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Unified quantum invariants and their refinements
for homology 3-spheres with 2-torsion

by
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Abstract. For every rational homology 3-sphere with Hy(M,Z) = (Z/2Z)" we con-
struct a unified invariant (which takes values in a certain cyclotomic completion of a
polynomial ring) such that the evaluation of this invariant at any odd root of unity pro-
vides the SO(3) Witten-Reshetikhin-Turaev invariant at this root, and at any even root
of unity the SU(2) quantum invariant. Moreover, this unified invariant splits into a sum
of the refined unified invariants dominating spin and cohomological refinements of quan-
tum SU(2) invariants. New results on the Ohtsuki series and the integrality of quantum
invariants are the main applications of our construction.

Introduction. The Witten-Reshetikhin-Turaev (WRT) invariants of
3-manifolds, also known as quantum invariants, are defined only when the
quantum parameter ¢ is a certain root of unity. In [5], Habiro proposed a
construction of a unified invariant of integral homology 3-spheres, dominat-
ing all quantum SU(2) invariants.

The unified invariant is an element of the Habiro ring

. Zlq]
Z[Q] ’_T (1_q)(1_q2)...(1—q")'

Every element f € Z[q] can be written as an infinite sum
F@) =) feld1 - )1 - ¢ ...(1—q"),
k>0

with fr(q) € Z[q|. If £ is a root of unity, then f(§) is well-defined, since the
summands become zero if k is bigger than the order of £&. The Habiro ring
has remarkable properties and is very suitable for the study of quantum
invariants. The result of Habiro mentioned above is

—_
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THEOREM 1 (Habiro). For every integral homology 3-sphere M, there

exists an invariant Inr(q) € Z[q] such that if € is a root of unity, then In(€)
1s the WRT invariant at €.

Let us mention the most important consequences of Habiro’s construc-
tion. First of all, each product

(G)n=01—q)(1—¢*)...(1—q")

is divisible by (1 — ¢)™, hence it is easy to expand every f(q) € Z[q] into
formal power series in ¢ — 1, denoted by T'(f) and called the Taylor series of

— —

f(g) at ¢ = 1. One important property of Z[q] is that f € Z[q] is uniquely

e

determined by its Taylor series. In other words, the map T : Z[q] — Z[[¢—1]]
is injective. In particular, Z[g| is an integral domain. Moreover, every f €

—

Z[q] is determined by the values of f at any infinite set of roots of unity of
prime power order. From the existence of Ij; one can derive the following
consequences for integral homology spheres:

e The quantum invariants at all roots of unity are algebraic integers.

e The quantum invariants at any infinite set of roots of unity of prime
power order determine the whole set of quantum invariants.

e The Ohtsuki series (see [18, 12]) has integer coefficients and determines
the whole set of quantum invariants.

e The Le-Murakami—Ohtsuki invariant (see [13]) totally determines the
quantum invariants.

The integrality of quantum invariants was established earlier only at
roots of unity of prime order (see [15, 11]). The integrality of the Ohtsuki
series was proved by Rozansky, using quite a different method.

In [10], the third author extended Habiro’s results to rational homol-
ogy 3-spheres. More precisely, for a 3-manifold M with |Hy(M,Z)| = a, he
constructed a unified invariant Ip; dominating quantum SO(3) invariants
of M at roots of unity of order odd and coprime to a. The Habiro ring was
modified by inverting a and all cyclotomic polynomials not coprime to a.

More precisely, for t := ¢/, let Rk be the subring of Q(t) generated
over Z[t*'] by (t;t)x/(¢; ¢)x. Note that

Ra,l C Ra,Q c---C Raa
where Rq = Uy Ra - Let

7/5,1 := lim Ra
< (@D

be its cyclotomic completion. Every element f & ﬁa has the following pre-
sentation:
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n+2) o (1 _ q2n+1)

I

& _ n+l _
1) =Y np T
n=0

where f,,(t) € Rq. It was shown in [10] that Ij; € R,.

Let I, be the set of all elements of R, that have presentation (1) such
that f,(t) € Raont+1. In [2], the first and third authors proved that Ij
is smaller than 7/@@ and that I; € I,, i.e. the unified invariant has even
stronger integrality.

The results in [10] and [2] concern only the SO(3) invariant, for which
the order of quantum parameter must be odd. In this paper we mainly
address the case of SU(2) when the order is even. We construct a unified
invariant dominating quantum SO(3) and SU(2) invariants of rational ho-
mology 3-spheres with 2-torsion only. We show that our unified invariant
splits into a sum of refined unified invariants dominating spin and cohomo-
logical refinements of quantum SU(2) invariants. New results on integrality
of quantum invariants and the Ohtsuki series are the main applications of
our construction.

0.1. Results. Let M,, be the set of all oriented closed compact 3-mani-
folds M with Hi(M,Z) = (Z/2Z)". When M is not an integral homology
3-sphere, the WRT SU(2) invariant, denoted here by 7as(£), depends on a
4th root of £, although we will not indicate this in our notation.

Let M € M,,. If € is an odd root of unity, then m3/(£) = 0, but 7']?40(3) (&)
= 0. In this case, we choose ( to be the square root of £ which has the same
order as &, and put

SO(3 SO(3 n
m40(€) = 7 (€ (s ()",
where RP3 is the projective space.
If the order of £ is even (then the order of ¢ is divisible by 4), define

(&) = T (€)/ (Trps (€)™
Note that the quantum invariant 73,(£) depends only on a square root of &.

For q = v2, we define I' := Z[1/2][v]. Let S = {n € N |n # 2 (mod 4)},
where N = {1,2,...}. The cyclotomic completion I' S of the polynomial
ring I with respect to S was defined by Habiro in [6] (the definition is
recalled in Section 2).

Suppose £ is a root of unity. Fix a square root { of £ such that if the
order of £ is odd, then the order of ( is the same as that of £&. Then one can
evaluate every element f € I'® by replacing v with (; the result is a complex
number, denoted by eve¢(f).

Our first main result is
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THEOREM 2. For every M € M,,, there exists a unique invariant Iy € I'S
such that for every root & of unity and a choice of its square root { as above,

one has eve(Inr) = m),(§).

Hence, 1) unifies SO(3) and SU(2) invariants of M € M,, at all roots of
unity. Moreover, in Section 5 we give an explicit formula for this invariant.

COROLLARY 3. For M € M,, and the quantum invariants Ty, the fol-
lowing statements hold.

(a) The quantum invariants belong to Z[1/2][(].
(b) The quantum invariants are determined by their values at roots of
unity ¢ with ord(¢) € {2Fp° | k € N, e € N} for any odd prime p.

Clearly, part (b) also holds for 7, but for (a) to be true, one may need
to multiply 7as by ¢'/2.

OPEN PROBLEM. We do not know whether these invariants are deter-
mined by the Le-Murakami—Ohtsuki invariant or not.

Spin and cohomological refinements. Suppose now the order of £ is even,
i.e. the order of ( is divisible by 4. There are refined quantum invariants
T, (§), defined in [1], [9], where o is a spin structure or a cohomological
class in H'(M,Z/27), depending on whether the order of ¢ is congruent to
0 (mod 8) or 4 (mod 8).

We will renormalize 7)s, by dividing by the non-refined invariant of the
projective space, i.e. 7y ,(§) := a0 (§)/(Trps(€))". Then we have 73,(§) =
>0 T (&)-

For T ={n € N|n =0 (mod 8)}, let I'" be the cyclotomic completion
with respect to 1" as defined in Section 2. If ( is a root of unity with order
in T, then we can evaluate any element f € I'" by replacing v with ¢; the
result is a complex number denoted by eve(f).

Our next result is

THEOREM 4. For any M € M, and a spin structure o on M, there
exists a unique spin invariant Ip 5(v) € I'", dominating spin refinements
of the quantum invariants TMa(f) at all roots of unity & whose order is
divisible by 4.

A similar statement concerning cohomological refinements is given in
Theorem 8, where the unified invariant is an element of I'? with Sy =
{42n+1) | n € N}.

COROLLARY 5. Let M € M,,.

(a) The set of spin invariants {Tar+(€) | ord(§) = 0 (mod 4)} is deter-
mined by their values at roots of unity & with ord(€) € {2¥p® | k>2,
e € N} where p is an odd prime.
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(b) The set of cohomological refinements {Ta(§) | ord(§) = 2 mod 4}
is determined by their values at roots of unity & with ord(&) € {2p° |
e € N} where p is an odd prime.

0.2. The case |H1| = 2. Suppose M € M;. Let us consider the ring

o 7 +1
Zlv]y »= lim ]

n (—U2; _U)Qn 7

where
2n+1 '
(=% —v)on =[] (14 (—v)")
=2

=1 -1 =% ... 1= N1+(A+¢>)...(1+ ).

Every f(v) € Z[v], can be written as, with f,(v) € Z[v*!],

F0) =" faw)(=v% —0)2n.
n=0

If ¢ is a root of unity of order either odd or divisible by 4, then the evaluation
eve(f(v)) = f(v)|o=c is well-defined. For every root & of unity, one can choose
a square root ¢ of & whose order is either odd or divisible by 4.

Let Z[ ]
2l =l AT ) AT

If ¢ is a root of unity of order divisible by 4, then f(¢) is well-defined for
f('U) € Z[v]s'
THEOREM 6. For every M € My, there exists a unique invariant In(v)

—

€ Z[v], such that eve(In(v)) = 13,(€) for any root of unity &. Moreover,
In(v) =, Ino(v) where o runs over spin structures on M, and Ip 5(v) €

-Z[v], dominates the refined quantum invariants Ty (£).

p—

The ring Z[v], is smaller than the ring I'® of Theorem 2 and also than
the ring I used in [2], because of the factors (14 ¢)(1+¢?)...(1 +¢") in
the completion, which are responsible for the spin and cohomological refine-
ments. Hence, when restricted to SO(3) invariants, the integrality stated in
Theorem 6 is stronger than that in [2].

By results of [6], Z[v], embeds in Z[[v — 1]], via Taylor series (cf. Propo-
sition 2.1 below). As a consequence, we will prove

COROLLARY 7. For M € M, and the quantum invariants T, the fol-
lowing statements hold.

(a) The quantum invariants at all roots of unity are algebraic integers.
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(b) The quantum invariants at any infinite set of roots of unity of odd
prime power order determine the whole set of quantum invariants.

(¢c) The Ohtsuki series of M, a formal power series in ¢ — 1, has co-
efficients in Z[1/2]. If ¢ is a root of unity of order p® with p an
odd prime, then the Ohtsuki series at ( converges p-adically to the
quantum invariant at C.

(d) The Le-Murakami-Ohtsuki invariant determines the quantum in-
variants at all roots of unity.

The integrality of 7as, for Z/pZ-homology spheres at roots of order 2p,
where p is an odd prime and o is a cohomological class, was studied by
Murakami in [16, 17].

EXAMPLE. Suppose M is obtained by surgery on the figure 8 knot with
framing 2. Then

_ Z U_n(n+2)(—'l}2; —U)2n-
n=0

(a) Spin refinement. Let o be the characteristic spin structure on M,
and o1 the other one. Then

IMyo-E(/U)
1 o0 n n ) n )
_ —n(n+2) 1 2i+1y _ (_q)etn 1 2i+1y |
sy 2 e [Ta = = [l
Suppose that ord(¢) = 0 (mod 8) and ord(¢)/8 = x (mod 2). Then

eve(Ino. (V) = Trooy, (€)-
(b) Cohomological refinement. Let 0. € H'(M,Z/27), and o7 be trivial.
Then

IMyo's ('U)

_ —n(n+2) i 2141 _1\&et+n 2i+1
_2(1_U)Zv H(1+q)[1‘[(1 V) ()T T ik
n=0 =1 =0 =0
Assume that ord(¢) = 4k with odd k and ¢** = (—1)XI, where I is the unit

complex number. Then eve(Iy o, (V) = Taro.., (€)-

0.3. Plan of the paper. The paper is organized as follows. After recalling
the definitions, we collect the results on cyclotomic completions of polyno-
mial rings in Section 2. Then we introduce the Laplace transform method
for constructing unified invariants. Applying this method to integral homol-
ogy 3-spheres, we get precise formulas for Habiro’s unified invariants. Next,
we apply this method to M € M,,. Here again the exact formula for the
Laplace transform implies various above mentioned results. In Section 6, we
construct spin and cohomological refinements of the unified invariant.
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1. The colored Jones polynomial and the WRT invariant. Let
us first fix the notation. Throughout the paper, ¢ = v? and

"~ ?ﬁ [Z] - {k}!?ﬁ}i kY

Let (a;t) := (1—a)(1—at)...(1—at* 1) and for simplicity (q), := (¢; ¢)n-

{n} =" =0, {n}! = H{z’}, [n]

1.1. The colored Jones polynomial. Suppose L is a framed, oriented
link in S3 with m ordered components. For every positive integer n there
is a unique irreducible slo-module V,, of dimension n. For positive inte-
gers mi,...,ny, one can define the quantum invariant Jp(ni,...,ny,) =
JL(Viy, -+, Vi, ) known as the colored Jones polynomial of L (see e.g. [19]).
Let us recall here a few well-known formulas. For the unknot U with 0
framing one has

(2) Ju(n) = [n] = {n}/{1}.

If L’ is obtained from L by increasing the framing of the ith component
by 1, then

(3) T (s oynm) = ¢ VAT ().

In general, Ji(ni,...,nm,) € ZlgT'/Y]. However, there is a number a €
{0,1/4,1/2,3/4} such that Jr(n1,...,nm) € ¢“Z[gT!].

1.2. Evaluation map and Gauss sum. Throughout this paper, let £ be a
primitive root of unity of order r. We first define, for each &, the evaluation
map evg, which replaces ¢ by £. Suppose that r is odd. Then there exists an
integer 4*, unique modulo 7, such that (£17)* = ¢. We define ev (M%) = ¢*".

If r is even, then eve depends on a square root ¢ of . For f € Q[vt1],
we define

evef = flo=c.

Suppose f(v;ni,...,ny) is a function of variables v and integers ny, ..., ny,.

Let c
ST =D eve(f),

where the n; run each over the set of numbers between 0 and 2r — 1. More-

over, we define
Ee
YT r= ) evelf)
ng

n;=e (mod 2)
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where for ¢ = 0 (resp. € = 1), the n; in the sum run each over the set of
even (resp. odd) numbers between 0 and 2r — 1.

Variations of the Gauss sum are defined by the following formulas. Fix
a 4th root of £. For b € Z let

€ ym2e £yt
W) =Y gV () =y g

Furthermore,

n

Fu©) =S s n) [Imil
n; =1

For any sequence ¢ = (c1,...,¢m) € (Z/2Z)™ we define
m
E,Ci'f'l
Flcl(g) = Z JL(nlaanm)H[nZ]
g i=1

For e =0 or 1, let F (&) := FF’"'@)@)

1.3. Quantum (WRT) invariants and their refinements. All 3-manifolds
in this paper are supposed to be compact, closed and oriented. Every link
in a 3-manifold is framed, oriented, and has components ordered.

Suppose M is an oriented 3-manifold obtained from S? by surgery along
a framed, oriented link L. (Note that M does not depend on the orientation
of L.) Let o4 (respectively, o_) be the number of positive (resp. negative)
eigenvalues of the linking matrix of L. Suppose £ is a root of unity of order r
together with a fixed 4th root of it. Then the WRT (or quantum) SU(2)
invariant [19] is defined by

Fr(§)

) = @ Fo- @

For connected sum, one has marxn(§) = mar(§) 7 (§).

Suppose £ is a root of unity of odd order r. Then the quantum SO(3)
invariant [9] is defined by

SO(3) oy Fi(¢)

S e e

Let L;j be the (7, j)-entry of the linking matrix of L. Any solution ¢ =
(c1,...,cm) of the characteristic equation >, Lijc; = Li; (mod 2) defines
a spin structure o, on M (see [9]). If the order of ¢ is divisible by 4, then
there exists an invariant of the pair (M, o.) defined as follows:

_F
W i) = @ (@

If the order of ¢ is 2 (mod 4), then (4) defines an invariant of the
pair (M, o.), where 0. € H'(M,Z/27) is determined by the solution ¢ of
the equation }; Lijjc; = 0 (mod 2). In [9], [3] it is proved that 7a/(§) =

ZO‘ T™,0 (g)
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1.4. Habiro’s cyclotomic expansion of the colored Jones polynomial. For
a link L with m components, define

Jr(ni, ..., nm)

Let K be a knot with framing zero. Note that Ji (\) € Z[g*!] for integer
A > 1. In [5], Habiro proved that there exist Ci x(q) € Z[g™!] such that

(5) Z Crr(@) (¢ Mild M.

Jr(nay . ny) =

The sum in (5) is finite, because the summands with k£ > X are zero. This
expansion is called the cyclotomic expansion of the colored Jones polynomial.
The non-trivial part here is that Cx ’s are Laurent polynomials in ¢ with
integer coefficients.

EXAMPLES. Let 31, 37 and 4; denote the right-handed trefoil, the left-
handed trefoil and the figure 8 knot. We have

Jél (}\) _ Zqfk(k+2)(ql+)\)k(qlf)\)k7 qu 1+)\ 1 )\)k’
k=0 k=0
Ji () =) (=1)Fg D2 (g (1A,
k=0

NoTE. The coefficients C i, are computed for all twist knots in [14].
More generally, we have the following.

ProposITION 1.1 (Habiro). Let L be an algebraically split link of m
components. There exist Cp, y(v) € Z[vF] with k = (ky, ..., k) such that

J’L(nl, PN ,nm)
B Z Z c )(1— g™ ﬁ ) (8 (@) e
k>0 “maxk;=k it

ExaAMPLE. Let L be the O-framed Whitehead link. The following formula
was obtained by Habiro in [7]:

> 1+p 1—p
Jr (A ) = kzo(—l)kvk(k“)(l —q) W (" Me(g" k-

2. Cyclotomic completions of polynomial rings. We present and
modify some results of [6] here. Let R be a commutative ring with unit,
and let R[g| be the polynomial ring over R. Recall that @, (q) denotes the
nth cyclotomic polynomial. If S C N, we set &g = {P,(q) | n € S}. Let
&% denote the multiplicative set in Z[g] generated by 5 and directed with
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respect to the divisibility relation. The principal ideals (f(q)) C R][q] for
f(q) € @§ define a linear topology of the ring R[g]. In [6], Habiro defined
the (9)-cyclotomic completion ring Rlq]® as follows:

Rlq|

S .= im .
©) ™= )

For example, since the sequence (q)nen is cofinal in @, we have
Zlq) ~ Z[q]".
Similarly, for S ={n € N|n # 2 (mod 4)},
Zl], ~ Z[)®,
Note that if S is finite, then R[q]° is identified with the ([] ®s)-adic com-
pletion of R[q]. In particular,
Rlg)™ ~ R[lg—1]], R[¢g® ~ R[[q+1]].
If S C S, then &%, C D%, hence there is a natural map
08 RS — R[v)¥"
In particular, when S = {n € N |n # 2 (mod 4)} and S’ = {1}, the map
05,5+ L[]y, — Z[v — 1]]

is the Taylor expansion.

Recall important results concerning R[v]* from [6]. Two positive integers
n,n’ are called adjacent if n'/n = p® with e € Z and a prime p such that the
ring R is p-adically separated. A set of positive integers is connected if for
any two distinct elements n, n’ there is a sequence n = ny,na, ..., Ng_1, N =
n’ in the set such that any two consecutive numbers of this sequence are
adjacent. Theorem 4.2 of [6] says that if S is connected, then for any subset
S’ C S, the natural map Q?}S, : R[v]® — R[v]% is an embedding.

If ¢ is a root of unity of order in S, then for every f(v) € R[v] the
evaluation ev¢(f(v)) € R[{] can be defined by sending v +— (. For a set = of
roots of unity whose orders form a subset 7 C S, one defines the evaluation

evs : R[v])° — H RI(].
==
Theorem 6.1 of [6] shows that if R C Q and S is connected, and there
exists n € S that is adjacent to infinitely many elements in 7, then evz is
injective.

PROPOSITION 2.1.

—

(a) The Taylor expansion map T : Zv]y, — Z[[v — 1]] is injective.
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(b) For a non-negative integer k # 1 and an odd prime number p, let

—

Ty = {2%p° | e € N}. Suppose f(v),g(v) € Z[v], are such that f(¢) =
9(C) for every ¢ with ord(¢) € Ty. Then f(v) = g(v).

—

(c) The natural Taylor map Zv], — Z[I,1/2][[1 + ¢]], explained in the
proof , is injective. Here I is the imaginary unit, I? = —1.

Proof. (a) It is easy to see that S = {n € N | n # 2 (mod 4)} is
connected. Note that if S’ = {1} then Z[v]% = Z[[v — 1]]. Hence part (a)
follows from the above mentioned Theorem 4.2 of [6].

(b) Since k # 1, 2 € S, and by assumption, 2* is adjacent to every
element in 7. Now (b) follows from the above mentioned [6, Theorem 6.1].

(c) It is easy to see that the set S = {n € N | n = 0 (mod 4)} is
connected, and Z[v], = Z[v]®. Hence g%’ (4) Is injective. For the set {4}, we
have

Z[o]™ ~ Z[o][[1 + %)) = Z[o][[1 + q]].
Using

v=ya=V-(1-(1+q)=I(1—(1+q)"? e ZI1/2[ + 4]
we see that there is an embedding of Z[v]™*} into Z[I,1/2][[1 + q]], which,
combined with g% {4p gives us the injective Taylor map. =

Let S, = {2¥(2n 4+ 1) | n € N}. Then for every k > 2 and f(v) €
Z[1/2, I][v]*, and any root of unity ¢ of order in S, the evaluation map ev :
Z[1/2,1][v]° — Z[1/2][¢] can be defined as follows: ev¢(v) = ¢, eve(I) =
¢cord(€)/4,

Let us study, for I" := Z[1/2][v] and S = {n € N | n # 2 (mod 4)}, the
completion I"® mentioned in the introduction. Note that S is not connected
in Habiro’s sense for R = Z[1/2]. We have S = Uyey, 121 Sk With No =
{0,1,2,...1}.

PROPOSITION 2.2.

(a) One has

s = H ISk,

keNo, k#£1

(b) For an integer k > 2 and an odd prime number p, let T, = {2Fp® |
e € N}. Suppose f(v), g(v) € Z[1/2,I][v]°F are such that ev¢(f(v)) =
eve(g(v)) for every ¢ with ord(¢) € Ty,. Then f(v) = g(v).

(c) For an odd prime number p, let T = {2Fp® | k,e € N}. Suppose
f(v),g(v) € I'S are such that eve(f(v)) = eve(g(v)) for every ¢ with
ord(¢) € 7. Then f(v) = g(v).

Proof. (a) Let us first prove that if n = 2¥n/ € Sy and m = 2'm/ € S
with k # [, then (@, P,,) = (1) in I' = Z[1/2][v]. Indeed, if n’ # m’, then n
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and m are not adjacent, hence (@, ®,,) = (1) in Z[v] and the claim holds.
If n = m’, then n/m = 2F! hence in Z[v] one has 2 € (&, P,,), which
implies the claim, since 2 is invertible in I
If f e ®f, then f =[] fi with fi € Py, - Hence the fi’s are pairwise
coprime. By the Chinese remainder theorem,
r r
o~ Ui
Taking the inverse limit, we get (a).

(b) It is easy to see that Sk is connected in Habiro’s sense for the ring
Z[1/2,1]. Hence part (b) follows by adapting the proof of [6, Theorem 6.1]
to the ring Z[1/2, I], which is straightforward.

(c) is an easy consequence of (a) and (b). m

3. Laplace transform. In this section we introduce the Laplace trans-
form method. For simplicity, we restrict to homology spheres obtained by
surgery on knots; the general case can be obtained by applying the same
arguments to each component of the link.

3.1. Quantum invariants for knot surgeries. For any non-zero integer b,
and a knot K, let M = S3(K}) be a homology sphere obtained by surgery
on K with framing b. Assume that £ is a primitive rth root of unity and r
is even. The quantum SU(2) invariant of M is defined as follows:

S DA — ) (1 — g M) T (N
(7) mm(§) = f)i gnON=1/4(1 — (1 — qi)

where sn(b) is the sign of b. To be precise, one needs to fix a 4th root of &.
Note that when computing the Jones polynomial of a knot (or a link) further
in this paper, we always assume that its framing is zero. However, in the
formula for the quantum invariant, framing is taken into account by means
of the factor qb(’\Q*I)/‘l.

Substituting Habiro’s formula (5) into (7) we get

XSV  CrnFalat,a)
Zi gen()(\2-1)/4 Folq*, q)

where F,(¢*,q) = (¢M)ns1(¢ M1

Suppose r is odd. Then, taking the sums over odd A in the numerator
and the denominator of (7) we get 7']?40(3) (€). In this case, there is no need

to fix a 4th root of &.

(8) T (§)

i

3.2. Laplace transform method. The main idea behind the Laplace trans-
form method is to interchange the sums over A and n in (8) and regard

Zi > =D/4 35 an operator (called Laplace transform) acting on Fy, (¢, q).
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(Recall that Se“wk f(x) dx is called the Laplace transform of f of order k.
Our sum is a discrete version of the Laplace transform of the second order.)

More precisely, after interchanging the sums in the numerator of (8)
we get

r—1
€ e
> " Crenl@) > "IN q).
n=0 A

Now observe that F,(¢*,q) = (¢*)ns1(¢"*)ni1 is a Laurent polynomial in
two variables ¢* and ¢. The Laplace transform does not affect ¢, and we
only need to compute the action of the Laplace operator on ¢**.

Suppose b = 1,2 and r is even. A simple square completion argument

shows that € s )
Z qb()\ —1)/4qa)\ _ é—a /(bm)’)/b(g)-
A

Summarizing the previous discussion, we get

S PPV (Y, q) = eve (Lo (Fu(g, )3 ()-
A
Here Ly )\(F) is the Laplace transform of F', which is defined as follows.
Suppose F is a formal power series in ¢*! and ¢**. Then Ly \(F) is obtained
from F by replacing every ¢ by q_“2/ b The evaluation map evg converts
¢'/% to £1/(®1) Note that while eve might depend on 7, the Laplace transform
Ly, does not.
If r is odd and (b,7) = 1, we can define the Laplace transform Ly, :
Z[gt, ¢t — Z[gF'/?] as the Z[g*!]-linear operator sending ¢®* q‘“z/b.
In this case, we have

S P AR (@, @) = eve(Lia(Fula, ) ().
A

As a result, we have closed formulas for quantum invariants in terms of
the Laplace transform.

THEOREM 3.1. Let M = S3(K3) and b =1 or 2. Then

B 1 ()
TM(g) - 2(1 _ f_ Sn(b)) Yon(t) (5) 7;)CI(meVg(Lb;)\(Fn))7

1 o0
S0(3) 1 % (€)
T (6) = CK,neV (Lb,)\(Fn))
M 2(1 - ¢ Sn(b)) ’Vsln(b) €3 Z ¢
Note that the second formula holds for any b coprime to the order of £
(cf. in [10], [2]). In the case when (b, ord(£)) # 1, the formulas for quantum
SO(3) invariants are given in [1].

n=0



230 A. Beliakova et al.

4. Habiro theory. In this section we show how Theorem 3.1 can be
used to compute Habiro’s unified invariant of integral homology spheres.

4.1. Knot surgeries. Any knot surgery with framing b = 41 yields an
integral homology sphere. Combining Theorem 3.1 with Lemma 4.2 below
we get the following theorem.

THEOREM 4.1 (Habiro). For My = S3(K.1), there exists a unique in-
variant

—d n—i—l) o

Iy (@) = 3 (-1 (q) L € 2
n=0
In_(q ZCKn 1_)Z+1 € Z[q},

such that Inr, (&) = T, (§) = T]%/[Oi(g)(f)-

EXAMPLES. Denote by S3(3;1) and S3(41) the Poincaré sphere and the
3-manifold obtained by framing 1 surgery on the figure 8 knot. By Theorem
4.1, we have

q _
153(31)((]) _ f (_1)kq (k+2)(3k+1)/2(qk+1)k+1,
q
k=0
7 _
Isay (@) = 7 > (=g D (5 )41
—q
k=0
LEMMA 4.2.
(9) Lfl;A((qA)kH(q_A)kH) = 2(qk+1)k+1,

(10)  Loa((@)ksa(g M hga) = 2(=1)F g BFEED2 (M)
Proof. Let Lb>\ . Zlg™, ¢t — Z[gt/?) be the Z[g*!]-linear operator
sending ¢ — ¢~¢ */b Then for Fi(¢, q) € Z[g™, ¢'] we have
Lopa(Fr(e™, 9) = ¢ FTV L (F(gt 7).

Using this formula we can deduce (10) from (9).
Let us prove (9). For this, we split

Fi(a* q) = Sk(a*,q) + T(q*, q)

with Sk(¢*, ) = (¢)ara(g M )e and Ti(gY,q9) = ¢ MgMrs1 (g i
Then S(¢7*, q) = Tk(q", q) implies Ly \(Sk) = Ly:A(T}) for any b. Therefore,
we have to look at one of them only.
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Further, by the g-binomial theorem (eq. (IL.4) in [4]) we get
Sk(a, q) = (=1)Fq 2 (PR

2k+1
— (C1)D2 S (L1 [2’“ * 1] U2k 5=
J q

)

J=0

where

Taking the Laplace transform we have

2k+1 72]671)

L1\ (Su(g*,q)) = (—1)kqBE+R/2 Z R

J*+i—jk
= (a);

q

The result now follows by applying the Sears-Carlitz transformation (eq.
(IT1.14) in [4]) for terminating 3¢ series with specializations a = ¢~ 2~1,

byc— 00, z— ¢"t%.

4.2. Link surgeries. Let M be an integral homology sphere. Without
loss of generality, we can assume that M is obtained by surgery on an al-
gebraically split link L in S® with framings +1. Suppose that the first o
components have framing +1, and the others —1. Substituting the cyclo-
tomic expansion of the colored Jones polynomial (given in Proposition 1.1)
into (1.3) and applying the Laplace transform method to each component
of L, we derive the following formula for the unified invariant of M.

THEOREM 4.3 (Habiro). For M as above, there exists a unique invariant

(11)  Inm(q Z( Z CLk H( )kiq_ki(kﬁg)ﬂ)(qTi)ZHEm

max k; =k

such that Tnp(&) = T (§) = 71?/10(3)(@-

5. Rational homology 3-spheres with H (M) = (Z/2Z)". In this
section we define the unified invariant for M € M,,.

5.1. Normalization. Suppose that the order of ( is divisible by 4. It
is easy to show that the quantum invariant of RP3, which is obtained by
surgery on the unknot with framing 2, is given by

(&) = 20 1=® V2
- 1+l QA+  1+¢ 1
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For M € M,,, we will use a normalization such that the connected sum of
n projective spaces RP? takes value 1:

/ — ™ (f)
O
For an odd root of unity &, we put
SO(3) 1
C e T (©) : SO(3) /oy 72(§)
e = (Taps(€))r M T ) = e

5.2. Diagonalization. Recall that a linking pairing on a finite Abelian
group G is a non-singular symmetric bilinear map from G x G to Q/Z.
Two linking pairings v, v/ on respectively G, G’ are equivalent if there is an
isomorphism between G and G’ carrying v to /. With the obvious block
sum, the set of equivalence classes of linking pairings is a semigroup.

One type of linking pairing is given by non-singular square symmetric
matrices with integer entries: any such n x n matrix A gives rise to a linking
pairing ¢(A) on G = Z"/AZ"™ defined by ¢(A)(v,v') = v!A~1v' € Q mod Z,
where v,v" € Z". If there is a diagonal matrix A such that a linking pairing
v is isomorphic to ¢(A), then we say that v is of diagonal type. It is known
that if the linking pairing of a 3-manifold is of diagonal type, with diagonal

entries dy, ..., dy, then M can be obtained by surgery along an algebraically
split link, with framings di,...,d; on k components, and +1 on the others
(see [18, 10]).

LEMMA 5.1. Suppose Hy(M,Z) = (Z/2Z)". Then M # RP3 can be ob-
tained from S® by surgery on an algebraically split link with framing 2 on
n + 1 components, and +1 on the others.

Proof. The generators of the semigroup of linking pairings are known
(see [8, 20]). Since subgroups of H; are of the form (Z/27Z)"™ only, from the
list of generators we see that a linking pairing ¢ on Hj(M,Z) must be the
block sum of linking pairings, each of the form ¢(2) or E} in the notation
of [8]. Here ¢(2) is considered as the 1 x 1 matrix with the only entry 2, and
E} is a linking pairing on Z/27Z x Z/27Z.

Note that ¢(2) is the linking pairing of RP3. One of the relations among
generators says that E} @ ¢(2) = ¢(2) @ #(2) ® ¢(2). Thus, after adding a
copy of RP? the linking pairing of M is of diagonal type, with entries 2 on
the diagonal, and we get the result. =

5.3. Unified invariant. For any M € M,,, by Lemma 5.1, M’ = M #RP3
can be obtained by surgery on an algebraically split m-component link L.
Let us assume that the first s, components of L have framing 2, the next s_
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components have framing —2, the next [, components are 1-framed, and the
last components are (—1)-framed. Although we can avoid the —2 framing,
we add it for the convenience of calculation. Note that s, +s_ =n + 1,
since M’ € M,,;1. The unified invariant of M is defined by

Iy = LEDTE S~ (g,

l—¢q
k>0
n+1 n+1+14
Z Crx(v H_ ki By (v H By, (v H (_Dkiq—ki(l«ﬁs)/z)’
max k;=k = i=s3+1 i=n+2

where By (v) = (Hi:(](l + 0?7t

5.4. Proof of Theorem 2. Let us first show that Ip;(v) € I'¥. Indeed,
the denominator of I contains only @4;492(v) for i € N, which are invertible
modulo @4(v) for any s € S in Z[1/2][v] (cf. the proof of Proposition 2.2(a)).

We next show that eve(Ip(v)) = 7),(§). Observe that 7y, (&) = 73,()
by the definition. The proof is an application of the Laplace transform
method. Using Lemma 5.2 below we have

A Y
eve <L2;’\[(g(ikj1q(ql) >k+1]> zigg = ev5((—v)_k (—v2; —0)9r)TRp3(£),
ov <L2;)\[(q)\)k+1(q)\>k+1]> v-2(&)
¢ 2(1—q) 7-1(8)
In addition, we use the following identity:
1 —)(—v?; —v
= Bl

whose proof is left to the reader. Uniqueness of I, follows from Proposition
2.2(c). m

LEMMA 5.2.
Lo (Fr(q,q)) = 2(1 = v)(—v* —v)a,
Loa(Fre(q”,q)) = 2(=1)" ™ 71 (1 — v) (—0%; —v)ap.

Proof. Recall that Lio.)\(¢*) = vFe”. We proceed by proving the first
formula. By the g-binomial theorem we get

) 2]{:—}—1 —f— 1 )
Lo (Fi(q, ) = 2(—1)"¢" /2 Z ¢
7=0

= ev§((—v2; —)2k) Trps (§)-

The Sears—Carlitz transformation (eq. (IT1.14) in [4]) witha = ¢~ 2¢=1, ¢ = —¢F,
z = ¢"3/2 and b — oo reduces this sum to o (—q K12, g7k, g FH1/2 ),

which can be computed by the ¢-Vandermonde formula (eq. (IL.6) in [4]),
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and the result follows. Note that Lo.) can be computed from L_».\ by the
same argument as in the proof of Lemma 4.2.

Proof of Corollary 3. Part (a) follows, since ev¢(I'®) = Z[1/2][¢] if
ord(¢) € S. Part (b) is a direct consequence of Proposition 2.2(c).

5.5. Case |Hi| = 2. It is well-known that any M € M; can be obtained
by surgery on an algebraically split link L. Let us assume that Ly is a link
of m + 1 components numbered by 0,1,...,m, where the Oth component
has framing £2, the next s components have framing 1, and the remaining
ones have framing —1. Assume My = S3(L4). The following proposition
is a direct consequence of Theorem 2 and implies the part of Theorem 6
concerning the non-refined invariants.

PROPOSITION 5.3. For My as above, the unified invariants Inr, belong

—

to Z[v], and are given by the following formulas:

L) =3 (Y Cr)(=)™

ki 20 max kl =k

k s
% H (1+v2i+1)H(_l)kiq—kzi(l@i—l—?»)/Z)(_02;_U)Qk
i=ko+1 =1

and

=3 (Y Cu)

kiZO max k‘i:k‘

k s
% H (1+v2i+1)H(_l)kiqfki(kiJr?))/Q)(_U2;_,U)zk'
i=ko+1 =1

ExaMPLE. Let L be the Whitehead link with framings 2 and —1 and
M = S3(L). Then

In(v) = Zv_k(k"‘z)(fvz; —v)2k-
k=0

5.6. Proof of Corollary 7. (a) follows from the fact that 7;,(&) = eve(Iur),

—

and for any f € Z[vl],, eve(f) € Z[(].

(b) An infinite set of roots of unity of orders odd prime powers is a set
of the form 7 in Proposition 2.1(b). Hence Proposition 2.1(b) implies the
result.

(c) The Ohtsuki series is just the Taylor expansion of I;. Observe that
the Taylor series in 1 — v can be converted into a formal power series in

1—¢qby



Unified quantum invariants 235

> [1/2
—1=10 -1 1/2_1: _ 1)
vo1= (4 (1) S ()
where (17/12) € Z[1/2].
(d) The LMO invariant determines the Ohtsuki series via the sly weight
system (see [18]). m

6. Refinements. In this section we show that the Laplace transform
method can effectively be used to define refinements of the unified invariant.

6.1. Spin case. Suppose M € M, can be obtained by surgery on an
algebraically split m component link L as described in Section 5.3, where
the first n components of L are (£2)-framed, and the remaining components
are (£1)-framed. Suppose o is a spin structure on M corresponding to the
solution c¢ of the characteristic equation. There are 2" spin structures on M.

Let

k ‘ k ' k 1
Bi(r,v) = 5 (T10 =0+ JTO+ 02 9) TT =
i=0 i=0 i=0

Then we define the unified invariant of (M, o.) as follows:

(12) Do) = SELS @0 (X coa) [0

I—q k>0 max k;=k i=1
n n+l4
< B (-1, 0) [ Bu((-)e o) T] (-pheg o),
i=s4+1 i=n+1

More generally, M’ = M # RP? can be obtained by surgery on an al-
gebraically split link, i.e. Ips o is defined by (12). Assume that ¢’ and o”
are the two spin structures on M’ whose restrictions to M coincide with o.
Then we define the unified invariant of (M, o) as follows:

(13) IMJ = IM’,U’ + IM/70.// .

If the surgery matrix of M is diagonalizable, then (13) coincides with (12),
since Ipr, is multiplicative with respect to the connected sum. Indeed, we
have

1 —v~!
Into = Ino(Irps,oy + Irpo gy ) = IM’”(l - v1>'
Let h € HYM',Z/2Z) = Hom(H(M',Z),7/27) be the class v
v(v,v), where v is the linking pairing on H;(M’,Z). By Lemma 5.1, v is
a direct sum of n + 1 copies of ¢(2). Recall that S, = {2¥(2n 4+ 1) | n € N}.
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Set
T = USk and Tl: USk
k>2 k>3

ProproSITION 6.1. For M € M, and a spin structure o on M, there
exists a unique invariant Iy ,(v) € I'" such that for any root of unity ¢ with
ord(¢) € T, eve(Imo(v) = T3y ,(§). If ord(C) € S3, then eve(Ino(v)) =
T]/\/[’,a/+h(§) + 7']/\4/,0"_5_}1(5)-

Proposition 6.1 implies Theorem 4.

Proof. Let us first show that Ips .. (v) € Z[1/2][v]T. Recall that (®,) +
(D) = (1) in Z[1/2][v] if and only if n and m are not adjacent in Habiro’s
sense. The denominator of (12) consists of all @;(v) with |45 + 2, j € N.
But such an i is not adjacent to elements of T', i.e. ®;(v) is invertible in I'"
for all 4.

We next show that the evaluation I/, (v) coincides with the renormal-
ized refined Witten—Reshetikhin—Turaev invariant. We again use the Laplace
transform method.

For k = 3, we define the refined Laplace transforms Ljﬂ; \:Zlg

Z[qil/ 2] as the Z[qil]—linear operators with

B { vFe® for a odd,

0 otherwise,

g

LiQ;)\(qa/\)
vFe* for a even
Ll ) al _ ?
(0" { 0 otherwise.
For k > 3, the previous definitions of Loﬂ;)\ and Liz;)\ should be inter-

changed. Then, for any Laurent polynomial F(¢*,q) and any root of unity
¢ with ord(¢) € Sk, the following equation holds:

(14) raa(©eve (L (F(a, @) = S * D2 (g, g).
A

To simplify notation, we will sometimes drop the index A and denote Liz A\

simply by L%,. Note that y42(£) = 'y:th(ﬁ) if k=3 and v12(§) = 73[2(5) if
k > 3. In addition, we have

(Ly — L)(¢™) = (~1)*(~ )X Lun(q™) = ()X (—1)"F
= (—1)*' Liafu(q™)

where x = 1 if £ = 3 and zero otherwise. This allows us to express the
refined Laplace transforms in terms of L. y:

1
Go = 5 (Lig + (—1)"™X Ly ).
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Let us recall that FP(€) = Fr(€) (cf. [9], [3]).

The assertion in the diagonal case now follows from the next two formu-
las:

Lo\ (Fi)lv——v k(1
() 2 = e 0w,
Loop(Fi)loo—o) 7=2(8) _ 1HC o 0y
ev£< 2(1—q) > NG 1_<( ¢%5Q)akmrps (§)-

Observe that 7y, ,(§) = o (&) + Tapr o (§). Uniqueness of Iy, is pro-
vided by Proposition 2.2(a ) (b) .

Note that if M € My, then Iy, € 1711;2[\1’]3 Thus we have the part of
Theorem 6 concerning spin refinements.

6.2. Cohomological case. Let us first assume that M € M, can be
obtained by surgery on an algebraically split link L as above. Suppose o, €
H'(M,Z/2Z) is induced by the solution c of the equation L;jc; = 0 (mod 2).

We define

(15) I )= S S @ (Y Cuale

1= q k>0 max k;=k
% H sz )CH-/CH-II’ ’U)
n+ly
H Bk CZ'HI v) H (_l)kiq_ki(ki+3)/2).
i=sy+1 i=n+1

More generally, M’ = M #RP3 can always be obtained by surgery on an
algebraically split link. We set Ins o := Iy o +1pr o Where o' |y = 0|y = 0.

THEOREM 8. For M € M, and a cohomology class o on M, there exists
a unique invariant Iy ,(v) € I'%2 such that for any 4kth root of unity ¢ with

odd k and ¥ = (=1)XI, we have eve(Inro (V) = Tar gy (§)-
Proof. We define the refined Laplace transforms as follows:

L (=1)*" =X ¥

Then we have

§7 —
Y12(€) eVg(Lig;)\(qa)\)) _ Z € q:t()@ 1)/2(]&)\-
A

By shifting A — A+ r/2, we see that ’yjl:w = :szlfy?czﬂ,. This allows us to
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express the refined Laplace transforms through the non-refined one:

[17]

[18]

Lis(q™) = L95(¢™) = £XIL12(¢") oo,

1
Go = 3 (Lo 4 (=) YT L)y —y).

The rest is analogous to the previous subsection. m
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