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The ping-pong game, geometric entropy and expansiveness
for group actions on Peano continua having free dendrites

by

Enhui Shi and Suhua Wang (Suzhou)

Abstract. It is shown that each expansive group action on a Peano continuum having
a free dendrite must have a ping-pong game, and has positive geometric entropy when the
acting group is finitely generated. As a corollary, it is shown that each Peano continuum
having a free dendrite admits no expansive nilpotent group actions.

1. Introduction and preliminaries. Let X be a topological space and
let G be a topological group. Recall that a continuous map ¢ : G x X — X
is called an action of G on X if the following two conditions are satisfied:

(1) ¢(e,z) = for all x € X, where e is the identity of G.
(2) ¢(91927a") - ¢(gl7¢(927x)) for all 91,92 € G7 and all x € X.

Such an action is denoted by the triple (X, G, ¢). For convenience, we always
use gz or g(z) to denote ¢(g,x). Obviously, for each g € G, the map ¢ :
X — X, z — gx, is a homeomorphism on X.

Throughout the paper, we assume that G has the discrete topology.

The orbit of x € X is the set Gz = {gz : g € G}. For a subset A C X,
set GA = J,c4 Gz. A nonempty subset A C X is said to be G-invariant if
GA = A. If A is G-invariant, then G|4 denotes the action of G restricted
to A.

Now, let G be a discrete group acting on a topological space X. We are
interested in the following question: what are the relations between

¢ the topology of X,
© the algebraic structure of G, and
¢ the dynamics of the action?

Before the statement of the main results, let us recall some definitions.
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Continuum. A continuum is a connected, compact metric space. A con-
tinuum X is said to be a Peano continuum if it is locally connected. A den-
drite is a Peano continuum having no simple closed curve. A dendrite D in
a metric space X is free if there exists a connected open subset U of X such
that U = D. One may consult [13] for the details of these notions.

Group. The following definitions are taken from [5]. Suppose that G
is a group and a,b € G. Recall that the commutator [a,b] is defined by
[a,b] = a~'b~tab. For any two subsets A and B of G, define [A, B] to be
the subgroup generated by the set {[a,b] : a € A, b € B}. Let Go = G
and G;y1 = [G;,G] for ¢ = 0,1,2,.... This yields a sequence of normal
subgroups of G: Go =G> G > Gy > ---. If G, = e for some n, then G is
called nilpotent. It is well known that each subgroup of a nilpotent group is
nilpotent and nilpotent groups have no free subsemigroups.

Dynamics. Let X be a compact metric space with metric d and let
¢: G x X — X be a group action. If there is a constant ¢ > 0 such that for
any distinct points x,y € X, there is some g € G such that d(g(z), g(y)) > ¢,
then ¢ is said to be expansive, and c is said to be an expansive constant for ¢.
A homeomorphism f of X is called expansive if the cyclic group generated
by f is expansive, that is, there exists ¢ > 0 such that for any x,y € X with
x # y, there is an n € Z with d(f"(z), f"(y)) > c.

Consider a finitely generated group GG. Choose a symmetric generating
set S = {o09,01,...,01} for G, where oy is the identity. The symmetry
means here that for each 1 < ¢ < k, ai_l = o7 for some 1 <[ < k. An
element g € G has word length ||g|| < N if there exist indices i1,...,iN
such that g = o0y, ---0;,. The definition of geometric entropy of a group
action ¢ : G x X — X is given by Ghys, Langevin and Walczak [2]. Given
e > 0 and an integer N > 0, we say that z,y € X are (N,¢)-separated
if there exists ¢ € G with ||g|| < N and d(gx,gy) > €. A finite subset
{z1,...,2,} C X is said to be (N,e)-separated if for any k # [, the points
zy, x; are (N, e)-separated. Let S(¢,e, N) denote the maximum cardinality
of an (N, ¢)-separated subset of X. Now define

(1.1) h($,e) = limsup w >
N—oo N
The geometric entropy of ¢ is the limit h(¢) = lim._,g h(¢,e) > 0.

We next introduce a dynamical concept which is called a ping-pong
game. This concept goes back to the work of Blaschke, Klein, Schottky and
Poincaré (see [3]). Let G be a group acting on the compact metric space X
and let J, Ji, Jo be closed subsets of X such that Jy, Jo C J and JiNJo = 0.
If g1, g2 € G satisfy g1J C Ji, goJ C Jo, then the pair of maps {¢g; : J — Ji,
g2+ J — Jo} is called a ping-pong game for the action.

0.
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Expansiveness, ping-pong game and positive geometric entropy can each
be viewed as a complicated dynamical property.
In this paper, we show the following;:

THEOREM 1.1. FEach expansive group action on a Peano continuum con-
taining a free dendrite must have a ping-pong game, and has positive geo-
metric entropy when the acting group is finitely generated.

COROLLARY 1.2. No Peano continuum having a free dendrite admits an
expansive nilpotent group action.

REMARK 1.3. The above results have been proved by S. Hurder when
the space is the circle S' (see [4]), which answers the question whether S!
admits an expansive nilpotent group action proposed by T. Ward in 1999
(see [10]).

REMARK 1.4. Whether a continuum admits an expansive homeomor-
phism is an interesting problem in topological dynamics and continuum
theory. One may consult [1, 6-9, 12, 14, 16] for developments in this area.
Recently some authors are interested in the existence of expansive group
actions on continua, and some results have been obtained (see [11, 15]).

2. Peano continua containing free dendrites. In this section, we
will give some topological properties of Peano continua which will be used
in the proof of the main theorem.

First let us recall some notions. Let Y be a subset of X. The symbols
Y, Int(Y), and dx(Y) stand for the closure, interior, and boundary of Y in
X respectively. A cut point of a connected space X is a point p € X such
that X — {p} is not connected. The set of cut points of X will be denoted
by Cut(X). An endpoint of a space X is a point of X that has arbitrarily
small neighborhoods in X with one-point boundaries. The symbol End(X)
denotes the set of all endpoints of X.

Let D be a dendrite, and A be an arc in D. Write A = A — End(A).
Then D(A) = AU{Y : Y is a component of D — A, and Y N A # 0} is
called the subdendrite of D strung by A.

Lemmas 2.1, 2.3 and 2.4 have been proved in [11]. For completeness
and for the convenience of the reader, we include the proofs of the last two
lemmas; the first one is clear.

LEMMA 2.1 ([11]). Let D be a dendrite, A an arc in D, and D1 = D(A)
the subdendrite of D strung by A.

(1) If A" is a subarc of A, then D1(A’) = D(A’).
(2) If A" and A" are subarcs of A and A’ N A" = 0, then D(A") N
D(A") =0.
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DEFINITION 2.2 ([11]). A free dendrite D in a metric space X is then
said to be strongly free if there is an arc A C D such that 0x (D) = End(A4) C
End(D). The arc A is then said to be the trunk of D.

For any y € Y C X and any € > 0, write B(y,¢) = {x € X : d(z,y) < ¢}
and B(Y,e) ={z € X : d(z,Y) < ¢}.

LEMMA 2.3 ([11]). A metric space X contains a strongly free dendrite
if and only if it contains a free dendrite.

Proof. We need only prove the sufficiency. Let U be a connected open set
in X such that U is a dendrite. Take an arc D in X and an & > 0 such that
B(D,e) C U. Since U — D has only finitely many components of diameter
> ¢, there exists an arc A C D — End(D) such that the closure of each
component of U — D which has diameter > ¢ is disjoint from A — End(A).
Let D1 = U(A) be the subdendrite of U strung by A. Then D; C B(A,¢) C
B(D,e) C U, and 9;(D1) = End(A) C End(D;). Hence D;—End(A) is open
in U (in the relative topology of U), and thus D; —End(A) is open in U (in
the relative topology of U). Since U is an open subset of X, D; — End(A)
is open in X. Thus dx(D1) C End(A) = 05(D1) C 9x(D1), and so Dy is a
strongly free dendrite in X. m

LEMMA 2.4 ([11]). Suppose D is a strongly free dendrite in the metric
space X with A being its trunk, and A’ is a subarc of A. Then D(A') is a
strongly free dendrite in X with A’ being its trunk.

Proof. Obviously D(A’) — End(A’) is an open subset of D. So it is an
open subset of the space D — dx (D), and of the space X. This implies
dx(D(A")) € End(A’). On the other hand, whether End(A’) N End(A4) =0
or not, we always have End(A’) C dx(D(A’)), which implies dx(D(A")) =
End(4’) € End(D(A’)). Thus D(A4’) is a strongly free dendrite in X with
trunk A’. =

LEMMA 2.5. Suppose D1 and Dy are two strongly free dendrites in the
metric space X with A1 and As being their respective trunks. If there is an
arc A C A1 N Ag, then D1(A) = Ds(A).

Proof. First we show that Dj(A) C Dy(A). Let C' be a component of
Di(A) — A and CN A = {z}. Since Dy(A) — End(A) is a component of
X —End(A) and CN(D2(A) —End(A)) # 0, we have C C Dy(A) —End(A).
By the arbitrariness of C, Di(A) — A C Dy(A). Thus D;(A) C Da(A).

Similarly, it can be shown that Da(A) C Di(A). m

The following lemma is obvious.

LEMMA 2.6. Let D be a strongly free dendrite in X with trunk A, and
let h: X — X be a homeomorphism. Then h(D) is a strongly free dendrite
in X with the arc h(A) being its trunk.
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Let X be a compact metric space and let D be a strongly free dendrite
in X with trunk A. Define D = D — 0x(D) = D — End(A). Obviously D is
an open subset in X.

LEMMA 2.7. Let X be a Peano continuum, and let Du,..., Dy, be n
strongly free dendrites in X. If \J;_, D; is a connected open subset of X,

then the boundary of |J;_, Dz i X has at most two points.

Proof. Without loss of generality, we may suppose that (ka1D)
Djs1 # 0 for each k € {1,...,n — 1}. Let A; be the trunk of D; for
each i € {1,...,n}. Now we argue by induction. Clearly 8X(D1) has only
two points. Assume that OX(U D) has at most two points for some
1 < k < n. We will show that E?X(UkHD) has at most two points. Set

Ul 1D Since both V and Dk+1 are open subsets of X, we have
3X(V U Dpt1) € 0x (V) UBx(Djs1). Thus dx(V U Dyyq) has at most four
points. There are three cases:

Case 1: Ox(V) N bk+1 = Q).O Then bk+1 C X — 9x(V). Since V is a
component of X — Ox (V) and Dgy1 NV # (), we have Diy; C V. Thus
GX(V U Dk+1) = ax(V).

CASE 2: OX(lo?kH)oﬂ V = 0. Similarly to Case 1, we have V C Djy1. So
8)((V U Dk+1) = 6)((Dk+1) = End(Ak_;,_l).

~ Case 3: 9x(V) N Dyi1 # () and aX(i’)kH) NV # (). Since no point of
Djyq1 or V can be in 0x(V U Dy41), Ox(V U Dyy1) has at most two points.

In any case, 8X(Uk+1 D; ;) has at most two points. Thus the boundary of
Ui, D in X has at most two points by this inductive process. =

The following lemma is well known (see [13, 8.30]).

LEMMA 2.8. Let X be a Peano continuum. Then for any e > 0, there is
ad=46(e) € (0,e/2] such that, for any x,y € X with 0 < d(z,y) < 9, there
always exists an arc A in X with endpoints x and y and diam(A) < €.

Let A be an arc, and let < be an ordering in A. If there is a homeomor-
phism h: A — I (= 10,1]) such that, for any x,y € A, < y if and only if
h(z) < h(y), then < is called a natural ordering. Suppose that yo, y1, ..., Ym
are points in A, m > 2, and End(A) = {yo,ym} - Hyo <y1 < <ynm in a
natural ordering < in A, and d(yk,yo) = kd(ym,yo)/m for all k =1,... ,m,
then the sequence (yi,...,yYm—1) is said to be a set of pseudo m-section
points of A from gy to ypm,.

Let A be an arc. For any two different points u and v in A, [u,v]a
denotes the subarc of A with endpoints v and v. Write [u,v)4 = (v,ula =

[u,v]a — {v}, (u,v)a = [u,v) a4 — {u}, and [u,u]s = {u}.
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LEMMA 2.9. Let {D, :n =1,2,...} be a sequence of strongly free den-
drites in a Peano continuum X . Suppose that |J;~, D,, is connected and
contains no simple closed curve. If {A; :i=1,2,...} is a sequence of pair-
wise disjoint closed arcs in |J;~ bn, then lim;_,~ diam(A4;) = 0.

Proof. Since |77 Dn is connected, by relabeling the D,, we may suppose
that Djy1 N Uﬁ:l D,, # 0 for each k € N.

Assume to the contrary that there exist a constant ¢ > 0 and in-
finitely many A; such that diam(A;) > c¢. We can suppose that each A; has
diam(A4;) = d(a;, b;) = ¢, where a; and b; are the endpoints of A;. For each i,
let yi0 = a4, yis = b; and let (y;1,...,yi4) be a set of pseudo 5-section points
of A; from y,o to yi5. Then diam([yk, Yik+1]4,) > ¢/5 foreach k = 0,1,...,4.
Let € = ¢/10, and let 6 = d(¢) € (0,£/2] be as in Lemma 2.8.

As X is compact, there are integers ¢ > p > 0 such that max{d(ypk, Yqr) :
k=0,1,2,3,4,5} < 6. By Lemma 2.8, there is an arc Ly, from ypy, to yg, such
that diam(Lg) < ¢/10 for each k € {0,...,5}. It is easy to see that {Ly : k =
0,...,5} are pairwise disjoint. (If there is some x € LyNL;, then d(yp, ypj) <
d(Ypk, ) + d(z,yp;) < diam(Ly) 4 diam(L;) < ¢/5, a contradiction.) Since
the compact set A, U A, is covered by the family of open sets {Dn in =

2,...}, there exists an N such that A, U A, C Ugil D,,. By Lemma 2.7,
the boundary of Uivzl D, in X has at most two points. So, at most two
arcs among {Ly : k = 0,...,5} contain points in dx (UL, D,,). Thus there
are distinct arcs L; and L, such that (L; U L,,) N 8X(U£LV:1 Dn) = (). Then
Ly, L, C UN E Let v; € L; ﬂA be such that [yql, UZ]LZ ﬂAp = {v}, and
Um € Lin,NA, be such that [ygm, vm]Lm NA, = {vy}. Since both [yql, vl]Ll U
[V1, V] 4, U[Vm; Ygm] L, a0d [Yg1, Yqm] a, are arcs from yg to ygm, and UN, D,
has no simple closed curve, we have [yq,vi]r, U [vi, Um]a, U [Vm, Ygm]L,, =
[Yats Ygm]A,- Thus [vy, vm]a, C [Yg1, Ygmla,, contrary to AyN A, =0. m

LEMMA 2.10 ([13, 8.26]). Any connected open subset of a Peano contin-
uum is arcwise connected.

If X is a topological space and A, B, C' C X, then we say that C separates
A and B in X provided that X —C = PUQ with A C P and B C @, where
P and @ are disjoint nonempty open subsets of X — C. If z,y,z € X, we
usually say that z separates x and y in X instead of saying that {z} separates
{z} and {y} in X.

LEMMA 2.11. Let X be a Peano continuum. Suppose U s a connected
open subset of X and contains no simple closed curve. Then any two points
of U are separated in U by a third point of U.

Proof. Let p,q € U and p # q. By Lemma 2.10, U is arcwise connected.
So there is an arc A in U from p to q. Let r € A — {p,q}, and let V be the
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component of p in U — {r}. Assume that p and ¢ cannot be separated in U
by r. Then ¢ € V. Since X is locally connected, the component V' is open in
U —{r}. Thus V is open in X. By Lemma 2.10 there is an arc B in V' from
p to q. Clearly, AN B is not connected, so A U B contains a simple closed
curve. This contradicts the assumption that U contains no simple closed
curve. Thus p and q are separated in U by r. =

PROPOSITION 2.12. Let {D,, : n = 1,2,...} be a sequence of strongly
free dendrites in a Peano continuum X . Suppose that | J,-, lo)n s connected
and has no simple closed curve. Then for any constant ¢ > 0, there exists a
finite set {z1,...,zn} C Une, D,, such that each component of (U, D,)—
{z1,...,2m} has diameter < c.

Proof. Assume to the contrary that for any finite set S C (J;2, f)n,
there exists a component of (|J52, D,) — S with diameter > c¢. Write E =
U, D,,. By Lemma 2.11, we can choose z; € E such that E — {z;} has
at least two components. Then there is a component Uy of E — {1} with
diam(U;) > c. Take an arc L; C U such that diam(L;) = ¢. Choose z9, 3 €
Ly with diam([z2,z3]1,) = ¢/4. By the proof of Lemma 2.11, it is easy to
see that z9,z3 € Cut(U;y). In E — {z1,z2, 23}, there is also a component
Us with diam(Uz) > c¢. Take an arc Lo in Uz such that diam(Lg) = c. If
Lo N [xg,x3]r, = 0, then we choose arbitrarily a subarc [x4, z5]1, C Lo with
diam([x4, x5]1,) = ¢/4. Otherwise, Lo N [x2, 23], # (. Since there is no
simple closed curve in E, the intersection A = LyN[z2,x3]1, must be an arc
with diameter < ¢/4. Thus Ly — A has a subarc with diameter > ¢/4. Select
zy, x5 € Int(Lo—A) such that [x4, x5]1, C Lo—A and diam([x4, z5]1,) = ¢/4.

Suppose that {x1,...,zok+1} and {Li,...,L;} have been chosen such
that
(1) foreachi=1,...,k, Lyisan arcin E—{z1,...,z9;—1} and x9;, T2;+1
€ i?z‘;
(2) for each ¢ = 1, ey ]{3, diam([mgi, x2i+1]Li) = 6/4;
(3) for each 4,5 =1,...,k with i # j, [ZL‘Qi,ZCQi_H]Li N [ij, x2j+1]L]. = ()
(4) for each 4,5 = 1,...,k with i # j, (2;, ¥2i41)1, and (w25, 72j11)L;
lie in different components of £ — {z1,...,xop11}.
For k + 1, there is also a component Ugiq in E — {z1,...,To541} with
diam(Ugy1) > ¢ by assumption. Take an arc Lgy1 C Ugyq with diam(Lgsq)
= c. If Lgyq N[22, x2i41]n, = 0 for all i € {1,...,k}, then we choose any

subarc [$2k+2, x2k+3]Lk+1 C Lk+1 with diam([a:2k+2, x2k+3]Lk+1) = 0/4. Oth-
erwise, according to (4), there is only one arc [x2;,z2;+1]r, which has a
nonempty intersection with Ly,;. Since there is no simple closed curve
in E, the intersection A = L1 N[22, 2411, must be an arc with di-
ameter < ¢/4. Thus Ly — A has a subarc with diameter > ¢/4. Select
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Togt2, Topss € Int(Lyyy — A) such that [zopi2, Zorts]r,,, C Lry1 — A and
diam([ka-‘r?’ x2k+3]Lk+1) = 0/4

Inductively, we obtain a sequence {[z2;, z2;+1]L, };2; of pairwise disjoint
arcs in F with diam([z2;, z2i+1]1,) = ¢/4. This contradicts Lemma 2.9. =

LEMMA 2.13. Let {D, : n = 1,2,...} be a sequence of strongly free
dendrites in a Peano continuum X. Suppose Uzozl Dn = U Ul U
where {U; : i = 1,2,...} is a sequence of pairwise disjoint connected open
sets. Then lim; o diam(U;) = 0.

Proof. Assume that there exist a constant ¢ > 0 and infinitely many
U; such that diam(U;) > c¢. We may suppose that diam(U;) > ¢ for each
i = 1,2,.... Choose an arc A; C U; such that diam(A4;) = d(a;,b;) = c,
where a; and b; are the endpoints of A;. For each i = 1,2,..., let y;0 = a;,
yi5 = b; and let (y;1,...,yi4) be a set of pseudo 5-section points of A; from
yi0 t0 yi5. Then diam([yk, yik+1]) > ¢/b foreach k = 0,1,...,4. Let ¢ = ¢/10
and let 0 = d(e) € (0,¢/2] be as in Lemma 2.8.

As X is compact, there are n > m > 0 such that max{d(ymk, ynk) : &k =
0,...,5} < 0. By Lemma 2.8, there exists an arc Ly from y,,; to ynr with
diam(Ly) < € = ¢/10 for each k = 0,...,5. Clearly {Ly : k =0,...,5} are
pairwise disjoint.

By the compactness of A,,, there ex1st integers my,...,my such that
A, C U] 1 Dm] C U,, and U Dy, is connected. By Lemma 2.7,

GX(szl ij) has at most two pomts. Hence, there is some Lj such that

L N Ox(UL) D)) = 0. Thus Ly, € UYLy Dy € Upn. S0 g € Upy. This is
a contradiction. =

PROPOSITION 2.14. Let{D,, : n=1,2,...} be a sequence of strongly free
dendrites in a Peano continuum X . If |77, D,, contains no simple closed
curve, then for any constant ¢ > 0, there exists a finite set {x1,...,xm} C
S, Dy, such that each component of (J°, Dn) — {x1,...,2m} has diam-
eter < c.

Proof. Write |2, D, =U,UUyU--- , where {U;}5°, are pairwise dis-
joint open connected subsets. (If (J;7, D,, has only finitely many compo-
nents, that is, (J;~, D, = Uy U---UUy, then let U; = 0 for i > M.
Thus we can still write (oo D, = Uy UUy U---.) Because of Lemma
2.13, diam(U;) — 0 as i@ — oo. Then for any ¢ > 0 there exists an N
such that diam(U;) < ¢ for ¢ > N. For each ¢ < N, since U; is the union
of some bns, there is a finite set F; C U; such that each component of
U; — F; has diameter < ¢ by Proposition 2.12. Thus each component of
(U2, D) — (UY, ) has diameter < ¢. Taking {zy,...,z,} = UY, F
completes the proof. =
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COROLLARY 2.15. Let X be a Peano continuum, and D a strongly freoe
dendrite in X . Suppose that G is a countable group acting on X. If UgeG gD
has no simple closed curve, then for any constant ¢ > 0, there exists a finite
set {1, ..., xm} such that each component of (U,eq 9D) — {21, .., xm} has
diameter < c.

Proof. From the definition of strongly free dendrite and Lemma 2.6, it is
easy to see that gD is also a strongly free dendrite and (gD) = gD for each
g € G. Hence, the conclusion follows immediately from Proposition 2.14. =

REMARK. In fact, Corollary 2.15 holds for any subset of e glo). Let
W C Ujee gD, and {az1,...,am} C Ugec gD. If each component of

(Ugec gD) — {z1,...,zm} has diameter < ¢, we can take the finite set F =
W n{zy,...,zn}. Obviously, each component of W — F' has diameter < c.

The action of G on X is said to be topologically transitive if for any
nonempty open subsets U and V of X, there is a g € G such that gUNV # ().
For brevity, we will then simply say that G is topologically transitive.

We say z € X is a transitive point of G provided that Gz = X. For
a compact metric space X, it is well known that if G is countable and
topologically transitive, then there exists a transitive point of G.

PROPOSITION 2.16. Let X be a Peano continuum containing free den-
drites, and D a strongly free dendrite in X. Suppose that G is a countable
group acting on X expansively. If UgeG gﬁ contains no simple closed curve,
then there is a G-invariant open set W on which G|w is topologically tran-
sitive.

Proof. Let ¢y > 0 be an expansive constant for the G-action. Set U =
UgeG glo?. Then U is a G-invariant open set. By Corollary 2.15, there is a

finite set {x1,...,2,} C U such that each component of U — {x1,..., 2}
has diameter < ¢g.

CLAIM. There exists an x; € {x1, ..., Ty} with Int(Gz;) # 0.

Proof of the claim. Assume that Int(Gz;) = 0 for each i € {1,...,m}.
Since U is a nonempty open set, so is V = U — U;’;lGi:BZ by the Baire
Category Theorem. Thus we can take distinct points « and y in some com-
ponent of V. Since V is G-invariant, for any g € G, gr and gy are still in
the same component of V. As V C U — {x1,...,z,}, each component of V'
has diameter < ¢y. Hence d(gz, gy) < ¢ for any g € G, which contradicts
the fact that G acts on X expansively. Thus the claim holds.

Without loss of generality, we suppose Int(Gz1) # (. Let W = U N
Int(Gz1). Obviously, W is a G-invariant open set. To prove that G|y is
topologically transitive, let A and B be nonempty open subsets of W. Since
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A, B C Int(Gxy), there are g1,g2 € G such that giz1 € A and gox1 € B.
So gggfl(glxl) € B, that is, gggflA N B # (). Hence G|w is topologically
transitive. =

PROPOSITION 2.17. Under the assumption of Proposition 2.16, let W be
a G-invariant open set in UgeG gD such that G|w is topologically transitive.
Then there is an arc A in W such that each point in A is a transitive point

of Glw.

Proof. Assume that on any arc in W, there exists a nontransitive point
of G . Then we have

CLAIM. For any constant ¢ > 0, there is a finite subset B C W consisting
of montransitive points of G|w such that each component of W — B has
diameter < c.

Proof of the claim. As in Proposition 2.16, we set U = UgeG glol By
Corollary 2.15 and the remark following it, there is a finite set {x1,...,zp}
C W such that each component of W — {z1,..., x5} has diameter < ¢. If
x; is a nontransitive point of G|, then take B = {x1,...,zas}. Otherwise,
we will modify the set {z1,...,z)}. By renumbering the x;, we may sup-
pose that z1,...,zy,—1 are nontransitive points of G|y and x,,, ...,z are
transitive points of G|y, for some 1 < m < M. Then we first modify the
point x,,.

Let P be family of components P of W — {x1,...,zp} such that z,, €
Ox(P). Write P = {P1, P»,...} (if P has only finitely many elements, then
set P, = () for n > N, for some N € N). Then diam(P,) — 0 as n — 0.
(Otherwise, for a constant € > 0, there is a subsequence { P, }32; such that
each diam(P,, ) > €. Since P, is arcwise connected, there is an arc Ly, with
diam(L,, ) = e. This contradicts Lemma 2.9.) Thus there exists an integer
N > 0 such that diam(P,) < ¢/4 for each n > N. Let P, = P, U {zn}
for each n € N. Then for any distinct x,y € (,_n,; Py, we have d(z,y) <
d(x, zm) + d(xm,y) < ¢/2. Thus diam(J,~ v, P) < ¢/2.

For each n € {1,..., N}, let L, be an arc in P} with xz,, being one of its
endpoints and diam(L,) < ¢/4. By assumption there exists a nontransitive
point y, € Ly of G|w such that the component of P/ — {y,} which con-
tains z,, has diameter < ¢/2. In fact, for each x € P, there is a unique arc
A, = [z, a;] contained in P, such that A, N L, = {a;}. Choose a nontran-
sitive point w; € L, such that diam([zm,, wi]r,) < ¢/6. If the component
of P/ — {w1} which contains z,, has diameter < ¢/2, then let y, = w;.
Otherwise, there must be a point z; € P, and an arc A,, = [21,a,,] such
that diam(A,,) > ¢/6 and A;, N (zym,w1)r, = {as, }. Then choose a non-
transitive point we € (%, as, )L, . If the component of P/ — {ws} which
contains x,, has diameter < ¢/2, then let y, = wy. Otherwise, there is a
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zo with diam(A,,) > ¢/6. Continuing this process, we get at last a wy, such
that the component of P, — {wy} which contains z,, has diameter < ¢/2,
and then we let y, = wy. (If such a wy does not exist, then we will ob-
tain a sequence {4, }°, of pairwise disjoint arcs with diam(A,) > ¢/6,
contradicting Lemma 2.9.)

Thus for each P, n =1,..., N, we get a nontransitive point y,. Since
each component of P} —{y,} which does not contain x,, is contained in P,,
its diameter is at most c. Let C), denote the component of P/ — {yn} which
contains ,,. Since z,, € Cy and z, € UpZyy Py, the set (U _,Ch) U
(UpZn41 Pp) is connected and it is easy to see that its diameter is at

most c¢. Thus using {y1,...,yn} instead of x,,, we obtain a new finite set
B ={z1,...,Zm-1,Y1,-- -, YN, Tm+1,.-., 2} such that each component
of W — B’ has diameter < c.

Similarly, we can modify xy,41,...,2p by using nontransitive points.

Finally, we obtain a finite set B we need. Thus the claim is proved.

Let cg be an expansive constant for the G-action. From the claim, we get
a finite set {x1,...,x,} of nontransitive points such that each component
of W —{z1,...,2,} has diameter < cg. For each x;, Int(Gx;) = () since x;
is a nontransitive point of Gly. Thus V. = W — |J;; Gz; is a nonempty
G-invariant open set. Obviously, each component of V' has diameter < cg.
This contradicts the fact that G acts on X expansively with expansive con-
stant cg. =

ProrosITION 2.18. Let X be a Peano continuum, and D1,...,D, a
finite sequence of strongly free dendrites in X. If |J;-, D; contains a simple

closed curve, then X = J;_; D;. Moveover, there is only one simple closed
curve contained in X.

Proof. Let S be a simple closed curve contained in |J;_, DZ We may
suppose that the union of any n—1 of lo?l, .. D contains no simple closed
curve (otherwise we need only work with a subfarnlly of {Dl, .., Dp}). Thus
SND; £ (. By relabeling, we may suppose that (' LD, is connected and
set U = J; ' D;. Let 0x(D,) = {p.q}. By Lemma 2.7 the boundary of U
has at most two points.

First, it is easy to see that Ox(U) # (): otherwise, U is a clopen set
in X, so X = U by the connectedness of X. Then S C [J;", D, CU , which
contradicts the fact that U contains no simple closed curve.

Now we discuss two cases.

CASE 1: Ox(U) = {a}, that is, dx(U) has only one point. We claim
that dx(U) NS # 0 and dx(D,) NS # 0. Indeed, if dx(U) NS = (), then
S C X —0x(U). Since U is a component of X — dx(U) and SNU # 0, we
find that S C U, which contradicts the fact that U contains no simple closed
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curve. Hence dx (U)NS # 0. Similarly, it can be shown that dx (Dy,)NS # 0.
Thus a € S. We can suppose p € S. If ¢ ¢ S, then S — {p} =5 — {p,q} C
X —{p,q}. Since D, is a component of X — {p,q} and (S —{p}) N D, # 0,
we have S — {p} C D,. Thus S C D,, a contradiction. Hence ¢ € S. It
follows that dx (U, D;) C dx(U)Udx(Dy) C S C Ul_lD This means
Ui, D; is a clopen set in X. Hence X = (JI" D;.

Case 2: 9x(U) = {a, b}, that is, dx(U) has two points. As in Case 1,
we have dx (U)NS # () and dx(D,) NS # (. We can suppose that a,p € S.
Now we show that b,q € S. First, we have q € S as in Case 1. Assume to
the contrary that b ¢S. As ox(U) C U= ox(D D;), there is some ﬁj such
that b € dx (D ;). Let 8X( i) = {b,c}. Slncebé,é S, S—0x(D i) =5 —{c}is
connected. As (S —8x(D;))ND; # 0 and D; is a component of X —dx (D;),
we have S — 8X(l°)j) C D] So S C Dj, which is a contradiction. Hence
be S. Thus dx (UL, Di) C dx(U)Udx(Dy,) €S C U™, Di. So U, D; is
a clopen set. Then X = (I, D;.

Next we show that X contains only one simple closed curve. Assume to
the contrary that S’ is a simple closed curve in X = (JI*; D;and 8’ # S. As
above, we have dx (U) U dx (D,) C S'. So SN S’ # 0. Thus there exist arcs
LCSand L' C S suchthat LNS =0, L’NS = and End(L) = End(L’).
Since dx(U) U dx(D,) € &' NS, we see that L N (Ox(U) U dx(D,)) =

0 (9x (U) U dx (D)) = 0.

Let E = End(L) = End(L'). Since X = J!, D,, = U U D,,, there are

two cases:

CasE a: E CU. Thus LNax(U) = (LUE)Ndx(U) = 0 and LNU
# (. Since U is a component of X — dx(U), we have L C U. Similarly
L' c U. Then LU L' is a simple closed curve in U, which is a contradic-
tion.

Case b: E ¢ U. Then EN D, # 0. Let # € EN Dy. Since E is the
endpoint set of L, LU {z} is connected. Note that Ln 8)(( n) = 0 and
x & 0x(Dy,), so LU{QJ} C X —0x(Dy). Since (Lu{z})N D, # 0 and D, is
a component of X —dx (D,), LU{z} C D,. Similarly, it can also be shown
that I/ U {z} C D,,. Thus L C D,, and L' C D,,. Hence LU L' is a simple
closed curve in D,,, which is a contradiction.

So the assumption is false, i.e., S’ = S.

Let X be a compact metric space with metric d. By the hyperspace of X,
we mean 2% = {A | A is a nonempty closed subset of X} with the Hausdorff
metric dy, i.e., du(A, B) =inf{e > 0| B(A,e) D B and B(B,ec) D A}. It is
well known that (2%, dy) is a compact metric space.
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LEMMA 2.19. Let X be a Peano continuum. Fix an € > 0, and let
0 = d(e) be as in Lemma 2.8. Suppose D is a strongly free dendrite in
X with an arc A being its trunk, End(A) = {yo,y7} and (y1,...,y6) is
a set of pseudo T-section points of A from yo to y7. Also, suppose that
J is an arc in X, End(J) = {wo,wr}, (wi,...,we) is a set of pseudo
7-section points of J from wy to wr, and d(wg,wr7) = d(yo,y7) = Te.
If d(wlvyl) <9 fOT’i = 2,3,4,5, and dH([wQ,MS]Ja[y27y5]A) < 6a then
(w3, w4]; C (y2,Y5)A-

Proof. For i =2,3,4,5, by Lemma 2.8 there exists an arc L; in X such
that End(L;) = {w;,y;} and diam(L;) < e. As d(yi, {y1, ¥i—1, ¥i+1,¥6}) > €,
L; 0 {y1,Yi-1,vi+1, Y6} = 0. It follows that L; C D, and there exists a point
v; € Li N (Yi—1,Yi+1) A such that [w;,vi|p, N A = {v;}.

Since dy([we, ws) s, [y2,ys]a) < 0§, for each w € [wa,ws]; there exist a
point y € [y2,y5]4 and an arc L such that d(w,y) < ¢, End(L) = {w, y} and
diam(L) < e. Just as above, we see that w € L C D. By the arbitrariness
of w, we deduce that [we,ws]s is an arc in D.

But [wa, va]r, U [v2,v5]4 U [vs, ws], is also an arc in D with endpoints
wsy and ws, hence

(w2, ws]; = [w2,va]L, U [ve, v5]a U [vs, ws]L;.

As d(ws,we) > ¢ and diam(Lg) < e, we have w3 ¢ Lo. Similarly, wy ¢ Ls.
Therefore {ws, w4} C [v2,v5]4 C (y1,y6)4. Noting that d(ys, {y2,vy4}) > ¢,
End(L3) = {ws,ys3} and diam(L3) < e, we have ws € (y2,y4)a. Sim-
ilarly, wy € (y3,y5)a. Hence, [ws,w4]; C (y2,y5)a. This completes the
proof. m

LEMMA 2.20. Suppose D is a strongly free dendrite in X with trunk A.
If L is an arc in D, then there exists a subarc L' C L such that D(L') is a
strongly free dendrite in X.

Proof. Choose any subarc [a, 3], C L. Then D(|e, §]1) is the subden-
drite of D strung by [a, 8]r. Obviously, D([a, 5]1) C D is a free dendrite in
X. Observe that {«, 3} C Ox(D([e, B]1)) € Ox (D) U {a, B}. Let 0x (D) =
End(4) = {a,b}. If Ox(D([er, B]1)) N Ix (D) = 0, then dx(D([ev, BL)) =
{a,8}. Thus if we let L' = [a,f]L, then D(L') is strongly free in X.
Otherwise, without loss of generality, suppose a € dx(D([e, 5]1)). Since
[a,8]L € L € D and a € dx(D), it follows that a € D([a, 8]1) — [o, B]1.
Suppose C' is the component of D([a, f]1) — [e, 8], which contains a, and
C N, Bl = {x}. Then a ¢ D([z,B]r). Hence a ¢ Ox(D([x,0]r)). If
b ¢ Ox(D([z,B]r)), then let L' = [z,0]r; clearly, dx(D(L")) = {z,5}.
So D(L') is strongly free in X. If b € Ox(D([z,[]r)), then similarly we
can take a subarc L' = [y, 5] C [z,8]r C L such that b ¢ D(L’). Then
dx(D(L")) = {y,3}. Therefore D(L’) is strongly free in X. m
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3. Main theorem. To prove the main theorem of this paper, we use
the following two lemmas which have been proved in [4]. For convenience of
the reader, we prove them again here.

Let G be a group and let ¢ : G x X — X be a group action.

LEmmA 3.1 ([4]). If {g1 : J — J1, g2 : J — Ja} is a ping-pong game
for ¢, then {g1, g2} generates a free subsemigroup of G.

Proof. A word ¢ in the semigroup generated by {gi, g2} has the form
g = gi, -+ gi, withi; = 1,2. Since gJ C g;;J C J;; # J, g is not the identity.
Hence, {g1, g2} generates a free subsemigroup of G. m

LEmMMA 3.2 ([4]). If {g1:J — J1, g2 : J — Ja} is a ping-pong game for
¢, then h(¢) > 0.

Proof. Without loss of generality, we can suppose that the symmetric
generating set S = {0y, ..., 0%} for G contains g1, 97", 92,95 " Let € > 0 be
the distance between J; and Jy. Choose any = € J and set S,, = {gi, - i, :
i; = 1,2}. The set S, has 2" elements. Given any distinct points y =
9i, " 9i, v and z = gj, ---g;,x, there exists a least 1 < | < n such that
i # giand giy - gi_, = i Gy Let g = giy -~ giy_,. Then g7ly =
gi, gi,® € J;y and g7tz = 95, 95, € Jj,. Thus d(g ty,g712) > e It
follows that S(¢,e, N) > 2V and h(¢) > log2. =

Proof of Theorem 1.1. We can suppose G is countable (see the remark
below). Let ¢p be an expansive constant for G-action and ¢ = ¢y /7. Since X
is a Peano continuum containing a free dendrite, by Lemma 2.3 there exists
a strongly free dendrite D in X. For each g € G, gD is also a strongly free
dendrite and (gD) = gD by Lemma 2.6. Let U = Ugea gD. We argue in

two cases.

CASE 1: U contains a simple closed curve S. Since S is compact, there
is a finite subfamily {g;:D : i = 1,...,n} of {gD : g € G} covering S. By
Proposition 2.18, X = [J, gilo) and S is the only simple closed curve in X.
Then S is G-invariant, that is, GS = S. Since an expansive group action on
a simple closed curve must have a ping-pong game (see Propositions 2.10
and 3.1 in [4]), we see that S admits a ping-pong game for the G-action,
and hence so does X.

CASE 2: U contains no simple closed curve. By Proposition 2.16, there
is a G-invariant open set W C U such that G|y is topologically transitive.
By Proposition 2.17, we can find an arc A’ C W all of whose points are
transitive points of G|y . Choose a subarc A” C A’ such that A” C gD for
some g € (. Since gb is a strongly free dendrite, from Lemma 2.20, there is
a subarc A C A” such that A is the trunk of a strongly free dendrite. Write
Dy = D(A).
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Since U is arcwise connected and contains no simple closed curve, for
any z and y in U, we denote the unique arc in U from z to y by [z, y] and
set (‘T?y) = [‘T?y] - {‘T?y}

Write A = [a, b]. Since G acts on X expansively, there exists g; € G such
that d(g1(a),g1(b)) > co. Clearly g1(Dy) is a strongly free dendrite with
[g91(a), g1(b)] being its trunk. Write Dy = g1(Dy). Select two points y19, y17 €
[91(a), g1(b)] with d(y10,¥17) = co = Te. Let (y11,---,¥16) be a set of pseudo
7-section points of [y19,y17] from y19 to y17. Then d(y13,y14) > c. Corollary
2.15 yields a subarc Ly = [p1,q1] C (13, y14) such that diam(D;(L1)) < 1.

Suppose that for each i < n—1, g;, D;, yi0, - - - , Y57, Pi» ¢; and L; have been
chosen. For i = n, there exists g, € G such that d(g,(pn—1), gn(gn-1)) > 7c.
Define D,, = gn(Dp—_1). Obviously, [gn(Pn—1),gn(gn—1)] is a subarc of the
trunk of D,,. Choose Yno,Yn7 € [gn(Pn—-1), In(qn-1)] With d(yno, yn7) = Tc.
Let (Yn1,--.,Yne) be a set of pseudo 7-section points of [yn0, Yn7] from yno
to yn7. Then d(yns,yna) > c. Take a subarc L, = [pn, qn] C (Yn3, Yna) such
that diam(D,(L,)) < 1/n. By this inductive process, we get a sequence
{9n, Dns Yn0s - - - s Yn7s Ps Gn, Ln = n = 1,2, ...} such that, for each n:

(1) d(gn(pnfﬂvgn(anl)) > T7cand D, = gn(anl);

(2) [yn07yn7] - [gn(pn—l)ugn(Qn—l)] and d(Yno, yn7) = Tc;

(3) (Yni,---,Yne) is a set of pseudo 7-section points of [yn0, Yn7] from yno

to yn7 and d(Yn3, Yna) > ¢;

(4) Ly = [pn, @) C (Yn3, Yna) with diam(D,, (L)) < 1/n.

Let § = 6(c) € (0,¢/2] be as in Lemma 2.8. Since both 2% and X
are compact, there are subsequences { Dy, ([pn,, ¢n,]) }721 and {[yn,2, Un,5] 1524
such that D, ([pn,, qn;]) — @« as i — oo and for any i,j € N,

(31) dH([ynﬂaynﬁ)]v [ynj27ynj5]) < 67
3.2 A(Yn: ks Yn 5.
(3.2) ke{gﬁﬂ}{ (Ynik Ynik) b <

By Lemma 2.19, for each i,j € N, we have [yn,3,Yn;4] C [Un;2,Yn;5]- Now
fix a j € N. For each i € N, since [pn,, qn;] C (Yn;3, Ynia) C [Yn,2, Yn,5] and
[Pn;» @n;] — T« as i — oo, we have xx € [yn,2,Yn,5]. Note that each point in
A is a transitive point of G|y and @« € [yn,2,Yn;5] C gn; -~ 91(A), s0 T4 is
a transitive point of G|y .

Since d(yn,;3,Yn;4) > ¢, no matter where z is in [yn;2,yn;s5], we can al-
ways choose a subarc [a, 8] C (yn,3,Yn;4) such that diam([a, 8]) < ¢/3 and
r« ¢ [, B]. By Lemma 2.4, D, ([a, 3]) is a strongly free dendrite. Since
x4 is a transitive point of G|y, there exists g. € G such that g.z, €
Dy, ([, 8]). By the continuity of g., we can choose a neighborhood U
of x, such that g.(Us) C Dp;([a, B]) and Us N Dy, (o, B]) = 0. Since
Dy, ([pn;» Gn;]) — T« as n; — oo, there exists some Dy, ([Pn,,s dn.,)) € Us.
Therefore g«(Dn,, ([Prms @nml])) C Dn;(la, 8]). On the other hand, let h =
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(Gnmsr = Gnm+1) ' Then we have

(3.3) h(Dnerl([ynerlO’ynm+17])) C Dn,p, ([Prm > @nm])
and
(3'4) g*h(Dnm+1 ([ynm+10a ynm+17])) - Dnj ([a’ B])

Next we show that both Dy, ([pn,,;qn,,]) and Dy, ([a, B]) are contained

in the closed set Dy, .\ ([Unymi10s Ynmi17))- SINCE [Dns @nm) € (Unm3s Ynma)
C [Ynmi12> Ynmsis)s by Lemma 2.5 we have

Dy, ([P > @ ]) = Dnm+1([pnm7 Gnm]) C Dnm+1([ynm+107ynm+17])-
Similarly, since [, 8] C (¥n;3;Yn;4) C [Ynmi12 Ynmiis), We have

Dn]’([avﬁ]) = Dnm+1([a7ﬁ]) C Dnm+1([ynm+10?ynm+17])'
Let

J = Dnm+1([ynm+10>ynm+17])7 Ji= Dnm([pnmaQnm])a Jy = Dnj([aam)'

Then {h : J — Jy, g«sh : J — Jo} is a ping-pong game for the G-action.
Moreover, by Lemma 3.2 the G-action has positive geometric entropy. =

Since a nilpotent group cannot contain a free subsemigroup, Corollary
1.2 is obvious from Theorem 1.1 and Lemma 3.1.

REMARK. If G acts on a compact metric space X expansively, then
there exists a countable subgroup H of G such that the induced action of
H on X is expansive. In fact, by the expansiveness of the G-action, for each
(x,y) € Xx X,z #y, thereis a g € G such that d(gz, gy) > ¢, where c is the
expansive constant for the G-action. Thus by the continuity of g, there is an
open neighborhood Uy, .y of (z,y) in X x X such that d(gU, ), Ax) > c,
where Ay is the diagonal of X x X. Thus by the Lindel6f property of
X x XAy, there are countable families {g; € G : i = 1,2,...} and {U(y, 4,y
i =1,2,...} which covers X x X — Ay such that d(g;U, y,), Ax) > c. Thus
the countable group H generated by {g; : i = 1,2,...} is expansive.

Acknowledgments. We are deeply grateful to the referee for his help-
ful suggestions and detailed revisions of this paper.

Research of E. H. Shi was supported by the National Natural Science
Foundation of China (No. 10801103) and by the Natural Sciences Fund for
Colleges and Universities of the Jiangsu Province (No. 08KJB110010).

References

[1] B. F. Bryant, Unstable self-homeomorphisms of a compact space, Vanderbilt Univ.
Thesis, 1954.

2] E. Ghys, R. Langevin and P. Walczak, Entropie géométrique des feuilletages, Acta
Math. 160 (1988), 105-142.



Ping-pong game, geometric entropy and erpansiveness 37

P. de la Harpe, Free groups in linear groups, Enseign. Math. (2) 29 (1983), 129-144.
S. Hurder, Dynamics of expansive group actions on the circle, http://www.math.uic.
edu/hurder/.

I. M. Isaacs, Algebra: A Graduate Course, Wadsworth, 1994.

J. F. Jakobsen and W. R. Utz, The nonexistence of expansive homeomorphisms of
a closed 2-cell, Pacific J. Math. 10 (1960), 1319-1321.

H. Kato, The nonexistence of expansive homeomorphisms of 1-dimensional compact
ANRs, Proc. Amer. Math. Soc. 108 (1990), 267-269.

—, The nonexistence of expansive homeomorphisms of Peano continua in the plane,
Topology Appl. 34 (1990), 161-165.

—, The nonexistence of expansive homeomorphisms of chainable continua, Fund.
Math. 149 (1996), 119-126.

A. Katok, R. de la Llave, Y. Pesin and H. Weiss (eds.), Smooth Ergodic Theory and
its Applications, Proc. Sympos. Pure Math. 69, Amer. Math. Soc., Providence, RI,
2001.

J. H. Mai and E. H. Shi, The nonezistence of expansive commutative group actions
on Peano continua having free dendrites, Topology Appl. 155 (2007), 33—-38.

C. Mouron, Tree-like continua do not admit expansive homeomorphisms, Proc.
Amer. Math. Soc. 130 (2002), 3409-3413.

S. B. Nadler Jr., Continuum Theory, Dekker, New York, 1992.

T. O’Brien and W. Reddy, Each compact orientable surface of positive genus admits
an expansive homeomorphism, Pacific J. Math. 35 (1970), 737-741.

E. H. Shi, L. Z. Zhou and Y. C. Zhou, The nonezistence of expansive Z" actions on
Peano continua that contain no 0-curves, Topology Appl. 154 (2007), 462-468.

R. F. Williams, A note on unstable homeomorphisms, Proc. Amer. Math. Soc. 6
(1955), 308-309.

Department of Mathematics

Suzhou University

Suzhou 215006, P.R. China

E-mail: ehshi6688@yahoo.com.cn, ehshi@suda.edu.cn

wangsuhuasz@yahoo.com.cn

Received 5 January 2008;
in revised form 12 January 2009



