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A Z-set unknotting theorem for Nobeling spaces
by

Michael Levin (Be’er Sheva)

Abstract. We prove a Z-set unknotting theorem for Nobeling spaces. The theorem
is proved for a certain model of N&beling spaces.

1. Introduction. All spaces are assumed to be separable metrizable.
A manifold means a manifold with (possibly empty) boundary, and a tri-
angulated space means a locally finite simplicial complex which we identify
with the underlying space. For a triangulated space we consider only trian-
gulations compatible with the PL-structure of the space. All triangulated
manifolds are assumed to be combinatorial.

A complete n-dimensional metric space X is said to be an n-dimensional
Nébeling space if the following conditions are satisfied:

(i) X is an absolute extensor in dimension n, that is, every map f : A —
X from a closed subset A of a space Y of dimension < n extends
over Y;

(ii) every map f:Y — X from a complete metric space Y of dimension
< n can be arbitrarily closely approximated by a closed embedding,
that is, for every open cover U of X there is a closed embedding
g 'Y — X which is U-close to f (U-close means that for every
y € Y there is an element of U/ that contains both f(y) and g(y)).

Examples of Nobeling spaces can be constructed as follows.

Let us say that a point of a triangulated space is rational if it has rational
barycentric coordinates with respect to the triangulation of the space. By a
rational map f : My — Ms between triangulated spaces My and Mo with
the triangulations 77 and 75 respectively we mean a PL-map that sends the
rational points of M; to the rational points of M. Note that if f is a rational
embedding and f(z) is a rational point in My then z is rational in M.
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Indeed, let Ay be a simplex of 77 containing z. Since f is a PL-embedding
there are a simplex A} linearly embedded into A; and a simplex Ay € 7
such that z € A}, dim A} = dim A; and f linearly sends A} into Aj. Then
the rational points of M; contain a subset which is dense in A} and therefore
we can choose points zo,...,z, € A}, n = dim A}, which are rational in
M; and in general position in A}. Since f is rational and linear on A7,
we see that f(xg),..., f(zy) are rational in My and in general position in

5 = f(A]). Hence, since f(x) is rational in M, f(x) can be represented
as f(x) = Xof(xo) + -+ Anf(xn), Ao+ -+ A\ =1, with Ag,..., A, (not
necessarily non-negative) rational numbers. Then © = \gzo+- - - + A2y, and
hence z is rational in Mj.

Two triangulations of a space are said to be rationally equivalent if the
identity map is a rational map with respect to these triangulations. Let M
be a triangulated space. Every triangulation of M which is rationally equiv-
alent to the given triangulation of M is said to be a rational triangulation,
and the class of all rational triangulations is said to be the rational structure
of M. Denote by M (k) the subspace of M which is the complement of the
union of all the triangulated spaces of dimension < k which are rationally
embedded in M.

The space M (k) admits the following interpretation. Let H be a Hilbert
space. A point in H is said to be rational if it has rational coordinates and
only finitely many of them are non-zero. A k-dimensional plane in H is
said to be rational if it is spanned by k 4 1 rational points. Fix a rational
triangulation of M and embed M in H by an embedding which sends the
vertices to rational points and which is linear on every simplex of the trian-
gulation. Denote by K the union of all rational k-dimensional planes in H.
Then M (k) = M \ K. Indeed, for every simplex A of M and every rational
k-dimensional plane L, A N L admits a triangulation for which it is ratio-
nally embedded in M and therefore M (k) C M \ K. Now let e : A" — M
be a rational embedding of a simplex A’ of dimension < k. Then there is
a (not necessarily rational) triangulation 7 of A’ such that e is linear on
every simplex of 7. Since every A” € T with dim A” = dim A’ has a dense
subset of points with rational barycentric coordinates with respect to A/,
we conclude that e(A”) is contained in a k-dimensional rational plane in H.
Thus e(A’) € K and hence M (k) = M \ K.

Let us state the following important fact, leaving its proof to the reader.

THEOREM 1.1. Let M be a triangulated m-dimensional manifold, let
k >0 be an integer and let n =m —k — 1. If M is (n — 1)-connected and
m > 2n+ 1 then M (k) is an n-dimensional Nobeling space.

A space M (k) satisfying the assumptions of Theorem 1.1 will be called
a Nobeling space modeled on a triangulated manifold.
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A subset A of a space X is called a Z-set if A is closed in X and
the identity map of X can be arbitrarily closely approximated by a map
f X — X with f(X)n A = (. Note that if X is an n-dimensional
Nobeling space modeled on a manifold M and A C X is a Z-set in X then
X \ A is also an n-dimensional Nobeling space modeled on the manifold
N = M \ the closure of A in M (the rational structure of N is defined
such that the inclusion is a rational map; see the beginning of Section 3 for
details).

The main result of this paper is the following Z-set unknotting theorem.

THEOREM 1.2. Let X1 and X5 be n-dimensional Nébeling spaces and
let Ay and Ay be Z-sets in X1 and Xo respectively such that X; \ A1 and
Xo \ Ay are homeomorphic to n-dimensional Nobeling spaces modeled on
triangulated manifolds. If Ay and As are homeomorphic then any homeo-
morphism between A1 and As can be extended to a homeomorphism between

X1 and XQ.

In fact, we will prove a slightly stronger version of Theorem 1.2 which is
presented in Theorem 3.1. Z-set unknotting theorems similar to Theorem 1.2
were also proved using different approaches by A. Nagérko [9] and for a
restricted class of Z-sets by S. Ageev [1], [2], [3]. The proof of Theorem 1.2
is self-contained and relies only on well-known facts of PL-topology [6], [11],
Nobeling spaces [5] and elementary properties of partitions presented at the
very beginning of [4]. Some ideas of the proof of Theorem 1.2 came from [7].

The results of this paper along with some additional arguments apply
to validate the characterization theorem for Nobeling saying that any two
Nobeling spaces of the same dimension are homeomorphic (see [8]). The
characterization theorem implies that the assumptions on the complements
X1\ A1 and Xo\ Ag in Theorem 1.2 are automatically satisfied and therefore
can be dropped.

The characterization theorem for Nobeling spaces was also proved by
Nagérko [9] and Ageev [1], [2], [3]. Note that both a Z-set unknotting the-
orem and the characterization theorem were proved by Nagdrko in a more
general setting of Nobeling manifolds.

I would like to thank the referee of this paper for valuable remarks and
a simplification in Section 3.

2. Preliminaries

2.1. General. Let M be a triangulated manifold. The geometric interior
Int M of M is the set of points having a neighborhood PL-homeomorphic
to an Euclidean space of dimension dim M. The set M = M \ Int M is the
geometric boundary of M.
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A triangulated space (manifold) PL-embedded in M is said to be a PL-
subspace (PL-submanifold) of M. An open subset of a triangulated space
is always considered with the induced PL-structure for which the inclusion
is a PL-map. Note that an open subset of a PL-submanifold of M is also a
PL-submanifold of M.

A subset P of M is said to be a PL-subcomplexr of M if there is a
triangulation of M for which P is a subcomplex. A subset R of M is said
to be a PL-presented subset of M if there are closed subsets Ry C --- C R,
of M such that R, = R, R; is a PL-subcomplex of M and R;;1 \ R; is a
PL-subcomplex of M \ R;,i=1,...,n— 1.

A collection P of subsets of M is said to be a decomposition of M if P is
a locally finite cover of M and the elements of P are PL-subcomplexes of M.
By a finite intersection of a decomposition P we mean an intersection of
finitely many elements of P (the elements of P are also considered as finite
intersections). Note that since P is locally finite, any non-empty intersection
of elements of P must be a finite intersection of P. It is clear that for a PL-
submanifold N of M, the restriction PIN = {PNN : P € P} of P to N is
a decomposition of N.

A decomposition P of M is said to be a partition of M if each finite inter-
section of P is a PL-manifold, the geometric interiors of any two non-equal
finite intersections are disjoint and for every non-empty finite intersection
P =PFyn---NP; of distinct elements Py,..., P, € P, dim P = dim M —t.

A decomposition P of M is said to be a partition on a PL-submanifold
N of M if P|N is a partition of N (in this case we also say that P forms a
partition on N or P restricted to N is a partition).

The PL-notions defined above can be translated to the corresponding
rational notions by referring to the rational structure of M instead of the
PL-structure (see Section 1). Thus P C M is a rational subspace if there
is a triangulation of P for which the inclusion is a rational map, P is a
rational subcomplex if there is a rational triangulation of M for which P
is a subcomplex, P is a rational decomposition of M if the elements of P
are rational subcomplexes etc. Note that an open subset of M is a rational
subset of M and it is always considered with the rational structure for
which the inclusion is a rational map. Thus the rationally presented sets are
well-defined as well.

A subset P of M is g-connected, q > 0, if m;(P) is trivial for every
0 < i < q. We will say that P is l-co-connected, | > 0, if P is (dim P — [)-
connected (we assume that P is g-connected for every ¢ < 0 and P is [-co-
connected for every [ > dim P). A partition P is said to be [-co-connected
if every finite intersection of P is I-co-connected.

A map f: X — M is said to be in general position with a triangu-
lation of M if, for every simplex A of the triangulation, dim f~1(4) <
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dim X +dim A —dim M. Every map from X to M can be arbitrarily closely
approximated by a general position map. Moreover, let F' be closed in X
and amap f : X — M restricted to F' be in general position. Then f can be
arbitrarily closely approximated by a general position map g : X — M such
that g coincides with f on F and g(X \ F) CInt M. A map f: X — M is
said to be in general position with a decomposition of M if it is in general
position with a triangulation underlying this decomposition (a triangulation
of M for which the elements of the decomposition are subcomplexes).

An n-dimensional cube B™ is a set of the form B" = {(x1,...,2,) :
—r; <z <1y, r; >0,1=1,...,n} in the Euclidean space R™. Thus we
always assume that the origin O is at the center of B™. Considering the
product B™ x B™ of two cubes we identify B™ and B"™ with B™ x O and
O x B™ respectively.

Let A and B be collections of subsets of a set X and let C C X. We
define st(C, A) = |J{A: Ae A, ANC # 0}, st(A,B) = {st(4,B) : A € A},
st A = st! A =st(A, A) and by induction st't! A = st(st? A).

2.2. Elementary properties of partitions. If P is a partition of a trian-
gulated manifold M then P|V is a partition of V for every open V C M.
Let P be a decomposition of a triangulated manifold M and let V be an
open cover M such that P|V is a partition of V for every V' € V. Then P is
a partition of M.

Assume that M is a triangulated space. One can show that M x (0, 1)
or M x [0,1) is a PL-manifold if and only if M is a PL-manifold. This
implies that for a triangulated manifold N, the product M x N is a PL-
manifold if and only if M is a PL-manifold. Thus if M and N are trian-
gulated manifolds and P is a decomposition of M, then the decomposition
PxN={P x N:P¢cP} is a partition of M x N if and only if P is a
partition of M.

The following properties are proved in [4] for compact manifolds, but
their proof also applies for the non-compact case.

Let P be a partition of a triangulated manifold M, let P = (J{P; :
i = 1,2,...} be a splitting of P into disjoint subfamilies P; and let @Q; =
U{P : P € Pi}. Then Q = {Q1,Q2, ...} is a partition of M (see 1.1.5 of [4]).
In particular, any union of elements of a partition is a PL-manifold.

Let P be a partition of a triangulated manifold M. Then for every finite
intersection P of P, PNOM C 0P (see 1.1.9 of [4]).

Let M be an m-dimensional triangulated manifold, P a partition of
M and Q a decomposition of M such that for every finite intersection P
of P, Q|P is a partition of P. Then Q is a partition of M (see 1.1.11
of [4]). In particular, if M = M; U M; is a decomposition of M into two
m-~dimensional PL-submanifolds M; and Ms such that N = M; N Ms is
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an (m — 1)-dimensional PL-submanifold of both M) and dMs, and Q is a
decomposition of M such that Q|M;, Q|My and Q|N are partitions, then
Q is a partition of M.

2.3. A matching of partitions. Let P; and Py be partitions of trian-
gulated manifolds M; and My respectively. A one-to-one correspondence
12 P1 — Po is said to be a matching of P; and P, if it induces a one-to-one
correspondence between non-empty intersections. This means that for every
finite intersection P = Py N --- N P; of distinct elements Py,..., P, € Py,
w(P) = p(Py) N---Np(P) =0 if and only if P = 0.

Assume that p : Py — P is a matching of partitions P; and Py such
that Py is [-co-connected. Let F' be a closed subset of X such that dim X <
m; — 1+ 1, my = dimM;, ¢ = 1,2, and let f; : F — M; be maps such
that f; '(P) = f, '(u(P)) for every finite intersection P of P;. Assume
that a map f] : X — M extends fi so that f] is in general position
with P;. Then there is a map f} : X — My such that f} extends fo and
(f)~HP) = (f5) Y (u(P)) for every finite intersection P of P.

The required extension of fo can be constructed by induction on the co-
dimension t = mo, mo — 1, ms — 2,...,0 of the intersections of Py. Assume
that we have already extended fy to f} on X; = the union of the preimages
of all the intersections of Py of dimension < mg—t such that f} on X; has the
required properties and let an intersection P of P, be of dimension mg—t+1.
Then for Xp = (f]) (" Y(P)), dim Xp < dim X + dimp~1(P) —my =
dim X + dim P — may. Since P is (dim P — [)-connected and dim P — [ >
dim P —mg +dimX — 1 > dim Xp — 1, f} restricted to Xp N X; can be
extended over Xp so that f3(Xp\ X;) C Int P.

Thus we can extend fo to a map f4 with the required properties. This
extension will be called a transfer of the extension f] via the matching p.

Assume that u : P; — P is a matching of partitions on manifolds M;
and Ms respectively such that P; is [;-co-connected and mi — I = mo — lo
where m; = dim M;. Let n < mj —1; and let P, C P| be subsets of M; such
that Py, P{ are unions of elements of P; and the inclusion P; C P| induces
the zero-homomorphism of the homotopy groups in dimensions < n. Then
the inclusion P» = p(Py) C Py = p(P]) also induces the zero-homomorphism
of the homotopy groups in dimensions < n. Indeed, take a map fo : SP — P,
p < n, from a p-dimensional sphere S? into P,. Since P, is a manifold we
can homotope fo inside P» to a general position map. Thus we assume that
fo is a general position map and transfer this map via the matching p to
fi : SP — Pp. Extend f; to a general position map f] : BP*! — P/ of
a (p + 1)-dimensional ball BP*! such that S? = 9BP*! and once again
transfer this extension to an extension f} : BP™1 — P} of fo. Thus fo is
null-homotopic in Pj.
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2.4. Improving connectivity of intersections—a summary. Assume that
m>2q+1and I =m —q+ 2, M is a triangulated m-dimensional (¢ — 1)-
connected (= (I — 1)-co-connected) manifold and F' is a PL-subcomplex of
M lying in Int M. Let P be a decomposition of M which forms an [-co-
connected partition on U = M \ F and let 0 <t < m — [ + 1. Suppose that
the finite intersections of P|U of dimension > m —t are (I — 1)-co-connected.
We will describe in Section 4 a procedure how to improve the connectivity
of the intersections of P|U of dimension m — t.

Namely, we will show how to modify M to an open subset M’ C M,
F to a PL-subcomplex F’ of M’ lying in Int M’ and each P € P to a
PL-subcomplex P’ of M’ so that R = M \ M’ is a PL-presented subset
of M, dmR < ¢q, dim F' < max{m — q — 1,dimF}, P’ = {P': P € P}
is a decomposition of M’ which forms an I-co-connected partition on U’ =
M’ \ F’, the finite intersections of dimension > m — t of P'|U’ are (I — 1)-
co-connected and the correspondence between P and P’ defined by sending
P € P to its modification P’ € P’ induces a matching of partitions when P
and P’ are restricted to U and U’ respectively.

Moreover, if W is an open cover of M such that for every P € P there
is W € W such that st(P,P) C W and the inclusion of st(P,P) into W
induces the zero-homomorphism of the homotopy in dimensions < ¢ — 1,
then P’ can be constructed so that for each P € P and its modification
P e P P Cst(Pst2W).

A detailed description of the procedure of improving connectivity of in-
tersections is given in Subsections 4.1-4.4.

2.5. Improving the total connectivity of a partition. Let M be a trian-
gulated (¢ — 1)-connected m-dimensional manifold with m > 2¢ + 1 and let
[l = m—q+2. Assume that F is a PL-subcomplex of M lying in Int M and P
is a decomposition of M such that dim F' < m—q and P is an [-co-connected
partition on U = M \ F.

Apply 2.4 to improve the connectivity of the elements of P|U to the
(I — 1)-co-connectivity, again apply 2.4 to the modified decomposition to
improve the connectivity of the intersections of dimension m — 1 (of the
modified decomposition restricted to the complement of the modified F') to
the (I — 1)-co-connectivity and thus proceed on the dimension of the inter-
sections > [ — 1 until we modify M to an open subset M’ C M, P to a
decomposition P’ of M’ and F to a PL-subcomplex F” of M’ lying in Int M’
such that M \ M’ is a closed PL-presented subset of M, dim(M \ M’) < q,
dim F" < max{m—q—1,dim F'} <m—gq, P"is an (I—1)-co-connected parti-
tion on U’ = M’\ F" and P admits a natural one-to-one correspondence to P’
which sends each element of P to its modification in P’ and which becomes a
matching of partitions when P and P’ are restricted to U and U’ respectively.
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2.6. Absorbing simplexes—a summary. Let M be a triangulated (¢—1)-
connected m-dimensional manifold with m > 2¢+ 1 andlet l =m — g+ 1.
Assume that F'is a PL-subcomplex of M lying in Int M such that U = M\ F'
is [-co-connected (= (¢ —1)-connected) and dim F' < m — ¢, and assume that
P is a decomposition of M such that P is an [-co-connected partition on U.
In Section 4 we will describe a procedure of reducing the dimension of F
by 1 by absorbing the (m — ¢)-dimensional simplexes of F' into U.

Namely, we will show how to modify M to an open subset M’ of M,
F to a PL-subcomplex F’ of M’ lying in Int M’ and each P € P to a
PL-subcomplex P’ of M’ so that F' = the (m — q — 1)-skeleton of F with
respect to some triangulation of F;, R = M \ M’ is a PL-subcomplex of M,
dimR < ¢, P = {P': P € P} is a decomposition of M’ P’ restricted
to U’ = M’ \ F' is an [-co-connected partition and the natural one-to-one
correspondence from P to P’ defined by sending P € P to its modification
P’ € P’ becomes a matching of partitions when P and P’ are restricted to
U and U’ respectively.

Moreover, let W be an open cover of M having the following property: for
every P € P there are W € W and a set H such that st(P,P) C H C W, H
is a union of elements of P and the inclusion st(P,P) N U C H NU induces
the zero-homomorphism of the homotopy groups in dimensions < ¢ — 1.
Then P’ can be constructed so that for every P € P and its modification
P e P P Cst(Pst2W).

A detailed description of the procedure of absorbing simplexes is given
in Subsection 4.5 (which is based on Subsections 4.1 and 4.3).

2.7. Improving connectivity via a matching. Let M; be l;-co-connected
triangulated manifolds such that m; = dim M; > 2(m; — ;) + 3, i = 1,2,
and m1 — I3 = mo — ls. Suppose that P; and P, are partitions of M; and
M> respectively such that there is a matching between P; and Ps, and Py is
l1-co-connected. We will show how to modify My to M) and Ps to P} so that
My} is an open la-co-connected submanifold of My, Ms\ M} is a PL-presented
closed subset of Ms, dim(Msy \ M}) < la — 2 and P} is an ly-co-connected
partition of M which admits a natural matching to Py defined by sending
each element of Py to its modification in Pj.

By 2.5 modify My to MY C My, Py to P and construct a subset F°
of MY so that My \ MY is a PL-presented closed subset of My, dim My \ MY
<1, FY is a PL-subcomplex of MS, dim F° < msy — 2, and 773 is a decom-
position of MY such that PY restricted to MY \ FY is an mg-co-connected
partition that admits a matching to P, and therefore to P;.

Now assume that for 0 < ¢t < mg — Iy we have constructed M3t, P3t
and F?! such that that My \ M22t is a PL-presented closed subset of M>,
dim(Ma\ M3') < t+1, F?! is a PL-subcomplex of M2!, dim F?* < mg—t—2,
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and P2 is a decomposition of M2 such that P2¢ restricted to M2\ F? is an
(mg — t)-co-connected partition that admits a matching to P, and therefore
to P1. Proceed to t + 1 as follows.

By 2.5 modify M3* to M < M3, P3 to Py, F? to F?+! so that
MZN\MZ" ! is a PL-presented closed subset of M2t, dim(MZH\ M2 < t4-2,
F?71 is a PL-subcomplex of M3 dim FZ?+1 < my —t — 2, P31 s
a decomposition of M'gtﬂ7 and 7722t+1 restricted to M22t+1 \ F2*1 s an
(mg —t — 1)-co-connected partition that admits a matching to P3¢ restricted
to M2\ F? and therefore to Py and P.

Then since Py is [i-co-connected on the [{-co-connected manifold M; we
conclude by 2.3 that M2\ F2+1 is (mg — t — 1)-co-connected. Therefore,
by 2.6, M2 F241 and P2 can be modified to M2H2, F2+2 and P2+2
respectively such that MSH2 C M22t+1, MQ%H \ MQQIH'2 is a PL-subcomplex
of MP' dim(MZ"™H\ MZ'*?) < t 42, F?*2 is a PL-subcomplex of MZ'*2,
dim F?* < my—t—3, 732%Jr2 is a decomposition of M22t+2, and 7322t+2 restricted
to MZ2\ F?+2 is an (mg — t — 1)-co-connected partition that admits a
matching to 7722t+1 restricted to M22tJrl \ F2+1 and therefore to Py and P;.

Then for t = mg — Iy we have M} = M2'\ F? and P} = P2 restricted
to M, will have the required properties (note that mg —la +1 < ls — 2 and
therefore dim(My \ M) <y — 2).

2.8. Moving to a rational position. Let M be a triangulated manifold
with the rational structure determined by a triangulation 7 (see Section 1).
Assume that 77 is a (not necessarily rational) triangulation of M. We will
show that the identity map of M can be arbitrarily closely approximated
by a PL-homeomorphism f : M — M such that for very A" € T/, f(4) is
a rational subcomplex of M.

Embed M into a Hilbert space by a map which is linear on every simplex
of 7 and refer to this Hilbert space when properties of linearity are used. Let
T" be a triangulation of M such that 7" is a subdivision of both 7 and 77,
and the simplexes of 7" are linear. Approximate every vertex v of 7” by
a rational point p, (= a point with rational barycentric coordinates with
respect to 7) such that for every simplex A of 7, p, € A if and only if
v € A. The approximation of the vertices of 7" can be extended to the
PL-map f : M — M sending each vertex v of 7” to p, so that f is linear
on each simplex of 7. If p, is sufficiently close to v for every vertex v € 7"
then the map f is a PL-homeomorphism that can be chosen to be arbitrarily
close to the identity map. Clearly, f sends every simplex of 7” to a rational
simplex and therefore f sends every simplex of 7’ to a rational subcomplex
of M.

Let M be an open subset of a space Y and d a metric on Y. We can
assume that the homeomorphism f : M — M constructed above satisfies
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d(y, f(y)) < d(y,Y \ M) for every y € M. Then f extends to the homeo-
morphism g : Y — Y such that g(y) = yif y € Y\ M and g(y) = f(y)
if y € M. Now assume that R is a PL-presented subset of M and let
Ry € Ry C --- C R, be closed subsets of M such that R = R,, R
is a PL-subcomplex of M and R;1; \ R; is a PL-subcomplex of M \ R;,
1 =1,...,n — 1. Let us show that the identity map of Y can be arbitrarily
closely approximated by a homeomorphism ¢ : Y — Y such that g(y) =y
for every y € Y \ M, g(R) is a closed rationally presented subset of M, and
g restricted to M \ R is a PL-homeomorphism to M \ g(R) sending P to a
rational decomposition of M \ g(R) (note that the rational structure of M
induces the corresponding rational structure on open subsets of M such that
the inclusions are rational maps).

Approximate the identity map of Y by a homeomorphism ¢g; : ¥ — Y
such that g1 does not move the points of Y \ M, g1 restricted to M is a
PL-homeomorphism and g;(R;) is a rational subcomplex of M. Approxi-
mate g; by a map g : Y — Y such that go does not move the points of
(Y\ M)Ugi(Ry), g2 restricted to M \ g1(R1) is a PL-homeomorphism and
92(91(R2 \ Ry)) is a rational subcomplex of M\ g1(R7). Proceed by induction
and construct for every i = 1,...,n—1 an approximation of the identity map
of Y by a homeomorphism g;4+1 : Y — Y such that g;+1 does not move the
points of (Y\M)U(g;o---0g1)(R;), git+1 restricted to M\ (gio---0g1)(R;) is
a PL-homeomorphism and (g;+10---0g1)(Ri+1\ R;) is a rational subcomplex
of M\ (gio---0og1)(R;). Finally, construct g, with the additional property
that g = g, 0---0g; sends P to a rational decomposition of M \ g(R). Then
g will have the required properties.

3. Proof of the Z-set unknotting theorem. A map ¢ : X — I
between two spaces X and I is said to be UV ! if 4(X) is dense in I’
and, for every point p € I' and every neighborhood U of p, there is a smaller
neighborhood V' of p such that the inclusion of ¢y ~1(V) into 1~ (U) induces
the zero-homomorphism of the homotopy groups in dimensions <n — 1. In
this section we will prove the following Z-set unknotting theorem which is
slightly stronger than Theorem 1.2.

THEOREM 3.1. Let X1 and Xo be n-dimensional Nébeling spaces and
let A1 and As be homeomorphic Z-sets in X1 and Xo respectively such
that X1\ A1 and X3\ Ay are homeomorphic to Nébeling spaces modeled on
triangulated manifolds. Then every homeomorphism fa : A1 — As extends
to a homeomorphism fx : X1 — Xa.

Moreover, for any UV -maps 11 : X1 — I’ and ¢y : Xo — I' to a
space I' and every open cover O of I' there is an open cover O~ of I’
such that O~ does not depend on A1, As and fa and O~ has the following



A Z-set unknotting theorem for Nébeling spaces 11

property: if 1 restricted to A1 and 9 o fa are O -close then fx can be
constructed so that Y1 and o o fx are OT -close.

The proof of Theorem 3.1 is based on a few propositions; before each
proposition or its proof we present notions, notations and properties used
in that proposition.

Let M be a triangulated space and let P be either a rational subcom-
plex or an open subset of M. We always consider P with the induced ratio-
nal structure for which the inclusion of P into M is a rational map. Then
there are rational triangulations of P and M respectively such that the sim-
plexes of P are linearly and rationally embedded in the simplexes of M.
Now we can derive from the interpretation of M (k) given in Section 1 that
PnM(k) = P(k).

Let M be a triangulated manifold. It can also be derived from the inter-
pretation of M (k) given in Section 1 that M \ M (k) is a countable union
of simplexes of dimension < k which are PL-embedded in M. Then for an
integer ¢ such that dim M > ¢ + k every map f from a (¢ — 1)-dimensional
sphere S971 to M can be arbitrarily closely approximated by a map into
M (k) and therefore f can be homotoped into M (k). In particular, this im-
plies that if M (k) is (¢ — 1)-connected and M’ is an open subset of M
such that M (k) € M’ then, since M'(k) = M(k), we deduce that M’ is
(¢ — 1)-connected as well.

Let A be a closed subset of a space X. A collection C of subsets X \ A is
said to properly approach A if for every sequence {C};} of elements of C such
that there is a sequence of points x; € C; converging to a point a € A we
have lim; .o, C; = a (that is, lim; .o, y; = a for every sequence {y;} with
y; € C;). Note that if C properly approaches A then the closure in X of no
C € C intersects A. Also if collections C and C’ of subsets of X \ A properly
approach A then st(C,C’) properly approaches A as well.

Let X be a subspace of a space Y. Saying that I/ is an open cover of X
we mean that U is a cover of X by subsets open in X.

Let X be a dense subset of a space Y and U an open subset of X. By the
extension Uy of U to Y we understand the largest open subset Uy of Y such
that U = Uy N X. By the extension to Y of a collection U of open subsets of
X we mean the collection of the extensions to Y of the elements of U. Note
that if A is a closed subset of X such that A is also closed in Y, and U is a
collection of open subsets of X \ A such that U properly approaches A, then
for the extension Uy of U to Y we deduce that Uy properly approaches A
as well.

Let A; and As be homeomorphic subsets of spaces Y7 and Y5 respectively,
let fa: A1 — As be a homeomorphism and let u : C; — C2 be a one-to-
one correspondence between collections of subsets of Y7 \ A; and Ys \ A,
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respectively. We say that u agrees with fu : Ay — As if for every sequence
Cj,7=1,2,..., of elements of C1, C; converge to a € A; in Y] (as j — 00)
if and only p(Cj) converge to fa(a) in Ya. It is easy to check that if C;
and Co properly approach A; and As respectively, u agrees with f4 and a
collection C of subsets of Y] \ A; properly approaches Aj, then u(st(C,Cp))
properly approaches As, where u(st(C,Cq1)) = {u(st(C,C1)) : C € C} and
p(st(C,Cr)) = U{p(C") : C" € C1, C'NC # B}

Let X;, ¢ = 1,2, be subsets X; C Y; such that X, is dense in Y; and let
¥; + X; — I' be maps to a space I' and O an open cover of I'. We say that
1, 1 and 9 agree with respect to O if for every C' € C; there is an element
2 € O such that C is contained in the extension of 7 *(£2) to Y and u(C)
is contained in the extension of 15 *(£2) to Ya

Let M be a triangulated manifold. Then (OM)(k) is a Z-set in M (k).
Indeed, take an open cover U of M(k) and let Uy be the extension of U
to M and M’ the union of the elements of ;. The identity map of M’ can
be arbitrarily closely approximated by a PL-embedding f of M’ into Int M’
such that f(M’') is a PL-subcomplex of M’. Then, by 2.8, we may assume
that f is rational and Uys-close to the identity map of M’, and hence f
induces a U-close map from M (k) into (Int M) (k).

Suppose that A is a closed subset of X and X \ A is embedded in a
space M. Let us show that there are an open subset V of M containing
X \ A and a space Y such that X and V embed into Y so that Y = X UV,
A=Y \V and A is closed in Y.

Let H be a Hilbert space. Consider the space H x [0,1]. Let & be an
open cover of H x (0, 1] such that U properly approaches H x {1}. Take any
embedding e : X — H x [0,1] such that e(A) C H x {1} and e(X \ 4) C
H % (0,1]. By Walsh’s lemma e|X \ A can be U-closely approximated by a
map gx\4 : X \ A — H x (0,1] such that gx\ 4 extends over an open subset
X\ACVof Mtoamap gy : V — H x(0,1]. Approximate gy by a U-close
embedding hy : V — H x (0,1] and define h : Y = AUV — H x [0,1] by
h(y) =e(y) if y € A and h(y) = hy(y) if y € V. Now we can transfer the
topology of hA(Y) to Y and it is easy to see that then Y has the required
properties.

Assume that X; and A;, i = 1, 2, satisfy the assumptions of Theorem 3.1,
let f4: A1 — A2 be a homeomorphism and let X; \ A; be homeomorphic
to M;(k;), where M; is an l;-co-connected triangulated manifold such that
n=m;—l;+1,k =1;—2and m; > 2(m; —1;)+3 for n = dim X; = dim X,
and m; = dim M; (note that by Theorem 1.1, M;(k;) is an n-dimensional
Nobeling space). Identify X; \ A; with M;(k;) and, by the property proved
above, replace M; by an open subset of M; containing M;(k;) and assume
that X; and M; are subspaces of a space Y; such that Y; = X; U M;, A, =
Y; \ M; and A; is closed in Y;.
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PrROPOSITION 3.2. Let X;, A;, fa,Ys, M;, ki, l;, m;,n be as above. Then
for every ly-co-connected rational partition Py of an open subset M; of M
such that Mi(k1) C Mj, P1 properly approaches Ay and Py contains no
finite intersections of dimension < l;—2, there are an open subset M} of Ms
and an la-co-connected rational partition Py of MY} such that Ma(ke) C M,
Py properly approaches As, Po contains no finite intersections of dimension
<ly—2 and Py and Py admit a matching p : P1 — Pa which agrees with f4.

Moreover, for any UV™ L-maps 1y : X1 — I' and o : Xo — I' to a
space I' and every open cover O of I' there is an open cover O~ of I’
which refines OF such that O~ does not depend on Ay, Ay and fa and O~
has the following property: if 1A and oo fa are O~ -close and P; refines
the extension of @bfl(O_) to Y1 then M, Py and p can be constructed so
that p,v1 and s agree with respect to O .

Let us show how Theorem 3.1 can be derived from Proposition 3.2.

Proof of Theorem 3.1. Assume that the conclusion holds in dimensions
< n — 1 and let us prove it in dimensions n. Fix complete metrics on X;
and X9 and let ¢ > 0. Take an open cover U of X3 \ A; of meshif < e such
that U properly approaches A;. Denote by U the extension to My of U and
let M{ be the union of the elements of Uy,. Take a rational triangulation of
M such that for the partition P; of M{ formed by the stars of the vertices
with respect to the first barycentric subdivision of the triangulation, P;
refines Up;. Then P; is a rational partition, P; properly approaches A;
and for every P € Pq, diam P N X; < e. Since the intersections of P; of
dimension < 1 —2 do not intersect Mj (k1) we can remove them from M| and
the elements of P;, and assume that P; has no non-empty intersections of
dimension < [; — 2. Note that all the intersections of P; remain contractible
and hence P; is [1-co-connected.

By Proposition 3.2 there are an open submanifold M} of My and an [s-
co-connected rational partition of M/ such that Ma (k) C M, Pa properly
approaches As and P, admits a matching p : P; — Po which agrees with
fa: A — As.

We are going to construct homeomorphisms fp : P(k1) — wu(P)(k2)
for all finite intersections P of P; of dimension < mj; — 1 which will agree
on the common intersections. Let ¢ < m; — 1 and assume that for every
finite intersection P of dimension <t — 1 we already constructed fp. Take
an intersection P of P; such that dim P = t. By Theorem 1.1, P(k;) is a
Nobeling space of dimension < n — 1. Note that for the union P’ of the
intersections of P; of dimension < t that are contained in P, P’ lies in
OP and hence P’'(ki) is a Z-set in P(k;). Define the homeomorphism fpr :
P'(k1) — p(P")(k2) by the homeomorphisms of the intersections forming P’.
According to our assumption Theorem 3.1 holds in dimensions < n — 1.
Therefore fpr can be extended to a homeomorphism fp : P(k1) — p(P)(ka).
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Recall that P; and P, properly approach A; and As respectively and
the matching p agrees with f4. Then a homeomorphism extending fx be-
tween X7 and Xy can be obtain by pasting homeomorphisms from P(k;) to
p(P)(k2) for P € Py which extend the already defined homeomorphisms on
intersections of P; of dimension < mj — 1.

Fix P € P; and let P’ be the union of the intersections of P; of dimen-
sion < mj — 1 that are contained in P. The homeomorphism fpr : P'(k1) —
p(P")(ke) is a homeomorphism of Z-subsets of P(k1) and u(P)(ks2) respec-
tively. Therefore we can repeat for P and pu(P) the same procedure that we
did for M; and My but this time in the opposite direction from p(P) to P,
first “splitting” p(P) into small pieces and then defining the corresponding
splitting of P.

Thus going back and forth we are able after each iteration to extend f4
to a partial homeomorphism of larger and larger parts of X; and X5 and
simultaneously to restrict for each point of X7 and X5 the set to which this
point can be sent under a possible extension of f. Finally, passing to the limit
and using the completeness of X and X5 we get the desired homeomorphism
fx : X1 — Xo. It is clear from the construction that fx(PNX;) = u(P)NX,
for every P € P;.

Now let ¢; : X; — I', i = 1,2, be UV™ -maps to a space I" and
OT an open cover of I'. Assume that an open cover O~ of I satisfies
the conclusions of Proposition 3.2 and assume that ¥;|A and 19 o f4 are
O~ -close. Then we can take the cover U of X; \ A; such that U refines
Y71 (O7) and will find that P; refines the extension of ¢;1(O7) to Yi.
Now, by Proposition 3.2, we can construct M, Py and p so that u, ¢
and 1y agree with respect to OT. Then for every P € P; there is an el-
ement of O containing both 1 (P N X7) and 2(u(P) N X3) and, since
fx(PNXy) = pu(P)N Xs for every P € Py, we see that the maps 1; and
)9 o fx are OT-close. =

In the proof of Proposition 3.2 we will use the following propositions and
facts.

A map ¢ : Y — X is said to be a Z-embedding if ¢ is a closed embedding
of Y into X and ¢(Y) is a Z-set in X. Let X be a Nobeling space. It is
well-known that if Y is a complete space of dimension < n, A is a closed
subset of Y and f : A — X is a Z-embedding, then every extension of f
over Y can be arbitrarily closely approximated by an extension which is a
Z-embedding. It is also well-known (and can be derived from the previous
fact) that for every Z-set A C X the identity map on X can be arbitrarily
closely approximated by a Z-embedding whose image misses A. Another
simple property of Z-sets says that if a closed subset A of X is a countable
union of Z-sets then A is a Z-set as well.
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We say that for two collections V and U of subsets of a space X, V is
an (n — 1)-refinement of U, written V <,_1 U, if for every V € V there
is U € U such that V C U and the inclusion of V into U induces the
zero-homomorphism of the homotopy groups in dimensions < n — 1.

PRrROPOSITION 3.3. Let X be an n-dimensional Nobeling space and let
Y : X — I be a UV L-map. Then for every open cover UT of I there is
an open cover U~ of I' having the following property: for every complete
space Y of dimension < n, a closed subset A of Y, amap f:Y — I' and
a Z-embedding ¢4 : A — X such that f restricted to A and Y o ¢4 are
U™ -close, we can extend ¢a to a Z-embedding ¢ : Y — X such that f and
o ¢ are UT-close.

Proof. Let open covers U°, U, ..., U™ 2 of I" be such that stl’ refines
UL st LU <1 v 1 U, 0 < i < n+2, and U2 = UT. Note that
since ¥(X) is dense in I" we have st =1 (U*) = ¢~ (stU?). Set U~ = U and
assume that f|A and 1o¢ 4 are U-close. Since dim Y < n there is a surjective
map p : Y — Y’ such that p~!(p(A4)) = A, p|A is a homeomorphism between
A and p(A), K =Y’ \ p(A) is a simplicial complex of dimension < n, the
collection 7 of the simplexes of K properly approaches A and p~!(7) refines
f=HUY). Identify A with p(A) and consider A as a subset of Y.

We will construct a continuous extension ¢’ of ¢4 over Y. Fix a metric
d on Y. For every 0-dimensional simplex (= vertex) A of K choose a point
apn € A such that d(aa,A) < 2d(A, A). If there is U € UY such that
pH(4) € fHU) and ¢a(an) € ¢~ (U) then define ¢'(A) = pa(aa),
otherwise choose U € UY such that p~1(A) C f~Y(U) and define ¢'(A)
as any point in "1 (U). It is easy to see that, since f|A and v o ¢4 are
U -close, ¢ is continuous on AU K, where K is the i-skeleton of K (= the
union of the simplexes of dimension < ). Assume that ¢’ is already defined
on AUK® i <n—1, and such that the images of the simplexes of K of
dimension < i refine =1 (U").

Let A be an (i + 1)-dimensional simplex of K. Fix a metric on X
and define dy = inf{diam C : ¢'(0A) C C, ¢'|0A is null-homotopic in C
and there is U € U™ such that C C %~ (U)}. Since sty (U) <1
Y1 UY) we conclude that dp is well-defined. Extend ¢’ from 0A to A
so that diam ¢'(A) < da + d(A, A) and ¢'(A) is contained in an element
of Y~ HU1). Thus we extend ¢’ over AU K**! and this extension is con-
tinuous. Indeed, if a sequence A; of (i + 1)-dimensional simplexes of K
converges to a point a € A then ¢'(04;) converges to ¢'(a) and hence d;,
converges to 0 because X is locally (n—1)-connected. Then ¢'(A;) converges
to ¢/(a) and hence ¢’ is continuous on A U K**!. Clearly, the images of the
(i +1)-dimensional simplexes of K refine ¢~ (U4**!). Thus, by induction, we
can extend ¢4 to ¢’ : Y' = AU K — X such that ¢/(T) refines v~ 1(U").
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Since f(p~'(A)) and 1 (¢'(A)) are U°-close for every 0-dimensional sim-
plex A of K, and since p~!(7) refines f~1(U°) and ¢/(T) refines ¢~ (U"),
we deduce that f and v o ¢/ o p are st(U°,U")-close, and hence f and
Yo ¢ op are U™ -close. Now we can approximate ¢’ o p by a Z-embedding
¢ : Y — X which coincides with ¢4 on A such that f and yo¢ are U™ 2-close
(= UT-close) and we are done. =

Let X be an n-dimensional Nobeling space and U an open cover of X. It
is well-known (and can be easily shown) that if two maps from a space Y of
dimension < n — 1 into X are sufficiently close then they are U-homotopic
(= there is a homotopy H : Y x [0,1] — X which connects the maps such
that for every y € Y, H(y x [0, 1]) is contained in an element of I/).

PROPOSITION 3.4. Let X be an n-dimensional Nobeling space, let A be
a Z-set in X and let C be a cover of X \ A that properly approaches A.
Then there is an open cover V of X \ A such that V properly approaches A
and C <,—1 V. Moreover, if W is an open cover of X such that C <,_1 W
then V can be constructed so that V refines st3 W.

Proof. Fix a metric d on X such that d(z,y) < 1 for every z,y € X.
If C' € C is not a singleton, write d¢ for the infimum of diam(G) for open
subsets G of X such that C' C GG, G is contained in an element of VW and the
inclusion C' C G induces the zero-homomorphism of the homotopy groups in
dimensions < n — 1. If C € C is a singleton, define d¢ = d(C, A). For every
C € C fix an open set G¢ such that diam(G¢) < 2d¢, G is contained in an
element of W and the inclusion C' C G¢ induces the zero-homomorphism of
the homotopy groups in dimensions < n — 1.

Define C; = {C € C:1/i+ 1 < d¢ < 1/i}. Note that the closure of the
union of the elements of C; does not intersect A since otherwise there is a
point of A to which a sequence of elements of C; converges and therefore
C; would contain elements C' with arbitrarily small do because X is locally
(n — 1)-connected.

Let U be an open cover of X \ A such that U properly approaches A and
U refines W. Then for every 7 we can approximate the identity map of X by
a closed embedding e; : X — X such that ¢;(X) C X \ A, ¢; is W-close to
the identity map of X and, for every C € C;, diam(e;(G¢)) < diam(G¢) +
1/i, ;(C) C st(C,U) and every map f : SP — C from a p-dimensional
sphere SP, p < n — 1, can be homotoped into e;(C) inside st(C,U). Write
Yo = st(C,U) U ei(Ge) for C € C;. Clearly, the inclusion C' C Y induces
the zero-homomorphism of the homotopy groups in dimensions < n — 1.

Define G; = {e;(G¢) : C € C;} and G = |J{G; : i = 1,2,...}. Recall that
diam(e;(G¢)) < diam(G¢) +1/i < 3/i for C € C;. Then, since the elements
of G; are contained in the closed subset e;(X) which does not meet A, we
can conclude that the collection G properly approaches A. Since each e; is
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Wh-close to the identity map of X and each G¢ is contained in an element
of W, we deduce that G refines st W.

Clearly, the cover Y = {Y¢ : C € C} of X\ A refines st(st(C,U),G). Then
Y refines st? W and, since C, U and G properly approach A, we see that )
properly approaches A as well. Set Vo = st(Yo,U). Then V = {V: C € C}
properly approaches A, V refines st3 W and therefore V has all the required
properties. m

In the proof of Proposition 3.2 we will use the following notion of maps
witnessing intersections. Let P be a partition of an m-dimensional mani-
fold M. Let Py, ..., P be distinct elements of P and let P = PyN---N P,
be the intersection of P. Denote by Ap a t-dimensional simplex with ver-
tices vg,...,v;. A map ep : Ap — Mj is called a map witnessing the in-
tersection P if ep(Ap) C Int(Py U --- U F;), ep(v;) € Int P; and P; does
not intersect ep(A%), where A% is the face of Ap spanned by the ver-
tices {wvo,..., v} \ {vi}, © = 0,...,¢t. It is clear that any sufficiently close
approximation of a map witnessing the intersection P also witnesses the
intersection P.

Note that if there is a map ep witnessing the intersection P then P # ().
Indeed, aiming at a contradiction assume that P = (). Enlarge each e];l(Pi)
to an open subset 6131 (P;) C G; of Ap such that G; does not meet A}; and
Gon---NGy = 0. Let fo, f1,...,fr be a partition of unity subordinated
to the cover G = {Gy,...,Gi} of Ap. Define f : Ap — Ap by f(z) =
fo(x)vg + -+ + fi(z)vy, x € Ap. Then f(Ap) C 0Ap and, for every i and
z € A, f(z) € AL. Hence f restricted to A p is homotopic to the identity
map of JAp and this contradicts the fact that 0Ap is not a retract of Ap.

Assume that P # () and let us show how to construct a map ep: Ap — M
which witnesses the intersection P. Fix a point zp € Int P and a neighbor-
hood W of xzp in M such that W C Int(Py U --- U F;). Replacing W by a
smaller neighborhood of zp we may assume that for every intersection P’
of P containing xp, P’ N W is contractible.

Let F; = the star of v; with respect to the first barycentric subdivision
of Ap. Clearly, ¥ = {Fy,...,F;} is a partition of Ap. Let us say that
a map ep : Ap — W preserves the intersection F' = F;y N ---N F; if
F' = el (Pyn---n P;,). Tt is easy to see that a map preserving all the
intersections of F witnesses the intersection P.

A map ep preserving all the intersections of F can be constructed as
follows. First send the barycenter of Ap to zp. Assume that we already
constructed ep on the union C; of the finite intersections of F of dimension
< j such that ep preserves the intersections of F of dimension < j. Take
a (j + 1)-dimensional intersection ' = Fj, N--- N[, of F and let P’ =

PjyN---N P, be the corresponding intersection of P. Then ep(C; N F’) C
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I(P'NW) and, since P'NW is contractible, we can extend ep over F” so that
ep(F'\C;) C Int P"NW. Thus we construct the desired map ep : Ap — W.

Proof of Proposition 3.2. We only need to prove the second part of the
proposition because the first part follows from the second one if we assume
that I is a singleton. Let ¢; : X; — I be UV -maps, O an open cover of
I' and w a positive integer which depends only on n and will be determined
later. Then there is a sequence.C’)O, O...,0¥ = 0Ot of open covers of I
such that for the open covers O = w;l(Oj) of X; we have st O] <,,_; OZJ-H
fori=1,2and j=0,1,...,w—1.

Apply Proposition 3.3 for X, ¢ and Ut replaced by Xs, 1 and O°
respectively in order to get an open cover O~! of I' which corresponds
to U~. Once again apply Proposition 3.3 for X, ¢ and U™ replaced by Xj,
Y1 and O~! respectively in order to get an open cover O~2 of I' which
corresponds to U ~. Clearly, we can assume that O~2 refines O~! and that
O~! refines O°.

Set O =072 0! = wi_l((’)j) for i = 1,2 and j = —1,—2 and assume
that 11|A and 19 o f4 are O~ -close. The proof of the proposition splits into
two independent parts.

Constructing an initial partition Py. Let an open subset M| of M; and
a rational partition P; of Mj satisfy the assumptions of the proposition.
In each non-empty finite intersection P of P fix a point xp € Int P such
that zp € P(k1) and take ep : Ap — M] witnessing the intersection P
with ep(Ap) so close to xp that the collection of the images of ep(Ap) for
all non-empty finite intersections of P; will form a discrete family in M.
Replace each ep by a sufficiently close Z-embedding into Mj (k1) = X1\ A1
preserving the other properties of ep. Denote by Z; the union of A; with
the union of the images of all the maps ep. Then Z; is a Z-set in X;.

Assume that 11]A4; and 19 o f4 are O -close and P; refines the ex-
tension of 1/11_1((’)_) to Y1. By Proposition 3.3 extend fa : A1 — As to a
Z-embedding g1 : X1 — X» such that v and 15 o g; are O '-close. Once
again by Proposition 3.3 extend the map gl_l\“_ 1 Zy = gi1(Z1) — Zy to a
Z-embedding g2 : X2 — X3 such that ¥y and ), o g2 are O close.

Take an open cover U of X; \ A; having the following properties:

(1) U, properly approaches A; and refines OY;

(2) for every non-empty intersection P = PyN- - -NP; of distinct elements
Py, ..., P, of P; and the map ep : Ap = [vg, ..., v:] — My(k1) C M}
we have st(ep(Ap),U1) C Int(PyU---UP;), and for every P; we have
st(P;,Uy) Nst(ep(AL),Up) = 0 and st(ep(v;),Up) C Int Py;

(3) for any finite intersections P and P’ of P; such that PN P = we
have st(P,Uy) Nst(P',Uy) = 0.



A Z-set unknotting theorem for Nébeling spaces 19

Define Uz = g, 1(Z/ll). Since g is a closed embedding extending f;l and U
properly approaches Ay, we find that Uy properly approaches As. Since o
and 1 0 gy are O%-close and U; refines (9(1), we see that Us refines O%. Let Z/{ZM
be the extension of Us to Ms and let M} be the union of the elements of 43.
Note that M} is (n — 1)-connected (= l;-co-connected) since My(ka) C M.
Take a rational triangulation of MY such that, for the partition B of M,
formed by the stars of the vertices with respect to the first barycentric
subdivision of the triangulation, B refines U27.

Consider go as a map into Y;. Arrange the elements of P; = {P!, P?,...}
into a sequence and define y(P!) = the union of the elements of B that
intersect g, *(P'), u(P?) = the union of the elements of B that intersect
g5 1(P?) but do not intersect g5 '(P'), u(P3) = the union of the elements
of B that intersect g, '(P?) but do not intersect g, '(P') U g5 (P?) and
so on. Let Py = {u(P'),u(P?),...}. Since each element of B intersects
Ms(k2) we see that Po covers M. The property (2) guarantees that for
every P € P1, gi(ep(Ap)) C pu(P) and therefore pu(P) # 0. Then, by 2.2, Py
is a partition of M}. The property (2) also guarantees that for every non-
empty intersection P = Py N ---N P, of distinct elements Py, ..., P € Py,
the map g; o ep witnesses the intersection of u(F), ..., u(P;) and therefore
p(Po) M-+~ N u(P;) # 0. The property (3) implies that we do not create
additional intersections in P2 and hence p : P; — Py is a matching of
partitions. It follows from the construction that

(4) w(P) Cst(gy (P),B) C st(gy ' (P),Ud) for every P € Py.

Since P; restricted to X; \ Aj refines (’)? and the maps v and ¥ o go are
O'-close, we find that g, ' (P1) refines O4. Then, since B refines Uy’ and Uy
refines O3, we deduce by (4) that Py refines the extension of O3 to Ya and
1, 1 and 1y agree with respect to O2.

Since ¢go is a closed embedding which coincides with f;l on Ay and
g2(X>) intersects all the elements of P;, we conclude that g, *(P;) properly
approaches A and the correspondence between P; and g, 1(731) defined by
P gy 1(P), P € Py, agrees with fa. Since Us properly approaches Ao, we
see that Z/{é\/[ properly approaches As as well. Then it is easy to derive from
(4) that Po properly approaches Ay and p agrees with f4. Recall that P
refines the extension of O3 to Y3 and p, 1 and 12 agree with respect to OZ.

Improving connectivity of Po. Without loss of generality we may replace
M, and My by M| and M} respectively and assume that M; = M{ and
My = M for the partition P; and the initial partition Ps. Let us show
that using 2.7 we can modify Py into the required ls-co-connected rational
partition. The construction of 2.7 is a combination of 2.5 and 2.6, and 2.5
consists of 2.4 applied finitely many times. Abusing the notation we always
denote by Ms, F' and Ps the manifold, the PL-subcomplex of Ms and the
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decomposition of My which are the input of 2.4 and 2.6 (= the output of
the previous applications of 2.4 and 2.6), and by M), F’ and P the output
of 2.4 and 2.6 (= the modifications of My, F' and P, that are obtained
after applying 2.4 and 2.6), and we denote again by u the correspondence
p = P1 — Ph which is the composition of p : P; — P2 with the natural
one-to-one correspondence between Py and its modification P} (defined by
sending each element of Ps to its modification). Thus we start with the
initial partition Py that during 2.7 turns into a decomposition forming a
partition on U = My \ F' and, gradually reducing the dimension of F, Py
returns to be a partition at the end of 2.7. Recall that after applying 2.4
and 2.6 we always obtain an open subset My of Mj such that R = Ms \ M,
is a PL-presented subset of Ms with dim R <n =mg —Ils +1 < ko. By 2.8
we can choose a homeomorphism of A : Ay U My — Ay U My such that h is
arbitrarily close to the identity map, h(a) = a for a € Ay, h(R) is a rationally
presented closed subset of M, h(F”) is a rational subcomplex of h(MJ),
h(P}) is a rational decomposition of h(MJj) and h restricted to Mz \ R is a
PL-homeomorphism to My \ h(R). Then replacing M}, F' and P} by h(M}),
h(F') and h(P)}) respectively we can always assume that Ma(ke) C M), F' is
a rational subcomplex of M) and P} is a rational decomposition. Thus at
the end of 2.7 we deduce that dim F¥ < n = mg — Iy +1 < ky and hence
Ms(ka) € M} \ F'. Now we can replace the final modification M}, of My by
M\ F and get the final partition on MJ.

We will apply 2.4 and 2.6 so that there will exist an open cover W of
M such that W properly approaches A, and for every P € P, and its
modification P’ € Py we have P’ C st(P,st>W). This property implies
that P} will properly approach Ay and p : Py — P, will agree with fq.
In addition, we will apply 2.4 and 2.6 so that there exists j such that the
modification P} of Py will refine the extension of O to Y2 and p : Py — P,
Y1 and 1y will agree with respect to ©O7. Clearly, applying 2.8 as described
above, we preserve the properties that P} properly approaches Ay and p
agrees with f4, and choosing the homeomorphism A sufficiently close to the
identity map of M} we can increase j by 1 and assume that P} refines the
extension of O} to Y5 and p, 11 and 19 agree with respect to O7.

Let us first analyze 2.4. Assume that P, properly approaches Az, Ps re-
fines the extension of O to Y3 and p, 11 and 15 agree with respect to o7,
Take any open cover U of My such that U refines the extension of O to Ya
and U properly approaches As.

Set Cpr = st(st Pa,U). Then Cps is an open cover of My such that Cps
properly approaches Asg, stPs refines Cypy and Cps refines the extension of
O} to Ya. Let C = Cpr|Ma (ko). Recall that O <, 1 O}, Then by
Proposition 3.4 there is an open cover V of Mas(kg) such that V properly
approaches Ay, C <,_1 V, V refines st3 (’)%Jr?’ and hence V refines O%+6. Let
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W = st(V,U). Note that VW is an open cover of My, W properly approaches
Ag and refines the extension of (9%+7 to Ys. Since every map from a sphere of
dimension < n—1 to an open subset G of M5 can be homotoped inside G to
a map into GN Ma(ks2), we conclude that C <,,—1 V implies Cpy <,—1 W and
therefore st Py <,,_1 W. Then 2.4 can be carried out so that for every P € Py
and its modification P’ € P we have P’ C st(P,st>W). The last property
also implies that P} refines the extension of Og+10 to Y2 and p : Py — P,
Y1 and 1y agree with respect to @710,

Now we will analyze 2.6. Once again we assume that P properly ap-
proaches As, Ps refines the extension of OF to Ys and u, ¢ and 1 agree
with respect to ©@7. Then the collection st Py properly approaches As. Since
for P € Py, st(P,Ps) is a union of elements of Py, we can naturally define the
set u~1(st(P,Py)) as the union of the corresponding elements of P;. Then
the collection u~!(stPs) properly approaches A; since u agrees with fa,
and ,u_l(st P2) refines the extension of (9{+2 to Y] since p, ¥1 and 1o agree
with respect to OJ. Let U be an open cover of M; such that I refines the
extension of O{H to Y1 and U properly approaches Aj.

Set Cpr = st(u (st P2),U). Then Cypy is an open cover of M such that
Cys properly approaches Ay, =1 (st P2) refines Cys and Cjs refines the exten-
sion of O{’LS to Y1. Set C = Cpr|Mi(k1). Recall that (’){Jrg <1 O{+4. Then,
by Proposition 3.4, there is an open cover V of M; (k1) such that V properly
approaches Ay, p~!(st Py) restricted to My (k;) is an (n— 1)-refinement of V,
V refines st? (9{+4 and hence V refines O{Jr?.

Define H = st(V,u" (st P2)). It is clear that pu~!(stPs) refines H,
p~ (st Py) restricted to Mi(k1) is an (n — 1)-refinement of H, H properly
approaches A; and H refines O{+8. Since pu~(st(P,Py)) is a rational sub-
manifold of M; of dimension mj, every map from a space of dimension
< n —1into p~(st(P,Py)) can be homotoped inside p~!(st(P,Pz)) into
p (st(P,Py)) N My(ky) and therefore p~!(st P) is an (n — 1)-refinement
of H. Note that u(H) is well-defined because each element of H is a union
of elements of P;. Also, since 1, 11 and 1o agree with respect to 07, we
deduce that p(H) refines the extension of (’)%Jr9 to Ys.

Assume that F' is a PL-subcomplex of My such that for U = My \ F
the decomposition Py forms on U an [-co-connected partition, [ > [y, for
which p : P — P becomes a matching when Ps is restricted to U. Recall
that p~ (st Py) is an (n — 1)-refinement of H. Then, by 2.3, st(P2)|U is an
(mg — I)-refinement of u(H)|U.

Take any open cover G of My such that G properly approaches A; and
G refines the extension of O to Ys. Define W = st(u(H),G) and note that
W refines the extension of (’)g“o to Ya. Then for every P € Py there are
H € p(H) and W € W with st(P,P;) C H C W and such that the inclusion
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st(P,P2) NU C H NU induces the zero-homomorphism of the homotopy
groups in dimensions < mg — [. Hence 2.6 can be carried out so that for
every P € Py and its modification P’ € P} we get P’ C st(P,st>W). The
last property also implies that P} refines the extension of Ogﬂ?’ to Ys and
p: P — Ph, 1y and vy agree with respect to 0713,

Now we need to determine the maximal possible value of j which we
assign to w at the beginning of the proof. From the proof it is clear that this
value depends only on the number of times we apply the constructions 2.4,
2.6, 2.8 and it is easy to see from 2.7 and 2.5 that this number depends only
on n. m

4. Constructions of improving connectivity and absorbing
simplexes

4.1. A black hole modification. Let B4, B™ 4, B % and B™ = BY x
B™74 be cubes with the dimensions indicated by the superscripts such that
B9 is contained in Int B™ 7 and the centers of BY' ¢ and B™ ¢ coincide
(recall that we assume that the centers of the cubes are located at O and
we identify B? and B™ ¢ with the subsets B? x O and O x B™ "1 of B™
respectively; see 2.1). Define T'= BY x (B™ 9\ Int B{""?) and S = 9B™ 4.
Note that S is an (m — ¢ — 1)-dimensional sphere in 9T and T is a subset
of B™ which is PL-homeomorphic to the product B9t x S, where S is
identified with a x S for a point a € B9,

Assume that B™ is PL-embedded in Int M of a triangulated m-dimen-
sional manifold M. Set L = M \ IntT and assume that Fj, is a PL-sub-
complex of L and Py, is a decomposition of L such that S C Fj and Pr,
restricted to L \ Fr, and to 0T \ Fy, are partitions.

Fix a triangulation 7 of M that underlies S, F7, L and the elements
of Py, and denote by A the collection of subcomplexes of L with respect to
this triangulation. We are going to extend each A € A to a PL-subcomplex
A C A™ of M such that the following conditions are satisfied:

° Pg = Py, for Py, € Py, such that P, N OT = (;

e Pf ={P[ : Py, € Pr}is adecomposition of M which forms a partition
on M\ FT;

e FTNL = Fy, and PJ restricted to L\ FJ coincides with P, restricted
to L \ F L

e the correspondence between Py, and P7 defined by P, — Pf induces
a matching of partitions when Py, and P are restricted to L\ F, and
M \ FJ respectively;

e for every intersection P, = P?N---N P} of elements PY,..., P/ of
Pr, PF\FF = ((P)™n---N(P))™)\ FF and Pr, \ Fy, is a (strong)
deformation retract of PJ \ FT;
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o dim (FFNT)\ S <dim(FrNoT)\ S+ 1;
° FEZFL if Ffp,noT =8S.

Recall that 7' is homeomorphic to the product B4t x S, where S is iden-
tified with a x S for a point a € B4*!. Note that B9*!\ a is homeomorphic
to (0B \ a) x [0,1) and hence T \ S can be represented as the product
(0T'\S) x[0,1), where 9T\ S corresponds to (0T'\ S) x 0. One of the ways to
construct A™ is to find a retraction 7 : T\ S — 97"\ S which is topologically
equivalent to the projection of (9T \ S) x [0,1) to (0T \ S) x 0 such that,
for A™ defined by A™ = Aif ANOT = () and A™ = AUS UL (ANIT)
otherwise, A™ is a PL-subcomplex of M for every A € A. Such a retraction
7 can be constructed, but the author could not find an elementary and di-
rect argument for this. Therefore, for the sake of elementariness (and at the
expense of a geometric transparency), we adopt a slightly different approach
for constructing A™ which is presented in 5.1. Note that all the properties
of P7 and FT that will be used subsequently are described above. Thus for
understanding the rest of the paper the reader may assume that the con-
struction is carried out on the base of an appropriate retraction 7. Also note
that S is added to A™ for A intersecting 9T in order to make A™ a closed
subset of M and PT a cover of M.

We will call the decomposition P7 a black hole modification of Pr, with
the sphere S as the black hole of the modification.

4.2. Improving connectivity of an intersection. Assume that m > 2¢+1
and [ = m — q+ 2, M is a triangulated m-dimensional (¢ — 1)-connected
(= (I — 1)-co-connected) manifold and F' is a PL-subcomplex of M lying
in Int M. Let P be a decomposition of M which forms an [-co-connected
partitionon U = M\ F andlet P =P NP N---NP,0<t<m—1+1,be
an intersection of distinct elements Py, ..., P; of P such that PNU # (). Then
PNU is an (m—t)-dimensional and (g —t — 2)-connected (= I-co-connected)
manifold.

Assume that the intersections of P|U of dimension > m —t are (I —1)-co-
connected. Let us show how to improve the connectivity of PNU preserving
the level of connectivity of the rest of the intersections.

Let f: Sp — Int(PNU) be a PL-embedding of a triangulated (¢—¢—1)-
dimensional sphere Sp such that f is not null-homotopic in PN U.

Consider a t-dimensional simplex A with vertices V(A) = {vg, ..., vt }.
Let A’ be a (sub)simplex of A lying in dA and let V(A') € V(A) be the
set of vertices of A’. Define P(A") = ({P; :v; € V(A)\ V(4")}. Note that
P(0) =P and P(A") Cc P(A")if A" C A”.

For every simplex A’ of 0A we will define by induction on dim A’ a
PL-embedding fa : Spx A" — P(A") N U such that far extends far if
Al c A", Setting fp = f we are done for t = 0. Let t > 0. Take a simplex
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A’ of dimension 7 + 1 < t — 1 and assume that fxs is defined for all A’ of
dimension < ¢. Then the maps far for A” C A’ define the corresponding
PL-embedding faa : Sp * 0A" — 9(P(A") NU). Note that Sp x 94" is a
(¢ — t + i)-dimensional sphere and P(A")NU is (m — t + i + 2)-dimensional
and (¢ —t+i+1)-connected (= (I —1)-co-connected) and dim(P(A")YNU) =
m—t+i+2 > 2q+1—t+i+2 > 2(¢g—t+i+1)+1+(t—i—2) > 2(¢—t+i+1)+1
since m > 2g+ 1 and t —i —2 > 0. Then fsa can be extended to a PL-
embedding fa : Sp* A" — P(A") N U such that fa sends Int(Sp x A’) to
Int(P(A")NU).

The maps fas define the PL-embedding fsa of Sp+x0A to Int((PyU- - UP;)
N U). Identify the (¢ — 1)-dimensional sphere S9~! = Sp x A with its
image under fsa and, by 5.2 below, extend the embedding of S9! to a
PL-embedding of a g-dimensional cube B¢ such that S9! = 9B? and the
embedding of BY extends to a PL-embedding of an m-dimensional cube
B™ = B x B™ % C Int M having the following properties: P’ N B™ =
(BINP")x B™1 for every P’ € P; FNB™ = (BINF) x B™%; P restricted
to NNU and to 9B™ N U are partitions, where N = M \ Int B" and for
every finite intersection P’ of P such that P'NU # () we have PNNNU # ()
and P’N N NU is a deformation retract of (P’ NU) \ Int B?. Note that for
every finite intersection P’ of P that intersects U, (dim(P'NU)—(1—1)+1)
+q+1=dim(P'NU)—m+2¢+1 < dim(P'NU) and therefore the inclusion
(P'NU)\ Int B! C P'NU induces an isomorphism of the homotopy groups
in dimensions < dim(P'NU) — (I — 1) (= in co-dimensions > | — 1). Also
note that since FNIBY = (), we have FNOB™ = (FNInt BY) x 9B™~ 9 and
therefore dim /' N 0B™ < dim F' — 1.

Let BY""? be a cube lying in the geometric interior of B"~? such that the
centers of By""? and B™ ™4 coincide and 0B x By 1 C Int((PyU- - -UP)NU).

Use the notations of 4.1. Define Fy, = (NN F)U S, where S = 0B™ 4.
Consider B? as the join O x B9, where O is the center of BY, and define
a decomposition Py, of L as the collection of the sets P, = {P} : P’ € P},
where P, = PPN N if PP € Pand P’ # Py,...,P, and P, = (PPN N)U
((O*(P'NoB%)) x By 1) for P' = P;, 0 < i < t. Note that Py, restricted to
N coincides with P restricted to V. It is easy to see that Pr, restricted to
BIx B, to 0B x (B™\Int B %), to 8B x B" ™%, to BIx 9B and
to OBYx dBy" ? are partitions. Then, by 2.2, Py, is a partition on L\ (NNF)
and 0T \ (N N F) and hence Py, is a partition on L\ Fy, and 0T \ Fy. For a
finite intersection P' = PN ---N Pj of I, ..., Pj € P such that P'NU # 0
define Py = (Fg), N -+ N (P))L.

Now apply the black hole modification to Pr and F with S as the black
hole of the modification. Note that since S lies in N, by 2.2, for every
finite intersection P’ of P, PNUNNNS C d(P'NU N N) and hence the
inclusion (PP NUNN)\S C PPNU NN induces an isomorphism of the
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homotopy groups in all dimensions. Recall that f(Sp) € PNU N N. By
4.1 and the construction of P one can easily verify that for every finite
intersection P’ of P such that P’NU # 0 and P # P', (PPNUNN)\ Sisa
deformation retract of (P})™ \ FJ and, for the intersection P, the inclusion
of (PNUNN)\ S into P[\ FJ induces an isomorphism of the homotopy
groups in dimensions < ¢ —t — 1 and an epimorphism in dimension ¢ —¢—1
such that the element of the homotopy group represented by the map f is
in the kernel of this epimorphism.

Thus for every intersection P’ of P such that P'NU # () the connectivity
of (P;)™\ FT fits the connectivity of P’ \ F for P’ # P and we contributed
toward improving the connectivity of P\ F in its modification P] \ F7.

Define F™ = FJ, (P')™ = (P})™ for a finite intersection P’ of P and
let P™ = {(P))™ : P' € P} = PJ. It is easy to see that the one-to-one
correspondence between P and Py, defined by P’ +— (P')p, P’ € P, becomes
a matching of partitions when P and P, are restricted to M \ F and L\ Fp,
respectively. Then by 4.1 the one-to-one correspondence between P and P™
defined by P’ — (P’)™, P’ € P, becomes a matching of partitions when
P and PT are restricted to M \ F and M \ F™ respectively. Note that
F™ C Int M and because dim FF N dB™ < dimF — 1 we have dim F™ <
max{dim S, dim F'} = max{m — ¢ — 1,dim F'}.

Finally, note that even if F = () then F™ = S and we improve the
connectivity of P at the expense of an “irregular” behavior of P™ on the
black hole S, in particular, we create additional intersections of P™ on S
and the elements of P™ are no longer manifolds in M.

4.3. A discretization of images of maps. Assume that M is a triangu-
lated manifold such that dim M > 2r 4+ 1 and U is an open cover of M.

Let F be countable collection of maps f : S — M from a triangu-
lated r-dimensional sphere S”. Then there is a PL-subcomplex R of M of
dimension < r lying in Int M such that every map f in F admits a U-close
approximation f’:S” — Int M \ R such that f’ is a PL-embedding and the
images of the maps in 7' = {f' : f € F} form a discrete family in M \ R.
Moreover, given a decomposition P of M, the set R can be chosen so that R
is nowhere dense on the finite intersections of P, that is, the intersection of
R with every finite intersection of P is nowhere dense in that intersection.

Indeed, arrange F into a sequence F = { f1, fa, ...} and take a sufficiently
small triangulation 7 of M such that 7 underlies P. Approximate each
fi: ST — M by amap f/':S" — M such that f/'(S") is contained in R’ =
the r-skeleton of 7. Fix a metric d on M and approximate each f/’ by a
PL-embedding f/” : S" — M such that f/"(S")NR =0, d(f/"(x),R') < 1/i
for every x € S" and f;"(S") N f;"(S") = 0 for i # j. Then the sets f/"(S"),
i =1,2,..., form a discrete family in M \ R'. Now take a PL-embedding
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g : M — M such that g(M) is a PL-subcomplex of M, g(M) C Int M, the
restriction of g to R’ is in general position with 7, and g is close to the
identity map of M. It is clear that the construction can be carried out so
that f/ = go f!” is U-close to f;. Then the maps f/ and the set R = g(R)
will have the required properties.

In a similar way one can show that if F is a countable collection of
maps f : B" — M from a triangulated r-dimensional ball B" such that,
for every f in F, f restricted to dB" is a PL-embedding and the images of
the maps in {f|opr : f € F} form a discrete family in M, then there is a
PL-subcomplex R of M of dimension < r lying in Int M such that every
map f in F admits a U-close approximation f’ : B" — M \ R such that f’ is
a PL-embedding, f'|gpr = flopr, [ (Int B") C Int M and the images of the
maps in F' = {f": f € F} form a discrete family in M \ R. Moreover, for a
given decomposition P of M, the set R can be chosen so that R is nowhere
dense on the finite intersections of P.

Note that if M is (r — 1)-connected and R is a closed PL-presented
subset of M of dimension < r, then M’ = M \ R is (r — 1)-connected. In
addition, if P is a decomposition of M which is an I-co-connected partition
on an open subset U of M with [ > r + 2 and R is nowhere dense on the
finite intersections of P, then P’ = {P\ R : P € P} is a decomposition of
M’ which is an [-co-connected partition on U’ = U \ R and the one-to-one
correspondence between P and P’ defined by P — P\ R, P € P, induces a
matching of partitions when P and P’ are restricted to U and U’ respectively
(the property that R is nowhere dense on the finite intersections of P is
needed to guarantee that for every finite intersection P of P, (PNU)\ R # 0
provided PNU # ().

4.4. Improving connectivity of intersections simultaneously. Adopt the
notations and the assumptions of 4.2. We are going to show how to improve
simultaneously the connectivity of all the intersections of P|U of dimension
m — t to (I — 1)-co-connectivity.

For an intersection P of P with dim P N U = m — t choose a countable
collection Fp of PL-embeddings f : Sp — Int(PNU) from a (¢ —t — 1)-
dimensional sphere Sp that generate the (¢ — ¢ — 1)-dimensional homotopy
group of P NU. Since F' is a PL-subcomplex of M we may assume that
the images of the maps in Fp lie outside a neighborhood of F. Then by 4.3
one can find a PL-subcomplex Rp of M such that Rp C Int(P NU) and
dim Rp < ¢ —t — 1 and assume that the images of the embeddings in Fp
are contained in Int((P NU) \ Rp) and form a discrete family in M \ Rp.

Recall that in 4.2 the elements of P that form the intersection P are enu-
merated according to the vertices of a sample simplex A = {vg, ..., v} (we
fix such an enumeration arbitrarily and independently for every intersection
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P of P with dim PNU = m—t). Following 4.2 and using 4.3 we can define for
every A’ C A aset RS and collections of maps F5' = {fa : f € Fp} and
ng/ = {fon : f € Fp} such that Rléﬁ - RIA;/ if A Cc A, RIADI is a closed
subset of M lying in P(A")NU, the images of the maps of F: IQI are contained
in G8' = (P(A')NU)\ RS and form a discrete family in M \ R, and
RE"\ R%"" is a PL-subcomplex of M\ R%* lying in (P(A")NU)\ R%"" such
that dim R3" \ R% < ¢ —t + dim A" where R = | J{R3" : A" C dA'}.
Here we assume that A’ = () is a simplex of A and .7:% = Fp and R?; = Rp,
and we also assume that P(A) = M.

Denote by F%4 and R?? the union of fl‘ZA and R?DA respectively over
all the intersections P of P with dim PN U = m — t. In order to carry out
the construction described above so that R%4 will be a closed PL-presented
subset of M and the images of the maps in F?4 will form a discrete family
in M\ R%4, we need to take into account that the same intersection P’
of P with dim P’ N U > m — t can be involved in many (even countably
many) intersections of dimension m — t. This can be done as follows. For a
finite intersection P’ of P with dim P’ N U > m — t denote by Ryp/, Rp/,
Fapr and Fpr the union of R‘?JAI, Rﬁl, F]@A/ and .7-'19, respectively over all
finite intersections P of P such that dimPNU = m —t and all A’ C A
such that P(A’) = P, and let Gpr = (P'NU) \ Rps. It is obvious that if
dim P’ NU = m —t + 1 then Ryp: is closed in M, the images of the maps
in Fypr are contained in 9(P' NU) \ Rypr and form a discrete family in
M\ Ryp:. Now assume that the last properties hold for a finite intersection
P’ of P with dim P"NU > m —t. Then applying 4.3 to all the maps of Fyps
we can enlarge Rgps to a closed subset Rp: of M contained in P’NU and find
extensions Fps of the maps in Fyps such that dim Rpr < dim(P'NU)—1+1 =
dim(P'NU)+q—m—1, Rp: \ Rypr is a PL-subcomplex of M \ Ryps, the
images of the extensions Fps of the maps in Fyps are contained in Gps and
form a discrete family in M \ Rp/. Thus we can define RA" = Rp: for every
finite intersection P of P with dimP NU = m —t and A" C JA such that
P(A") = P'. Then proceeding by induction on dim P’ N U we construct for
every intersection P of P with dim PNU = m—t and A’ C JA the collection
of maps F ﬁ/ and the set Rﬁl such that R94 is a closed PL-presented subset
of M contained in U such that dim R%? < ¢ — 1 and the images of the
maps in F94 are contained in (M NU)\ R?? and form a discrete family in
M \ R??. From the construction it is clear that R is nowhere dense on
the finite intersections of P.

By 4.3 the set R%4 can be enlarged to a closed PL-presented subset R of
M and each map fga : S9! — M\ R in F94 can be extended to a map
fly : BY — M\ R such that dim R < ¢, R is nowhere dense on the finite
intersections of P and the images of the maps f/, form a discrete family
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in M \ R. Hence for every fsn € FP4 there is an open subset Q(fsa) of
M \ R containing the image of fya such that Q = {Q(fsna) : fon € FO4}
is a discrete family in M \ R and fpa is null-homotopic in Q(fsa). Then,
by 5.2 below, the black hole modification used in 4.2 and involving fga can
be carried out inside Q(fsa).

Note that since R is a PL-presented set of dimension < g and m > 2¢+1,
for every finite intersection P of P that intersects U we find that the inclusion
(PNU)\ R C PNU induces an isomorphism of the homotopy groups in
dimensions < dim PNU — (I — 1) (= co-dimensions > — 1).

Thus, after removing R from M, F' and the elements of P, the black hole
modification 4.1 used in 4.2 can be applied independently for every map
in 94 in order to modify P to a decomposition P’ of M’ = M\ R and F to
a set F” such that P’ = the result of all the modifications P™ and F’ = the
result of all the modifications F'™. Then it is easy to derive from 4.2 that F’
is a PL-subcomplex of M’ of dimension < max{m — ¢ — 1,dim F'} lying in
Int M’, P’ is a partition on M’ \ F’ and for every intersection P of P with
PNU # 0, P is modified to P’ (= the result of all the modifications P™) such
that P'N(M'\ F") is l-co-connected and P'N(M'\ F') is (I—1)-co-connected
ifdmPnNU>m—t.

Note that the natural one-to-one correspondence between P and P’ de-
fined by sending P € P to its modification P’ € P’ turns into a matching of
partitions when P and P’ are restricted to M \ F' and M’ \ F.

It is clear that the images of the maps in F%4 are contained in the
elements of st P. Assume that W is an open cover of M such that for every
P € P there is W € W such that st(P,P) C W and the inclusion of
st(P,P) into W induces the zero-homomorphism of the homotopy groups in
dimensions < ¢ — 1. By 4.3 the collection Q can be chosen so that for every
foa € FO2, Q(fan) C st(foa(S971),st W).

Then it is easy to see for every P’ € P’ that P’ C st(P,st?> W), where P’
is the modification of P € P.

4.5. Absorbing simplexes. Let M be a triangulated (¢ — 1)-connected
m-dimensional manifold with m > 2¢ 4+ 1 and let | = m — ¢ + 1. Assume
that F' is a PL-subcomplex of M lying in Int M such that U = M \ F is
[-co-connected and dim F' < m — ¢, and assume that P is a decomposition
of M such that P is an [-co-connected partition on U. Fix a triangulation
T of M for which F' is a subcomplex and let F’ be the (m — ¢ — 1)-skeleton
of F. We will show how to modify M to an open subset M’ C M and
P to a decomposition P’ of M’ such that M \ M’ is a PL-subcomplex of
M of dimension < ¢, P’ restricted to U' = M’ \ F’ is an [-co-connected
partition and P admits a natural one-to-one correspondence to P’ which
becomes a matching of partitions when P and P’ are restricted to U and U’
respectively.
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Assume that the triangulation 7 that we fixed in M is the second
barycentric subdivision of a triangulation for which F' and the elements
of P are subcomplexes. Let 7 be the collection of all (m — ¢)-dimensional
simplexes lying in F' and for A € 7p let Sp and A % Sa be the link of A
and the join of A with Sx respectively which are defined as follows:

Sa=|J{A eT:A'NnA=0and thereis A” € T with A, A’ C A"},
AxSy=|J{aeT: Acay.

Let @ be the union of Int(A*Sx) for all A in 7, and N = M\ (QUF). Note
that for every A € T the link Sp of A is a (¢ — 1)-dimensional sphere lying
in Int M, and for different simplexes A; and As in 7r the joins A; x Sa,
and Ay % Sp, do not intersect on U. Also note that for every subset H
which is a union of a finite intersection of P such that H N U # ) and for
every A € Tr we find that (HNU) \ Int(A* Sx) is a deformation retract of
HNU and hence H N N is a deformation retract of H NU. Then N is an
[-co-connected manifold (since N is a deformation retract of U) and P|N is
an [-co-connected partition (since P|U is [-co-connected).

Fix A € T and let an open subset V4 of N be such that S9! = Sy C Va
and the inclusion of S7~! into V4 is null-homotopic in V4. Then by 5.3 there
are an element Pa € P and a PL-embedding of a cube B™ = B? x B™¢
into Int M such that B™ C (A% SA)UVa, A =0 x B" 9 = FnB™,
PNnUNB™ = (PNUNB? x B" 1 for every P € P, 0B x B™™1 C
Int(PANU), P restricted to (M \Int B™)NU and to 0B™NU are partitions
and (P \ Int B™) N U is a deformation retract of (P \ Int B?) N U for every
finite intersection P of P.

Let us briefly describe the general idea of the construction in 5.3. The
inclusion of S9~! can be extended to a PL-embedding of a ¢-dimensional
cube Bi into V4 such that S9! = 833éﬁ and the embedding of B;E extends
to a PL-embedding of an m-dimensional cube B} = B%s X B;Z_q into Vx
such that 9B} x By " C B} N9(A*Sa) and PNBY = (PNBY) x By
for every P € P. Let Pa € P be such that Int(Pa N BY) # 0 and let a
g-dimensional cube o4 be PL-embedded in Int(Pa N Bi). Then the cube
B = (AxSa)U((By \Into4) x B/~ ?) can be represented as the product
B™ = B? x B™ 1 with the required properties. See 5.3 for details.

Let By" 7 be a cube lying in the geometric interior of B™ 4. Use the
notations of 4.1. Define F;, = F' \ Int B™, P, = P\ Int B™ if P # PA and
P e P, (Pa)r = (Pa\Int B™")U(BYx By"" %) and define P, = {P, : P € P}.
Then S = 0B™ 1 = QA C Fj, and it is easy to see that Pr is an [-co-

connected partition on L\ F, and Py, is a partition on 07 \ Fr. Now apply
the black hole modification with the black hole S = 0A and write F'" = FT,
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P™ = P[ for P € P and P™ = {P™ : P € P} = P]. Note that FJ = F},
since FF N 0B™ = dA. Then PT™ is a decomposition of M which is an I-co-
connected partition on the manifold M \ F™ = (M \ F') UInt A in which we
have absorbed the geometric interior of A in the modification of Pa. Note
that the one-to-one correspondence between P and Py, defined by P — P,
P € P, becomes a matching of partitions when P and Pr, are restricted to
M\ F and L\ F}, respectively. Then by 4.1 the one-to-one correspondence
between P and P™ defined by P — P7, P € P, becomes a matching of
partitions when P and P™ are restricted to M \ F and M \ F™ respectively.

Note that each Sa can be contracted to a point in N outside some
neighborhood of F in M. Then by 4.3 there is a PL-subcomplex R of M
contained in Int N and nowhere dense on the finite intersections of P with
dim R < ¢ such that the collection V of the sets Va, A € 7, can be chosen
to be discrete in N \ R. Then replacing M by M’ = M \ R and removing
R from the elements of P we can perform all the black hole modifications
independently for all A € 7Tr and get from all the modifications P™ the
corresponding decomposition P’ of M’ with the required properties. It is
clear that the natural one-to-one correspondence between P and P’ defined
by sending each element of P to its modification becomes a matching of
partitions when the decompositions are restricted to M \ F and M’ \ F’.

It is clear that the spheres Sa, A € Tp, are contained in the elements
of st P. Let W be an open cover of M having the following property: for
every P € P there are W € W and a set H such that st(P,P) C H C W, H
is a union of elements of P and the inclusion st(P, P)NU C HNU induces the
zero-homomorphism of the homotopy groups in dimensions < ¢ — 1. Then
the inclusion st(P,P) NN C HNN also induces the zero-homomorphism of
the homotopy groups in dimensions < ¢ — 1 because H N N is a deformation
retract of HNU. Thus Sa can be contracted to a point in st(A, W)NN. Then
the collection V can be chosen so that for every Vi € V, VA C st(A,st W),
and this implies that for every P’ € P’, P' C st(P,st?W), where P’ is the
modification of P € P.

5. Appendix

5.1. Extending partitions in the black hole modification. This is a direct
continuation of 4.1 and we adopt the notations and the assumptions of 4.1.
This subsection is devoted to constructing the extensions A™, A € A, the
step that was omitted in 4.1.

Recall that T can be represented as the product T = BIt! x S, where
S is identified with a x S for a point a in OBY*. We consider B¢+ and S
as PL-embedded in Euclidean spaces. This induces the corresponding PL-
embedding of T' in the product of Euclidean spaces and we refer to these
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Euclidean spaces when properties of linearity are used; thus we say that a
simplex is linear if it is a simplex (linearly spanned by its vertices) in the
corresponding Euclidean space, and a map of a linear simplex is linear if it
is the linear extension of its values on the vertices.

Denote by ps : T — S and pp : T — B?t! the projections. Let 77 be
a triangulation of T such that the simplexes of 77 are linear, pg and pp
restricted to every simplex of 77 are linear and 77 underlies S and the
simplexes of 7 contained in 7. Let 7/ be a subdivision of 77 such that
the simplexes of 7} are linear and, for every simplex A of 77, ps(4) is a
subcomplex of S with respect to 7.

Denote by 7] the (first) barycentric subdivision of 7} and let Br be
the partition of 7' formed by the stars of the vertices of 7}, with respect to
7/ Then Bg = Br|S is a partition of S. For a non-empty finite intersection
B of Bg which is the intersection of distinct elements By, ..., B; of Bg let
the vertex vp of 7] be the barycenter of the simplex of 7 spanned by the
vertices contained in By U --- U By.

For a finite intersection B of Bg define Kp = pgl(B), Ng = pg'(0B)
and Mg = Kp N OT. Note that Kg = B9l x B, Ng = Bt x 0B,
Mp = 0B x B, 0Kg = NgU Mpg and Ng N Mp = 0Bt N IB.

Let us show that Py, restricted to Mp \ F' and Py, restricted to OMp \ F
are partitions. Assume that B € Bg (that is, dim B = dim S). Note that Py,
restricted to Int Mg\ Ff, is a partition. Take a point © € dMp and let A, be
the smallest simplex of 77 containing x. Then vp € pg(4,) and let y € A,
be such that ps(y) = vp. Let G be a neighborhood of z in dMp such that G
is contained in the star of y with respect to 7p. Then (z,t) — z(1 —t) + ty,
z € G,0 <t <1, defines a PL-embedding of G x [0,1) into Mp such that
G % [0,1) is a neighborhood of z in Mp and for every simplex A € Tp we
have AN(G x[0,1)) = (GNA) x[0,1). Recall that 77 underlies Pr|0T and
Fr, N 0T, and note that G x (0,1) is an open subset of 9T'. Therefore Py,
restricted to (G x (0,1)) \ Ff is a partition. All these facts together imply
by 2.2 that Pr, restricted (G x [0,1)) \ F, and Pr, restricted to G\ F, are
partitions and hence Py, restricted to Mp\ Fr, and P, restricted to 9Mp\ FT,
are partitions.

Now assume that for a finite intersection B’ € Bg we already showed
that Pr, restricted to Mp: \ Fr, and Py, restricted to OMp/ \ Fy, are par-
titions, and let B be a finite intersection of Bg such that B C 9B’ and
dim B + 1 = dim B’. Then replacing S by 9B’ and T by B9*! x B’ we can
repeat the above reasoning to show that Py, restricted to Mp \ F, and Py,
restricted to OMp \ Fr are partitions. Thus we have shown that for every
finite intersection of Bg, Pr, restricted to Mp \ Fr and to OMp \ F1, are
partitions.
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Let B be a non-empty finite intersection of Bg. Denote by V the set of
vertices v of 77/ such that v # vp, v € 9T and [v, vp] is a simplex of 7. For
each v € V choose a point v’ lying on the interval [v, vg] connecting v and vp
as follows. If v € S then set v' = v and note that in this case v’ € dB. If v ¢ S
then choose v’ such that v' # vp,v" # v and pg([v/,v]) C Int B. For a simplex
A of T] spanned by vertices vg,v1,..., vk, with vi,...,v; € V denote by
A’ the simplex spanned by the vertices vg,v],...,v; and denote by Wp
the union of all such simplexes A’. Then Wp is a PL-ball which is a closed
neighborhood of vp in Mp such that Wg NS = Mg NS = B and for every
x € OWp the interval [vp, x| is contained in W and [vg, 2] NOWp = x. Let
Wg/ : Wp\vp — OWp be the radial projection. Using a PL-homeomorphism
represent Kp as Wp x [0, 1] so that W is identified with W x 0 and extend
W}/?V to the radial projection

g Kp\vg = (Wpx[0,1])\vg — 0Kp\Int Wp = (0Wgx|[0,1]))U(Wpx1)

(mp is defined with respect to the linear structure of Wp x [0, 1] induced by
the linear structures of Wp and [0, 1]).

Let us show that P, restricted Mp \ (Fr UInt Wp) is a partition. Take
z € OWpg\ S. Then there are an open neighborhood G of  in OWpg \ S
and € > 0 such that G x [0,¢) is embedded into Mp \ (S U Int Wp) by the
map (z,t) — z(1+t) —tvp, z € G, so that for every simplex A of 7/,
AN(Gx[0,e)) = (ANG) x [0,¢). Recall that 7' underlies Py, and F, re-
stricted to 0T and Py, restricted to Mp\ Fr, and to OMp \ F, are partitions.
Since G x (0,¢) is an open subset of Mp, Py, restricted to (G x (0,¢)) \ FL,
is a partition and therefore, by 2.2, Py, restricted to G \ F, is a partition.
Then, again by 2.2, Py, restricted to (G x [0,¢))\ F[, is a partition and hence
Py, restricted Mp \ (Fr, UlInt Wg) is a partition (recall that S C Fr).

For every A € A and every finite intersection B of Bg define sets AP
and A9P as follows. For B = f set A" = Aif ANT =0 and A = AUS
if ANT # 0, and for dimB = 0 set A% = A?. Now by induction on
dim B define AB and A%P so that AP = A9B Ur,'(A98 N (0Kp \ Int W;))
for dimB > 0 and A%8 = (J{AP' : B’ ¢ 0B} for dim B > 1. Clearly,
AB and A%8 are PL-subcomplexes of M. Note that if ANT = ( then
AB = A98 = A for every B.

From the construction of W and 7 it follows that for every simplex A €
7}, intersecting W5 we have 75" (ANIWp)\S = (ANWg)\S. Then it is easy
to see that 98 = SB = S, (A2PNMp)\S = (ABPNMp)\S = (ANMp)\S
and hence (AP N AP2)\ § = ABiNB2\ § (AP N AD)\ S = (A1 n AP\ S
for any A, Ay, As € A and finite intersections B, By, Bo of Bg.

Define PB = {PB : P € Pr} and PP = {P98 . P € Pr}. Recall that
S C Fp. Let us show by induction on dim B that PB restricted to Kp \ F}?
and P95 restricted to N \ FgB are partitions.
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For dim B = 0 we have Nz = () and therefore P25 restricted to N \FLaB
is vacuously a partition. Let B be a finite intersection of Bg such that P28
restricted to Np '\ FLaB is a partition. Define Rp = 0K p \ Int Wp. From the
construction of 7 it follows that Kp\vp is PL-homeomorphic to Rp x [0, 1)
so that Rp corresponds to Rp x 0, PE restricted to Kp \ vp corresponds
to the decomposition (P?P|Rp) x [0,1) of Rp x [0,1) and (FZ N Kp) \ vp
corresponds to (FEB N Rp) x [0,1). Note that F‘gB N Mg = Fr, N Mg and
PIB restricted to Mp \ S coincides with Py, restricted Mp \ S, and recall
that P, restricted to OMp \ Fr, and to Mp \ (Fr UInt Wp) are partitions.
Then, by 2.2, P98 restricted to Rp \ FLaB is a partition and therefore PP
restricted to Kp \ F2 is also a partition.

Now assume B is a finite intersection of Bg such that dim B > 0 and
for every finite intersection B’ of Bg such that B’ C B we knew that P5’
restricted to Kpr \ Ffl is a partition. Then, by 2.2, P98 is a partition of
Np \ F?8 since {Kp/ : B’ is a finite intersection of Bs such that B’ C 9B}
is a partition of Ng. The induction is complete.

Thus we have shown that PP restricted to Kp \ FP is a partition for
every finite intersection B of Bg. For A € A write A™ = |J{A® : B € Bs}
and define PF = {P™ : P € Pr}. Note that FP = Kp N FF and PF
restricted to Kp coincides with PZ. Then, by 2.2, PI is a partition on
T \ FJ since {Kp : B is a finite intersection of Bg} is a partition of T.
It is obvious that PJ restricted to L \ S coincides with Py, restricted to
L\ S and therefore PJ is a decomposition of M which is a partition on

Now let us show that for A, A € A, (A;\ A2)\ S is a strong deformation
retract of (AT \ A%) \ S. To this end it is enough to show that for every
finite intersection B of Bg, (C7\ C%) \ S is a strong deformation retract
of (C1\ Cy)\ S where C! = AP N 0Kp and C; = AP N Kp. From the
construction it follows that (C; \ C2) \ S can be topologically represented
as C' x [0,1) with C" = (C7\ C%) \ (SUInt Wg) so that (C] \ C)) \ S is
identified with (C" x 0) U ((C" N dWp) x [0,1)). Note that C” is a space
admitting a triangulation for which C’ N dWpg is a subcomplex of C’ and
therefore (C" x 0) U ((C"NdWp) x [0,1)) is a strong deformation retract of
C’ x [0,1).

Let A € Tr be contained in 0T'. Since pg is linear on A and pg(4) is a
subcomplex of 7}, we can conclude that dim ANMp < dim A+dim B—dim S
for every finite intersection B of Bg. Then, as dim AP\ S < dim(AN Mp)\
S + 1 for dim B = 0 and dim AP\ S < dim A%8 \ S +1 for dim B > 0, we
get dim A™\ S < dim A\ S+1. Thus dim (A"NT)\ S < dim (ANdT)\S+1
for every A € A.

The remaining properties required in 4.1 are easy to verify.



34 M. Levin

5.2. Digging holes for improving connectivity of an intersection

Summary. Here we present a construction used in 4.2. Let M be a
triangulated m-dimensional manifold, F' a PL-subcomplex of M and P a
decomposition of M which is a partition on M \ F. Assume that M is
(g — 1)-connected, m > 2¢ + 1 and let S7* C Int M \ F be a PL-embedded
g-dimensional sphere so that P restricted to S?~! is a partition and for ev-
ery finite intersection P’ of P with P’ N 9=t #£ (), 9= N P’ is properly
embedded in P’ \ F (that is, S9N A(P'\ F) = 9(S9~1n P")).

We will show that there is an m-dimensional cube B™ = B? x B9 C
Int M such that B™ is PL-embedded in M, and BY? = B? x O and B™
have the following properties: S9=! = 9B4, P restricted to 9B™ \ F and to
M \ (Int B™ U F) are partitions, F N B™ = (F N BY) x B™" % P'NB™ =
(P’ N B%) x B™ 1 for every P’ € P and P’ \ (F UInt B™) is a deformation
retract of P\ (F'UInt BY) for every finite intersection P’ of P.

Moreover, if & : Bj — M is a map from a g-dimensional cube Bg
into M such that & restricted to 8335 is a PL-homeomorphism between
OB% and S77!, then B can be chosen to be arbitrarily close to ®(B%) in
the sense that B? can be chosen to be the image of an arbitrarily close
approximation of @ by a PL-embedding which coincides with & on 8B%.

Clearly, replacing B™~? by a smaller cube we ensure that B™ will be
arbitrarily close to B?. Hence, if S9! can be contracted to a point in an
open subset S9~! C W of M, then we can assume that B™ C W.

Construction. The case ¢ = 1 and m = 3 can be visualized directly and
is left to the reader. Assume that m > 4 (in fact, we can always assume
that m > 4 restricting ourselves to Nobeling spaces modeled on manifolds
of dimension > 4). Let B? be a g-dimensional ball PL-embedded in Int M
such that 97! = 9B?. Using an unknotting theorem for manifolds (see
Theorem 10.3 of [6]) find a PL-embedded Euclidean space R™ = R? x
R™~9 C Int M such that B? C RY, where R? and R™~ ¢ are identified with
the subsets R? x O C R™ and O x R™~¢ C R™ respectively.

Let @ be as above. It is easy to see that & can be arbitrarily closely
approximated by a PL-embedding into Int M. Then replacing @ by such
an approximation and setting B? = ®(Bj,) we can assume without loss of
generality that &(Bj) C R™.

For a block bundle £ over a cell complex X, written {/X, denote by o¢
the cells of X, by (¢ the blocks of the total space E(&) and by (o¢, 3¢) the
pairs such that ¢ is the block over o¢ (see [10]). We say that & underlies
Y C E() if Y is a union of blocks of &, and { underlies a collection Y of
subsets of F(£) if £ underlies each Y € Y.

Let us say that a block bundle & over S9! is subordinated to P if E(£) is
a regular neighborhood of S9! in R™, E(£) does not intersect F' and E(&)
underlies P restricted to E(€).
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A block bundle ¢ subordinated to P can be constructed as follows. Fix
a triangulation 7 of M which is the second barycentric subdivision of a
triangulation that underlies S9~!, F' and P. By a simplicial neighborhood
of A C M in a subcomplex X of M we mean the union of the simplexes of
7T intersecting A and contained in X. We may assume that 7 is chosen so
that the simplicial neighborhood G of S9~! in M is contained in R™ and
G N F = (. For every finite intersection P’ of P that meets S9! denote by
G p the simplicial neighborhood of P’NS9~! in P’. Note that Gp = GNP,
Gpr = Gp NP"if P" C P, Gp/ is a regular neighborhood of P’ N S9! in
P'\ F and P'N S9! is locally flat in P’\ F because dim P’ —dim P'/N S9! =
m—(g—1)>q+2.

For every finite intersection P’ of P that meets S9~! we are going to
construct by induction on dim P’ N S9~! a block bundle &pr over P’ N S971
such that E(¢p/) = Gpr and Ep [P’ N S97 = &pn if P” C P'. Obviously,
such a block bundle exists if dim P’ 0 S9! = 0. Assume that for a finite
intersection P’ of P a block bundle £pr is already constructed for every finite
intersection P” of P such that P” C P’ and P” # P'. Then {pr defines the
corresponding block bundle £5p over (P’ N S971) and by Theorem 4.3
of [10] this block bundle extends to a block bundle {pr over P’ such that
E(Spr) = Gpr.

Thus we have constructed block bundles £p for every finite intersection
P’ of P that meets S9!, and these block bundles define the corresponding
block bundle ¢ over S9-1. Clearly, ¢ is subordinated to P and E(¢) = G.

Let BY" % be a cube in R™7%. Fix ¢ = 1/2 and for each cell o¢ of S971
define the pair (o, 3,) with o, = o¢ and 8, = 7 x B" 7 where 7 =
{x:x=ts,1—e<t<1+¢,seco¢} CRL Then the pairs (o, 3,) form a
block bundle 7 over S9! such that E(n) underlies a regular neighborhood
of S9! in R™. Hence by Theorem 4.4 of [10] there is a PL-homeomorphism
of R™ realizing an isomorphism from 7 to &.

Let e : R™ — M be the composition of such a PL-homeomorphism with
the original embedding of R™ in M. Then replacing the original embedding
of R™ into M by the embedding e we may assume that £ coincides with n
(the meaning of such a replacement is that we leave R™ as the same subset
of M but change the representation of R™ as the product of R? and R™~1).
Thus we deduce that n is subordinated to P and this is the only property
of n with respect to P that will be used in what follows.

Replace the map @ by a close PL-embedding which coincides with ¢ on
OBJ and sends a small neighborhood of dBj in B onto a neighborhood
of OB? in BY. Then there is a neighborhood 2 of S?~! in R™ such that
P(BE)N2 = BIN. Tt is easy to see from the definition of 7 that there is a
PL-homeomorphism ¢; : R™ — R™ such that ¢; does not move the points
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of S171, ¢1(BY) = B4, ¢1(E(n)) C E(n) N §2 and for every block 3, we have
®1(By) C By. Then the block bundle ¢1(n) is also subordinated to P and
we can replace the embedding e by e o ¢; and assume that F(n) C 2 and
®(Bg) N E(n) = BN E(n).

By an unknotting theorem for manifolds (see Theorem 10.1 of [6]) there
is a PL-homeomorphism ¢5 : R™ — R™ such that ¢2 does not move the
points of E(n) and &(B%) = ¢2(B7). Then replacing the embedding e by
e o ¢ we may assume that ¢(Bg) = BY.

Fix a triangulation 7g of R™ such that the simplexes of 7g are linear
in R and 7g underlies P|R™, FNR™ and B x B]""? where B{ = (1+¢)BY.
Let p: R™ = R? x R™~% — R™ 7 be the projection and let a € Int B""? be
such that a ¢ p(A) for every A € T with dimp(A) < m —gq and a ¢ Ip(A)
for every A € Tp with dimp(A) = m — ¢. Take a cube By~ 7 such that
a+ By " Cc Int B" % and a + By ? C Intp(A) for every A € T such
that AN (BY x a) # 0. Then the pairs (o, 3;) with o, = (B} x a) N A and
Br = (Bf x (a+ By %)) N A, A€ Tg, form a block bundle 7 over Bf x a,
and we assume that By 7 is so small that E(7) = B} x (a + B3 %) and
E(r|0B}) = 0B} x (a+ By 7).

By Theorem 1.1 of [10] every block bundle over a cube is trivial. Hence
7 is isomorphic to a trivial block bundle & over Bf, that is, there is a
PL-homeomorphism h : E(6) — E(7) where E(6) is the product E(§) =
Bl x By"™% C R™ of B{ with a cube B3""? in R™~7 such that h(z) = (z,a)
for every = € B, (Og,ﬂ(g) is a pair of § 1f and only 1f ( (0s), h(Bs)) is a pair
of 7 and, for every pair (o5, 35) of §, 85 = 05 X By"

Identify B x By with h(B{ x By %) (that is, re-embed BY x By 1
according to h) and let B™ 7 be a cube lying in Int By" ?. Then from the
construction it follows that

(x) P'N(B{ x Int By""7) = (P' N BY) x Int By" ? for every P’ € P and
F (B x nt BI) = (F A BY) x Tnt B 1.

From the construction it also follows that P restricted to Int B \ Int BY,
to 0B? and to B?\ F are partitions. Hence by (%) and 2.2, P restricted
to (Int Bf \ Int BY) x Int By"" %, to (BY\ F) x (Int By" %\ Int B™ %), to
OB? x (Int By" % \ Int B™"7), to BY x §B™ %, §B? x B™ 7 and to
(B?\ F) x O0B™™ % are partitions. Then, once again by 2.2, P restricted
to Int(B{ x By" )\ (F U (Int(B? x B™~1))) and to d(B? x B™"9) \ F are
partitions.

Define B™ = B? x B™~4. Thus we see that

(x%) P restricted to M \ (F'UInt B™) and to B™ \ F are partitions.
Let P’ be a finite intersection of P. Let us show that
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(xxx) P"\ (FUInt B™) is a deformation retract of P'\ (F U Int B?).

Note the following general fact: for a triangulated space A1, a subcomplex
As of Ay and a cube B, the space (A x B)U(A; xdB) is a strong deformation
retract of (Az x B) U (A; x (B \ O)). Then for A; = (PN B?) \ F and
Ay = P' N 9B? we deduce by (x) that B™ N (P"\ (F UInt B™)) = (A2 X
B™ 1)U (A x 90B™ %) and B"N(P'\ (FUInt B?)) = (As x B™" 1)U (A3 x
(B™~1\ O)). Thus B™N (P’ \ (FUInt B™)) is a strong deformation retract
of B™N (P'\ (F UInt B?)) and hence (xx*x) holds.

Let us compare the embeddings of B? under h and e. For this purpose
we assume that R™ C M is identified with R? x R™~¢ according to the
embedding e and we disregard the identification induced by h. Then h(z) =
(x,a) for x € BY. One can easily observe that there is a PL-homeomorphism
¥ : M — M such that 1 o h does not move the points of S?~!, v does
not move the points outside Int(E(n)) and ¢(P') = P’ for every P’ € P.
Moreover, choosing the point a arbitrarily close to O we may choose ¥ to be
arbitrarily close to the identity map of M. Note that since 1 does not move
the points outside Int(FE(n)), we have ¢(F) = F. Now we can replace ¢ by
tpoho® and h by v o h, and after identifying B x B3'~ ¢ with its image
under the new embedding h, we find that @(Bg) = B? and the properties
(%)—(x%x) are preserved.

Note that () trivially implies that F' N B™ = (F'N BY) x B™™ 9 and
P'NnB™ = (P'NBY) x B™1 for every P’ € P.

Thus we have replaced the original map @ by an arbitrarily close PL-
embedding which coincides with @ on dBg and we have found a PL-embed-
ding of B™ = BY x B™~9 C Int M such that B = ¢(Bg) and B™ has the
required properties.

5.3. Digging holes for absorbing simplexes

Summary. Here we present a construction used in 2.6. Let M be a trian-
gulated (¢ — 1)-connected m-dimensional manifold with m > 2¢ + 1 and let
Il =m—q+1. Assume that F' is a PL-subcomplex of M lying in Int M such
that U = M\ F is l-co-connected (= (¢ — 1)-connected) and dim F' < m — g,
and assume that P is a decomposition of M such that P is an [-co-connected
partition on U.

Fix a triangulation 7y of M which underlies F' and the elements of P
and let the triangulation 7 be the second barycentric subdivision of 7. Let
7F be the collection of all (m — g)-dimensional simplexes of 7 lying in F' and
let Sao and A % Sa be the link of A and the join of A with Sa respectively.
Recall that

Sa=|J{A € T: AN A=0and there is A" € T with A, A’ € A"},
AxSa=|J{a eT Aca}.
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Define @) as the union of Int(A x Sx) for all Ain 7p and N = M\ (QU F).
Let A € Tp and let an open subset V4 of N be such that S971 = Sy C Va
and S9! is contractible in V.

We will show that there are an element Po € P and a PL-embedding
of a cube B™ = B? x B™ % into Int M such that B™ C (A x Sa) U Va,
A=0xB"1=FnNB™, PNUNB™=(PNUnNBYI) x B" 1 for every
P eP,0B?x B" 1 C Int(PANU), P restricted to (M \ Int B"™) N U and
to OB™ NU are partitions, and (P \ Int B™)NU is a deformation retract of
(P\ Int BY) N U for every finite intersection P of P.

Construction. Let us repeat a few simple observations noted in 4.5 which
immediately follow from the fact that 7 is the second barycentric subdivi-
sion of a triangulation which underlies F' and the elements of P. Namely,
we note that for every A € 7p the link Sa of A is a (¢ — 1)-dimensional
sphere lying in Int M, and for different simplexes Ay and Ay in 7p the
joins Ay % Sa, and Ay xS, do not intersect on U. We also note that for
every subset H which is the union of a finite intersection of P such that
HNU # 0, and for every A € T, we know that (HNU) \ Int(A x Sx) is
a deformation retract of H N U and hence H N N is a deformation retract
of HNU. Then N is an l-co-connected manifold (since N is a deforma-
tion retract of U) and P|N is an l-co-connected partition (since P|U is
[-co-connected).

Consider M as embedded in a Hilbert space by an embedding which is
linear on every simplex of 7.

Fix A € Tp and let S9! = S, be the link of A with respect to 7,
Sm=1 = 9(A x S,) and b be the barycenter of A.

Let us show that P restricted to N, to S™ 1\ 0A and to (AxSa)\ A are
partitions. For a point z € S™ 1\ A choose an ¢ > 0 and a neighborhood
G of z in S™ 1\ DA such that the map (z,t) — 2z +1tb, 2 € G, t € (—¢,¢),
embeds G x (—¢,¢) into M \ F and for every simplex A’ of 7 that intersects
G X (—e,¢e) we have AN (G x (—¢,¢)) = (A'NG) x (—¢,¢). Then for every
P € P that intersects Gx(—¢,¢) we have PN(G % (—¢,¢)) = (PNG) X (—¢,¢).
Therefore, by 2.2, P restricted to G, to G x (—&,0] and to G x [0,¢) are
partitions and hence P restricted to S™ 71\ A, to (A% Sa)\ A and to N
are partitions as well.

Denote by 74 the collection of the simplexes of 7 intersecting S9!
and containing A. Let 7’ be the second barycentric subdivision of 7. For
every A’ € Tx denote by G 4/ the simplicial neighborhood of A’ N S9! in
AN S™1 with respect to 77. In a way similar to constructing &ps in 5.2
we construct for every A’ € 74 a block bundle &4 over A’ N 8971 such
that E(fA/) = G and fA/‘(A” N Sm_l) =& if A" c A’ Then the block
bundles £/ define the corresponding block bundle ¢ over S9! with E(&)
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being the simplicial neighborhood of S9=! in $™~! with respect to 7’. Note
that FE(£) is a regular neighborhood of 77! in ON.

Extend the embedding of S9~! in N to a PL-embedding of a g-dimen-
sional cube B{ into N such that S9! = 9B] and B{ N ON = S97!, and
note that the embedding of B is locally flat because m > 2¢ + 1. Extend
the regular neighborhood E(£) of S9! in N to a regular neighborhood
of B in N, and by Theorem 4.3 of [10] represent this neighborhood as
the total space E(v) of a block bundle v over B{ such that v|S?1 = ¢.
Since v is a trivial block bundle, E(v) is PL-homeomorphic to the product
E(v) = B} x B{""? of B} with an (m — q)-dimensional cube B}~ ? such that
for each pair (o, 3,) of v, B, = 0, x B{" . Fix a triangulation 7, of E(v)
which underlies 7 restricted to E(v). In a way similar to constructing the
block bundle 7 in 5.2 choose a point a in B""? and a cube By'~ ¢ such that
a+ By % C Int B{" 7 and the pairs (o, 8;) defined by o, = A'N (B x a),
Br = A'N(Bix(a+By™ 1)), A" € T, form a block bundle 7 over BY x a with
E(r) = Bf x (a+ By %) and E(7|0(Bf x a)) = E(1) N (0B} x (a+ By %))
(= E(r) N S™ 1), Then the block bundle 7 underlies P and 7x restricted
to E(7).

Note that since the block bundle v is trivial, the block bundle £ is trivial
as well and F(£) = 0Bf x B{" . Then it is obvious that the projection
OB} x a — OB extends to a PL-homeomorphism h : E(¢) — E() such
that h(z) = x for every x € 0E(§), h(B¢) = B¢ for every block ¢ of £ and
there is a PL-isotopy H : E(§) x [0,1] — E(&) x [0, 1] relative to 0E(£) so
that Hy = h. Recall that the barycenter of A is denoted by b. Then, since
OANEE) = 0, there is € > 0 such that for every x € E(£), P € P and
t € [0,1], the point b+ (1 + te)(z — b) belongs to P if and only if 2 belongs
to P. Embed E(§) x [0,1] into N by sending (z,t) to b+ (1 + te)(x — b)
and define the PL-homeomorphism g : N — N such that g coincides with
H on E(§) x [0,1] and g does not move the points outside E(£) x [0, 1].
From the properties described above it is clear that g(d(B{ x a)) = 0Bf
and the block bundle g(7) underlies P and 7x restricted to E(g(7)). Define
Bl = g(Bf x a) and 6 = g(7).

Thus we get a block bundle 6 over a cube Bd such that S9! = 9B] =
ON N B, 6 underlies P and T restricted to E(), and E(9|0B) = S™~1n
E(6). Then, since 6 is trivial, E(f) is PL-homeomorphic to B x By" % such
that ON N (BY x By'™ 1) = 0B x By"™? ¢ S™~1 and for each pair (og, By)
of 8, By = o9 x By . Take a cube B)" ? such that B)" 7 C Int By" 7
and define the block bundle ¢ over B by restricting the blocks of 6 to
E(p) = B x B]" ?. Using a reasoning similar to the one applied for proving
the property (**) in 5.2 we can show that P restricted N\ (B x Int By" )
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and to O((A x Sa) U (B x B]"" 7)) \ DA are partitions. It is clear that
E(p) C Int M.

Take a pair (O'QA, ﬁgA) of o such that dim ﬂgA = m and let Py € P be such
that ﬂQA C Pa. Since g is a trivial block bundle we can replace ¢ by another
block bundle subdividing the cells of Bd into smaller cells and defining the
corresponding blocks using the product structure. This way we may assume
that the cells of B are so small that the pair (JgA,ﬁgA) can be chosen so
that 32 C Int(Pa N N).

Let the cube B C AxSx be the join B = bxSa. Define a block bundle
Y over Bj as follows: the pairs (o, 3,) of ¢ with o, C 591 are the pairs of
¥, (b, A) is a pair of ¢ and the rest of the pairs (o, By) of ¢ are of the form
op = A NBL By =A", A € Ty. One can easily check that ¢ is indeed a
block bundle and E(z)) = A * Sa. Since ¥ and ¢ coincide over S9~!, they
form the corresponding block bundle ¢ over the sphere Bf U Bf. Note that
B? = (B U Bi) \ Into2 is a g-dimensional cube. Define the block bundle
n as ¢ restricted to B?. Then (b, A) is a pair of n, b € Int BY, 0B = GJQA,
the intersections of the blocks of n with U = M \ F underlie P restricted to
E(n)NnU, E(n) N F = A and hence 7 underlies F restricted to E(n).

Thus assuming that the center O of B? is located at b we can represent
E(n) as the product B™ = B? x B™~% such that A =0x B™ 7= FnNB™,
0B1x B™" 1 C Int(PANU) and PNUNB™ = (PNUNB?) x B™ 1 for every
P € P that meets B"™ NU. By a reasoning similar to the one applied in the
proof of (#x#x) in 5.2 these properties imply that for every finite intersection
P of P, P\ (FUInt B™) is a deformation retract of P\ (F'UInt B?). Since
B™ = (AxSa)U((B\Intc2') x B{""?) and 85 = 05 x By" ? is contained
in Int(Pa N U), we derive from the properties of ¢ that P restricted to
M\ (FUInt B™) and to 0B™ \ F are partitions and B™ C Int M.

Note that if S9! can be contracted to a point in an open subset Va

of N then the construction can be carried out so that B™ is contained in
(AxSp)UVa.
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