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Rudin’s Dowker space in the extension with a Suslin tree
by

Teruyuki Yorioka (Shizuoka)

Abstract. We introduce a generalization of a Dowker space constructed from a Suslin
tree by Mary Ellen Rudin, and the rectangle refining property for forcing notions, which
modifies the one for partitions due to Paul B. Larson and Stevo Todorc¢evi¢ and is stronger
than the countable chain condition. It is proved that Martin’s Axiom for forcing no-
tions with the rectangle refining property implies that every generalized Rudin space
constructed from Aronszajn trees is non-Dowker, and that the same can be forced with a
Suslin tree. Moreover, we consider generalized Rudin spaces constructed with some types
of non-Aronszajn wi-trees under the Proper Forcing Axiom.

1. Introduction. In [7], Dowker investigated characterizations of count-
able paracompactness of Hausdorff normal spaces, and he asked if every
Hausdorff normal space is countably paracompact.

The first counterexample is due to Mary E. Rudin [15]. She proved that
if the Suslin Hypothesis fails (that is, there exists a Suslin tree), then there
exists a Hausdorff normal space which is not countably paracompact, and
moreover it is of size N;. A Hausdorff normal space which is not count-
ably paracompact is called a Dowker space. In [16], Rudin exhibited a ZFC-
example of a Dowker space which however is quite big, and she asked whether
there exists a Dowker space of size X; from only ZFC. This is still unknown.
(See e.g. [19].) The best known ZFC-example of a Dowker space is of size
min{2% R, 1} and is obtained by combining the results of Balogh [1] and
Kojman-Shelah [9].

In this paper, we generalize Rudin’s Dowker space constructed from a
Suslin tree. We will show that Martin’s Axiom for forcing notions with
the rectangle refining property implies that every generalized Rudin space
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constructed with Aronszajn trees is normal and countably paracompact
(hence is not Dowker), and show that it is consistent that there exists a
Suslin tree which forces the same result. Moreover, we consider general-
ized Rudin spaces with non-Aronszajn wi-trees under the Proper Forcing
Axiom.

1.1. A generalization of Rudin’s Dowker space. Basically, we follow the
standard notation of set theory, as given in [8]. An ordinal « is the set of all
ordinals smaller than «, and for ordinals o and 3, [«, 3) is the interval of
ordinals between a and 3 including «, that is, [a, 8) = {y € §; a < 7}. Lim
stands for the class of limit ordinals.

To simplify notation, in this paper except for a part of §3, an wi-tree T’
is a subset of w<“! such that s <r t iff s C ¢ for all s,¢t € T, and for every
t €T, Iv(t), called the height (or level) of ¢, is just the length of ¢ (that is,
T is closed under initial segments). For nodes s and ¢ in T, let

AT(87 t) = A(Sa t)
min{a € min{lv(s), v(t)}; s(a) # t(a)}
= if s and ¢ are incomparable in T,

min{lv(s),Iv(t)} otherwise.

We note that for s and ¢ in T, s|A(s,t) = t[A(s,t), where s[A(s,t) is the
function s restricted to the domain A(s,t), and let s At = s[A(s,t). For an
wi-tree T, o € wy and t € T, let T,, be the set of the ath level nodes in T,
and define

Teo:= |J T and Too:= |J T
YEa+1 v€[a,wi)

Let T'|t be the set of nodes s such that s >7 t. In this paper, we assume
that every tree T  is Hausdorff, that is, if o is a limit ordinal and s and ¢ are
different nodes of T, then

{fueT;u<pst#{ueT;u<rt}

Let (T™; n € w) be a decreasing sequence of wi-trees, that is, each T™ is
an wi-tree and T O T™*! for every n € w. For this sequence, we consider
a sequence (1"; n € w \ {0}) of functions such that for each n € w \ {0},

(pl) 7" is a function with the domain (J,c,, nLim (T"), such that for

every t € T™ with a limit level, 7"(¢) is an infinite subset of
(T" Dy

(p2) for any ¢t € T™ with a limit level, the set {A(s,t); s € 7"(t)} is
cofinal in Iv(t) and t & 7" (1),

(p3) for any distinct nodes s and ¢ in dom(7™), 7" (s) N 7" (t) = 0.
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In this paper, wi-trees are always considered to be sufficiently branching (1)
to be able to take such functions 7”. Then we define a topological space
X((T", 7" n € w)) on the set |, T" x {n} as follows.

Foriew, s € T" and § € wy, if s is of a limit height and ¢ = 0, then we
let

N((s,0),8) := {u € T% u <qo s & B < v(u)} x {0};
if s is of a limit height and ¢ > 0, then

N({s,1),8) := {fu € T u <pi 5 & f < Iv(u)} x {i})

U ({u € 7'(s); Alu,s) > B} x {i —1});

and otherwise, that is, if s is of a successor height, then N((s,i),3) :=
{(s,4)}. Note that each N ({s, i), () is countable. A subset U of | J,,c,, T" x{n}
is open iff for any x = (s,i) € U, there is 8 € Iv(s) such that N(z, )
C U. The following are basic observations (?) about the topological space
X({(T™, 7" n € w)).

OBSERVATION 1.1. Suppose that (T™; n € w) is a decreasing sequence of
wi-trees and (7™; n € w \ {0}) is a sequence of functions with the properties
(p1-3) (for (T™; n € w)). Then the topological space X((T™,7"; n € w)) has
the following properties:

1. For each k € w, the set |, o, T x {n} is open.

2. For each § € wy, the set |, e, (T™) 55,1 X {n} is clopen.

3. Forallx € U, T" x {n} and € w1, N(z,p) is closed.

4. For each t € T® with successor height, the set

(@1 N T") x {n}
necw
s clopen.
5. FEvery singleton is closed.
6. If C' and D are closed subsets and C is countable, then they are sep-
arated by two disjoint open sets.

Therefore the topological space X((T™, 7™; n € w)) is Hausdorff and reg-
ular. The following is essentially due to Rudin.

THEOREM 1.2 (Rudin [15]). Suppose that (I™; n € w) is a decreasing
sequence of wy-trees and (t"; n € w\ {0}) is a sequence of functions with
(p1-3). If all T™ are Suslin trees (that is, T is Suslin), then X((T",7";
n € w)) is a Dowker space.

(*) If each T™ is non-atomic, then we can find 7"’s which are defined at some club
level nodes. This is enough to define Rudin’s original Dowker space. However, to simplify
notation, we assume conditions (p1—3) in this paper.

(%) All of them are stated in [15]. In particular, the last statement was proved in the
last half of §6 there.
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In fact, Rudin’s original Dowker space is of the form X((T",7"; n € w))
where all T™ are the same Suslin tree, all 7™ are the same function, and for

each n € w\ {0},

(p4) for any ¢t € T" with a limit level, if s and s are different nodes in
7"(t), then A(s,t) # A(s',t), and the set {A(s,t); s € #™(t)} is
of order-type w with respect to € and convergent to Iv(t) (hence
t & (t)).

The following theorem is due to Dowker and is frequently used to verify that
a given space is Dowker.

THEOREM 1.3 (Dowker [7]). Suppose that X is a Hausdorff normal space.
The following are equivalent:

(DO0) X is not countably paracompact.
(D1) There ezists a sequence (Cn; n € w) of closed subsets of X such
that

o Chi1 CC) for everyn € w,

* ﬂnEw Cn = @7

® Npew Un # 0 for every sequence (U,; n € w) of open subsets of
X such that C, C Uy, for alln € w.

Therefore if a Hausdorff space does not satisfy (D1), it is not a Dowker
space whether it is normal or not.

1.2. The rectangle refining property. A partition Ky U K7 on [w1]? has
the rectangle refining property if for any uncountable subsets I and J of
w1, there are uncountable subsets I’ and J' of I and J respectively such
that if « € I', f € J and a < f, then {a,(} € Ky. This notion was
introduced by Larson—Todorcevié¢ in [14]. We note that the rectangle refining
property is stronger than the countable chain condition (ccc for short) for
partitions. (See e.g. [22].) We introduce the rectangle refining property for
forcing notions as follows. A forcing notion P has the rectangle refining
property if P is uncountable and there exists a property P, which is defined
from P (and other parameters used to define IP), and is absolute between
any transitive models with the same w; and such that any uncountable
subset of P has an uncountable subset with the property P, and for any
uncountable subsets I and J of P, if I U J has the property P, then there
are uncountable subsets I’ and J’ of I and J respectively such that every
member of I’ is compatible in P with every member of J’. In this paper, we
call such P a suitable refinement for P. We also note that this is stronger
than the countable chain condition for forcing notions.

A typical example of a forcing notion with the rectangle refining prop-
erty is as follows. Let Ko U K; be a partition on [w;]?. Let P be a forcing
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notion which consists of finite Kp-homogeneous subsets of wy, ordered by
reverse inclusion. This generically adds an uncountable Ky-homogeneous set
if KoU K is a ccc partition. We notice that if KyU K7 has the rectangle re-
fining property, then so does P, and a suitable refinement is just a A-system
refinement. For other examples, see [23]. Let Ka(rec) be the statement that
for every two-colored partition on [w;]? with the rectangle refining prop-
erty, there exists an uncountable Ky-homogeneous set (defined in [14]), and
let MAy, (rec) be Martin’s Axiom for Rj-many dense sets of forcing notions
with the rectangle refining property. It follows from the above example that
MAy, (rec) implies KCa(rec). By the same argument in [23], we can show that
it is consistent that MAy, (rec) holds but MAy, fails, so MAy, (rec) is strictly
weaker than MAy, .

In Section 2, we introduce two types of forcing notions to prove the
following two theorems.

THEOREM 1. MAy, (rec) implies that if (T™; n € w) is a decreasing se-
quence of Aronszagn trees and (1"; n € w\ {0}) is a sequence of functions
with (p1-3), then the space X((T",7"; n € w)) does not satisfy (D1).

THEOREM 2. MAy, (rec) implies that if (T™; n € w) is a decreasing se-
quence of Aronszajn trees and (7"; n € w\ {0}) is a sequence of functions
with (p1—4), then the space X({T",7"; n € w)) is normal.

Therefore we conclude that MAy, (rec) implies that if (T™; n € w) is a
decreasing sequence of Aronszajn trees and (7"; n € w \ {0}) is a sequence
of functions with (p1—4), then the topology X((T",7"; n € w)) is normal
and countably paracompact.

In Section 3, we prove the following theorem, which gives a new example
that may be forced by a Suslin tree. (This relates to a question in [12, §6].)

THEOREM 3. It is consistent that there exists a Suslin tree which forces
that

1. if (T™; n € w) is a decreasing sequence of Aronszajn trees and (m™;
n € w\ {0}) is a sequence of functions with (p1-3), then the space
X((T", 7™ n € w)) does not satisfy (D1),

2. if (T™; n € w) is a decreasing sequence of Aronszajn trees and (m'";
n € w\ {0}) is a sequence of functions with (pl—4), then the space
X((T", 7™ n € w)) is normal.

Notice that we do not prove in this paper that a Suslin tree may force
MAy, (rec). It is a deep question whether MAy, (rec) is strictly stronger than
Ko (rec), similarly to other problems on fragments of Martin’s Axiom as e.g.
in [22, §7] (see also [12, 13, 23]).

In Section 4, we consider generalized Rudin spaces constructed with non-
Aronszajn trees. We obtain the following two results:
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THEOREM 4. MAy, (rec) implies that if (T™; n € w) is a decreasing se-
quence of wi-trees and (™;n € w\ {0}) is a sequence of functions with
(p1-3) such that T° has at most countably many cofinal chains, then the
space X((T™, ", n € w)) does not satisfy (D1).

THEOREM 5. The Proper Forcing Aziom implies that if (T™; n € w) is a
decreasing sequence of wi-trees with the properties (ul—2) (see Section 4.2
for the definition) and (7™; n € w\ {0}) is a sequence of functions with
(p1-3), then the space X((T",7"; n € w)) does not satisfy (D1).

To end this section, we give a key combinatorial property of Aronszajn
trees, which is used in many places, mainly in Section 2. It follows from the
next lemma that if 7" is an Aronszajn tree, then the forcing notion adding an
uncountable antichain through T by finite approximations has the rectangle
refining property.

LEMMA 1.4 ([23]). Suppose that T is an Aronszajn tree, and I and J are
uncountable subsets of T'. Then there exist incomparable nodes u and v in T
such that the sets {s € I; u <p s} and {s € J; v <p s} are both uncountable.

2. Generalized Rudin spaces constructed with Aronszajn trees

2.1. Proof of Theorem 1. Throughout this subsection, we suppose that
(T™; n € w) is a decreasing sequence of Aronszajn trees and (7"; n€w \ {0})
is a sequence of functions with (p1-3).

Let C be a closed subset of X((T", m"; n € w)). We define a forcing notion

DT™,n"™; n € w),C),
or D(C) for short, which consists of pairs (4, h) such that

1. Ais a finite subset of (J, ., 7" x {n}\ C,

2. h is a finite partial function from [ J, ., T" x {n} into w1,

3. for every z = (s,4) € dom(h), h(x) € Iv(s) and N(z,h(z)) N A = 0;

moreover, if s is a successor level, then h(z) = Iv(s) — 1,
ordered by extensions, that is, for conditions (A, h) and (A’, '),
(A,h) <py (A, h) & ADA & hDN.
We notice that for any = € J,,c, T" x {n}, the set
{{A,h) € D(C); z € AUdom(h)}

is dense in D(C). (The proof is essentially the same as the proof of the
regularity of X((I",7"; n € w)).) So D(C) generically adds an open set U
covering C' and a subset W of | J, - T™ x {n} such that U and W are disjoint
and U U W covers the space.

new

LEMMA 2.1. D((T™,7"™; n € w),C) has the rectangle refining property.
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Proof. First, we exhibit a suitable refinement for this forcing notion.
Let {(Ag¢, he); € € wi} be an uncountable family in D(C). By shrinking the
family if necessary, we may assume that

e both {A¢; ¢ € wi} and {dom(h¢); ¢ € wy} form A-systems with roots
R and S respectively,

e for every ¢ and p in wy, h¢lS = hy 1S,

o the size of all A\ R is the same, say k, and if Ac \ R = {z¢;;i € k}
then each x¢; equals (s¢;,m;) for some m;,

e the size of all dom(h¢) \ S is the same, say [, and if dom(h¢) \ S =
{ycj: j € I} then each yc ; is {t¢ ;,n;} for some n;,

e there exists § such that both R and S are subsets of (J,,c,, (T") <541 ¥
{n} and for j € [ and (, pu € wy,

{(s1(6 +1),m); (s,m) € Ac} = {(s[(6 +1),m); (s,m) € Au}

and tej f((g + 1) =ty [0+ 1),

e there exists a subset L of [ such that for any j € L, all the h¢(yc ;) are
the same oy, and for all ¢, € wy, tej[(oj +1) = t,;[(a; + 1), and
for any j € I\ L, the set {h¢(yc j); ¢ € wi} is uncountable.

This is a suitable refinement for our forcing notion.

Suppose that Iy and I; are disjoint uncountable subsets of w1, and a pair
of families {(Ag¢, he); € € Iy} and {(Ay, hy); n € I1} of uncountable subsets
of D(C) forms a suitable refinement, that is, {(A¢, h¢); ¢ € IpU L1} is as
above.

Since each T" is Aronszajn, by using Lemma 1.4 finitely many times,
there are uncountable subsets I{) and I of Iy and I; respectively and a set
{weiyze j; € € {0,1} & i € k & j € I} of nodes of T” such that

e for any ¢ < pin IjUI1,

max{lv(s); (s,m) € Ac Udom(h¢)}
< min({Iv(sy,i); i € b} U {hy(ys): 5 € 1\ L} U {Iv(t): j € L))
e for every e € {0,1}, ( € I, i € k and j € [, we have w,; <70 s¢; and
Ze,j <ro0 t¢j, and we; and 21—, ; are incomparable in T 0

Then for all { € I} and n € I,
Aeuapn( U Nehe@)u | N hyl)) =0,
z€dom(hg) z€dom(hy))
hence (Ag, h¢) and (A, hy) are compatible in D(C). =
Suppose that (C; v € w) is a decreasing sequence of closed sets with

empty intersection. Then the finite support product [[, ., D(C,) also has
the rectangle refining property, and for any z € |, . 7" x {n} and v € w,

new
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the sets
{((A,,,h ); v E o) EHD veaog&reA, Udom(h)}

e {((Al,,h ;VEOT) GHD Euea(xeA)}

vew

are both dense in [],.. D(C,). Hence for a []

letting
Up == J{N (2, h(2)); H(Ap, h); v € 0) € G (v E o & x € dom(hy))}

D(C,)-generic filter G,

vew VEW

and
W, = U{AU; I(Ay,h);veod)eG (veo)}

for each v € w, we have:

e U, is an open set which covers C,,
e W, is disjoint from U, and U, U W,, covers the whole space,
® U, c., W, covers the whole space, hence (), U, is empty.

That is, [],c,D(Cy) adds a counterexample to (D1) for the sequence
(Cy; v € w). Therefore Theorem 1 follows from the above lemma.

2.2. Proof of Theorem 2. Throughout this subsection, we suppose that
(T™; n € w) is a decreasing sequence of Aronszajn trees and (7"; n€w \ {0})
is a sequence of functions with (p1-4).

Suppose that C' and D are disjoint closed subsets of J
Then we define a forcing notion

N((T", 7" n € w),C, D),

or N(C, D) for short, which consists of pairs (c, d) of finite partial functions
from J,,., T" x {n} into wy such that:

1. for any (s,i) € dom( ), if s has a limit level, then c((s,)) € Iv(s),
otherwise ¢((s,1)) = Iv(s) —

2. for any (t,j) € dom(d), if t has a limit level, then d((t,j)) € Iv(t),
otherwise d((t, 7)) = Iv(t) —

3. (CU U (m,c(m)) ( U N(x,d(x))) =0,

z€dom(c) ze€dom(d)

T" x {n}.

new

necw

ordered by extensions, that is, for conditions (¢, d) and (¢, d'),
(¢,d) <nieypy (¢, d) =& ¢Dd &dDd.
Note that for each x € | J,,o, T" x {n}, the set
{{¢,d) € N(C, D); z € dom(c) Udom(d)}
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is dense in N(C, D). The proof is also essentially the same as the proof of
the regularity of X((T™, n"; n € w)). From the genericity argument for these
dense sets, for any N(C, D)-generic filter G,

(N (=, ¢(2)); (e, d) € G (x € dom(c))}
and

(N (2, d(x)); 3e,d) € G (x € dom(d))}

are disjoint open sets which separate C and D. So Theorem 2 follows from
the next lemma.

LEMMA 2.2. N((T",7"™; n € w),C, D) has the rectangle refining prop-
erty.

Proof. First, we exhibit a suitable refinement for this forcing notion.
Suppose that {(c¢,d¢); ¢ € wi} is an uncountable family in N(C, D). By
shrinking the family if necessary, we may assume that there are subsets R
and S of | J,,c, T" x {n} such that {dom(c¢); ( € w1} and {dom(d;); ¢ € w1}
are both A-systems with roots R and S respectively. Moreover, we may
assume that ¢;[R = c,[R and d¢[S = d,[S for all (,p € wy. By shrinking
the family more if necessary, we may also assume that

e the size of all dom(c¢)\ R is the same, say k, the size of all dom(d¢)\ S
is the same, say [, and if dom(c¢) \ R = {z¢;; i € k} and dom(d¢)\ S =
{ycj; 7 € 1}, then each x¢; is (s¢i,mi) and each y¢ ; is (t¢ j,n ) for
some m; and nj,

e there exists § such that both R and S are subsets of | J,,c,, (T") <541 ¥
{n}, and s¢;1(6 +1) = s, 1(6 + 1) and t¢;[(6 + 1) =t,;(0 + 1) for
alli ek, j€land (,u € wy,

e there exist K C k and L C [ such that

— for any i € K, the c¢(x¢;) are the same a;, and s¢;[(a; + 1) =
Spil(a; +1) for all {,p € wy,

— for any i € k\ K, the set {c¢(x¢;); ( € wi} is uncountable,

— for any j € L, the d¢(yc ;) are the same (3;, and t¢;[(8; + 1) =
tu;l(B;+ 1) for all ¢, € wi,

— for any j € I\ L, the set {d¢(y¢,i); ¢ € w1} is uncountable.

This is a suitable refinement for this forcing notion.

Suppose that Iy and I; are disjoint uncountable subsets of wy and a pair
of families {(c¢,dg); & € Io} and {(c;,dy); n € I1} of uncountable subsets
of N(C, D) forms a suitable refinement, that is, {(c¢,d¢); ¢ € Iy U 11} is as
above.

Since each T™ is Aronszajn and (7"; n € w \ {0}) satisfies (p4), by using
Lemma 1.4 finitely many times we can find uncountable subsets I} and I}
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of Iy and I respectively and sets {we;, ze j; € € {0,1} & i € k & j € I} of
nodes of T such that

e for any ¢ < pin [jUI],
max{lv(s); (s,m) € dom(c¢)Udom(d¢)}
< min{cu (@), du(ypu;); i € K\ K & j €1\ L},
and for every e € {0,1},

o foralli € k\ K, jel\Land (eI, wehave we; <pmi s¢ilce(x¢s)
and zej <pny te,jlde(ye,s),

e foralli € K,j e Land( € I/, we have Iv(we,;) > Bj+1, we,; <rmi S¢i,
|V(Ze,j) > o; + 1 and Ze,j <pmj tC,j,

e foralli €k and j €[, we; and 21— ; are incomparable in 79,

e forallic k\ K and j € L, if m; =n; — 1, then

either A(we;, 21— ;) is not in the set
{Altug,y)ype i &yen™(t,)},

or there exist m1_c;; € T and ay1—e;; € 7 (t,;) for each p €
Ii_, such that for all p € Ij_, we have A(we;, z1-cj) =
Altujs Wp1—eij)s T1-e,ij <T™i Qpi-ejijs and T1—e;j and we,; are
incomparable in T,
e forall jel\Landie€K,if nj=m; —1, then

either A(z.;, wi—c;) is not in the set
{A(spir2);pe o & z € 7™ (s,.4)},

or there exist uj_j; € T™ and byi1—cj; € 7" (su;) for each p €
I_, such that for all p € Ij_, we have A(ze;,wi—e;i) =
A(Spir bu—eji)y Wieji <rmi Oui-ejir and uiej; and ze; are
incomparable in 77
The last two conditions guarantee that for all ¢ € £\ K and j € L,
if m; = n; — 1, then w,; is incomparable in 7™ with any member of
U#GILE 7 (t,,;), and for all j € I\ L and i € K, if n; = m; — 1, then
pell_, " (s,,). So by
our A-system refinement, if e € {0,1}, £ € I/, n € I{_., i € k and j € I,
then

Zej is incomparable in 7™ with any member of J

N (we i ce(we i) NN (Yn g, dy(yng)) = 0.

Hence for all £ € I and 7 € I, the pair (cc U c,,de Ud,) is a condition of
N(C, D), so (c¢,dg) and (c,, dy,) are compatible in N(C, D). =
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3. A Suslin tree may force that every generalized Rudin space
constructed with Aronszajn trees is non-Dowker. Throughout this
section, we suppose that 7" is a coherent Suslin tree which consists of func-
tions in w<“! and is closed under finite modifications. That is, for any s and
tin T, the set

{a € min{lv(s),Iv(t)}; s(a) # t(a)}

is finite, and for any s € T and t € W), if {a € Iv(s); s(a) # t(a)} is finite,
then also ¢t € T. We note that <>, or adding a Cohen real, builds a coherent
Suslin tree. A coherent Suslin tree has canonical commutative isomorphisms.
Let s and t be nodes in T with the same height. Then we define a function
s from T'[s into T'[t such that for each v € T with v > s,

Psi(v) ==t (vl[Iv(s), v(v))),

the concatenation of ¢ and v[[lv(s),Iv(v)). Note that 1, is an isomorphism,
and if s, ¢, u are nodes in T" with the same level, then ¢, 11, and s,
commute. (On coherent Suslin trees, see e.g. [10, 13].)

3.1. Proof of Theorem 3(1). Throughout this subsection, we suppose
that (T™; n € w) is a sequence of T-names for Aronszajn trees and (7y;
n € w\ {0}) is a sequence of T-names for functions with (p1-3). Moreover,
we suppose that it is forced that for each n € w and each o € wq, the set
(T™)4 is a subset of [Aq, Aa + w), where Ay is the ath limit ordinal.

For a countable ordinal «, we let Iv(«) := sup(Lim N (« + 1)), that is,
Iv(a) is the unique limit ordinal A such that a € [A, A + w). We notice that
in general Iv(«) is not equal to the level of the tree in the usual sense, but
they are equal at club many levels.

Let C,, for v € w, be T-names for closed subsets of X((T™, 7™ n € w))
such that it is forced that (C,; v € w) is a decreasing sequence of closed sets
with empty intersection. Since T is ccc, we can find a club Z on w; such
that for every v € Z, A\, = v, and for any o, 8 € v and m,n,v € w, every
node in 7', decides the statements “a € T “a <jm B7, Yo, B) € 77, and
“(a,m) € C,”. One of the important observations to show Lemma 3.4 (and
Lemma 3.7) below is that, since T is ccc, for any a € w; and n € w, the
set

{Bew ulby “B <jpn o’}
w e T & u decides all levels of the tree 7" below a}

is countable.

For a finite partial function ¢ from w; X w into wy, s € T and 0 € wy,
if for every (a,m) € dom(c), s Ik “a € T™” and c¢({a,m)) € Iv(a), and
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sup(Z N (6 + 1)) < Iv(s), then we let
M(c,s,0) := U {Besup(ZN(6+1)); sl “B <jm

(o;m)edom(c)

& v(B) > e({ar,m))} x {m}.

Note that for such ¢, s and §,

slkp “M(c, s,0) is a closed subset of X((1™,7"; n € w))”.

We define a forcing notion

grD((T", 7" n € w), (Cy; v € W), Z),

or gD((Cy; v € w), Z) for short, which consists of the triples (o, f,g) such

that:

1.
2.

3.

o is a finite subset of w,
f and g are functions, dom(f) = dom(g) and dom(f) is a finite subset
of T closed under A,
for each t € dom(f), f(¢) is a finite sequence of finite subsets of the set
sup(Z N (Iv(t) + 1)) x w with a support o, say f(t) = (f(t,v); v € o),
for each t € dom(f), g(¢) is a finite sequence of finite partial functions
from sup(Z N (Iv(t) + 1)) x w into w; with support o, say g(t) =
(g(t,v); v € o), . :
tibr “((f(t,v),g(t,v)); v e o) €[], DUT™ 7" ncw),C)”,
for all t and ¢’ in dom(f), if ¢ <p ¢, then for each v € o,

t ”_T “<f(t7 V)ag(ta V)> éD(C’U) <f(t/7 V)a g(t,a V)>”
and if
{M@y (@m) e |J £t \ fE ) or

vEoTt

(a,m) € U dom(g(t,v)) \ dom(g(t',v)), for some m € w} # 0,

veo

then

max{lv(a); (a,m) € U f(t',v)or

veoy

(a,m) € U dom(g(t',v)), for some m € w}

veoy

< min{lv(a); (a,m) € U ft,v)\ f(t',v) or

veEot

(a,m) € U dom(g(t,v)) \ dom(g(t',v)), for some m € w},

vEoTt
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7. for all s,t € dom(f) and v € o,
f(snt,v)= f(s,v)N f(t,v) N (sup(Z N (A(s,t) + 1)) x w)
and
dom(g(s At,v))
= dom(g(s,v)) Ndom(g(t,v)) N (sup(Z N (A(s,t) + 1)) X w),
8. for all s,t € dom(f) and v € o,
((f(s, ) U f(t,v)) N A(s, 1))
N(M(g(s,v),s, A(s, 1)) UM(g(t,v),t, A(s,t))) = 0.
For conditions (o, f, g) and (¢/, ', ¢') in gD((Cy; v € w), Z), we define

(o,f, 9 >_gD(c i vEW) Z)< f 9>
& 020 & dom(f) D dom(f’) & Vv € o' Vt € dom(f’)
(tlrr (£ (), (1, 0) <oy ()29 (E0))7).
PROPOSITION 3.1. For each t € T, the set
{(0.f.9) € grD((T™,7"; n € w),(Cy; v € w), Z); t € dom(f)}
is dense.
Proof. Let (o, f,g) € gD((Cp; n € W), Z).
If there is s € dom(f) such that ¢ <7 s, then for each v € o, let
f't,v) = f(s,v) N (sup(Z N (Iv(t) + 1)) x w)),
g (t,v) :=g(s,v)[(dom(g(s,v)) Nsup(Z N (Iv(t) + 1)) x w)).
Then
(o, fU{t, (f'tv)vea)h g Ut (g (tv)vea)})
is a condition of gD((C,; v € w), Z) and an extension of (a, f, g).

Suppose that ¢t €7 s for all s € dom(f). Then there exists s € dom(f)
such that A(t,u) < A(t, s) for any u € dom(f). For each v € o we let

f(snt,v) = f(s,v) N (sup(Z N (A(t,s) + 1)) x w)),
g (s At,v) == g(s,v)[(dom(g(s,v)) Nsup(Z N (A(t,s) + 1)) x w)).
Then
(o, fU{ls At (fl(sntv)ivea),gU{{sAt (g (sAt,v); v ea))})
is a condition of gD((Cy; v € w), Z) and an extension of (o, f, ). =

PROPOSITION 3.2. Fort €T, (a,m) € w1 X w and v € w, the set
{(o.f.9) € grD((T",7"; n € w),(Cy; v € w), 2);
veo & Isedom(f) (t<rs
& (either s kr “a & T™ or (a,m) € f(s,v) Udom(g(s,v))))}
is dense in grD((T™, 7" n € w), (Cy; v € W), Z).
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Proof. Let (o, f,g) € gD((Cy; v € w), Z). From the previous proposi-
tion, we may assume that ¢ € dom(f) and there exists s € T such that
t <7 s, Iv(u) <lv(s) for every u € dom(f), and Iv(a) < sup(Z N (lv(s)+1)).
Moreover, we may assume that v € o. By the property of Z, s decides the
statement “a € T™”. If s I-p “a g T™”, then (o, f, g) is in the above set,
so now we suppose that s+ “a € T™”.

We enumerate the set

{u € dom(f); Iv(ar) € sup(Z N (A(u,s) + 1))}
as (u;; ¢ € k). Note that for any j € k and u € dom(f), if lv(a) € sup(Z N

(A(uj,u) + 1)), then w is also in the set {w;; i € k}, and u IFp “a € T™.
If for some i € k, (a,m) € f(u;,v) U dom(g(u;,v)), then (o, f,g) is in the
above set, so now we suppose that (o, m) € f(u;,v)Udom(g(u;,v)) for any
i € k. Then we recursively pick ~; € Iv(«) for ¢ € k such that for each i € k,

¥i < Yit+1 and
ui Iep “(f (i, v), g(ui, v) U {{{e,m),7i)}) € D(CL)”,
and for any u € dom(f),

f(uv U) N M(g(ul) U {<<Oé, m>7 72>}7 Ui, A(’UJZ? u)) = 0.
Then the triple

(0, f,(gl(dom(g) \ ({us; i € k} x {v})))
U {{ui; g(ui) U{({o,m), ve-1)}); @ € k})
is a condition of gD((C,; v € w), Z) and an extension of (o, f, g). =
PROPOSITION 3.3. Fort €T, (a,m) € w1 X w, the set
{{0,f,9) € grD((T", 7" n € w), (Cy; v € w), 2);
ds € dom(f) (t <r s
& (either slFp “a & T™ or v € o({a,m) € f(s,v))))}

is dense in grD((T", 7"; n € w), (Cy; v € w), Z).

Proof. Let (o, f,9) € gD((Cy; v € w),Z). We may assume that t €
dom(f) and there exists s € T such that ¢t <p s, lv(u) < Iv(s) for every
u € dom(f), and Iv(a) < sup(Z N (lv(s) + 1)). By the property of Z, s
decides the statement “a € T™". If s IFp “a & T™”, then (o, f,g) is in
the above set, so now we suppose that s IF “a € T™”. Then we can find
v € w\o such that s IFp “(a, m) & C,,”. So we can find the desired extension

of (o,f,g9). m

Assume that gD((Cy; v €w), Z) x T is ccc. (Then the forcing notion
gD({(Cy; v € w), Z) is also ccc.) We denote the ground model by V and let
G be a gD((Cy; v € w), Z)-generic filter over V, and H a T-generic filter
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over V[G]. Then we let
Gy = {p e [I D(CulH); 3(o. f,9) € G 3t € dom(f) N H

VEW
(g (1), 9t 0)i v € 0) S oy 7))
(C,,[H ] is the interpretation of C, in V[G][H] by H.) By the definition of
gD((Cy; v e w), Z), Gy is a filter. By the previous propositions, we note
that in V[G],
e for each v € w and (a,m) € wy X w, the set
{s € T; cither slFp “a g T™”
or 3o, f,9) € G (v €0 & (a,m) € f(s,v) Udom(g(s,v)))}
is dense in T,
e for each (a,m) € w1 X w, the set

{s € T; either s lFp “o g T™”
or o, f,9) € G v eo ((a,m) € f(s,v))}

vEw

is dense in T'.

In V[G][H], for each v € w, we let

Uy = N, ho());
(A, hv);veo) € Gy (v e o & x e dom(hy))},
W, = U{AU; (A, hy);veo)e Gy (veEo)}.
Then for each v € w,

e U, is an open set which covers C,,
e W, is disjoint from U, and U, U W,, covers the whole space,
e U,c, Wy covers the whole space, hence (1, U, is empty.

vew

LEMMA 3.4. grD((T™, 7" n € w), (Cy; vEw), Z) x T satisfies the count-
able chain condition.

Proof. Let {({(o¢, fe, g¢),te); £ €wr} be an uncountable subset of gD((Cy;
v € w), Z)xT. By strengthening each condition if necessary, we may assume
that there are o € [w]<™ and & € w; for each ¢ € wy such that for each
£ €wr,

® 0¢ =0,

e t¢ € dom(f¢) N Ts, and every node in dom(fe) is of height < d,

e for any t € dom(f¢), there exists ¢’ € dom(f¢) N T, such that ¢ <r t'.

By shrinking the subset and strengthening each condition again if necessary,
we may also assume that there exists 79 € wy such that
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® 1o < 6o and if { < 7 in wy, then d¢ < 5y,
o {dom(fe); & € wi} is a A-system with a root R such that R C T<,,

and if £ <7 in wy, then f¢[R = f,[R and g¢[R = g, R, and ¢ < Iv(s)

for any s € dom(f,) \ R,

for each v € o,

— {Utedom(fg) Je(t,v); € € wi} is a A-system with a root S§ C 7o X w,
and d¢ < Iv(e) for any & <ninwi and (¢,4) € Usedom(s,) fn(t: ¥)\SG,

— {Utedom(gf) dom(ge(t,v)); € € wi} is a A-system with a root S} C
Y X w, and if £ < n in wq, then d¢ < Iv(e) for any (e,i) €
Utedom(g,,) dom(g,(t,v)) \ ST,

there is a strictly increasing sequence (v¢; & € wi \ {0}) of countable

ordinals such that for every £ € wy, the set

{¢ € wi; 3s,t € dom(fe) NT5, (C € b & s(C) # £(C))}

is a subset of o U [ve, Ye41)s
|dom(fe) N T5.| =: n for all £ € wy, say

dom(fe) NT5, = {sg,sﬁ, ... ,35 1,

n—1

and te = sg, and there exists m < n such that for any £ € wy and i € n,

there is a unique j € m such that sf Ve = 3§ [ve and SE[[V&,’Y&H) =

tel[ve. Ye41), and for all i € n and &, € wi, 55170 = 57 [0,

e for any {,n € w1, v €o and i € n, gg(sf, v)[SY = gy(s],v)1SY,
e forall v € 0 and i € n,

— the size of all fg(sf,v) \ S§ is the same, say kY, the size of all
dom(gg(sf, v))\ SY is the same, say [V, and we have fg(sf, v)\ Sy =
{(abas ava); v € Ky} and dom(gg(sf, 1)) \ SY = {(Bh,buy); 5 € I}
for some a,, and b, ,

— if £ <7y in wy and 2 € kY, then

(2
{e€nw+1; sf IFr “e <juaw, a,i]”
={e€w+1;slFr “c <ja, )},
— there is LY C [ such that

% if € <ninwy and y € 1¥\ LY, then & < gy(s),v)((8),,by,)) and
{e€v+1; sf b “e <jou, ﬂ,ij”}
={e€rw+1; s lFr “e <jo, 61,7}
x if £, m € w1 and j € LY, then

7

9e (55, V) ((BS 1 buy)) = gn(sT, 1) (BT, buy))
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and

{e € ge(s5, V) (B8, buy)) + 15 85 Iy “e <gun, 357
= {e € ge(s5, V) ({81, buy)) + 1; 87 IFr “e <ju, B}

Since T is ccc, by shrinking {((o¢, fe, g¢), te); € € wi} if necessary, we
may assume that there exists » € T such that 9 < Iv(r) < dg, 7 <p sg for
all £ € wy, and the set {sg [ves f € w} is dense above r. For each i € n,
we write r; = wm?“\,(r)(r) = s97lv(r). Then for all i € n and ¢ € wy,

r; <t sf, and the set {sf [Ve; € € wy} is dense above 75, because by our
assumption,
wr,s? Iv(r) (Sg rryf) = 55 ny

for all £ € wy and ¢ € n. By our A-system refinement,
{ri;ien}={r;; j e m}.

Note that, by our A-system refinement and the definition of the forcing no-
tion gD((Cy; n € w), Z), for any uncountable subsets I and J of wy, v € o
and 4, j € n, if r; = r;, then r; I-p “the family

{(Felst, ), 9e(s5.0)): € € LU (U], ), ga(sT, )0 € T}
forms a suitable refinement in the sense of the proof of Lemma 2.17.
We enumerate the set {(i,j) € m x n; r; =r;} as ((iy,7,); p € N) with
(in—1,Jn—-1) = (0,0). We recursively find T-names K, and L, for uncount-

able subsets of [T, ., D(C,) below ri, and uncountable subsets I, and J,, of
w1 such that for each 4 € N,

e we let I,lzJ,lzwl, ' .
o 7, IFr “K,NL, = () and for any p € K, and ¢ € L, p lnyew o) @
o —forany { € [, and u €T, if

wlbp “((felsS,  v),ge (5, 1)) v € 0) € K,

then Si <7 u and for every p’ < p,

b o (W) lbr “({fe(sf,v), 06 (55 o)) v € 0) €Ky,

I
— forany n € J, and v € T, if
vlbr “((fu(s], . v).gn(s] ., v)); v € o) € L,

then s?# <7 v and for every i’ < pu,

1/}5." . (’U) I “<<f77(8?u’7 ) gn( i, /,V)>; vV E 0'> € vav

i1
I
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e we let
L= {6 € Lows Jue T (ulp “WelsS, ), ge(s5, . 1) v € o) € K,
Jui={n € Juors JueT (ulbp (s, ) gu(s? )i v € o) € L)Y,
To do this, at stage p € N, we define T-names K, and L, such that
o ri, b Ky C {((fe(s5,,v), ge(s5 1)) v € o) €€ Iy}
and L, © {((fy(5" ), gn(s" 1)) v € 0% € Juo ),

o forany { €I, 1 anduecT,

wleg “({felsS,,v), ge(s5 1)) v € o) € K7

& sfM <ru&

VI < (e e () (s, ), 0e(s5, 0 v € 0) €Ky,

i i
and for any n € J,—1 and v € T,
v ”_T “<<f77(s;]uay)7gn(8?“7 V)>7 Ve J> € LM”

& s <rvé&

V/L/ < p (%;!M,s;?

w

() IFr <n<<fn(5;7u/,v),gn(8?“,,V)>; vEO)E Lu”’).
We notice that
ri, Ik “both K, and L, are uncountable subsets of H D(C,)

vew

and K, UL, forms a suitable refinement for H D(C))

vew

in the sense of the proof of Lemma 2.17.

So there are T-names Ku and L# for uncountable subsets of K, and L,
respectively such that

ri, IFr 44K# N Lu = () and for any p € Ku and ¢ € Lu, D lnyew D) 7.

Then we notice that I, and J,,, defined as above, are both uncountable, and
this finishes the constructions.
We take some (or any) £ € Iy_;. Then there exists u € T such that

ulbr “(<f§(s§N71, V),gg(stil, v));vEo)E Ky_1".

Then by our constructions, stil <7 u and for any u € N,

Ve e (u)Ibr (felss v) ge(s5 ,v)) v € ) €K,

IN—1""ip

Since L ~N—1 is forced to be uncountable, there exist n € w; and v € T such
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that £ <1, (d¢ <) Iv(u) < vy, u <7 v, 6¢ < Iv(v), and

vlbr “(f(sh0)ga(sh_0))i v € a) € Lyy™.

n

(In fact, then n € Jy-_1.) By our constructions, sj

peN,

<r v, and for any

ws" 7 ( )“_T <<f77(5;‘7ﬂ’7/)7g77(5;‘7u’y)>§ IS 0'> € LH”‘

IN—1""Jp
We notice that, since

¢ 3

_ & U]
te =85 = EHE

_
<ru<rw, tn—so—sti

and Iv(tg) = 0¢ < Iv(u) < 0, = Iv(ty), it follows that t¢ <7 u <7 t,.
Therefore by our A-system refinement and d¢ < Iv(u) < ~,, for each w €

dom(f,) \ R, we can find p,, € N such that w <rp sj _and sfﬂw <r s;?%

We then notice that for every w € dom(f,) \ R, since
s§ =i, tel V() 0e) <o miy, Tty [IV(r), v(w) = b & (u)

3 S
H N—1""tpw

L STV

<r riuw/—\t’n HIV(T)7 Iv(w)) =w <1 S;‘ZH <r 1/] n ,s7 (’U),

JN 17 Ipw

it follows that
Yo o ()b ((felsv),ge(s5, 1)) v € o) €Ky,

IN—1""Ipw
and (ol ), 0051 0)); v € o) € L,

Juw
hence
wlbp “((fe(s5, ), 0¢(s5, ,v)):v € o)
and <<fn(w V), gn(w,v)); v € o) are compatible”.

Let
fi=feU{(w, (fe(s5, ,v) U fy(w,v); v € 0)); w € dom(f,) \ R},
g = g¢ U {(w, <g£(s§ V) Ugn(w,v); v e o)); wedom(fy)\ R}

Luw
Then ({0, f,g),t,) is a condition of gD((Cy; v € w), Z) and is a common
extension of ({o¢, fe, ge), te) and ((oy, fy, gn) ty). =

Therefore by the standard argument to force a fragment of forcing axioms
(e.g. [4, §3], [5, §4] or [6, §8]), we can deduce Theorem 3(1). For example,
under the existence of a coherent Suslin tree T', we just force by iterating,
with finite supports, the forcing notions P of size ¥; such that P x T is ccc.
This is discussed in [12, Theorem 4.6].

3.2. Proof of Theorem 3(2). Throughout this subsection, we suppose
that (IT™; n € w) is a sequence of T-names for Aronszajn trees and (7y;
n € w\ {0}) is a sequence of T-names for functions with (p1—4) such that
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it is forced that for each n € w and each a € wy, the set (T ™)q 18 a subset
of the interval [Aq, Ao + w).

Let C and D be T-names for closed subsets of X((1T™,#"; n € w)) such
that it is forced that C' and D are disjoint. As in the previous subsection,
we can find a club Z on wy such that A, = « for every v € Z, and for any
a,f3 € v and m,n € w, every node in T, decides the statements “a € T””,
‘o <pn 07, Ya, B) € 77, “(a,m) € C”, and “(a,m) € D”.

As above, we define a forcing notion

grN((T™, 7" n e w),C, D, Z),

or gN(C, D, Z) for short, which consists of the pairs (f, g) of functions such
that

1. dom(f) = dom(g) and dom(f) is a finite subset of T" closed under A,
2. for each t € dom(f), f(t) and g(¢) are finite partial functions from
sup(Z N (Iv(t) + 1)) x w into w; and
{f

tlbr “(f(t),9(t)) € N(T™,7"; n € w), C, D),
3. for all t,t' € dom(f), if ' <p t, then
ez (0, 90) <y ) g
and if

(dom(f(t)) U dom(g(t))) \ (dom(f(#')) Udom(g(t"))) # 0,
then
max{lv(a); (o, m) € dom(f(t')) Udom(g(t")) for some m € w}
< min{lv(a);
(o, m) € (dom(f(t)) Udom(g(t))) \ (dom(f(t')) Udom(g(t')))
for some m € w},
4. for all s and t in dom(f),
dom(f(sAt))
= dom(f(s)) Ndom(f(¢)) N (sup(Z N (A(s,t) +1)) x w),
dom(g(s At))
= dom(g(s)) Ndom(g(t)) N (sup(Z N (A(s, ) + 1)) X w),
5. for all s and ¢ in dom(f),
(M(f(s), 8, Als, 1)) U M(f(t),t, Als, 1))
N (M(g(s),s, A(s,t)) UM(g(t),t, A(s,t))) = 0.
For conditions (f,g) and (f’,¢') in gN(C, D, Z), we define
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<f7 g> SgN(C,D,Z) <f/7 gl>
& dom(f) 2 dom(f)
& vt € dom(f) (tlr “(F(6),9(8) <wepy (F'(0 00,
PROPOSITION 3.5. For each t € T, the set
{{f.9) € grN((T", 7" n € w),C, D, Z); t € dom(f)}
s dense.
Proof. Let (f,g) € gN(C, D, Z).
If there is s € dom(f) so that ¢t <p s, then
(f U{{t, f(s)[(dom(f(s)) N (sup(Z N (Iv(t) + 1)) x w)))},
g U{{t,g(s)[(dom(g(s)) N (sup(Z N (Iv(t) + 1)) x w))})
is a condition of gN(C, D, Z) and an extension of (£, g).
Suppose that ¢ €7 s for all s € dom(f). Then there exists s € dom(f)
such that A(t,u) < A(t, s) for any u € dom(f). Let
fr=FU{(sAt, f(s)I(dom(f(s)) N (sup(Z N (A(t, s) + 1)) x w)))}
U {(t, f(s)[(dom(f(s)) N (sup(Z N (A(t, s) +1)) x w)))},
g =g U{{s At g(s)I(dom(g(s)) N (sup(Z N (A(t, ) + 1)) x w)))}
U {({t, 9(s)[(dom(g(s)) N (sup(Z N (A(t, ) + 1)) X w)))}-
Then (f’,¢') is a condition of gN(C, D, Z) and an extension of (f,g). =
PROPOSITION 3.6. Fort € T and (a,m) € w1 X w, the set
{(f,g9) € grN((T™,7"; n E‘w>,C',D, Z); ds e dom(f) (t <r s &
(either sk “a & T™” or (a,m) € dom(f(s)) Udom(g(s))))}
is dense.

Proof. Let (f,g) € gN(C, D, Z). From the previous proposition, we may
assume that ¢ € dom(f) and there exists s € T such that t <p s, Iv(u) <
Iv(s) for every u € dom(f), and Iv(a) < sup(ZN(lv(s)+1)). By the property
of Z, s decides the statement “o € ™. If s - “ac @ T™”, then (f, g) is in
the above set, so now we suppose that s IF “a € T™”.

We enumerate the set

{u € dom(f); Iv(a) € sup(Z N (A(u,s) + 1))}
as (u;; i € k). We note that for any j € k and v € dom(f), if Iv(a) €
sup(Z N (A(uj,v) 4 1)), then v is also in {u;; i € k}, and v IFp “a € T™”.
If for some i € k, (a,m) € dom(f(u;)) Udom(g(u;)), then (f,g) is in the

above set, so suppose that (o, m) ¢ dom(f(u;))Udom(g(u;)) for any i € k.
By the definition of gN(C, D, Z), one of the following happens:
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e For all Z).] € ka (a,m) € M(f(uz)v Uq, A(uza u]))

e For all i,] € k, (a,m) Q/ M(g(ul)a Ug, A(Uhuj))
Without loss of generality, we may assume that the first case happens. Then
we recursively pick v; € Iv(a) for i € k such that:

e foreach i€ k—1, v <71,
e for each i € k,
Uj ”_T “<f(ui>vg(ui> U {<<a7m>77i>}> € N(C7 D)”v
e for all 7 € k and v € dom(f),
M(f(v), v, Alui, v)) N M (g(us) U{ (e, m), %)}, wi, Alui, v)) = 0.
Then the pair

(f; (gl(dom(g) \ {ui; i € k})) U{{ui, g(ui) U{{{a; m), ve—1)}); i € k})
is a condition of gN(C, D, Z) and an extension of (f, g).

Assume that gN(C, D, Z)x T is ccc. (Then 80 is gN(C, D, Z).) We denote
the ground model by V and let G be a gN(C, D, Z)-generic filter over V,
and H a T-generic filter over V[G]. Set

Gy = {(c,d) € N(C[H], D[H]); 3(f,g) € G 3t € dom(f)N H

(tlr “(f (), 9(t) <niepy (6 d)7)}-

(C[H] and D[H] are the interpretations of C and D respectively in V[G][H].)
By the definition of gN(C, D, Z), G is a filter, and by the previous propo-
sition, we note that in V[G], for any (o, m) € w; X w, the set

{s € T; either s IFp “a & T™ or (a,m) € dom(f(s)) Udom(g(s))}

is dense in T', so G’y generates disjoint open sets which separate C [G] and
DI[qG].

LEMMA 3.7. grN((T", 7" n € w),C,D,Z) x T satisfies the countable
chain condition.

Proof. Let {({f¢, g¢),te); € €wi} be an uncountable subset of gN(C, D, Z)
x T'. By strengthening each condition if necessary, we may assume that for
each £ € wy, there is d¢ in wy such that

e t¢ € dom(f¢) NT5, and every node in dom(f¢) is of height < d¢,

e for any ¢ € dom(fe), there exists ¢’ € dom(f) N Ts, such that t <r t'.
By shrinking the subset and strengthening each condition again if necessary,
we may also assume that there exists 79 € wy such that

® 7o < 6o and if { <7 in wy, then d¢ < 5y,

o {dom(f¢); & € w1} is a A-system with a root R such that R C T, and

if £ <ninwy,then fe[R = f,[Rand d¢ < Iv(s) for any s € dom(f,)\R,
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— {Utedom(fg)dom(fg(t)); £ €wy} is a A-system with a root Sy C
Y0 X w, and if & < 7 in wy, then 0 < Iv(e) for any (e,m) €

Usedom(s,) dom(fy(t)) \ So,
— {Uscdom(ge) dom(ge(t)); € € w1} is a A-system with a root S C

7 X w, and if & < 7 in wy, then d¢ < Iv(e) for any (e,m) €

Utedom(gn) dom(gn(t)) \ 51,
there is a strictly increasing sequence (ve¢; £ € wi \ {0}) of countable

ordinals such that for every ¢ € wy,

{¢ € wi; Is,t € dom(fe) NTs, (¢ € de & 5(C) #1(C))}

is a subset of vo U [y, Ye+41),
|dom(fe) NT5,| =: n for all § € wy, say

dom(fe) NT5, = {sg,sﬁ, ... ,35 1,

n—1

and t¢ = sg, and there exists m < n such that for any £ € wy and ¢ € n,
there is a unique j € m such that sf Ve = 3§ [ve and s§ e, ver1) =
tel[Ve, ver1), and for all i € n and &1 € wi, s; [0 = s [0,

for any £&,m € wy and i € n, fg(s’;;)[So = fn(s?)[So and gg(sf)fsl =

gn(S?) rSh
for each i € n,

— the size of all dom(fg(sf)) \ So is the same, say k;, the size of
all dom(gg(sf)) \ Sy is the same, say [;, and dom(fg(sﬁ)) \ So =
{(a§,az>; 1 € k;} and dom(gg(sf)) \ S1 = {(ﬂ?,bﬂ; 7 € 1;} for some
a, and b,,

— there are K; C k; and L; C [; such that

 if € <minw and 2 € k; \ K; and g € [; \ L;, then
de < fu(s]) () ar)) and  O¢ < gy(s7)((B],by)),
{e€vw+1; sf k7 “e <ja, sy
={eern+1;s] lbp “c <ja, )7}
and
{e’;‘ € v + 1; Sf Ik “e <rjrby ﬁf”}
={een+1;s] by “c <4, B},

x if £, m € w; and 1 € K; and j € L;, then
fe(s3)((af, a)) = fo(sHal, a,)),
ge(s)((35,b,)) = gn (s ({87, b)),
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{e € fe(s5)(a) +1; 85 Iy “e <, 057}
= {e € fe(s5)(aS) + 15 87 IFp “e <ju, )7}
and
{e € 0c(s)(B) + 15 57 Irr e <gu, 57}
= {e € ge(s))(85) + 13 s I e <pu, B ).
Since T is ccc, as in the proof of Lemma 3.4, by shrinking the fam-
ily {((fe,9¢),te); & € wi} if necessary, we may assume that there exists
r € T such that v < Iv(r) < dg and r <p sg for all £ € wy, and
the set {sg [Ve; € € wi} is dense above r. For each i € n, we write r; :=
Ur 01y (1) = s97lv(r). Then by our A-system refinement and the defini-

tion of gN(C’, D, Z), for any uncountable subsets I and J of w; and i,j € n,
if r; = r;, then r; IFp “the family

{{fe(55),9e(s5)): € € TYU{{fu(s), gn(s))s m € T}

forms a suitable refinement in the sense of the proof of Lemma 2.2”.
Therefore the rest of the proof is completely the same as the proof of
Lemma 3.4. =

4. Generalized Rudin spaces constructed with non-Aronszajn
wi-trees. In this section, we consider generalized Rudin spaces with non-
Aronszajn wi-trees. Note that in general, for a decreasing sequence (T™;
n € w) of wi-trees and a sequence (7"; n€w \ {0}) of functions with (p1-3),
and a closed subset C' of X((T™,n"™; n € w)), the forcing notion D((T", m™;
n € w),C) does not satisfy the countable chain condition.

PROPOSITION 4.1. Suppose that (T™; n € w) is a decreasing sequence
of wi-trees and (m"; n € w\ {0}) is a sequence of functions with (p1-3)
such that T° has a cofinal chain (a cofinal branch). Then there erists a
closed subset C' of X((T™,7"™; n € w)) such that D((T™,7"™; n € w),C) has
an uncountable antichain.

Proof. Let B be a cofinal chain in 79, and let
C:={(t,0); t € B & Iv(t) € Lim}.

Then C'is a closed subset of X((T",7"; n € w)).
For each o € w; NLim, let t, € B be the node of height «, s, € B the
node of height a + 1, and let

Pa = <{<Sa70>}7 {<<t067 0>7 0>}>

Then each p, is a condition of the forcing notion D(C), and the set {pq; a €
wi N Lim} is an antichain in D(C'), because if o and (3 are countable limit
ordinals and a < 3, then s, € N((t3,0),0). =
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Now we introduce other forcing notions. To do this, we use the following
notation and proposition.
Suppose that (T"; n € w) is a decreasing sequence of wi-trees. For each
n € w, F" is the set of cofinal chains (®) in the tree T" x {n},
Y ={BN((T")s, x {n}); BEF" & a € wi},
and for each B € FY,
Bl = {s € T" 3{t,n) € B (s <pn 1)} x {n}.

PROPOSITION 4.2. Suppose that (Cy; v € w) is a decreasing sequence of
closed subsets with empty intersection. Let © € w and B € F*. Then there
erist v € w and o € wy such that C, N BN (T>q % {i}) = 0.

Proof. For each v € w, let
D, = {lv(s); (s,i) € C, N B}.

Since each (), is closed, D, is club in wy if it is uncountable. So if D, is
uncountable for every v € w, then (), D, is also club in wy, in particular,
it is not empty, hence neither is [),. Cy. =

4.1. Proof of Theorem 4. Throughout this subsection, we suppose that
(T™; n € w) is a decreasing sequence of wi-trees and (7"; n € w\ {0}) is a
sequence of functions with (p1-3) such that T has at most countably many
cofinal chains.

Let (Cy; v € w) be a decreasing sequence of closed subsets with empty
intersection. Then by Proposition 4.2, there exists § € wy such that

e for all i € w and B, B’ € F' with B # B, BN B' C (T") 45 x {i},

o for all i,v € wand B € F!, either C, N B is uncountable or C, N B N

((T7)55 x {i}) = 0.
We introduce the forcing notion
PT", 7" n € w), (Cy; v € w),d),
or P((Cy; v € w),0) for short, which is a modification of the forcing notion
[I,c., D(Cy) and consists of pairs (A, h) such that:

vew

new ™" x {n}]<N07

h is a finite partial function from w x (Unew IT™ x {n}) into wr,
dom(A) D {v ew; Iz € Uneo T" x {n} ((v,z) € dom(h))},

for any v € dom(A) and (s,i) € A(v), if Iv(s) > 4, then either Tis
is Aronszajn or there exists (a unique) B € F* with (s,i) € B such
that C, N B C (T") 5 x {i},

1. Ais a finite partial function from w into [|J

- W

(3) In this paper, a cofinal chain means an uncountable subset B of T' such that B is
pairwise comparable in T and BN T, # 0 for every a € ws.
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-

5. for any (v, (s,i)) € dom(h),

e if s has a successor level, then h((v, (s,i))) = Iv(s) — 1,

e if s has a limit level and Iv(s) <4, then h((v, (s,1))) € Iv(s),

e if s has a limit level and Iv(s) > 0, then h((v, (s,4))) € [0 + 1, Iv(s)),
6. for any (v, (s,i)) € dom(h), either T%|s is Aronszajn or there exists

(a unique) B € F* with (s,i) € B such that C, N B is uncountable,

—,

7. for every v € dom(A),
(A0) UUIB N (T 2540 % 1))
icw& BeF & C,NBis countable})
N (G VUIN (. G, @) (v,2) € dom(R)}) =0,
ordered by extensions, that is, for conditions <ff, E> and (/_1" Y )
(A, 1) <p(0y:vewy.s) (A1) & Vv € dom(A') (A(v) 2 A'(v)) & h D I

By a similar A-system argument to that in Section 2.1, we infer that the
forcing notion P((T™,7"; n € w), (Cy; v € w),d) has the rectangle refining
property, and we can prove the following proposition.

PROPOSITION 4.3.

1. Forallvew; andx e, ., T" x {n}, the set

{(fT, h)y € P((Cy; v € w), d); (v,z) € dom(h)
or & & Cy UJIN(y, (v, 9)); (v,y) € dom(R)} |

is dense in P((Cy; v € w),0).
2. Forallz €, ., T" x {n}, the set

{{A,h) € P({Cy; v € w),8); Fp € dom(A) (x € A(p))}
is dense in P((Cy; v € w),0). =

new

Suppose that G is a P((Cy; v € w), d)-generic filter, and for each v € w,
define

Uy = {N (@, Bil(0,2))
ve |JT" x {n} & JAR) € G ((v,2) € dom(ﬁ))},

Wy == J{A(v); I(A,h) € G (v € dom(A))}.

In view of the above proposition, for each v € w,
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e U, is an open set which covers C,,
o W, is disjoint from U,,

e U,c, Wo covers the whole space, hence (1, U, is empty.

vew

So Theorem 4 is proved. A similar result also holds for normality, by a
similar modification.

4.2. Proof of Theorem 5. Throughout this subsection, we suppose that
(T™; n € w) is a decreasing sequence of wi-trees and (7"; n € w\ {0}) is a
sequence of functions with (p1—3). We moreover suppose that for all n € w,

(ul) the set of cofinal chains in 7" is of size Ny,

(u2) for any countable elementary submodel M of H(X2) which includes
T™ and any t € (T™),, s, there exists a cofinal chain B in 7" such
that t € B € M.

Let
Qin = {f € ““lw; Fk cw ({a € dom(f); f(a) # k} is finite)},

which can be considered as a tree ordered by inclusion. Qfif, | satisfies (u1-2).
In fact, Konig proved that under PFA, every wi-tree is either isomorphic to
Qi‘;l or has a stationary antichain [10, part 2.d]. However, there are many
counterexamples to (ul—2). We note that if 7™ satisfies (u2), then it has
uncountably many cofinal chains, and every node of 7™ has a cofinal chain.
But the author is not sure whether (u2) implies (ul). We should note that
under PFA, the number of cofinal branches of an wi-tree is < Ny (see e.g.
2, 58] or [3, §7)).

Before defining the forcing notion in this subsection, we record some re-
lationships between w;-trees and countable elementary submodels of H(Xs).

OBSERVATION 4.4. Suppose that T is an wi-tree, M is a countable ele-
mentary submodel of H(Xg) with T € wy, and B and B’ are different cofinal
chains in T such that B and B’ are both members of M. Let b and b be
nodes in B and B’ respectively of height wy N M. Then b and b’ are also
different. m

This says that if T is an wi-tree with the property (u2), and M is a
countable elementary submodel with 7' € M, then for each ¢ € T, Ay, a
cofinal chain through ¢ which belongs to M is unique.

OBSERVATION 4.5. Suppose that T is an w-tree with the property (u2),
C is a closed subset of T, M is a countable elementary submodel of H(R3)
with T,C € wiNM, and B is a cofinal chain in T which is a member of M.
Then there exists t € BNC of height > w1 N M iff the set {Iv(t); t € BNC}
is club in wy iff BONC N T, nm # 0.
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Proof. As in the proof of Proposition 4.2, the set {Ilv(t); t € BN C} is
club in wy if it is uncountable. So if it is not, since {Iv(t); ¢ € BN C} is also
a member of M, there exists a € wy N M such that {lv(t); t € BNC} C «,
so there are no t € BN C of height > w; N M.

If{lv(t); t € BN C}isclub in wy, then {lv(t) ew1NM;t€e BNCNM}
is unbounded in w; N M. Thus then BNC N Ty #0. »

Let (Cy; v € w) be a decreasing sequence of closed subsets with empty
intersection. We introduce a forcing notion

QUT™, m™; n e w), (Cy; v € wW)),

or Q((Cy; v € w)) for short, which can be considered as one of applica-
tions of Todorcevié’s side condition method [22, §8] and consists of tuples

(A,B,h,C,N) such that:

T % {n}]<NO,
new f£]<NO’
h is a finite partial function from w x (Unew IT™ x {n}) into wy,
N is a finite €-chain of countable elementary submodels of H(Xj)
containing (T, 7", F"; n € w), (Cy; v € w) and wy,
5. dom(A) = dom(B) = dom(C)
2 {vew; 3r € Uype, T" x {n} ((v2) € dom(h))},
6. for any v € dom(A), < iy € A(v) and N € N, if s ¢ N, then for all
BeFNN, (s,i) ¢ B
7. for any v € dom( 4) B e B(v)and N € N, if B ¢ N, then there
exists B’ € B(v) N N such that BN N = (B)' NN and BN N C
B'NN,
8. for any v € dom(A), B € C(v) and N € N, if B} ¢ N and BNN # ),
then there exists B’ € C(v) N N such that BN N = B'NN,
9. for any (v, (s, 1)) Edom(ﬁ) if s has a successor level, then A((v, (s,4)))
= Iv(s) — 1, otherwise h((r, (s,7))) € Iv(s),
10. for each (v, (s,i)) € dom(h), if there exists N € N with s ¢ N and

h({v, (s,i))) € N, then there exists B € C(v) N N such that
N((s,4), h({v, (s,i)))) N (T* x {i}) C B,
11. for any v € dom(A),
(A’(V) U Ué(y))
N (cy U KN (@, (v, 2))); (voa) € dom(R)} U Ué(y)) -

A is a finite partial function from w into Unew

B and C are finite partial functions from w into [|J

Ll O A
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oEdered by extensions, that is, for conditions (A4, B, h,C,N') and (A", B, I,
C'\ N,
C N
= dom(A) O dom(A’) and for all v € dom(A"),
Av) 2 ,B(v) 2 B'(v) and C(v) 2 C'(v),

hDH and./\/i_)./\/’.
It follows from the above observations that this definition should work

well. In fact, the following proposition guarantees that.

PROPOSITION 4.6. For allv € w and x € |, T" x {n}, the set

new

—

{{A.B.1,C.N) € QUCYi v € w)); (v,2) € dom(F)
oz ¢ Cy U N (@, B((v,2))): (v, 2) € dom(B)} U JC(v) |
is dense in Q((Cy; v € w)).
Proof. Let p=(A,B,h,C,N), v € w and = = (s, ), and assume that
z € Cy U {N(z, h((v,2))); (v,2) € dom(h)} U|_JC(v)
Since 2 ¢ A(v) UJB(v) and both A(v) and B(v) are finite, there exists
a € Iv(s) such that
( U UB’ ) NN(z,a) =10,
and for any N € N with Iv(s) > w; N N, the inequality & > w; N N holds.
If there are no N € N with Iv(s) = w; N N, then we need nothing more to
make the desired extension.

Suppose that there is N € N with Iv(s) = w; N N. Then by Observa-
tion 4.5, there are no B € B(v) with 2 € B}. Then there exists (a unique)
By € F'N N with x € By. Notice that {Iv(u); (u,i) € ByNC,} is club in
w1, S0 we cannot put any subset of By into the coordinate B(v). Now we
assume that v € dom(A). (If not, we let A(v) = B(v) = ().) Define

Bj =By N ((Ti)Za-l—l x {i}).
Then the tuple
(A, B, 1 U {((v,2), )}, (C\ {(v,C(0))}) U{(v,C(v) U{ByH}, N)
is a condition of Q((Cy; v € w)) and an extension of p. =
PROPOSITION 4.7. For allz € |, ., T" x {n}, the set

new
{(g,g,ﬁ,dN>€Q((Cy;u€w>); 3 € dom(A) (weA UUB )}
is dense in Q((Cy; v € w)).
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Proof. Let p = (A,B,h,C,N) and z = (s,i). Since dom(A) is finite,

—,

there exists v € w such that dom(A4) C v.
Suppose that = & B for any N € N and B € F* N N. Let u > v be such
that x & C,. Then the tuple
(AU, {2t BU{ (1, {01}, h, C U {(p, {0})}, V)
is a condition of Q((Cy; v € w)) and an extension of p.
Suppose that there exist N € A" and B € F'NN such that x € B\ N. Let
(Nj; j € k) be an enumeration of N such that N; € N;4 for each j € k—1,

and let [ € k be the largest number such that z ¢ N;. Then we can find a
finite subset {Bj; j € [ + 1} of F* such that

e for each j €1+ 1, B; € Nj,
e for any j,j' € l+1 with j < j', BN N; = By NNy,
e x € B

Then we can find 1 > v and an increasing sequence (a;; j € [+ 1) such that
for each j € [ + 1 we have aj € w1 N N; and

G By 1 (T, x {i}) = 0.
Then the tuple
(AU AN, BU {(, B(p) U{B; N (T4, x {i}); § € L+ 1})},
7, CU{{p,{0)},N)
is a condition of Q((Cy; v € w)) and an extension of p. m

Suppose that G is a Q((Cy; v € w))-generic filter, and for each v € w,
define

Uy = J{ NG (v, 2));
ve | JT" x {n} & HA,B.ECN) €G ((v,2) € dom(ﬁ))},

new
W, == J{A(v); I(A,B,h,C.N) € G (v € dom(A))}.
In view of the above two propositions, for each v € w,

e U, is an open set which covers C,,,
o W, is disjoint from U,,
e U,c, Wo covers the whole space, hence (1, U, is empty.

LEMMA 4.8. Q((T",7"; n € w),(Cy; v € w)) is proper.

Proof. Let M be a countable elementary submodel of H(k), where k
is a large enough regular cardinal, such that (T, 7"; n € w), (Cy; v € w),

w1, H(Ny) and a well-ordering of H(Ng) are elements of M, and let p =
(A, By, by, Cp, Np) be a condition of Q((Cy; v € w)) N M. Then by taking



Rudin’s Dowker space 83

the Skolem hull of the set
{p, (T",7";n €w),(Cy; v € W), w1}

on H(Xg) in M, we can find a countable elementary submodel My of H(RXg)
in M containing p, (T™,7"; n € w), (Cy; v € w) and wy. Note that MNH (Ry)
is an elementary submodel of H(Ng). Let

p+ = <Ep,gp,ﬁp,c_;;,-/\[p U {M07M mH(N2)}>

We show that pT is (M, Q((C,; v € w)))-generic.
Suppose that D € M is a dense subset of Q((Cy; v € w)) in M, and q is
a condition of Q((Cy; v € w)) such that

q = (Aq; Byg: hq Cqs No) <Q((Cu;vew)) pr.
By strengthening ¢ if necessary, we may assume that
e gD, .
e for every (v, (s,i)) € dom(hy) \ M,

—

either (s|h,((v, (s,i))) +1,i) € B for some B € C,(v),

or (s|hy((v, (s,i))) +1,i) ¢ B for any B € Fi N M.
(Indeed, if there exists B € F' N M such that (s[ﬁq(@, (s,i))) + 1,i) € B,
then A,(v) N B = 0 and for any a € wy, BN (T%sq x {i}) ¢ B,(v) by
condition 7 in the definition of Q((Cy; v € w)). Note that if B € F} N M,
then B = BN ((Ti)za x {i}) for some a € wy N M.)

Let ¢’ := (Ay, gq/, Eq/,C_;]/,Nq/) be such that:
dom(A4,) and Ay (v) := A,(r)NM for each v € dom(Ay),

i

—

[

e dom(By) := dom(B,) and gq/(y) := B,(v) N M for each v € dom(By)
° hq’ = hq NnM,

o dom(Cy) := dom(C_;]) and (Z]/(V) = C_;(V) N M for each v € dom(C_;]/),
o Ny :=N;NM.

We note that ¢ € M and My € Ny, in particular, Ny is not empty,

hence for each v € dom(4,), gqr(u) is empty iff B,(v) is. Let M; € M be
the Skolem hull of the set

{¢ (T, 7" n € w),(Cy; v EwW),w}
on H(Ry) in M. Now we let
o = {{v,i) € dom(Ay) x w; 0 # By(v) N FL. C M},
7= {{r,4) € dom(4,) x w; (B,(v) N FL)\ M # 0}.
Then both o and 7 are finite and so members of M, and for each (v,i) € o,

By (v)NFL = B,(v) N FL.
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For each (v,i) € T and B € (B,(v) NF4L)\ M, there exists B’ € gq/(u) such
that BN M = (B')' "M and BN M C B'N M. Thus B'N M is not empty

and
Bo( U Nehwa)ulJGw) =0
:L"Edorn(ﬁq)(u)
We will find a condition in D N Z\{ ngicll is _(Eompatible with ¢. First, we
will establish when a condition r = (A,, By, hy,Cr, N;) in Q((Cy; v € w))NM
with the properties

() 7 <queuivew)) 7
(ii) for all v € dom(A /) and B € B, (v), there exists (v,i) € o Ut such
that B € F, .
(iii) for all (v,i) € 0, B, (v) =
(iv) for all (v,i) € 7, B.(v) N My = By (v),
(V) Nr N Ml = _/\/’q/7
is coqpatible with ¢. Let » be a condition as above. Then for each v €
dom(Ay), since

(UN @ Byl(v2))); (v,) € dom(Tig) \ M} U J(Cy(v) )ﬁM
C AN @, g (v, 2))); () € dom(Tig)} U | Cyr (v

and
N (2, he((v,2))); (v, 2) € dom(h,)} € M,
we have
N (U{N(w, Fo((v,2))); (va) € dom(Fig)} U\ JCylv ) =0
and

v) N N (@, hy((v,2))); (v, 2) € dom(h,)} = 0.

Moreover, for each v € dom(fqu), since qu(u) nNM = qu/(y) N M, we
have

U Bo) NN (@, e (1 2)); (v, 2) € dom(By)} = 0,
and by Observations 4.4 and 4.5 and the definition of Q({(Cy; v € w)),
(A, uUBw) nUGw) =0, JBwnlJew) =
Therefore for a condition r € Q((Cy; v € w)) N M with the properties
(D)~(v), if
UB-w) n [N (@, (v, 2))); (v, 2) € dom(hg)} =0,

then 7 and ¢ are compatible in Q((Cy; v € w)).
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Now suppose that there exist (v, (s, 7)) € dom(ﬁq) \ M; and B € (B,(v)
N F?) \gq/(y) for some i € w such that

BN ((s,), ha({v, (s,4)))) # 0.

Then Eq(<l/, (s,7))) > w1 N M and B € M \ My, so there exists B’ € gq/(y)
such that BY N M; = (B)! N M; and BN M; C B'N My, and so B! # (B')!
and (v,7) € 7. Thus now i + 1 = j. (If neither ¢« = j nor i + 1 = j, then
by the definition of N(z,8), BN N((s,5), hy((v, (s,5)))) = 0. If i = j and
BN N((s,7),hq({v,(s,7)))) # 0, then (s[(hq({(v,(s,7))) +1),7) belongs to
B. This contradicts our assumption on ¢ because B € M.) So then A(s, B)
is in the set

{A(u, )5 u € 7 (5)}\ Bgl(v, (s,5)))-

(Here, we use notation like A(s, B) and A(B, B’), defined in a similar fash-
ion.) Since A(B,B’) € wi N M, if A(s,B’) > wi; N M then A(s,B) =
A(B, B') < wi N M, hence BN N((s, j), hq((v, (s,7)))) = 0. Even if A(s, B
< wiNM, whenever A(s, B') < A(B, B’) then A(s, B) = A(s, B') < wiNM,
hence also BN N({(s, j), l_iq((u, (s,7)))) = 0. So it suffices to find r € DN M
with properties (i)—(v) and

-

(vi) for all (i) € 7, (v,(s,i+1)) € dom(hy) \ My, B € (B.(v) N
Fi)\ My and B’ € By(v) N FL with B} 0 My = (B))' 0 My, if
A(s,B") < wy N M, then either B C B’ or A(s,B’') < A(B, B').

We take § € wi N M such that for all (v,i) € 7 with (v, (s,i+ 1)) €
dom(he)\ M1, and B’ € By (v)NFL, if A(s,B') < wiNM then A(s, B') < 6.
Let

D~ := {(A, B, h,C); there exists N such that

(A,B,h,C,N) € D,N N M; =Ny and M; € N'}.

By the property (ul), D~ € H(X2) N M. We define £ to be the set of
(A,B,h,C) € D~ for which there exists A" such that:

—

e dom(A) D dom(A,) and for all v € dom(Ay ), A(v) D Ay (v), B(r) 2
B, (v) and C(v) D Cy(v), and h D hy,

o forall v € dom(ffq/) and B € B(v), there exists (v,i) € o U such
that B € F*,

o for all (v,i) € o, B(v) = By (v),

o for all (v,3) € 7, B(v) N My = By(v) and for all B € (B(v)NFL)\ M,
and B’ € By (v) N FL with Bt N M; = (B')} N My, either B C B or
A(B,B’) > .
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By the property (ul) again, £ € H(Ny)N M, and £ is not empty because
the tuple
< qv 9 N U {M1}>
is in £. So there exists (4, E r Cry € ENM, and hence there exists N, €
M which witnesses that (A gr hy, Gy ) € D~. Then r = <AT,BT, hr,CT,N)
is an element of D which satisfies (i)—(vi).

sa
Let r' = (A, T/,hT/,C:J,NT/) be such that:

= A,(v) for each v € dom(A4.) \
A (v)U /Yq( ) for each v € dom(/fq)
v ::B_"( ) for each v € dom(B,~) \ dom( q)

qu
I, Cr).

r Y g
e dom(C,) := dom(C,), v (v) := C,(v) for each v € dom(C,) \ dom(C q)
and Cp (v) := Co(v) U C; v) for each v € dom(Cq),

Then as seen above, r’ is a condition of Q((Cy; ¥ € w)) N M, and so is a
common extension of ¢ and r. Therefore D N M is predense below pT. m

So Theorem 5 is proved, and we can force (*) that if (T™; n € w) is
a decreasing sequence of wj-trees with (ul-2) and (7™; n € w\ {0}) is a
sequence of functions with (p1—3), then the space X((T",n"™; n € w)) does
not satisfy (D1), by a countable support iteration as in [5, §4]. Notice that
a similar result on normality is also proved.

5. Concluding remarks. From Lemma 1.4, MAy, (rec) implies that
every Aronszajn tree is special.

QUESTION 5.1. If T is a special Aronszajn tree, does the space X(T™ 7"
n € w)) satisfy (D1)?

This would refine the result in §2, but we may not apply the result in
83, because we have not proved that it is consistent that a Suslin tree forces
MAy, (rec). So the following question is still open.

QUESTION 5.2. Is it consistent that a Suslin tree forces MAy, (rec) ?

However, by a similar argument to §3, we can prove that it is consistent
that a Suslin tree forces that every Aronszajn tree is special. If the answer

(*) However, to do this from the ground model of ZFC, we have to modify
Q((Cy; v € w)) to have an Na-proper isomorphic condition as in [20]. If we suppose that
there exists a supercompact cardinal, we do not need to modify our forcing notions.
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to Question 5.2 is affirmative, this refines the result in §3. In [14], Larson—-
Todorcevi¢ proved that it is consistent that a Suslin tree forces Ka(rec). So
a positive answer to the question below would also refine the result in §3.
In [21], Todorcevié proved that Kq, which is stronger than KCo(rec), implies
that every Aronszajn tree is special, so a positive answer to the following
question would also refine Todoréevi¢’s result.

QUESTION 5.3. Does Ka(rec) imply that every Aronszajn tree is special?

In Section 4, we have considered the space X((T", 7"; n € w)) for (T
n € w) having some properties. So the following questions arise:

QUESTION 5.4. Is it consistent (or true under the Proper Forcing Azx-
iom) that for any decreasing sequence (T"™; n € w) of wy-trees and sequence
(7™ new\ {0}) of functions with (p1-3) (or (p1—4)), the space X({(T", 7";
n € w)) does not satisfy (D1)?

In Section 3, we have considered the forcing extension with a coherent
Suslin tree, which is equivalently strongly homogeneous (see e.g. [10, 12, 18]).
Suslin trees can be of two types: free and homogeneous. Suppose that a de-
creasing sequence (T"; n € w) of Suslin trees is such that for all n € w and
s,t € T", if s and ¢ are incomparable in T, then (T™[s) x (T™[t) satis-
fies the countable chain condition (°). Then if (7™; n € w) is a T°-name for
a sequence of functions, then 7T° forces that the space X({T™,7"; n € w))
satisfies (D1). (The proof is essentially the same as Rudin’s original proof,
or in the extension with 79 each T™ has a cone which is Suslin, so it is
proved.)

QUESTION 5.5. Is it comsistent that there exists a decreasing sequence
(T™; n € w) of Suslin trees such that for alln € w and s,t € T", if s and t
are incomparable in T™, then (T™[s) x (T™[t) satisfies the countable chain
condition, and there is a T°-name (7"; n € w) for a sequence of functions
with (p1-3) (or (p1-4)) such that T forces that X({T™,7"; n € w)) is
normal (hence a Dowker space) ?
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