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An indecomposable Banach space of
continuous functions which has small density

by

Rogério Augusto dos Santos Fajardo (Sao Paulo)

Abstract. Using the method of forcing we construct a model for ZFC where CH
does not hold and where there exists a connected compact topological space K of weight
w1 < 2% such that every operator on the Banach space of continuous functions on K is
multiplication by a continuous function plus a weakly compact operator. In particular,
the Banach space of continuous functions on K is indecomposable.

1. Introduction. In Banach space theory, several questions about com-
plemented subspaces have been asked. Recall that a closed subspace Y of a
Banach space X is complemented in X if there exists a closed subspace Z
of X such that X =Y @ Z, where @ means direct sum. For many years it
remained an open problem if every infinite-dimensional Banach space X has
infinite-dimensional closed subspaces Y and Z such that X =Y & Z. When
it occurs we say that X is decomposable. Since decompositions of Banach
spaces are given by projections, indecomposable Banach spaces are related
to the property of having few operators, in some sense.

In 1993 Gowers and Maurey |GM] constructed the first example of an
indecomposable Banach space. Moreover, that space is hereditarily indecom-
posable, i.e., all its closed subspaces are indecomposable.

All operators on the space constructed by Gowers and Maurey have the
form cI+ 5, where I is the identity operator, ¢ € R and S is strictly singular,
i.e., the restriction of S to no infinite-dimensional closed subspace is an
isomorphism onto its range.
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In [Ko2|, Koszmider constructed the first example of an indecomposable
Banach space of the form C(K), i.e., the Banach space of continuous func-
tions on a compact space K, with the supremum norm. All the operators
on C(K) are weak multipliers (see Definition 3.1). Assuming the contin-
uum hypothesis, Koszmider constructed an indecomposable C(K') space on
which all operators have the form gI + .5, where g € C(K), I is the identity
operator and S is weakly compact. Plebanek [Pl] constructed in ZFC an
indecomposable Banach space on which all operators have the above form.
Operators of the form gI + S with g € C(K) and S weakly compact are
weak multipliers.

Unlike Gowers and Maurey’s space, which is separable, the spaces built
by Koszmider and Plebanek have density continuum. An indecomposable
C(K) cannot be separable, since a separable C(K') contains a complemented
copy of ¢g. Neither can a C(K) where all operators are weak multipliers
be separable, since in [Ko2| it is shown that if all operators on C(K) are
weak multipliers then none of its proper subspaces or proper quotients is
isomorphic to itself.

In this paper, using iterated forcing (see [Ku]) we prove that there exists
consistently a Banach space C(K) of density w; < 2¥ such that all operators
on C'(K) have the form gI+S for some g € C(K) and S weakly compact. The
compact space K can be constructed either 0-dimensional or connected. In
the latter case, C'(K) is indecomposable. We will only present the connected
case, which is technically more complicated.

It is proved in [Fr| that under MA +— CH every infinite compact space K
of weight smaller than continuum contains a non-trivial converging sequence,
which implies that C'(K) can be written as co @Y.

We say that a Banach space X has the Grothendieck property if a se-
quence in X* converges in the weak topology iff it converges in the weak*
topology. It is shown in [Sc| that a Banach space C(K) has the Grothendieck
property iff it does not contain a complemented copy of ¢g. In particular,
if C(K) is indecomposable then it has the Grothendieck property. Further-
more, it is proved in [Ko2| that if C'(K) has few operators then it has the
Grothendieck property.

The first consistent construction of a Banach space C(K) of density
smaller than continuum which has the Grothendieck property is due to
Brech |Br|. The compact K constructed in Br| is the Stone space of P(w) N
M, in a generic extension over a ground model M of ZFC. It is easy to verify
that C'(K) has many operators.

2. Measures on a compact topological space. The purpose of this
section is to fix some notations and to state some properties that we will use
throughout this paper. Proposition 2.3 and Corollary 2.5 will be used in the
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proof of Lemma 5.7. Corollary 2.5 is an easy consequence of Proposition 2.4,
rephrased for measures instead of functionals.

Throughout, by a topological space we mean a Hausdorff topological
space.

Let K be a compact topological space. By a measure on K we mean
a regular Borel measure of bounded variation. We define M (K) to be the
Banach space of measures on K with the norm ||u|| = |p|(K).

If B is a topological basis for K, closed under finite unions and intersec-
tions, then a measure on K is uniquely determined by its restriction to B.
In other words, if u|g = v|g, then p = v.

For each a < wy we let B, be the set of all finite unions of open sets of the
kind [[5_,(ag, bg) N[0, 1], where ag,bs € Q and {8 < v : (ag,bg) N [0,1] #
[0,1]} is finite. It is clear that B, is a basis for [0, 1]* and it is closed under
finite unions and intersections. Moreover, if K C [0,1]* is compact, then
{VNK :V e B,} is also a basis for K closed under finite unions and
inteserctions. Since we may identify measures on K with measures on [0, 1]*
whose variations are null on [0,1]* \ K, we may interpret a measure on a
subspace of [0, 1] as a function from B, into R.

DEFINITION 2.1. Let K be a compact topological space and let € > 0.
We say that a bounded set S C M(K) is e-weakly relatively compact if for
every sequence (V,)ne, of pairwise disjoint open subsets of K,

sup{|p(Va)| - p€ S} <e
for all but finitely many n € w.

We state the Dieudonné—-Grothendieck theorem (see [Di, VII, 14]) re-
phrased by use of Definition 2.1.

THEOREM 2.2 (Dieudonné-Grothendieck Theorem). For any compact
topological space K and bounded S C M(K) we have:

(a) S is weakly relatively compact iff S is e-weakly relatively compact for
all e > 0.

(b) Given € > 0, S is not e-weakly relatively compact iff there exist a
sequence (fin)new i S and a pairwise disjoint sequence (Vp)new of
open subsets of K such that |, (Vy,)| > € for alln € w.

We say that a sequence (up)new of measures on K is pairwise disjoint
iff there exists a pairwise disjoint sequence (A;,)ne, of Borel sets such that
|| (K~ Ay) = 0 for all n. A sequence of L! functions is pairwise disjoint if
they have pairwise disjoint supports.

PROPOSITION 2.3 (Pelczyniski). Suppose that K is a compact topological
space, € > 0 and (fin)new s a pairwise disjoint sequence of probability mea-
sures on K. Then there exist a subsequence (u))new 0f (tn)new and a pair-
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wise disjoint sequence (Up)new of open subsets of K such that ), (Uy) > 1—¢
for alln € w.

PROPOSITION 2.4 (Kadec, Pelezyniski). Suppose that (X, X, p) is a mea-
sure space with a probability measure p. Let (vp)new be a bounded sequence
of elements of L'(u1). Then there exist a subsequence (v)))new of (Vn)new, @
weakly converging sequence (gn)new € L' (1) and a pairwise disjoint sequence
(hn)new € LY (1) such that v), = g, + hy for all n.

Propositions 2.3 and 2.4 follow from the proof of Lemma 1 of [Pel| and
Theorem 6 of [KP|, respectively. We use the versions presented in [Ta| (Lem-
mas 1 and 2). The following result is a corollary of Proposition 2.4.

COROLLARY 2.5. Let (fin)new be a bounded sequence in M(K) for a
compact space K. Then there exist a subsequence (p,)new Of (fn)new, @
weakly converging sequence (\p)new and a pairwise disjoint sequence (Vp)new
such that pl, = vy, + Ay for all n.

Proof. Take =2 o |un|/|lpn 271, It is clear that p is a probability
measure.

Define i : Ly(p) — M(K) as i(h)(E) = {, hdp for all h € Ly(p) and all
Borel E C K. One can easily verify that ¢ is an isometry onto its range. Using
the Radon-Nikodym theorem (|Ru, 6.10]), for each n € w we find a unique
h, € L'(p) such that i(hy,) = pp. It is also easy to see that i maps pairwise
disjoint sequences in Lj(u) into pairwise disjoint sequences in M (K), and
weakly converging sequences in Lq(u) into weakly converging sequences in

Hence, applying Proposition 2.4 for (hy,)new concludes the proof. m

3. Weak multipliers. The definition of weak multipliers first appears
in [Ko2|. In this section we cite the main results about weak multipliers.

DEFINITION 3.1 (|[Ko2, 2.1]). An operator T : C(K) — C(K) is called
a weak multiplier if for every bounded sequence (ey,)ne, of pairwise disjoint
elements of C'(K) (i.e., en-em = 0 for n # m) and any sequence (zp)new C K
such that e, (x,) = 0 we have
lim T'(e,)(zy) = 0.

n—oo
Let us recall that Y C X is C*-embedded in X iff every bounded con-

tinuous function on Y can be extended to a bounded continuous function
on X.

LEMMA 3.2 ([Ko2, 2.8]). Suppose that K is a compact space with no
disjoint open subsets Uy and Us such that Uy N Us is singleton. Then for
every x € K the space K \ {x} is C*-embedded in K.
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THEOREM 3.3 ([Ko2, 2.7]). The following are equivalent for a compact
space K:

(a) All operators T' : C(K) — C(K) are of the form gl + S where
g € C(K) and S is weakly compact.

(b) All operators on C(K) are weak multipliers and for every x € K the
space K \ {z} is C*-embedded in K.

The following lemma is an adaptation of Lemma 2.5 of [Ko2].

LEMMA 3.4. Let K be a compact and connected space such that all op-
erators on C(K) have the form gl + S, where g € C(K) and S is a weakly
compact operator. Then C(K) is an indecomposable Banach space.

Proof. Let K be as in the hypothesis and suppose that X and Y are
closed subspaces of C(K) such that C(K) = X &Y. We will prove that X
or Y is finite-dimensional.

Let P : C(K) — C(K) be a projection such that Im(P) = X and
Ker(P) = Y. Fix g € C(K) and a weakly compact operator S such that
P = gI + S. Since P2 = P we have P?I + S% 4 ¢S + Sg = gI + S. Thus
S" = (g — g)I is weakly compact, and therefore strictly singular (see [Pe2]).
If (g2 — g)(z) # 0 for some 2 € K we find an open neighbourhood V of
x such that |(g?> — ¢)(y)| > € for some ¢ > 0 and every y € V. Let Z
be the subspace of C'(K) consisting of all continuous functions on K with
supports in V. Since K is connected, it does not have isolated points and so
Z is infinite-dimensional. But 5’|z is an isomorphism onto its range, since
(g2 — g)~' is well defined and continuous in V and determines the inverse
operator of S’, contradicting the fact that S’ is strictly singular.

Thus (g2 — g)(x) = 0 for all x € K, which implies that g(z) € {0,1} for
all x € K. By the connectedness of K we have ¢ = 0 or ¢ = 1. Therefore
P =S5or P=1+S5, which means that P or I — P is weakly compact. In
the first case P\Im( p) is an isomorphism onto its range and hence Im(P) is
finite-dimensional. In the second case Ker(P) is finite-dimensional. =

LEMMA 3.5. Suppose that K is compact, D is a dense subset of K and
T :C(K) — C(K) is not a weak multiplier. Then there exists a sequence
(Tn)new n D such that for every bounded Borel function f: K — R, the set
{T*(0z,,) — [0z, : n € w} is not weakly relatively compact in M(K), where
for = f(z)d, € M(K).

Proof. As T is not a weak multiplier, there exists a bounded pairwise
disjoint sequence (ey)nen of continuous functions from K into R, a se-
quence (x,)new of distinct points of K and € > 0 such that e,(z,) = 0
and |T'(e,)(zp)| > € for all n. Since D is dense in K, we may assume that
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ZTn € D. Set piy, = T*(z,,) — fOz,. We have
T(en)(zn) =\ €n dT*(62,) =\ en dpin + | €n d(f5s,,).

Since en(xn) = 0, we have (e, d(fd;,) =0, and hence

(Ten) @a)l = | Jen dus

Let M be a real number such that |e,| < M for all n. We have
|pen|(supp(ey)) > e/M. By the definition of variation we find Borel sets
U, C supp(en) such that |u,(U,)| > €/2M. By regularity of u, we may
assume that U, are pairwise disjoint open sets. Since T and f are bounded,
(n)new is a bounded sequence in M(K). By the Dieudonné-Grothendieck
theorem we conclude that (fy,)ne, is not weakly relatively compact. =

> ¢ for all n.

4. Construction of a forcing. In this section we introduce a forcing
R(K) for every connected first countable compact space K. The idea of
this construction is based on the forcing R(A) defined in Section 6 of [Kol],
where A is a countable boolean subalgebra of P(N). The generic extension
adds a new set ¢ C N to obtain the boolean algebra generated by A U {g}
used in the next step of the iteration. Following the idea of [Ko2], we replace
the countable boolean algebra A by a first countable compact space K,
in order to obtain connectedness. Instead of adding a new element to the
algebra A, we add a new continuous real function on K, taking the closure
of the graph of a continuous function defined on a dense open subset of K.
This new function separates a weak™ converging sequence of measures in K
(Lemma 4.6 makes it clear), eliminating one undesirable operator on C(K).

Fix @ < wy and a compact set K C [0,1]* with no isolated points. Let
B, be a basis for [0, 1]* as defined previously, at the beginning of Section 2.

For av < 3 we interpret B, as a subset of Bg, identifying V' € B, with
V x [0,1]°>® € Bg. Thus, if u is a measure on [0,1)° and v is a mea-
sure on [0,1]%, we say that u|g, = v when u(r,[E]) = v(E) for all Borel
E C0,1]~.

For a function f we denote by Gr(f) the graph of f.

We define a forcing R(K) consisting of the conditions p = (f, £2p, M,
€p, 4p) such that:

Al. f,: K —0,1] is continuous;

A2 02, e By ~{[0,1]*};

A3, supp(fp) € K N2y

A.4. M, is a finite set of positive measures on K;
A5 g, €QnN(0,00);

A6, w($2,) < e, for all u € My;

AT, Ap S Ba+1;
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A8 molA)) =2y
A9. Gr(fplg,nr) € Dp-

The order < on R(K) is given by ¢ < p if and only if

B.1. 2, 2 §2;

B.2. M, 2> My,

B.3. g4 <&y

B.4. A, N (02, x[0,1]) C A,.

Given p € R(K) we define

diam(A,) = sup{|yr — 92| : 3z € 2, ({(w.0), (2, 2)} € A))}

when A, # (). Otherwise we define diam(A,) = 0. It is easy to see that for
every p € R(K) and every ¢,r < p we have

(%) Vo € 2, VK (|fg(x) = fr(z)] < diam(4y)).

LEMMA 4.1. For every p € R(K) and £ > 0 there exists ¢ < p such that
f(] = fp7 Qq — Qp, Mq = Mp, €q == €p and dlam(Aq) S E.

Proof. Using the Tietze theorem, we find f : [0,1]* — [0, 1] continuous
which extends f,. Let L be the graph of f. By the continuity of f, for each
x € L there exists V, € B, such that € V,; and |f(y) — f(z)| < ¢/8 for all
y € V,. Fix an open interval I, in [0, 1] with rational endpoints such that

(f(x) —e/8, f(x) +/8)N[0,1] € I € (f(x) — £/4, f(z) +¢/4) N[0, 1].

Set W, =V x I, € Bot1. By the construction, (y, f(y)) € W, for all y € V.
So {W, : = € [0,1]%} is an open cover of L. Since L is closed in [0,1]**!, as
the graph of a continuous function, and so is compact, we can take a finite
set F' C [0,1]* such that L C J,cp Wa. Define Ay = A, N U, cp We. Since
L C J,ep Wa, condition A.9 is satisfied. From the construction of A, we
have A, € Byy1, proving A.7. From A.9 and the fact that A, C A, we have
A.8 and B.4. It remains to prove that diam(A4,) <e.

Let (z,u1),(x,y2) € Ay Choose x1,z2 € F such that (z,y1) € Wy,
and (z,y2) € Wy,. Since y; € I, we have |y; — f(x1)| < /4, because
I, C (f(x1)—¢/4, f(x1)+e/4). Since x € V,,, we have | f(z) — f(z1)] < /8.
So

ly1 = f(@)| <My = Fl@)] + [f(z1) — @) <e/d+e/8 <e/2.
Analogously we conclude that |ys — f(x)| < £/2 and therefore |y; —ya| < . m

LEMMA 4.2. Suppose that we have a compact set K C [0,1]%, a forcing
condition p € R(K), an open set 2 € By, a finite set M of positive measures
on [0,1]%, a continuous function f : K — [0,1] with support in 2 N K
and a positive rational number . Suppose that 2 2 (2, Gr(flo,nx) € Ay,
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M D M, and e > €y, and (§2) < e for all yp € M. Then there ezists ¢ < p
such that fg = f, 2, =92, My =M and e, = €.

Proof. Define A, = (2, ~ £2,) x [0,1] U A,. Tt is easy to verify that
2, \ 2, € B,, and conditions A.7, A.8, A.9 and B.4 are clearly satisfied.
The other conditions follow immediately from the hypothesis. m

LEMMA 4.3. Suppose that K C [0,1]* is compact for « < wy. Then
Ve >0Vp € R(K)3q < pVp1,p2 < qVz € 2,NK (|fp (x) — fp,(x)| < €).

Proof. Fix ¢ > 0 and p € R(K). By Lemma 4.1, D. = {q € P :
diam(A,) < e} is dense in R(K). Hence there exists ¢ < p such that
diam(A,) < e. From () it follows that for all p;,ps < p and z € 2, N K we
have [fp, (x) = fp(2)] <. w

Let M be a transitive standard model for ZFC and take R(K) € M. Let
G be an R(K)-generic over M. We note that, since RM # RMIC] | the space
K may not be compact in M|[G], and the elements of B, may change too.
But using the definition at the beginning of Section 2 each element of B, may
be characterized by a finite collection of finite sets of triples (3, a,b), where
B < « and a,b are rational numbers such that 0 < a < b < 1. With this
characterization, elements of B, are absolute sets (see [Ku| for absoluteness).
Thus, for V € By, we denote both VM and VMIG] by V| unless it is not clear
from context. We note that VMIEINK =vMnK.

Let p € R(K). Since f, is continuous in the compact set K, in the
ground model M, it is uniformly continuous in M. Therefore it is uniformly
continuous in M[G], because uniform continuity is absolute for transitive
models. Hence, in M[G] we may extend f, continuously to a function fn :
K — [0,1] by defining f;,(a:) = limyey fp(zn) for @, € K such that z,, > .
Let f, be an R(K)-name for f;,.

We recall the definition of limit for directed systems: if F' is a filter over a
partial order P, (z,)per C R and z € R, we say that lim,cr x,, = x if for all
e > 0 there exists p € F' such that |z, — 2| < ¢ for all ¢ < p. Completeness
of R implies that a directed system (z,)pecr converges to some z € R iff for
all € > 0 there exists p € F such that |z, — z,| < e for all ¢,r < p.

In M[G] define Q¢ = U,eq £2p and let fi : 260N K — [0,1] be given by

fe(w) = lim ,(x).

It follows from Lemma 4.3 and the genericity of G that fg is well-defined.
Let K¢ be the closure of the graph of fa. Let fo and K¢ be the R(K)-names
for fo and K¢, respectively.

LEMMA 4.4. Suppose that K C [0,1]% is compact with no isolated points
in the ground model M, and let G be an R(K)-generic over M. Then the
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following statements hold in M|G]:

(a) ¢ NK is dense in K;
(b) fa is continuous;
(c) if K is connected in M, then Kq is connected in M|G].

Proof. Working in M, we will show that given x € K, an open neigh-
bourhood V' of x belonging to B, and p € P, there exists ¢ < p such that
V' N2, # (. This is enough to prove (a), using, in M[G], the genericity of G
and the fact that K is dense in K.

If x € 02,, take q to be p except that 2, D 2, preserving the condition
p(£2,) < g, for all g € M, (this is possible by the regularity of p1), and use
Lemma 4.2 to obtain A,. If ¢ §2,, pick an open neighbourhood W € B,
of x included in V' and disjoint from ﬁp. Since V N K is a non-empty open
set in a compact space with no isolated points, it is uncountable. So there
exists y € V such that u({y}) =0 for all p € M,. Fix v = min{e, — p(£2,) :
p € Mp}. Select an open neighbourhood U € B, of y included in W such
that u(U) < « for all u € M,. Pick U' € B, such that z € U’ C U’ C U.
Define ¢ = (fp, 2, UU', My, &), 4Ay), where A, is obtained by Lemma 4.2.

Let us prove (b). Working in M[G], fix x € 2¢ N K and ¢ > 0. Choose
p € G such that = € £2, and | f,, (y) — fp,(y)| < £/3 for all y € 2, N K and
p1,p2 < p (using Lemma 4.3). By the continuity of f;, let V' C 2, be an
open neighbourhood of z such that \]?p(y) - ]?p(x)\ <eg/3forallyc VNK.
Thus for all ¢ < p,

fa@) = Fa@)| < 1£w) = o) + 1) — fo(@)| + | Fo(x) — Fol2)| <&,

implying that |fa(y) — fa(x)] < e (because we can take ¢ < p such that
\fa(y) — fy(y)| and |fg(x) — fq(z)| are sufficiently small), proving the con-
tinuity of fg at x.

To prove (c) we will first see that if K is connected in M then K is
connected in M[G]. If K is not connected, there exist open sets U and V in
[0,1]* such that KNUNV =0, K CUUV, KNU # 0 and KNV # 0.
Therefore KNUNV =0, KCUUV, KNU # 0 and KNV # (. By the
compactness of K we may assume that U,V € B,. Since elements of B, are
determined by finite rational coordinates, KNUMNVM = ¢, Kk C UMUVM,
KNUM #£( and KNVM £ (), contradicting the connectedness of K in M.

Having proved that K is connected, we now show that for every z €
K \ g, every open neighbourhood V of z, » € [0,1] N Q and n € w there
exists y € V N K N 2 such that |fg(y) — r| < 1/n. This will imply that
WI_(ch(JI) = {z} x [0,1]. We may assume that z € K, taking some 2z’ €
VNK {2 instead of z. We note that VNK \2g # 0, because if VNK C g,
we may assume that VM C {2, for some p € G, which implies that x € (2.
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Working in M, given x € K, a neighbourhood V' € B, of z, r € [0,1]NQ
and p € R(K), we will show that there exists ¢ < p such that diam(4,) <
1/n and either x € (2, or there exists y € V N {2, such that | f,(y) —r| < 1/n.
If z € 2,, by the regularity of the measures we find an open set W such
that 2, C W and p(W) < g, for all u € M,. Select 2, € B, such that
2,C02,C0,CW, M, =My, e, =¢p and f, = f, and use Lemmas 4.2
and 4.1 to obtain A, such that ¢ € R(K) and diam(4,) < 1/n. If z ¢ 02,
we choose an open neighbourhood W C V of z disjoint from §2,. Consider
y € W such that p({y}) = 0 for all u € M,,. Let U be an open neighbourhood
of y included in W such that u(U) < e, — pu(£2p) for all p € M,. Define
2, = 02, UU. By the Tietze theorem we find f, : K — [0, 1] with support
in 2, such that f;|o, = f, and f,(y) = r. Define ¢, = ¢, and M, = M, and
use Lemmas 4.1 and 4.2 to obtain A, such that diam(A) < 1/n.

We conclude that, in M[G], if z € K \ {2 then 7TK k(@) = {z} x

[0,1]. By items (a) and (b), for x € ¢ we have 7TKG7K( x) = {(z, fa(x))}.

Therefore W[}é i (x) is connected for all € K, which easily implies that K¢
is connected. =

From Lemma 4.4(a) we conclude that m4[Kg] = K.

LEMMA 4.5. For any a < wy and any compact set K C [0,1]% with no
isolated points, the forcing R(K) is c.c.c.

Proof. Let (p¢ : £ < wi) be an uncountable family of conditions of R(K).
We may assume that (2, €, and A, are constant with respect to &; we
will denote them, respectively, by (2, € and A. Given &, < wi define p =
(fpes 82, Mp, U M, e, A). Tt is easy verify that p € R(K) and p < pg,py. =

LEMMA 4.6. Let a < wy, K C [0,1]* be a compact set with no iso-
lated points, € > 0, p a positive measure and p € R(K) such that e, < ¢
and p € My. Let (fin)new C M([0,1]%) and (zp)new S K be such that
pin({2,}) 25 0, (|ptn|)new weak® converges to p, {un : n € w} is not be-weakly
relatively compact, and there exists a pairwise disjoint sequence (Ap)necw C
B such that ||pn|| — [1n](An) < F5llenll. Then there exist 1 > d2 > 0 such
that for all k € w there exist ¢ < p and ni,ne > k such that

(i) | SK fq dpin, | > 01;
(ii) | SK fq dpin,| < 62;
(i) |pmy [ (K 824) < (01 = 62)/3;
(iv) [y [(K N £29) < (61 — 02)/3;
(V) @ny, Tny € £2g, | fo(zn,) = fo(@n,| < 1/k;
(vi) diam(A,) < 1/k.
Proof. By Definition 2.1, passing to a subsequence we may assume that
there exists a pairwise disjoint sequence (W, )new C By such that |u,(W,)]
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> be for all n € w. Since (i )new is not weakly convergent (by Theorem 2.2),
||itn || does not converge to 0. Passing to a subsequence we assume that ||z,]|
converges to r > 0.

Define §; = 5¢/3r and d2 = 3er/2. To simplify the notation we will
assume that r = 1, substituting p,, by u, /7 for all n, and p by p/r. Passing to
a subsequence and using the hypothesis we assume that |u,|(A,) > 1—¢/18
for all n.

Fix 0 > 0 such that 6 < (e, — v(£2,))/6 for all v € M,. Such a ¢ exists
by the definition of R(K). Using the Rosenthal lemma (|Di, p. 82|) and the
hypothesis that u,({z,}) converges to 0, passing to a subsequence we assume
that |, ({zm})| <6 for all n,m € w.

Fix k € w. Since |u,| converges weak™ to p, and p(£2,) < e, we choose
ko > k such that |p,|(£2,) < € for all n > ko, and therefore

‘ S fp d:U’n
Setting U,, = W,, \ {2, we have, for all n > ko,
|pn (Uy)| > e — € = 4e.

<e.

But
ln| (K N Ay) < /18,

which implies that |, (U, N Ay)| > 3¢. Define B,, = U, N A,,.

Since A,,’s are pairwise disjoint, we can find k1 > kg such that u(A,) < ¢
and v(A;,) < ¢ for all n > ky and v € M,,. Thus, noting that v(£2,) < e,—40,
for all v € M, we have v(§2, U A, UA;) < g, — 26 for all n,j > k; and
v e M,y

Now we will take care of item (v). Passing to a subsequence, we assume
that z, converges to z € K. If x € {2, we may assume that x € (2,
extending p to p’ such that 2, C 2y (using regularity of measures). In this
case, passing to a subsequence, we assume that x,, € {2, for all n, and define
Cn=0.1f z ¢ 2, we assume that x,, ¢ 2, for all n and |v({z,})| < ¢ for
all v € My, Select C,, € B, disjoint from ﬁp such that z,, € C,, v(Cy) < ¢
for all v € My, and |py|(Cp,) < 0 for all n,m € w. It is possible to choose
such C,, because we have assumed that p,({z,,}) < ¢ for all n, m.

By the continuity of f, we find distinct integers ni,ns > ki such that
fy(n) — Folany)| < 1/K. Define

2, =902,UA, UA,, UCy, UC,,.
Since |un(Br)| > 3¢, by the regularity of p,, we find a closed set F,, C B,
such that |u,(Fy,)| > 3e.

Let f : K — [0,1] be a continuous function such that f|p, = 1 and
flk~B,, = fplk~B,,, and g : K — [0,1] be a continuous function such
that glr (0, ucn,) = 1 and g(zn,) = g(an,) = 0if Cp, # () for all n, and
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g = 1 otherwise. Define f, = f-g, My = M,, ¢, = €, and define A, as in
Lemma 4.2. By Lemma 4.1 we assume that diam(4,) < 1/k. It is easy to
see that ¢ € R(K) and fy|o, = fpla,, because B, N 2, = ). Hence ¢ < p.
Then

’ S fadpin,

and

> |ptny (Fr)| = [0y [ (92p) = |1, [(Cry U Cy) > 32 —e — 26 > 5¢/3

qud:unz < |png (Bny)| + prdﬂm
<e/18+e+420 < 3¢/2.

Since Ay, U A,, C 2, we have

+ 10y [ (Cry U Chy)

g (51—52
n| (K N 12 — =
Hal(B  29) < 15 = =

for n € {n1,n2}. Thus we have proved items (i) to (iv). Item (v) follows
from the choice of k; and ko, in the case x € (2,, because we will have
fq(xn) = fp(xy). In the case x ¢ 2, we have C,, # ) and item (v) follows
from fo(xn,) = fy(zn,) = 0. Item (vi) is imediate from the choice of A;. u

5. Iteration of the forcing. In this section we iterate forcings of the
kind R(K), as described below, to prove the main result of this paper: the
consistent existence of an indecomposable C(K) space with density smaller
than continuum.

We will construct by induction forcings (P, )a<w, and P,-names (Ka)agw1
such that P, I+ “ 'a is compact of countable weight”. Let Py be a trivial

forcing and Ko = [0,1]?. Having defined P, and K, we define
Poi1 =Py Qa,
where @, is a P,-name such that
Py - Qo = R(K,),

and we define Ka+1 to be a P,41-name such that P,y IF Ka+1 = (Ka)G .

@

If @ < wy is a limit ordinal and (P3)s<q and (K3)g<q are defined, we define
P, to be the iteration with finite supports of (Pg)g<q, and we define K, so
that _

Py b Ko =1im (K 3) g<a-

Set P = P,,. In M[G,] consider K, = (K,)a, -

By the definition we have K, C [0,1]® for a > w, and K, C [0,1]**2 for
a < w. To get uniform notation, if « < w and x € K, with v > «, we denote
Zlat2 by zla-

Since P is an iteration with finite supports of c.c.c. forcings, P is also
c.c.c. and hence it preserves cardinals.
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In K, we define (¢n|a)necw C K4 inductively, in M,. In M, we fix an
enumeration {g,|0 : n € w} of the pairs of rationals in [0,1]?. Having de-
fined {gn|a: n€w} in My, in My 41 we define ¢, |(a+1)=(gn|c, fc(gn|a)) if
Gn|a€ 2, , and gn|(a+1) = (gn|a, 0) otherwise. For a a limit ordinal we de-
fine Qn’a:U5<a qn|0. Let ¢n|a be a Py-name for g, |a. Set ¢, =g |wy in M, .

LEMMA 5.1. In M[G], the set {q, : n € w} is dense in K, .

Proof. By the hypothesis {g,|0 : n € w} is dense in Ky. If {g,|0 : n € w}
is dense in K for all # < a and « a limit ordinal, then, in My, {gn|a: n € w}
is dense in K. In fact, if there exists a non-empty set V € B, such that V
is disjoint from {gy|a : n € w}, then since V is a finite union of elementary
open sets there exists < « such that wg[V] is a non-empty open set in Kg,
contradicting the assumption that {g,|5 : n € w} is dense in Kg.

Suppose that {g,|a : n € w} is dense in K,. Let V be a non-empty open
set of Kai1. Since Gr(fg,,) is dense in Kq41, V intersects Gr(fg,,,) =
ﬂ_l(QG{a}), which is open in K,41. Therefore, taking this intersection in-
stead of V' we assume that V' C Gr(fg,,). By Lemma 4.4, fg,,, is contin-
uous in ¢ (o} SO W[_(iJrh &, 1s a homeomorphism when restricted to (pe) (a}’
hence 7x, | K,[V] is open in K, and therefore it intersects {g,|a : n € w},
implying that V intersects {g,|(a+ 1) :n € w}. =

LEMMA 5.2. In M[G], the space K, is connected.

Proof. We proceed by induction. For o = 0, Ky = [0, 1]? is connected
in My. If K, is connected in M,, then by Lemma 4.4, K,41 is connected
in My41. Let o < wy be a limit ordinal and suppose that, in Mg, Kz is
connected, for all 8 < «, but K, is not connected. By the compactness of
K, there exist U,V € B, such that K,NUNV =0, K, CUUV, K,NU # ()
and K, NV # (). Since elements of B, are determined by finite coordinates
below «, there exists § < « such that 7mg[U] and mg[V] are open sets such
that U = ﬂgl[ﬂg[UH and V = WB_I[Wg[V]], which implies that K, and so
Kg, is not connected. =

LEMMA 5.3. Let j1 be a P-name for a measure on K, and let Z be a
P-name for an element of K,,,. Then the following sets are closed unbounded
m wi:

(a) Cp={a<wi:Pl-jp, € My and ||, = 8,1}

(b) C; = {Oé <wi: Pl Z|a S Ma}.

Proof. Fix ag € wy;. We will construct by induction an increasing se-
quence (ap)new in wy such that P forces the following statements:

(*) N\Ban € Man+1a
() YV € B, (I/(V) = liys,, (V).
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Working in M[G] for G a P-generic over a ground model M, given n we find
Qp+1 > ap such that g € M, , since B, € M[G,] is countable and G| Ba,,
may be identified as a countable sequence of countable sequences of integers.
We may also choose ay,+1 large enough to contain the elements of B,,, which
decide the value of |ug|(V) for V' € B,, since |ig|(V) is the supremum of
finite sums of measures of disjoint Borel sets and each Borel set in K,,, may
be approximated by elementary open sets.

Therefore, for each p € P we find ¢ < p which forces (%) and (%) for
some an4+1. This means that the set D consisting of all conditions p € P
such that, for some 8 < wy,

plF B =min{f <wi:fyg, € MsgAVV € Ba, (|al(V)=|isl(V))},
is dense in P. For each p € D we define GP as the least (3 such that p forces
() and (**) with [ instead of ay,+1. Note that P # (3¢ implies that p and
q are incompatible. Since P is c.c.c., {#P : p € D} is countable. Since D is
dense in P, taking ay,+1 = sup{fP : p € D} we have (x) and (xx) satisfied.

Setting a = sup{ay, : n € w} we have o € C};, which proves that Cj, is
umbounded. The proof that C, is closed uses the same argument. Thus we
have handled item (a). Item (b) is analogous. m

For G an R(K)-generic over M, in M|[G] we define f(, : Kg — [0,1] by
fh(z,t) =t for (z,t) € K¢ € K x [0,1]. In M we let f}, be an R(K)-name
for f{,. We note that

!/
(roxx) faikenoexpy = faom,

since 7TK K( z) ={fc(x)} for z € q.

Let G be a P-generic over M and fix a < wy. In M[G] we define f’G{ ,
MG

to be the continuous extension of fé;{ , in K, ", which exists since f’G{ )
[e3 @

is uniformly continuous in K. Let fé{ ) be a P-name for fé{ -
[e3 [e3

LEMMA 5.4. Lete > 0 be rational, o < wy and p € P be such that ey,) <
e and fr € My, for i1 a Py-name. Let (fin)new and (&En)new be sequences of
P-names such that p forces:

(1) fin € M(Keo,);

ftn)B ({dnla}) = 0;
|fin|B, | weak™ converges to fi;

{finiB, : n € W} is not 5&-weakly relatively compact,

) d
)
)
V) |ftnB, | = |ﬂn\|3a;
vi)
vii)
iii)
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(ix) there exists a pairwise disjoint sequence (Ap)new € Bo such that
[nll = 1fn| (An) < 5 llenl| for alln.
Then there exist 61,02 > 0 such that plFVk € © dnq,ng > k

‘ S fé{a} O Ta41 dﬂnl > (51, ‘ S f&{a} O Ta41 dﬂnQ < (52,
K K

|fG{a} (Znyla) — fG{a} (Znsla)| < 2/k.

Proof. Let G be a P-generic over a ground model M such that p € G.
In M[G], set pp = (fin)c and zp = ()c. In M[Gq], take p = fig,, -

By hypothesis, p,5, € M[Gs] and z,]lo € M[G,] for all n. Let us
work in M[G,]. By Lemma 4.6 there exist §; > &5 > 0 such that for all
P < pla) € R(K,) and k € w, there exist ny,ny > k and ¢ < p’ such that
| § fa dbny .| > 01, 1§ fo dbtng s, | < 05, and [p, 5, [(Ka \ £24) < (81 — 65)/3

for : = 1,2. By Lemma 4.1 we may assume that

|§ fq ditny 8. — 01 55—\§fqdun2|3a}
| 118, | ’ [t 8e

diam(4,) < min {
Therefore, for all » < g we have

‘ \ frdpiny 5, | > qu dpin,|B,
£

q

— diam(Ay) - [, 1 (29) = 0

and

§ S dtn,
‘Qq

Since pin5, € M[Ga], in M[G] we have

S ﬁ" dﬂn\BQ = S fr d/’Ln|Ba

< |§ s dhtnays, | + diam(Aq) - 15, 1(24) < 6.

NMIGINK NMAK

for all £2 € B,, and so in M[G],

(1) ’ S ﬁ dﬂnﬂBa > 5/17
2,NKq

(2) OV Fdins.] < 9
2,NK

and

(3) g B | (B N $2) < (01 — 63)/3

for i € {1,2}. We observe that at this moment f, represents the continuous
. . =M . —=M[Gqy . .
extension of f, in K [G], and not in K, @ H], as with the previous def-

inition. In the same way we interpret fG{a} as a continuous function from

Q6,,, N Ko into [0,1].
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The inequalities (1) and (2) also hold for fé., instead of ﬁ, since, by
the definition of fg,,, for all z € ¢, and €’ > 0 there exists r < p(«)
such that for all s < r we have |fg(z) — fs(z)| < €.

From (3) and the hypothesis (v) we conclude that |y, |(K \§2, %[0, 1]1>%)
< (81 —64)/3, for i € {1,2}, and from (1) and (2) for fo and from (xxx) we
have

! !/
S fG{a} © 7ra+1 d/"Lnl > 51?
KN, x[0,1]01 >
/! /
‘ S fG{a} O Ta+1 dlu’n2 < 52’

KN, x[0,1]01~

Hence
> 01 — (01 — 83)/3,

!/
‘ fG{a} O Ma+1 dlunl

< 8+ (87 — 65)/3.

S

K
’ S f/G{a} © 7r0£+1 dlunQ
K

Thus, taking 6; = 8] — (0] —05)/3 and d2 = d5 + (8] — 05)/3 we see that
01 > 09 > 0 satisfy the assertion of the lemma. The last inequality of the
assertion follows from items (v) and (vi) of Lemma 4.6. m

LEMMA 5.5. Let a,b € M, be disjoint subsets of w such that
{gn|a:n € a} N{gn|a : n € b} # 0.
Then {q, :n € a}N{g, :n € b} #0 in M,,.

Proof. If {gn|B:n € a} N{gn|B:n € b} = 0 for § a limit ordinal, there
exists 7 < 3 where the separation occurs, in the model Mg. Thus, in order
to prove the lemma it is enough to show that

{gml(a+1):nealn{g|(a+1):neb}#0

and use induction.
Fix o < w1 and a,b C w as in the hypothesis. Working in M,, let us prove
that

R(K) IF{gul(a+1):ncatnN{gu(a+1):neb}#0in Koy
Fix p € R(K,). We will show that there exists ¢ < p such that
(4) ¢ {dnl(a+1):n€a}n{g|(a+1):ncb}#0.

Using the fact that K, is metrizable and passing to a subsequence, we
assume that there exists z € K, such that g,|a converges to z.

We will consider two cases. If there exists ¢ < p such that z € ﬁq, by the
regularity of the measures in M, we may assume that z € (2. Since fg (o} 18

continuous in ¢, and R(Kq) IF Kot = Gr(fg{a}), we see that (4) holds.
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In the second case, z ¢ ﬁq for all ¢ < p. Fix ¢ < p and k € w. Choose

an open neighbourhood V' of z disjoint from £2,. Since u({g,|a}) = 0 for all
p € My, we may find ni,n2 > k and disjoint open sets Uy, Us C V such that

® nj €a, ne € b
® gn,|a € Uy, gnyla € Us;
o (U1 UUz) < gq— pu(£2y) for all pn € M,.

Define 2, = 2,0V U U Us, f, = f4, & = €¢, M, = M, and A, such that
r € R(K,) and diam(A,) < 1/k. By the above conditions we have r < ¢
and, for all 7 € {1, 2},

I o] € 26, and fg{a}(qni\a) < 1/k,

proving that

plF(2,0) € {gl(a+1):nca}nN{d|(a+1):necb} u

LEMMA 5.6. IfU,V are disjoint open subsets of K., such that UNV # (),
then U NV has at least two elements.

Proof. Let U and V be P-names for disjoint open subsets of K,, such
that o
PIFUNV #0.
For any a < wq let Ua and Va be P-names such that
Pl 14[U] = Uy, wa|V] = V.

Since K, is separable, if V' is an open set of Ky, then there exists a countable
union V' of basic open sets such that V' = V’. Thus, we may assume that,

in M[G], (U)g and (V)¢ are countable unions of basic open sets. Choose
v < wi and p € P such that

plFVa >y (U =a U, and V = 7 H[V,]).
Fix ¢ < p. Let 2 be a P-name for an element of K such that
glF2eUnv.
Pick @ > ~,supp(q) such that ¢ IF 2|, € M,, which is possible by Lemma 5.3.

By Lemma 5.1 and since K, is metrizable, there exist P-names a and b
for disjoint subsets of w such that ¢ IF a,b € M, and

gIF{gn:neca} CU, {gn:n€b} CV, dnlo " 2, dula 25 2.

Define r < g as r(3) = q(8) if 8 # «, and take for f,(,) the null function,
*Qr(a) = (2)7 Mr(a) - {52|a}7 Ar(a) = () and Er(a) = L.

In M[G,] we will denote (2|o)a, by z|a-

In R(K,), working in M,, there is no s < r(«) such that z|, € 2,
because this would imply 4|, (25) = 1. Thus, analogously to the proof of
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Lemma 5.5, we conclude that, in M,

r(a) Ik (2]a,0) € {Gul(a+ 1) :n € a} N {d.|(a+1):n b},
where a = ag,, and b= Z)Ga.

Recall the last paragraph of the proof of Lemma 5.5. We may modify
it taking f, such that f,.(gla) = 1 for i € {n1,n2} and f k() =
falg~(Uiuwy) instead of f. = f,. Defining r(a) € R(K,) in this way in
MI|G,] we will have

r(a) IF gn,|a € ¢, and |fg{a}(qvni\a) -1 < 1/k,
and therefore
r(@) IF (2o, 1) € {Gnl(a+ 1) :n € a} N {Gn|(a+1) : n € b}.
We have proved that

r (2, 0] CUNV, m L [(la, D] SUNV
and so r |- |Eﬂ;\ >2. m
LEMMA 5.7. Ewvery operator on C(K,,) is a weak multiplier.

Proof. Fix p € P and a P-generic G over a ground model M. Let us
work in M[G]. Let K = K,,, and B = B,,.

Suppose that there exists an operator T': C(K) — C(K) which is not
a weak multiplier. By Lemmas 3.5 and 5.1 there exist distinct =, € {gm :
m € w} such that for every Borel bounded function f : K — R, the set
{T*(03,)) — fdz, : n € w} is not relatively weakly compact. Define f : K — R
by f(zn) = T%(0s,)({xn}) for all n € w, and f(x) = 0 at the other points
of K. Passing to a subsequence we assume that f(x,) converges to L € R.
By Corollary 2.5 there exist sequences of measures (1 )new and (Ay)new such
that (tn)new are pairwise disjoint, (A, )ne, converges weakly to A € M(K)
and

T*((an) — flz, = pin + An.

Let (i, be P-names for u, and &, be P-names for x,.

Set C' = (e, Clin> Where C, is defined as in Lemma 5.3. Since count-
able intersections of closed unbounded subsets of wy are closed unbounded
(see [Ku, Ch. II, Lemma 6.8]), from Lemma 5.3 we deduce that C' is closed
unbounded in wy.

Choose a € C such that ||y, || = ||pn]| for all n € w. Let us prove that
such an o exists. For any pair (n, m) of positive integers pick a(,,, ) € B such
that [t (a(u,.m))| > lttnll—1/m. Choose B3(,,,, m) such that a(,, m) € Bg, .-
Letting 3 be the supremum of all 3(,, ,,) we find a > 3, supp(p) belonging
to C.
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We may also assume that {,un| B, : M € w} is not weakly relatively com-

pact in M(K,), by taking « sufficiently large to contain a sequence W, in
B such that |u,(Wy,)| > o for some o > 0. Similarly, using Proposition 2.3
and the fact that (u,)new are pairwise disjoint, we assume that there exist
(An)new C Ba pairwise disjoint such that |[un|] — |pnl(An) < g5llpnll. We
assume yet that

T*(8z, )18, ({#nla}) = T"(6z,) ({2n}),
ffsscnllﬁa({xn’a}) = [0z, ({zn}),
>\n|Ba({$n,a}) = A({zn}).

Here we use regularity of the measures, taking a, m, bn,m, ¢n,m € B containing
T, such that

T (62,)(anm) = T" (02, ) {zn})| < 1/m,
| 0z, (bnm) — fOu, ({zn})| < 1/m,
[An(cnm) — An({zn})] < 1/m,

and choosing « large enough for B, to contain all a, s, by m’s and ¢,m’s.

Note that p, 5, ({Znla}) 2 0 because

Mn|8a({$n’a}) = un({zn}) = T"(0z,){2n}) — fOu, ({zn}) + ({20 })

=T"(6,)({za}) = | fOu, + Ma({za})
{zn}

=T"(0z,)({zn}) — f(@n) + M({zn}) = A({zn}),

which converges to 0, since, by the Dieudonné—Grothendieck theorem, for ev-
ery pairwise disjoint sequence (V},)ne, of open neighbourhoods of x,,, A, (V4,)
converges to 0.

Let us work in M,. Since K, has countable weight, the space C(K,)
is separable. Therefore Bk, )+, the unit ball of C(K,)* with the weak”
topology, is metrizable (see [Fa, Proposition 3.24]). Since, by the Alaoglu
theorem, Be (k) is compact in the weak™ topology (see [Fa, Theorem 3.1]),
we may assume, passing to a subsequence, that |u,z,| weak® converges in
M(K,). Let p be the weak™ limit of |y, 5, |-

Passing to a subsequence we may assume that (z,|q)necw converges.

Set € = p/5. Define g € P by g(a) = (0,0, {u},e,0) and ¢(5) = p(B) for
6 # a. Select r < ¢ satisfying the hypothesis of Lemma 5.4. Define

fa = fé‘{a} O Ta+41

and let fa be a P-name for f,. Since fq(x,) = fG{a}(xn|o¢) for all n, by
Lemma 5.4 we get §; > do > 0 such that
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rIF Yk 3ny,na > k Hfadpm

>8> 0y > Hf'ad,zm

'i'nlvjjn2 € QG{ap ’fa(fbn1) - fa(i'n2)| < Q/k

Thus we find infinite disjoint subsets aqn, by € My[Go] of w such that
| § fadpn| > 61 for n € aq, || fa dun| < 82 for n € by, and

We will call the above limit L.

Since A, weakly converges to A, | fo d\, = | fo d\. Refining a, and b,
we may assume that for all n € a, U by,

[ fad = 1o
Refining a,, and b, again, we may assume that for all n € aq U by,
|f(zn) — L| < (61— 02)/8.

We remark that L is the limit of f(z,,). Since (Tn|a+1)nea, a0d (Zn|at1)neb,
converge to (z, L), where z is the limit of (2y|q)new, We have

{Zplat1:n € an} N{Znlatr1 :n Eby} #0

in Kqq1. Since aq, by € My|Go] = May1 and {2, :n € w} C {gn : m € w},
by Lemma 5.5 we have

{zn:n€ag}N{x, :ne€by}#0D

< ((51 — 52)/8.

in K.
On the other hand, since T'(fs)(zn) = § fa dT*({0s,}) and [0z, (fa) =
f(zy), setting

U={aeR:|o—L-{fad)|>d ~ (6 - )/4},
V= {meR: ‘x—L—Sfad)\‘ <52+(51—52)/4},
we see that U and V are open disjoint subsets of R and
T(fo)(@n) =\ foditn + f(zn) + | fadrn €U for n € aq,
T(fo)(@n) =\ fo din + f(@n) + | fadrn €V for n € b,

which implies, by the continuity of T'(f, ), that {x,,:n € a,} and {z,,:n € by}
are disjoint, giving a contradiction. m

THEOREM 5.8. [t is relatively consistent with ZFC' that there exists an
indecomposable Banach space C(K) of density w; < 2% such that every op-
erator on C(K) has the form gl + S for some g € C(K) and S weakly
compact.
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Proof. Suppose that CH does not hold in the ground model M. Since P
is c.c.c., it preserves cardinals, and since (2¥)M < (2¢)MIC] —CH also holds
in M[G]. In M[G] the space K,,, has weight w;, because it is a subspace of
[0,1]“1, and therefore the density of C(K,,) is w1 < 2*. From Lemmas 3.2,
5.6 and 5.7 and Theorem 3.3 it follows that every operator on C'(K,,, ) has the
form gI 4 S for some g € C(K,,) and S weakly compact. From Lemmas 5.2
and 3.4 we conclude that C(K,,) is indecomposable. m
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