J,, Ry, and each family R,
is scattered. We remark that a o-scattered family in a metrizable space is
o-discretely decomposable due to the existence of a o-discrete basis.

We denote by {0,1}<N the space of finite sequences of 0’s and 1’s. Let
|s| be the length of s. We denote by () the empty sequence, of length 0 by
convention. For s € {0,1}<N and i € {0,1} we write s"i for the sequence
(81, P ,S|s|, Z)

For a sequence ¢ in the Cantor set {0,1}" and n € N we write o|n for
the finite sequence (o1, ...,0,). We adopt the convention that o0 = ().

If F is a family of sets in a space X and A C X, we denote by F|, the
family {FFNA: F e F}.

3. Cech complete spaces. We start with the following easy result
whose proof is based upon [3, Lemma 2.2]. As the proof is rather standard,
we omit it.

LEMMA 3.1. Let F = {F; : i € I} be a o-scattered family of sets in a
space X. For each i € I, let F; = {F;; : j € J;} be a o-scattered family
contained in F;. Then {F;;:i €I, j € J;} is o-scattered.

LEMMA 3.2. Let F be a cover of a space X such that every x € X has
an open neighbourhood U such that F|;; has a o-scattered refinement. Then
F has a o-scattered refinement.

Proof. We will find by transfinite induction an ordinal x and an increas-
ing sequence {U, : a € [0, k]} of open sets in X such that F[y_ , \p, has a
o-scattered refinement and U, = X.

We set Up := ) and find an open set U; such that F[; has a o-scattered
refinement. Let o be an ordinal and suppose that the construction has been
completed for every ordinal 8 < «. If « is a limit ordinal, set U, := s<a U

If « = n+1and U, = X, we stop the construction. Otherwise we use the
assumption on F and find a nonempty open set U such that UN(X\U,) # 0
and F[; has a o-scattered refinement. Then we set U, := U, U U. This
finishes the inductive step.

Since U,’s are strictly increasing, there exists an ordinal x such that
Uy, = X. Then {Uy4+1 \ U, : a € [0,K)} is a scattered family with associated
open sets {U, : v € [0, £} such that F[y; , \p, has a o-scattered refinement
for each a € [0, k). By Lemma 3.1, F has a o-scattered refinement. =
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LEMMA 3.3. Let F be a point-countable F,-additive cover of a Cech
complete space X. Then there exists F' € F with nonempty interior.

Proof. Let F = {F; : i € I}. Suppose that each F; has empty interior.
Since X is Cech complete, it is a Gs-set in every compactification of X. We
select some compactification K of X and find open sets V,,, n € N, in K
such that X = (N V,,. Set V := K.

If AC I, then X\ [J;c4 Fi is a Gs-set in X and consequently in K. Let
{G(A,n)} be a decreasing sequence of open sets in K such that

[e.o]

(GAn) =X\ []JF.

n=1 i€cA
Notice that if A C I is countable and U C K is nonempty and open, then
(UNX)\Ujea Fi # 0. Indeed, the union of a countable subfamily of F is
of the first category by our assumption, and thus cannot cover a nonempty
open subset of a Cech complete space (see [2, Theorem 3.9.3]).

We set Uy := K and pick zy € UgNX. We alsoset Ay := {i € I : xy € F}}

and By := I'\ Ay. For each s € {0, 1}<N we will find points 5 € X, nonempty
open sets Us C K and sets Ay, Bs C I such that

(1) US/\O ) Us/\l C Us C ‘/|s|, USAO N Us/\l = (Z)’
(i) x5 € U, x5n0 = 4, and

|s|
Tsny & U U {Fi i€ A}
k=0 |t|—=k
(i) Aspy ={i € I :weny € Fy}, Asng = As and Bs =1\ Ag;
(iv) Usng C G(Bgsng, |s™0]) and

|
Ui C () [) G(As,|s1]).

k=1 |t|=k

To start the construction, we set xg := xy, Ag := Ay and By := By. We
choose nonempty open sets Up, U; in K such that g € Uy and ) = UgNU; C
UoUU; C Vi and Uy C G(By,1). We pick a point 21 € (U1 N X)\ Uiea, Fi
and set Aj:={i €1:x € F;}, By := 1\ A;. This finishes the first step of
the construction.

Let n € N and suppose that the construction has been completed for
each s € {0,1}<N with |s| < n. Let now s € {0,1}<N have length n. We
set Tgng 1= Tg, Agng := As and Bgag := Bs. We choose nonempty open
sets Usng, Usnp in K such that xzgng € Ugng and conditions (i) and (iv) are
satisfied. (Notice that ﬂf‘zl Ntz G(As, |s"1]) is a dense open set in K.)
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Further we pick a point x4n1 € Ugap N X such that

Is|
TgA1 ¢ U U {Fz 11 € At}

k=1 [t|=k
To finish the inductive step of the construction it is enough to define Asnq
and Bgnap according to condition (iii).

Set -
C .= ﬂ U U,
n=1|s|=n

and define a mapping ¢ : C — {0,1}" by the formula

o0
o(x) =0 €{0,1} ifand onlyif =z € m Usin.
n=1
We have C C X as Us C V|, for each s € {0,1}<N. Moreover, ¢ is a
continuous mapping of C onto {0, 1}V, Let

A:={oce{0,1}":0=_(s1,...,5),0,0,...) for some o € {0,1}""}.

Set 14 := J{As:5€{0,1}<N}, I := I\ I4 and define
A= U{FZ ciely} and B:= U{FZ i€ Ip}.

We need the following claim.

Cramt. We have 91 (A) = CNA = C\ B and o' ({0, 1} \ 4) =
CNnB=C\A.

Proof of Claim. We start by showing
(1) ¢ (A)cA and ¢ HA)NB=0.
Let 0 € A, ie., 0 = (s1,...,5]4,0,0,...) for some s € {0,1}N. If n > |3,

it follows from (iv) that

-----

Thus
e Mo)= () Tom= [) UmC [] GBun)=X\|JF.
n=|s|+1 n=|s|+1 n=|s|+1 1€Bs

As Ip C By, we have o~ (6)NB = (). Also (o) C A because F is a cover
of X. Since o € A is arbitrary, (1) follows.
Further, we show that

(2) e ' {0,13N\ A) c B and o '({0,1}N\ A)nA=0.

Let o € {0,1}\ 4, i.e., o contains digit 1 infinitely often. Let {nz} be an
increasing sequence of natural numbers such that o,, =1 for all kK € N.
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For a fixed sequence t € {0, 1}<N we choose kg € N such that ng, —1 > |t|.
It follows from (iv) that
U(crl,...,o'nkfl,l) C G(Atank)

for each integer k > ko. Hence

¢ o) = (N Ustn= () Ustn. C [] G(Ar.m) =X\ |J Fi.
n=1

ka:() k‘:ko iEAt

Since this inclusion holds for each t € {0, 1}<N, we get
p o) JHFiela =0 (o)nA=0.

Hence ¢~ 1({0,1}V\ A) N A = . Again we use the fact that F is a cover

to deduce that ¢~ 1({0,1}N\ A) c B. This concludes the proof of(2). By
combining (1) and (2) we finish the proof of the claim. =

Now we are ready to finish the proof of the lemma. Since F is F,-additive,
the Claim shows that both ¢~!(A) and »=({0,1}} \ A) are F,. Since C
is compact and ¢ is continuous, both A and {0,1}\ A are also F,. But
this is impossible as they are both dense in the Baire space {0, l}N. This
contradiction finishes the proof. =

THEOREM 3.4. Let F be a point-countable Fy-additive cover of a Cech
complete space X. Then F has a o-scattered refinement.

Proof. Set
G:= U{U : U open and F|y; has a o-scattered refinement}.

We claim that G = X.
Indeed, assuming the contrary, we set H := X \ G and consider the
restriction F [ . According to Lemma 3.2, F [ has a o-scattered refinement.

Since H is a Cech complete (see [2, Theorem 3.9.6]), Lemma 3.3 yields an
F € F such that F'N H has nonempty interior in H. Let U C X be an open
set such that UNH # ) and UNH C FNH. Then F|;ny has a o-scattered
refinement. Since F[ym has a o-scattered refinement as well, F[;; has a
o-scattered refinement. Thus U C G, contrary to U N H # ().

Thus G = X and F has a o-scattered refinement by Lemma 3.2. u

4. Scattered-K-analytic spaces. This section is devoted to a gener-
alization of Theorem 3.4 to scattered- K-analytic spaces. We start with the
following lemma proved in [8] as Lemma 2.5.

LEMMA 4.1. Let Y and X be spaces and suppose Y has a o-scattered
network N'. Let p: Y x X — X be the projection. For every scattered family
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T of sets in Y x X there are open sets U:]FV CX,NeN,TeT, so that
the sets TN =T N (N x UY), N € N, satisfy

o = UNeNTN for each T € T;
o {p(TN): T €T} is a scattered family in X with associated open sets
UN =Up(TN)), T €T, for every N € N.

The proof of the following proposition closely follows the proof of [8,
Lemma 2.6].

PROPOSITION 4.2. Let X be a scattered-K-analytic space. Then there
exists a (single-valued) continuous mapping p from a Cech complete space
Z onto X such that p maps scattered families in Z to families admitting a
o-scattered refinement.

Proof. Let f:Y — X be an index-o-scattered usco mapping of a com-
plete metric space Y onto X. Let Z be the graph of f, i.e.,

Z={(y,z) eY xX:z€ f(y)}

Then Z is Cech complete by [2, Theorem 3.9.10], since the projection Z — Y
is a perfect map.

To finish the proof it is enough to show that the projection p: 7 — X
maps scattered families to families admitting a o-scattered refinement. Let
7 be a scattered family in Z with associated open sets {U(T') : T' € T }. Let
N be a o-scattered network for Y. (Since Y is a metric space, we can take
N to be a o-discrete basis.) Given N € N, Lemma 4.1 provides open sets
szy, T €T, in X such that

T=|J) Tn(NxUy), TeT.
NeN
Moreover, if we set T := TN(N xUX), then {p(T™) : T € T} is a scattered
family in X with associated open sets U%V , T eT.
As

p(TY) =p(T N (N x Up')) € f(N)
for each N € N and {f(N) : N € N} is even o-scattered resolvable, the
family {p(T") : N € N} is o-scattered resolvable for each T' € 7. Since
{p(TN) : T € T} is scattered for each N € N, Lemma 3.1 implies that
{p(TN) : T € T, N € N} has a o-scattered refinement. Thus the family
{p(T) : T € T} has a o-scattered refinement as well. This concludes the
proof. =

THEOREM 4.3. Let F be a point-countable Fy-additive cover of a scat-
tered-K -analytic space. Then F has a o-scattered refinement.

Proof. Using Proposition 4.2 we find a continuous mapping f of a Cech
complete space Y onto X such that f maps scattered families to families
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admitting a o-scattered refinement. Then F := {f~L(F) : F € F} is an

~

F,-additive cover of Y. According to Theorem 3.4, F has a o-scattered
refinement. Thus F itself has a o-scattered refinement and we are done.
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