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Abstract. We analyze certain parametrized families of one-dimensional maps with
infinitely many critical points from the measure-theoretical point of view. We prove that
such families have absolutely continuous invariant probability measures for a positive
Lebesgue measure subset of parameters. Moreover, we show that both the density of such
a measure and its entropy vary continuously with the parameter. In addition, we obtain
exponential rate of mixing for these measures and also show that they satisfy the Central
Limit Theorem.

1. Introduction. One of the main goals of dynamical systems is to
describe the global asymptotic behavior of the iterates of most points under
a transformation of a compact manifold, either from a topological or from a
probabilistic (or ergodic) point of view. The notion of uniform hyperbolicity,
introduced by Smale in [Sm]|, and of non-uniform hyperbolicity, introduced
by Pesin [P], have been the main tools to rigorously establish general results
in the field.

While uniform hyperbolicity is defined using only a finite number of
iterates of a given transformation, non-uniform hyperbolicity is an asymp-
totic notion from the very beginning, demanding the existence of non-zero
Lyapunov exponents almost everywhere with respect to some invariant prob-
ability measure.

On the one hand, the study of consequences of both properties in a
general setting has a long history (see [M, S, KH, B, BP, Y, BDV] for
details and thorough references).

On the other hand, it is rather hard in general to verify non-uniform
hyperbolicity, since we must take into account the behavior of the iterates
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of the given map when time goes to infinity. This was first achieved in the
groundbreaking work of Jakobson [J] on the quadratic family, which was
extended to more general one-dimensional families with a unique critical
point by many other mathematicians (see e.g. [BC1, R, MS, T, TTY]).
One-dimensional families with two critical points were first considered in
[Ro], and multimodal maps and maps with critical points and singularities
with unbounded derivative were treated in [LT, LV, BLS]. To the best of our
knowledge, maps with infinitely many critical points were first dealt with in
[PRV].

The aim of this paper is prove that the dynamics of the family consid-
ered in [PRV], for a positive Lebesgue measure subset of parameters, is non-
uniformly hyperbolic, and to deduce some consequences from the ergodic
point of view. These families naturally appear as one-dimensional models
for the dynamical behavior near the unfolding of a double saddle-focus ho-
moclinic connection of a flow in a three-dimensional manifold (see Figure 1
and [Sh]). The main novelty is that we prove global stochastic behavior for
a family of maps with infinitely many regions of contraction.

é

wio)

Fig. 1. Double saddle-focus homoclinic connections

Roughly speaking, the family f,, of one-dimensional circle maps which
we consider here is obtained from first-return maps of the three-dimensional
flow in Figure 1 to appropriate cross-sections and disregarding one of the
variables. This reduction to a one-dimensional model greatly simplifies the
study of this kind of unfolding and provides important insight into its be-
havior. However, as we shall see, the dynamics of the reduced model is still
highly complex.

This family of maps is obtained by translating the left hand side and
right hand side, vertically in opposite directions, of the graph of the map
f = fo described in Figure 2. This family approximates the behavior of any
generic unfolding of fp. Such unfolding was first studied in [PRV], where
it was shown that for a positive Lebesgue measure subset S of parameters
the map f,, for p € S, exhibits a chaotic attractor. This was achieved by



Physical measures for infinite-modal maps 213

proving that the orbits of the critical values of f,, have positive Lyapunov
exponent and that f, has a dense orbit.

Here we complement the topological description of the dynamics of f,
provided in [PRV] for u € S with a probabilistic description constructing
for the same parameters a physical probability measure v,. We say that an
invariant probability measure v is physical or Sinai—-Ruelle-Bowen (SRB) if
there is a positive Lebesgue measure set of points z € S! such that

n—1
lim % > efi@) ={edv
k=0

for any observable (continuous function) ¢ : S! — R. The set of points
x € S' with this property is called the basin of v. SRB measures provide a
statistical description of the asymptotic behavior of a large subset of orbits.
Combining this with the results from [PRV] we see that f, has non-zero
Lyapunov exponent almost everywhere with respect to v, i.e. f, is non-
uniformly hyperbolic for p € S.

The main feature needed for the construction of such measures is to ob-
tain positive Lyapunov exponent for Lebesgue almost every point under the
action of f,, p € S. The presence of critical points is a serious obstruction
to achieving an asymptotic expansion rate of the derivative at most points.
Therefore the control of derivatives along orbits of the critical values is a
central subject in the ergodic theory of one-dimensional maps.

The crucial role of the orbits of the critical values in the statistical
description of the global dynamics of one-dimensional maps was already
present in the pioneer work of Jakobson [J], who considered quadratic maps
and obtained SRB measures for a positive Lebesgue measure subset of pa-
rameters.

This was later followed by the celebrated papers of Benedicks and Car-
leson [BC1, BC2], where the parameter exclusion technique was used to
show that, for a positive Lebesgue measure subset of parameters, the deriv-
ative along the orbit of the unique critical value has exponential growth and
satisfies what is nowadays called slow recurrence to the critical point. This
is enough to construct SRB measures for those parameters.

Recently, in the unimodal setting it was established that indeed the ex-
istence of SRB measures, and the exponential growth of the derivative along
the orbit of the critical value, are equivalent conditions for Lebesgue almost
every parameter for which there are no sinks (see [ALM, AM1, AM2]). See
also [BLS] for multimodal maps.

In [PRV] the technique of exclusion of parameters was extended to deal
with infinitely many critical orbits. Here we refine this technique to ob-
tain exponential growth of the derivatives and slow recurrence to the whole



214 V. Aratjo and M. J. Pacifico

critical set for Lebesgue almost every orbit. By [ABV] this ensures the exis-
tence of SRB measures for every parameter p € S (see Subsection 1.2 and
Theorem A).

Moreover, we are able to control the measure of the set of points whose
orbits are too close to the critical set during the first n iterates, showing that
its Lebesgue measure is exponential in n (see Theorem B). In addition, the
Lebesgue measure of the set of points for which the derivative does not grow
exponentially fast in the first n iterates decreases exponentially fast with
n (see Theorem C). By recent general results in the ergodic theory of non-
uniformly hyperbolic systems [ALP, G], both estimates above taken together
imply exponential decay of correlations for Holder continuous observables
for v, and also that v, satisfies the Central Limit Theorem, for all pu €
S (see Subsection 1.3 and Corollary D). We remark that these properties
are likewise satisfied by uniformly expanding maps of S!, which are the
touchstone of chaotic dynamics (see e.g. [B, V]), in spite of the presence of
infinitely many points with unbounded contraction (critical points).

Furthermore, analyzing our arguments we observe that the estimates
obtained do not depend on the choice of the parameter y € S. According to
[A, AOT] this shows that the density dv,/dX of the SRB measure v, with
respect to Lebesgue measure and its entropy h,, (f,) vary continuously with
p € S (see Subsection 1.4 and Corollary E). This type of result was recently
obtained in [F] for quadratic maps on the set of parameters constructed
in [BC1, BC2] using a similar strategy. Hence statistical properties of the
maps f, for p € S are stable under small variations of the parameter, i.e.
this family is statistically stable over S.

We emphasize that although the general strategy for proving our results
follows [BC1, BC2, PRV, F], several new difficulties had to be overcome.
Indeed, unlike [BC1, BC2, PRV] where the main purpose was to obtain
positive Lyapunov exponent along the orbits of critical values, here we need
to obtain positive Lyapunov exponents and slow recurrence to the critical
set along almost every orbit, which forces us to control the distance to the
critical set for far more iterates than in [PRV]. This demands at several
places a bound on the ratio between the second derivative at points near
the critical set. Moreover, there are inflection points which impose extra
restrictions on the arguments used in [PRV].

Furthermore, with infinitely many critical points the derivative of the
smooth map we consider here is not globally bounded (unlike any smooth
unimodal family, see [BC1, BC2, F]) which demanded a proof of an expo-
nential bound for the derivative along the orbits of critical values. In order
to obtain such a bound for a positive Lebesgue measure set of parameters
we changed the construction presented in [PRV] by adding a new constraint
in the exclusion of parameters algorithm.
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The paper is organized as follows. We first state precisely our results
in Subsections 1.2 to 1.4. We sketch the proof in Section 2. In Section 3
we explain how a sequence (P,),>0 of partitions of S! whose atoms have
bounded distortion under the action of f;; is constructed. Basic lemmas are
stated and proved in Section 4. These are used to obtain the main estimates
in Section 5. In Sections 6 and 7 we use the main estimates to deduce slow
recurrence to the critical set and fast expansion for most points. In Section 8
we explain how an exponential upper bound on the growth of the derivatives
along critical orbits can be obtained through an extra condition imposed on
the construction performed in [PRV] without loss. Finally, in Section 9 we
inspect the estimates obtained during our constructions and show that they
do not depend on the parameter pu € S.

1.1. Statement of the results. Let fbe the interval map f: [—e1,e1] —
[—1, 1] given by

2 [ax%sin(Blog(1/z)) if z>0,
(1.1) () = { —a)2| sin(Blog(1/|2])) if = < 0,

where a > 0,0 < a <1, 5>0and e; > 0 (see Figure 2).

Fig. 2. Graph of the circle map f

Maps f as above have infinitely many critical points, of the form
(1.2) xp = zexp(—kn/B) and x_j = —xp for each large k >0

where z = exp(—%tarf1 g) > 0 is independent of k. Let kg > 1 be the
smallest integer such that xj is defined for all |k| > ko, and zy, is a local
minimum.

We extend this expression to the whole circle S' = I/{—1 ~ 1}, where
I = [—1,1], in the following way. Let f be an orientation-preserving expand-
ing map of S! such that f(()) — 0 and f’ > & for some constant & > 1. We
define € = 2y, /(1 4+ e~™#), so that xy, is the middle point of the interval
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(e*”/ﬁa,a), and fix two points g, < g < § < € with

T

R 1—
(1.3) If'(9)]>1 andalso 2 n c

1o o= ko > 4 > Ty,

where 7 is a small positive constant to be defined in what follows and we
take ko = ko(7) sufficiently large (and e small enough) in order that (1.3)
holds. Then we take f to be any smooth map on S! coinciding with f on
[—7, 4], with f on S\ [-7,7], and monotone on each interval %[, .

Finally, let f, be the following one-parameter family of circle maps un-
folding the dynamics of f = fy:

fulz) = {f(z) +p for z € (0,¢],

(1.4) f(z) —p for z € [—¢,0),

for i € (—¢,¢). For z € St \ [—¢,¢] we assume only that ‘%fu(z)’ > 2. In
what follows we write zf(,u) = fu(zy) for [k| > ko.

THEOREM 1.1 ([PRV, Theorem A]). For a given o € (1,7/5) there exists
an integer N such that taking ko > N in the construction of (f.)u, we can
find a small positive constant p such that for 0 < p < p there exists a positive
Lebesque measure subset S C [—e, —e%| U [¢2, €] satisfying, for every p € S,

(1) for alln >1 and all ko < |k| < o0,

() |(f) (25 ()] = o™,
(b) either | f(fu(z))| > & or [ [ (fu(21) — Tm(n)| = €777,
where Ty, ) is the critical point nearest f(fu(z1));
(2) liminf, n_110g|(f/’})’(z)] > logo/3 for Lebesgue almost every
point z € S';
(3) there exists z € St whose orbit {f]!(z) : n. > 0} is dense in S'.

The statement of Theorem 1.1 is slightly different from the main state-
ment of [PRV] but the proof is contained therein.

1.2. Ezxistence of absolutely continuous invariant probability measures.
The purpose of this work is to prove that for parameters p € S the map
[, admits a unique absolutely continuous invariant probability measure v,
whose basin covers Lebesgue almost every point of S!, and to study some
of the main statistical and ergodic properties of these measures.

In what follows we write A for the normalized Lebesgue measure on S'.
Our first result shows the existence of the SRB measure.

THEOREM A. Let u € S be given. Then there exists an f,-invariant
probability measure v, which is absolutely continuous with respect to X and
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such that for A-almost every x € S' and every continuous ¢ : S' — R,
1 n—1
. - ] _
(1.5) Jim Zgw(fy(:v)) ={pdu.
J:

The proof is based on the technique of parameter exclusion developed
in [PRV] to prove Theorem 1.1 and on recent results on hyperbolic times
for non-uniformly expanding maps with singularities and criticalities, from
[ABV].

In our setting non-uniform ezpansion means the same as item (2) of
Theorem 1.1. However, due to the presence of (infinitely many) criticalities
and the singularity at 0, an extra condition is needed to construct the SRB
measure: we need to control the average distance to the critical set along
most orbits.

We say that f,, has slow recurrence to the critical set C = {xy, : |k| > ko}
U {0} if, for every ¢ > 0, there exists b > 0 such that

1 n—1
(1.6) limsup — Z —log distb(fl’f(ar),C) <90
n—oo N =0
for Lebesgue almost every € S', where b is a small positive value, and
disty (z,y) = |z — y| if | — y| < b and 1 otherwise.

Let f: I\ C — I be a C? map. We say that C is a non-flat critical set if

there exist constants B > 1 and # > 0 such that

(s1) £ dist(r,C)° < | (@)] < Bist(r,C) ",
(s2) fog /(0)| g ]| < B i,

for every x,y € I\ C with |z — y| < dist(z,C)/2.
The following result ensuring the existence of finitely many physical
probability measures is proved in [ABV].

THEOREM 1.2. If f satisfies (S1), (S2), is non-uniformly expanding and
has slow recurrence to the critical set C, then there are finitely many ergodic
absolutely continuous f-invariant probability measures 1, ..., such that
Lebesgue almost every point in I belongs to the basin of u; for some i €

1,...,1}.

The maps f, satisfy conditions (S1)—(S2) above. Indeed, we define y;, =
2z /(1 + e~ ™/ for each k > ko, so that x; is the middle point of the
interval (yr11,yx). We also use a similar notation for k& < —ky. We will
argue using the following lemmas, which correspond to Lemmas 3.2 and 3.3
proved in [PRV].
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LEMMA 1.3. There exists C > 0 depending on f only (independent of
e and p) such that, for every x € (yi+1,y) and | > ko, respectively x €
(Y1, y1—1) and I < —ko, we have

(1) C7Hag|* Pz — ol < | f(2) = f(20)] < Clan|* |2 — 2

(2) O al* 2z — ml < 1f(@)] < Clul*2fz — w1,

LEMMA 1.4. Let s,t € [yi+1,y] with I > ko, respectively, s,t € [y, yi—1]
with | < —kg. Then

fi(s) — £ s —
IHO) ‘ =

where K1 > 0 is independent of 1, s,t,e and p.

On the one hand, since 0 < o < 1, = € (y41,y) and |z;| < 1, from
Lemma 1.3(2) we have

Clai|* 2| =z = (Claa|* 2|z — mf*) o — aa| ™ < (Ol 2?2 — |~
< Clz— ™"

On the other hand, since o — 2 < 0 and |x;| < 1 we get C~Yay|* 2|z — 24

> C7|z — 2|, showing that (S1) holds for f, with B = C and 3 = 1,

whenever © € (yg11,yxr) and x is the closest critical point to x. Otherwise,

if x € (Yr+1,yx) and xgyq is the closest critical point to x, then we have
|z — x| > |z — z41| and so by the above calculations we get

-1
_ 1| T — g _
fi(@)] < Cla — 2|7 = Clo —zp| | ——| < Clo—apa| ™,
T — Th41
1 1 T — Tk 1
! > —|lr—x==|lr—=x — | > —|rz—= .
5@ 2 G le =il = 5 o = aeal| =2 > S o - ail

This shows that (S1) is true for f in all cases.
To check that (S2) also holds we write

[fa@)] @) = i) + £i(y)]
|1 ()l |f ()

and hence because log(1 + z) < z for z > —1 we get
al@) = £l _ ey
— o S )

£ ()] |z —
which, by the same observation during the proof of (S1), is enough to prove
(S2) in all cases.

Thus according to Theorems 1.2 and 1.1, we only need to show that f,
has slow recurrence to the critical set for y € S to achieve the result stated

in Theorem A. This is done in Sections 4 to 6, where a stronger result is
obtained, as explained in what follows.

|f(x) = fl.(y)]

=)

log | f,,(x)| = log | ()| | <
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1.3. Exponential decay of correlations and Central Limit Theorem. Us-
ing some recent developments on the statistical behavior of non-uniformly
expanding maps [ALP, G| we are able to obtain exponential bounds on
the decay of correlations between Hélder continuous observables for v, with
p € S. In addition, it follows from standard techniques that v, also satisfies
the Central Limit Theorem. In order to achieve this we refine the arguments
in [PRV] using strong conditions on the exclusion of parameters extending
the estimates obtained therein for critical orbits to get an exponential upper
bound on the growth of the derivative along orbits of critical values, as ex-
plained in Section 8. Moreover, we are able to extend most of the estimates
from [PRV] for Lebesgue almost every orbit, yielding an exponential bound
on the Lebesgue measure of the set of points whose average distance to the
critical set during the first n iterates is small, as follows.

We first define the average distance to the critical set

) 1 n—1 .
(1.7) C’(z) = njgo—logdlstb( 7(2),C).
for a given b > 0. Then we are able to prove the following.

THEOREM B. Let p € S and 6 > 0 be given. Then there are constants
C1,&1,b > 0 depending on f, o, kg and § only such that R(x) = min{N > 1:
C’(z) < 6, ¥n > N} satisfies

A{z e St : R(z) > n}) < Cre 51",

We note that in particular this shows that f,, has slow recurrence to the
critical set and ensures the existence of the SRB measure v, for u € S by
Theorem 1.2.

We are also able to obtain, using the same techniques, an exponential
bound on the set of points whose expansion rate up to time n is less than
the one prescribed by item (2) of Theorem 1.1. This is detailed in Section 7.

THEOREM Q Let p € S be given. Then there exist constants Cy, & > 0
depending on f, p and ko only such that £(z) = min{N > 1 : |(f;})’(x)’ >
o3, %n > N} satisfies

M{z € S': E(x) > n}) < Coe™5m.

In particular we obtain a new proof of item (2) of Theorem 1.1, which
does not follow directly from Theorem A plus the Ergodic Theorem since it
is not obvious whether log | f’| is v,-integrable.

Theorems B and C ensure that for u € S there are constants Cs > 0 and
& € (0,1) such that I}, = {x € S' : £(z) > n or R(x) > n} satisfies
(1.8) MI7,) < Cze™5n
for all n > 1. This fits nicely into the following statements.
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THEOREM 1.5. Let g : St — S! be a transitive C? local diffeomorphism
outside a non-flat critical set C such that (1.8) holds. Then

(1) ([ALP, Theorem 1)) there exists an absolutely continuous invariant
probability measure v and some finite power of g is mixing with re-
spect to v;

(2) ([G, Theorem 1.1)) there exist constants C,c > 0 such that the cor-

relation function Corry(p, ) = ‘S((p og"pdv — Sodvy dl/|, for
Hoélder continuous observables p,1) : S' — R, satisfies, for alln > 1,
Corry,(p, 1) < Ce™ ™

(3) ([ALP, Theorem 4]) v satisfies the Central Limit Theorem: given a
Hélder continuous function ¢ : S' — R which is not a coboundary
(¢ #Yog—1p for any 1) : St — R) there exists § > 0 such that for
every interval J C R,

n—1
nllngoy({xESl %Z( qbdu })
7=0
1 —t2/(202
)

e

"9

It is then straightforward to deduce the following conclusion.

COROLLARY D. For every pu € S the map f, has exponential decay
of correlations for Hélder continuous observables and satisfies the Central
Limit Theorem with respect to the SRB measure v,,.

1.4. Continuous variation of densities and of entropy. We note that dur-
ing the arguments in Sections 2 to 7 the constants used in every estimation
depend uniformly on the values of p, 0 and € which can be set right from the
start of the construction that proves Theorems B and C. This enables us to
use recent results of statistical stability and continuity of the SRB entropy
from [A, AOT], showing that both the densities of the SRB measures v, and
the entropy vary continuously with p € S.

Let F be a family of C? maps of S! outside a fixed non-flat critical set
C such that for any given f € F and é; > 0 there exists do > 0 satisfying,
for every measurable subset £ C S!,

ANE) <8 = AfU(E)) <6,

that is, f.(\) < A\. We say that a family F as above is a non-degenerate
family of maps.



Physical measures for infinite-modal maps 221

THEOREM 1.6. Let a non-degenerate family F of C? maps of S' outside
a fized non-flat critical set C be given such that for every f € F the corre-
sponding functions £, R : S* — N define a family (I,)n>1 satisfying (1.8)
with constants C3, &3 not depending on f € F. Then

(1) ([A, Theorem A]) the map (F,dc2) — (L'(N), |- |l1), f = dvy/dA €

LY()\), is continuous, where dg2 is the C? distance and || - |1 the
L'-norm;

(2) ([AOT, Corollary CJ) the map (F,dc,) — R, f  hy(f), is con-
tinuous.

We observe that F = {f,, : p € S} satisfies all the above conditions since

° f is a C'"°° map whose non-zero singularities, albeit infinitely many, are
of quadratic type, and near zero f is bounded by |2|%;

e f, is obtained from f through a local diffeomorphism extension plus
two translations (or rigid rotations when viewed on S!);

e the values of 3, ¢, 0, p can be chosen so that

— S is given by Theorem 1.1 with positive Lebesgue measure;
— fufor p € S satisfies (1.8) with C3,&3 > 0 depending only on €, o, p—
this is detailed in Section 9.

Thus we deduce the following corollary which shows that statistical prop-
erties of f,, are stable under small variations of the parameter p within the
set S.

COROLLARY E. The following maps are both continuous:

S — (LN, - 1), S —R,

dv,, and

— = b, ().
= d)\’ H

2. Idea of the proof. From now on we fix a parameter u € .S and write
Coo = U2 o(f™")7H(C) for the set of pre-orbits of the critical set C. We also
write f = f,, in what follows.

Following [PRV] we consider a convenient partition {I(l,s,7)} of the
phase space into subintervals, with a bounded distortion property: trajecto-
ries with the same itinerary with respect to this partition have derivatives
which are comparable, up to a multiplicative constant. This is done as fol-
lows. Let | > ko and y; € (27, x;—1) be as defined in Subsections 1.1 and 1.2:
x; is the middle point of (y;41,y;). We partition (x;,y;) into subintervals
I(l,8) = (z;+e= /B3 (yy—ay), 2+~ /B =D (1 — 1)), s > 1. We denote by
I(l, —s) the subinterval of (y;11,2;) symmetrical to I(l, s) with respect to x;.
We subdivide I(l,+s) into (I + |s|)? intervals I(l, +s,5), 1 < j < (1 +1s])3,
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41 Yigr  1ms) X Ids) )

Fig. 3. The initial partition Py

with equal length and j increasing as I(l,+s,7) is closer to z; (see Fig-
ure 3). We also perform entirely symmetric constructions for [ < —kg. Let
I(+ko,1,1) be the intervals having +¢ in their boundaries. Clearly we may
suppose that I(4ko,1,1) are contained in the region S'\ [~7, 7] where f
coincides with f, and so |f'| > oo > 1. Finally, for completeness, we set
1(0,0,0) = 1(0,0) = St \ [—¢,¢].

REMARK 2.1. By the definition of I(l, s, j),
e—(m/B)(ll+]s])

(s, ) = a1 — g
(I +[s])?

and
a2€*(ﬂ/ﬁ)(|l|+|8|) < dist(I(l,s,7),2;) < a2€*(ﬂ/ﬁ)(\l\+\8|*1)

where |I| denotes the length of the interval I,
(e™/B —1)2 em/P 1

1 and a’2:x7€w/,@+1<1'

al = T
Moreover, for any m > 1 we have |z, — zpmq1| = #(1 — e ™/B)e=(7/B)m,
In addition, we have dist(I(l,s,j),0) = |z;| £ dist(I(l,s,7),x;) according
to the sign of s and consequently |& — as|e” (/A < dist(I(1,s,4),0) <
(a2 + i)e_(w/ﬁ)‘ll

We will separate the orbit of a point g € I\ Cs into sequences of
consecutive iterates according to whether the point is near C or is in the
expanding region 1(0,0,0). When z,, = f™(x¢) is near C, we say that n is
a return time and the expansion may be lost. But since we know that for
i € S the derivatives along the critical orbits grow exponentially fast, we
shadow the orbit of x,, during a binding period by the orbit of the nearest
critical point and borrow its expansion. At the end of this binding period,
the expansion is completely recovered, which will be explained precisely in
Section 4.

This picture is complicated by the infinite number of critical points and
by the possible returns near another critical point during a binding period.
Iterates outside binding periods and return times are free iterates, where the
derivative is uniformly expanded.
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Our main objective is to obtain slow recurrence to C, which means that
the returns of generic orbits are not too close to C on the average. However,
even at a free iterate the orbits may be very close to the critical set, by the
geometry of the graph of fy, which demands a deeper analysis to achieve
slow recurrence to the critical set. Moreover, since |f’| is not bounded from
above in our setting, we do not automatically have an exponential bound on
the derivative along orbits of critical values, which is needed to better control
the recurrence to C and must be proved by a separate argument involving a
stronger exclusion of parameters than in the algorithm presented in [PRV].

Using the slow recurrence we show that the derivative along the orbit of
Lebesgue almost every point grows exponentially fast. Using the estimates
from Sections 3 to 5 we are able to obtain more: we deduce the exponential
estimates of Theorems B and C in Sections 6 and 7.

Finally, the refinement of the parameter exclusion in [PRV] and the de-
pendence of the constants on the choices made during the entire construc-
tion are detailed in Sections 8 and 9 respectively, where we show that the
estimates are uniform in p € S.

3. Refining the partition. We are going to build inductively a se-
quence of partitions Py, P1, ... of I (modulo a zero Lebesgue measure set)
into intervals. We will define inductively the set R,(w) = {r1,...,7ym)},
which is the set of return times of w € P, up to n, and a set @Qn(w) =
{(l1,81,51)5 -+ (ly(n)» Sy(n)» Jy(n)) }> Which records the indices of the inter-
vals such that f"(w) C I(l;;84,7:), i = 1,...,7y(n)-

In the process we will show inductively that for all n € Ng,

(3.1) Yw e P, [T, is a diffeomorphism,
which is essential for the construction itself. For n = 0 we define
Po = {(1(0,0,0)} U{I(Ls.3): [I| > ko, [s| > 1. 1< 5 < (1] + |s)?}.

It is obvious that Py satisfies (3.1) for n = 0. We set Ry(1(0,0,0)) =

0
and Ro(I(l,s,7)) = {0}, Qo(I(l,s,5)) = {(l,s,7)} for all possible (l,s,j) #
(0,0,0).

REMARK 3.1. This means that every I(l,s,j) with |I| > ko, |s| > 1 and
i = 1,...,(Jl| + |s])® has a return at time 0, by definition. This will be
important in Section 6.

For each (I, s) with |I| > ko and |s| > 1 such that

1—e /P 6 1+e /P
—(m/B)s| 2 — & ' __F -Te
(3.2) e T <7, ie. |s]>s(7) - log<7 >,



224 V. Aratjo and M. J. Pacifico

we define the binding period p(z) of x € I(l,s) to be the largest integer
p > 0 such that

[f (@) <e and [fM(x) = f(@)] < (@) = Tgponle™™"
(3.3) or
[fM(@)| > e and [fM(x) = fM(x)| < eFTem
for all 1 < h < p, where z,,() is the critical point nearest f(f(x;)) and

7 > 0 is a small constant to be specified during the construction.
Condition (3.2) failing means that (I, s) is not close enough to C since

o L=e™P
1+e /8

for all z € I(l,s), and in this case there is no expansion loss at the point x.
Indeed, by Lemma 1.3 and using the definition of z; from (1.2) we get

|z — x| > e Pl (y, — 2p) > (/B |z1] > 7|2y

A~

a—1
- a— — a— TL —a)(m
34) |f'(@)] = C Ha|* Pla—ay| = O Hay|*Prlay| = - ell=a) /B,

Since 1 — a > 0 and |I| > ko, this ensures that |f/'(x)] > 1 if we take
ko = ko(T) large enough.

REMARK 3.2. As we will explain along the proof, the values of k¢ and
771 will both need to be taken sufficiently large. We note that ky — oo as
7 — 07. For more on these dependencies see Section 9.

We define the binding period p(l, s) of the interval I(l, s) to be the small-
est binding period of all points of this interval, that is, p(l,s) = inf{p(z) :
xel(l,s)}.

For (I,s,j) with |I| > ko, |s| > 1 and 1 < j < (JI| + |s|)3, write I(l,s, )"
for the union of I(l,s,j) with its two adjacent intervals in Py.

Now we assume that P,,_; is defined and satisfies (3.1), and R,,—1, Qn—1
are also defined on each element of P,,_1. For a fixed interval w € P,,_1 there
are three possible situations.

(1) I Ry1(w) # 0 and n < 7y4—1) + P(ly(n—1); Sy(n—1)) then we say
that n is a bound time for w, put w € P, and set Ry, (w) = Rp—1(w),
Qn(w) = Qn—l(w)-

(2) If either R, 1(w) = 0, or n > 7yn_1) + p(ly(n-1), Sy(n—1)) and
f"(w) C 1(0,0,0) U I(+ko,1,1) and f™(w) does not contain any
I(+ko,1,1), then we say that n is a free time for w, put w € P, and
st By () = Bn1(w), Qu(e) = Qn_1(w).

(3) If the two conditions above fail then we consider two cases:

(a) f™(w) does not cover completely any I(l,s,j), with |I| > ko,
|s| > 1 and j = 1,...,(|]l| + |s])3. Because f" is continuous
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and w is an interval, f™(w) is also an interval and thus it is
contained in some I(l,s,7)", for certain |I] > ko, |s| > 1 and
I=1,...,(]I| +|s|) which is called the host interval.
If |s| > s(7), then this n is an inessential return time for w and
we set Ry(w) = Rp—1(w) U{n}, Qn(w) = Qn_1(w) U{(l,s,7)}
and put w € P,.
Otherwise, |s| < s(7) and there is no expansion loss, thus n
is again a free time, put w € P, and set R,(w) = Rp—1(w),
Qn(w) = Qn-1(w).

(b) f™(w) contains at least one interval I(l, s, j) with || > ko, |s| > 1
and j = 1,...,(]l|+]s])3, in which case we partition w as follows.
We consider the sets

w’hs’j =f"I(,sj)Nw for |l| > ko, |s| > 1,
1<j < ([ +s])? and (|I],s,5) # (ko, 1,1),

Woo0 = f"((0,0,0) U I(+ko,1,1)) Nw.

Denoting by T the set of indices (I, s, j) such that v} ; # 0 we
have

(3.5) w\fMC) = |J Wi
(1,5.5)€T

By the induction hypothesis f"|,, is a diffeomorphism and then
each w' (. is an interval. Moreover, f"(w) ;) covers the whole
I(l,s,j) for |l > ko, |s| > 1,5 =1,...,(|t| + |s])3, except possi-
bly for one or two end intervals. When f"(w’ ;) does not cover
entirely (1, s,j) we enlarge w/l,s,j gluing it with its adjacent in-
tervals in (3.5), getting a new decomposition of w \ f~"(C) into
intervals w; s ; such that

I(l’ Saj) - fn(wl,s,j) - I(l7 S,j)+

for [I] > ko, |s| > 1, 1 < j < (|i| +]s])*.
We put w;,; € Py for all (,s,j) such that w;,; # 0, with
|l| > ko. This results in a refinement of P,,_1 at w.
We set Qn(wis;) = Qn-1(w) U{(l,s,7)} for every non-empty
interval wy ;. The interval I(1, s, 7)" is the host interval of wy s ;.
We define R, (w;s ;) U{n} and we say that n is an
(i) escape time for wy; if |I] > ko and s < s(7),
(ii) essential return time for wy; if [I| > ko and s > s(7).

REMARK 3.3. We note that if n is a free time or an escape time for z,
then z = f"(2) either is in the region S'\ [—¢,¢] and thus |f/(z)| > 1, or
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satisfies the inequality (3.4). Hence at free times and escape times we always
have expansion of derivatives bounded from below by some uniform constant
oo > 1. We stress that we may and will assume that og > max{e, &} in
what follows.

To complete the induction step, all we need is to check that (3.1) holds
for P,,. Since for any interval J C S!,

f"|s is a diffeomorphism

= f"1 s a diffeomor hism,
cnfJ)=0 } s P

all we are left to prove is that C N f™(w) = for all w € P,,.

Let w € P,. If nis a free time for w then we are done. If n is either a return
time for w, essential or inessential, or an escape time, then by construction
we have f(w) C I(l,s,7)T for some |I| > ko, |s| > 1,5 =1,..., (|| + |s])?
(or for (I,s,7) = (0,0,0)) and thus C N f™(w) = (. For the binding case we
use the following estimate.

PrROPOSITION 3.4. Letn > 1 and w € P, be such that n is a binding
time for w. Then either | f(z)| > xx, or dist(f™(x),C) > poe "™"") for all
T € w, where r = 14,1y is the last return time for w with n < r+p(f"(w))
and pg = 1 — e~ P. Moreover, there is no element of C between f™(x) and
[ (1,.), where x;, is the critical point associated to the return at time .

This result is enough to conclude that C N f"(w) = (), completing the
induction step.

Proof. We know, from item (1b) of Theorem 1.1, that for u € S, every
h > 1 and all || > ko, either

(3.6) [l >e o [ (f (@) = 2| = e,

where x,,p,) is the critical point closest to f™(f(x;)) as before. In the former
case, if n is a binding time for w, by the the definition of binding period, for
all x € w we get

@) 2 e ()] = @) = £ ()

>e— €1+Tef‘r(nfr7(n,1)) > i (1 . 57)-77]@0
xko
1—¢€"
=2 m Thy > Thes
according to condition (1.3) on the choice of kg as a function of 7.
In the latter case in (3.6), by definition of binding (3.3) and because we
assume that p < 7, setting m = m(n — 1 — 7,(,_1)) for simplicity, we see



Physical measures for infinite-modal maps 227
that |f"(x) — x| is bounded by

B7) e (@, ) = @l = F (@) = O ()
Z e_p(n_l_r’y(nfl)) _ ‘f(n_T’Y(nfl))(l‘

v(n—1

o) = Tle™T T2 00)

> e PP Tm-n) (1 — ) > 0.

To complete the proof we consider the case when Ty is not the
closest critical point to f™ (-1 (x). We first argue that no 2’ € C is between
f"(z) and f""" =D (2 ). For otherwise using (3.3) and the definition

of x; we would have
v(n—1)

1 _
3 2" — | < |f3 () = [0 (2, )]

< ‘f”fr“/(nfl) (xl

W(n_l)) _ xm‘eff(n*wnfl))

e~ T(n—Ty(n-1))
S 2 ’J;/ - $m|7
a contradiction because e~ "™ "v(n-1) < 1. Hence there exists ' € C such
that x' and x, are consecutive critical points in C and both f}}(x) and

fr -1 (:ElV are between x' and x,,. But then

(n-1)

@' = (@) = [a" = [T (@, )] = @) = e (@)

1 - —_ j—

2 210! = | = |f7TO 1, ) = Tfe T D)
1 1

> 5 10’ = @] = 5 |0’ = @l T00)

> 1 2" — & |(1 — e (=),

2
We observe that since 2’ and x,,, are consecutive critical points, z’ is either

T+l O Typ—1, thus

(2 = | > 2FTAD (2 ) = ] > 2P,

Y(n—1)
Combining the last two inequalities and taking into account that p < 7 gives
|x/ — f(2)] > G*P(H*H(n—l))(l _ B*T(n*m(n—n))

Z efp(nf,r'y(n—l))(l _ efp(nf,r'y(n—l)))'
Choosing p and ¢ close to 0 such that e™” > ¢ (p < log2 and € < 1/2 is

enough) we get 1 —e > 1—e~” and we may then replace 1 —¢ by pg = 1—e™”
in (3.7), finishing the proof since 1 — e " ™-1) > 1 — e = pg. m
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4. Auxiliary lemmas. Here we collect some intermediate results need-
ed for the proofs of the main estimates. In all that follows we write C' for a
constant depending only on the initial map f or fy.

LEMMA 4.1 ([PRV, Lemma 3.1]). Given a1, g, (1,82 with aj/as #
B1/ 02, there exists § > 0 such that, for every x, at least one of the following
assertions hold: |ay sinz + (1 cosz| > or |agsinx + (B3 cosx| > 0.

Using this we obtain the following property of bounded distortion for the
second derivative near critical points. Observe that since there are inflection
points between consecutive critical points, the lower bound cannot hold in
general, so we restrict this bound to a small scaled neighborhood of the
critical set, reducing the value of 7 > 0 if needed.

LEMMA 4.2. ThAere exists T > 0 small enough and a constant C > 0
depending only on f such that for every k > ko and t € [yx+1,yx| we have

[P @O/1f" ()] < C-

Moreover, we can find a constant C, depending only on f and T, such
that for [t — x| < T|zk| we have |f" )|/ f"(x)| > C1.

Note that the condition on the lower bound above is satisfied by all points
i a return situation, either essential or inessential, during the construction
of the sequence of partitions Py, as detailed in the previous Section 3.

Proof. Since f is symmetric we can assume without loss that z > 0 in
what follows. We compute

f'(z) = —az* Yasin(Blog z) + [ cos(Blog 2)],
f"(z) = —az®?[Asin(Blog z) + B cos(flog z)],
where A = a(a — 1) — 3% and B = 3(2a — 1). Note that for z = 2; we have
0= f'(x;) = asin(Blogz;) + Bcos(Slog ;)

and

a , p
A7 B
Applying Lemma 4.1 we get, because f'(x) =0,
| (®)] “2 Al +|B| < o~ (@/B)(a-2) Al +[B|
[f" (k)] 6 §
where the last inequality is a direct consequence of (1.2).
Now for the lower bound we compute the zeroes of f” and obtain

. T . 1., BRa-1)
2 = zexp| —k—= for k > ko, where 2 =-exp| =tan™! ).
‘ p< 5) = p(ﬂ ﬂ?—a2+a>
By the expressions for the zeroes of f’ and the zeroes of f” we see that
their distance is scaled by a common factor. Thus if we consider a scaled

& o?+ 3% +#0, which is true, since a, 3 > 0.

LTE41
Tk
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neighborhood of each x; specified by a small enough 7 > 0, that is, consid-
ering only ¢t with |t — x;| < 7|z, then we ensure that ¢ is far away from the
inflection point.

Moreover, the value of the quotient in the statement of the lemma is
invariant under the scaling: let [ > k > ko and |t — x| < 7|zk|. Then on the
one hand,

e ERTBl gy | = |s — @y < Tlwy| where s = te”(TRIT/B,
On the other hand,
() las*[Asin(Blogs) + Beos(Blogs)]

(@) |az2[Asin(8log ;) 4+ B cos(8log ;)]

B la(te==R)m/BYe=2[ Asin(Blogt + (k — I)7) + Bcos(Blogt + (k — 1)7)]|
 a(zpe==R)7/BYa=2[ Asin(B log zj+ (k—1)7)+ B cos(Blog xi+ (k—1)7)]|
is the same value of |f”(¢)|/|f"(xk)|. Therefore the lower bound is given by
- |f" ()]

inf
{ |7 ()|

for any k > kg. Taking C' > 0 large enough we conclude the proof. =

: \t—xk| < T‘xk‘}

The next result guarantees that orbits of points in [-Ce®, —g| U [, Ce?]
remain expanding during a number mg of iterates that can be fixed arbi-
trarily large by reducing £ and u. Recall that | f’\ > 0o > 1 and that f is
C'-close to f outside [, 7] if p is small.

LEMMA 4.3 ([PRV, Lemma 6.1]). There ezist ¢,C >0 and mo>clog(1/e)
such that if j < |z| < Ce?, then fi(x) & [—7, 7] and |f'(fi(x))| > oo for all
1<i<mg and all p € [—¢,¢].

Next we establish some results of bounded distortion and uniformly
bounded expansion during binding periods.

LEMMA 4.4 (Bounded distortion on binding periods). There exists A =
A(C,7) > 1 such that for all x € I(l,s) we have

Lol e |,
A= |G|
for every 1 < j < p(l, s) and every € € [f(z), ()]
Proof. We let n = f(x;) and consider 0 < ¢ < j. There are two cases to

treat, corresponding to the two possibilities in (3.3). If |fi(n)| < e then, by
Lemma 1.4,

PUE) ~ 0| PO = P _
(W) ’§C|fi<n>—xm<i>|§0 |
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If [fi(n)| > &, then |f{(¢) — fi(n)| < e'*7e™™ < ¢ and so the interval

bounded by fi(¢) and f!(n) is contained in the region S!\ [~7, ], where

f = f. Thus,

FUFE) — £/ ()
f(fim)

Putting together all the above we get

2

< OIf'(€) = fim)] < CeTTe™ < Ce ™,

£ fl — F'(fi(n) L
fi(n)) ’SC; =

Thus

f1(f1(8)

Zl < %ﬁ% 1‘)§Z ()

=0

and the statement of the lemma follows. =

Now we prove an exponential bound on the derivative along the orbit of
each critical value zp with |k| > ko. This is needed to get a lower bound for
the binding time p in terms of the position of the return interval given by
(I, s) in the following Lemma 4.6. This demands a proof since the derivative
of f is unbounded due to the presence of infinitely many critical points,
unlike the quadratic family where we have this property for free.

In our setting we will obtain this by imposing an extra condition, besides
item (1b) from Theorem 1.1, in the construction of the set S of parameters
1 which we shall consider in the proof of Theorems B and C. This condition
is expressed by the inequality

n—1
(4.1) Z—logdist(flz(zk),C) < Mn,
§=0
for all n > 1 which are not bound times for the orbit of the critical value
2y, for every |k| > ko and for some fixed large constant M > 0. Since for all
x € I we have |z| > dist(x,C) this implies
n—1
(4.2) > —log|fi(zk) < Mn
§=0

and we are able to deduce the following.

LEMMA 4.5. Assume that (4.2) holds for some € S. Then there exists
a constant M > 0 such that |(f")(z)| < M™ for alln > 1 and |k| > ko.

Proof. Note that just by taking the derivative of f we see that there
exists a constant C' > 0 such that |f/(x)| < C|z|*"'. On the one hand, for
n > 1 such that n is not a bound time for z; and |k| > ko we use (4.2) to
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get

n—1
(™) (z)] < T ClF )™
7=0

n—1
< exp(Y (1o C + (o~ 1)log | (1))
j=0

< exp(nlogC' + (1 — a)Mn) = M™,

where M = exp(log C'+ (1 —a)M). We can assume without loss that M > A
where A > 1 is given by Lemma 4.4.

On the other hand, if n is a bound time for zy, let t1 < n be the return
time for 2z which originated the binding and z;, be the corresponding bound
critical value. Then by Lemma 4.4,

(™) )l < AL )l - 1Y ()

If t1 is not a bound time for z;,, then by the bound just proved for all critical
values on free times and return situations we bound the last expression by
AMPt Mt = AM™. Otherwise there are to < n — ¢, the return time for
z;, which originated the binding, and z;,, the corresponding bound critical
value, and as above we get

(™) (i) < AZ(F70712) ()| - 1(F52) () - 1P (o)

If n — t1 — ta is not a bound time for z, we bound this expression by
A2pr—timt bt < A2M™ . Otherwise we repeat the argument. Knowing
that the orbit of every critical value has an initial number jo > 1 of free
iterates [PRV, beginning of Section 4, p. 450], we see that this argument
must end in a free time and we arrive at }(f”)’(zk)‘ < A'M™ where [ < n is
the number of nested binding periods obtained. Since M > A we conclude
the proof of the lemma by setting M = M?2. u

Now we obtain the estimates for the binding time assuming that (4.2)
holds for x4 € S. In Section 8 we explain how to obtain (4.2) for a positive
measure subset of parameters in S.

LEMMA 4.6 (Expansion during binding periods). There are constants
Ayg = Ao(e,p,7) > 1, 0=1(M) >0 and 0 = 0(M,e,p,7) € N such that for
n > 1 and w € P, with Ry,(w) # 0, if r is the last return time for w and
fM(w) C I(l,s,7), then setting p = p(l,s) > 0 and ( = 2(p + 7)/logo we
have, for T small enough:

(a) «(M)(|I] +s]) <p < 61

—(t+1s);
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O) 1Y ()] = g e me((@=0 G (1 + D)

and if |l| + |s| > 6, then

(Y] = gew (50 +1sD ).

for every x € w;
() [(fPY (fm(2))| > AgaPHD/3 > 2 for every z € w.

Proof. To prove item (a), we use the definition of the partition and
the construction of the refinement. As p > 0, (I,s,7) # (£ko,1,1) and so
|f7(x) — 1| > age”T/DUIHID by Remark 2.1, where z is any given point
in w. Using the second order Taylor approximation and Lemma 4.2 we get

1 — (7T S
@) = fla)] = G 1" (@)l (aze (r/B) s )2
> 1 e~ (m/B)(a=2) g=2(m/B)(lLl+]s])
where |f"(z;)] > C~ay|*2 = 132 2~ (W/D@=2) by Lemma 1.3(2).

Then for each 0 < j < p, there is some & between f(z;) and f"!(x) such
that

4.3) 7 @) = F @) = 1) @1 [fH () = fla)
> Ol (/BlU(a=2) =2/ B)(UHIsl) | (7Y (£)].

Now since a@ — 2 < 0 and we can take |l| > kg very large, as a consequence
of Lemma 4.4 and of the exponential growth of the derivative at the critical
orbits, we get the bound

2e=2/B)UHsD 5d < | pitr+L (g) — I+ ()] < 2.
Hence e 2(@/BUl+IsD i < 1 for all 1 < j < p. In particular,

2(m/B) (1] + |s])
log o

—2(m/B)(|l| + |s]) + plog(c) <0, implying p<

I

thus proving the upper bound in (a).
For the lower bound in (a), we note that by the definition of binding
period, we have

(4.4) [P (@) = 7 ()]

- { |fPFH (@) = @ le 7T [P ()] < e,
ettt if [P (z)] > e.
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So in either case using Lemmas 4.4 and 4.5 we get
P @) = P )| = () ©)) - 1 @) — f ()
< A[(2) ()] - [f (@) = fla)]
< AMPClay|* 72| " (z) — x|
< AMPCe—(/B)(alll+2]s]) < A]\ﬂ%*oc(ﬂ/ﬁ)(Il\JrISI)7

where ¢ is some point between f"*!(z) and f(x;) and in the third line above
we have used Lemma 1.3.

On the one hand, if |f?*!(z;)| > € then we arrive at ' t7e~ 7P+ <
AMPe=/B)U+IsD)  On the other hand, if | f7*!(z;)| < e then by condition
(1b) from Theorem 1.1 we arrive at e ppe_T(pH) < AMPe=o(m/B)(U+sD | In
both cases if we take M large enough, then we get a bound of the form
p > o(M)(|l] + |s|) concluding the proof of (a).

Now we prove (b). Since p + 1 is not a binding time we must have (4.4)
as before. Using Theorem 1.1(1b), setting

AP+1 = Hjlin{gl-‘rTe—T(p-i-l)7 e—(p+7)(p+1)}

we get for some ¢ € [f(z;), f7(x)], by Lemma 4.4, and using second or-
der Taylor expansion of f near x; together with the upper bound from
Lemma 4.2,

(45)  Appr <[P (@) — @) = [(2) ()] |f (@) — 77 ()]
< CIFY @)1 @] - 17 (@) — .

Note that the second order Taylor expansion near x; gives

) = @) = | @)+ T - )
=8 - pray
for some & between x; and f"(x). Together with Lemma 4.2 we obtain the

bound in (4.5).
On the other hand, using Lemma 1.3 and again Lemma 4.4 we get

[PEY S @) = LU @) 1) (7 (@)
> C7 M a|*2If7 (@) = @] - () (f (@)
Hence by the previous expression together with (4.5) we deduce

1+7 _— T 1
(PP (7 ()] > & e @y > L e (ot D) (x/B) i1+ 1s)

Clfr(x) —m| —C

Now we have two possibilities: either e > e~(Pt7)(®+1) or not. In the former
case we obtain, by the upper bound in item (a) and because we can assume
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that 2+ 7 <3 and p+7 <1,

(FPHY(F7 ()] > e EHeHn e /s > L exp(g (Uil + \sl))-

Q

In the latter case we get

(el = e e e (1= 25D 2+ )

Observe that in this case loge < —(p + 7)(p + 1), thus by the lower bound
in item (a) and since kg = C'log(1/¢) we have
(p+m)M)(JIl + sl +1) < (p+7)(p+ 1) < Cho.
So if [l|+|s| > 6 with (p+7)u(M)(0+1) > Cko then only the first alternative
can happen. This concludes the proof of item (b).
In order to prove (c) we use Lemma 4.4 once again and the Mean

Value Theorem applied to f’ near x; together with the lower bound from
Lemma 4.2 to get

(4.6) (P @) = U @) P - 1 @)

> (CTHUEY (f@)]- [P T @IDCH @) P (x) — 2l?)

= CTHY (@) - " @l @) - 7 @l - 17 (@) = 2f?).
Note that we can use the lower bound from Lemma 4.2 because r is a return

time, not an escape nor a free time. Comparing the last expression (4.6)
with (4.5) we see that (4.6) is bounded below by

CTHUPY )] - 7 @ADL 1f (@) = fH (=)
= CHPY (F@))] - |f" @) - [ 7 () = P ().
Finally, from Lemma 1.3(2) we deduce the lower bound
(4.7) CaPCHay |*2| P4 () — [P ().

Now we consider two cases.

On the one hand, if | fPT!(z;)| > ¢ then, by the definition of p in (3.3), we
must have |fPH1(z;) — frPH (2)] > e'+7e 7P+ The bound (4.7) together
with @« —2 < 0 and |x;| < € implies that

P (7 @) 2 O 2072 P () — fr7 L (a).

Now we can write

’(fp-i-l)l(fr(x))‘Z > C—lgpga—l—i-Te—T(p-&-l) > 14302(;0-&-1)/37

if we fix 7 < min{l — «,logo/3} and take € small enough.
On the other hand, if |fP*!(z;)| < e then |fPHi(z;) — f~PH(z)| >
‘fp—H(xZ) - xm(p)le_T(p-H) by (3'3)'
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Finally, we note that there is only one possibility according to item (1b)
of Theorem 1.1, that is, |fP*(x)) — @] = €77P, and thus | P (x)) —

frPtl(z)| > Ctee PP+ Hence
pH1N/ (g 2 s 0102, —(p+7)(p+1) > A2,2(p+1)/3
[P (@)]" = O oPe™ e > Ago

as long as we take €, p and 7 small enough. This concludes the proof. =

m(p)

REMARK 4.7. Note that «(M) — 0 as M — oc.
Now we will obtain estimates of the length of |f™(w)|.

LEMMA 4.8 (Lower bounds on the length at return times). Let r be
an essential or an inessential return time for w € Pp_1, with host interval
I(l,s,7)". Let p=1p(l,s) denote the length of its binding period and set

Q= QU simp) = — T /B +ls)
— y S, Ty P) = € .
(11 + [s])?

(1) Assuming that r* < n — 1 is the next return situation for w (either
essential, inessential or an escape), we have

1R (w)] > Qage(lﬁé)(ﬂ/ﬁ)(\l\ﬂﬂ)|f7"(w)|

forq=k—(r+p+1) and every k such that r + p+1 < k < r*.
Moreover,

|5 ()] = o8 Aga PHIB| 7 ()| = Ao|fT (w)] > | f7 ()]

(2) If r is the last return time for w up to iterate n — 1 and also an
essential return, and r* is a return time for w, then setting ¢ =
k—(r+p+1) we have

1 (w)] > a1Qole X T/BWHD for all r +p4+1 < k < 7.
Suppose that r is an escape time for w € P,_1.
(3) If r* < n — 1 is the next return situation for w, then |f*(w)| >
o7 (w)] for every k such that r < k < r*.

REMARK 4.9. Note that Q = Q(l,s,7,p) — o0 as |l| + |s| — oo.

Proof. We start by assuming r* < n — 1. By the mean value theorem we
have [£7(w)] > [(f7 ") (f7(€))] - | f"(w)| for some & € w. Using Remark 3.3
and Lemma 4.6 we get, by setting ¢ =r* — (r +p+ 1),

48) ST @ =Y PN - 1P D] I (@)
1 T — s T
> UgaglJr eA=QE/B)UUFD | 7 ()]
€1+T
> o e eSm/B) 15D g (1=20(x/B) (s | £7 ()]

Taking into account the definition of ) we obtain the first part of item (1).
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If r is an essential return time for w, then I(l, s,j) C f"(w) and |f"(w)| >
aye=T/BU+ID /(17] + |s])3, hence

)] > | €T/ HIHs)
w)| > o
OO+ s

and by the definition of @ this proves (2).

For the second part of item (1) just use the inequality from Lemma 4.6(c)
in the first line of (4.8).

To get item (3) observe that between the iterate r and r* — 1 there are
only free iterates for w, thus the estimate follows by the uniform expanding
rate at free times.

Altogether this concludes the proof of the lemma for the case k = r*.
For the other cases r + p < k < r* observe that only the number of free
iterates after the last bound iterate until k£ is affected, and this number
equalsg=k—(r+p+1). m

4162/ U1+s)),

LEMMA 4.10 (Bounded distortion). There is a constant Dy = Dy(p, T, 0)
> 0 such that for w € Pp_1, n € N, and for every x,y € w we have

(™) @)/1F) ()] < Do.
Proof. Let

Ry i(w)={r1,...,7y} and Qu-1(w)={(l1,51,71),---5(ly,5y,7)}

be the sets of return situations (essential returns, inessential returns and
escapes) and indices of host intervals of w, respectively, as defined during the
construction of the partition. Let w; = f"(w), p; = p(li,s;) fori =1,...,7
and, for y,z € w, let y, = f*(y) and 2, = f¥(2) for k =0,...,n—1. Observe
that w; C I(1;, 84, 7;)" for all i and

‘ (f")'(2) f'(zk)
(/") (y) I (yr)
On free iterates, if y; € [—¢,¢], then by Lemma 1.4,
Faw) = Fn) | o e |26 =9k | : |fF(w)|

J' (k) I F 7 A VI ()
where we define Ay (w) = dist(f*(w),C) = inf,e,, dist(f*(z),C) and &, is the
critical point closest to yz. We observe that in this case the interval f*(w) is
between two consecutive critical points, x;, and x;, 11, and is contained in

some I (I, sk, jx)™ with s, < s(7). Note that by the exponential character
of the initial partition, we have

(4.11) [fE (@) < CH Uk, sk, 1)T| and - Ag(w) = CH (s s1))

for some constant C' > 0 depending only on f (see Remark 2.1).

n—1

I

k=0

I'(z) — f'(yx)
I (k)

n—1
(4.9) <11 (1 +

k=0

(4.10)
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Otherwise for free iterates y, € S\ [—¢, ] we get

(4.12) 3 f'(zk) — (k)

/
ri+p,‘<k<ri+1 f (yk)
[y |>e
L L
<= > -kl <= > f W)
ri+pi<k<riii ri+pi<k<riii
ly|>e lyr|>e
L o ) ;
S I O
g ri+p; <k<riti1 it

by definition of f on S!\ [~¢, €], since |f/|S'\ [~¢,¢]| > & and |f”|S*\ [—¢, €]

< L for some constant L. We also recall that A, (w) < 1 by definition.
For an escape time k = r; with ¢ € {1,...,7} we have either |y;| < ¢

and then we have the inequality (4.10), or |yx| > ¢ and we get as in (4.12)

f'(z) — ' (yk) |wil
f'(yr) A (w)
Hence up to now all cases are bounded by the same type of expression.
Next we find a bound for iterates during binding times. Let us fix i =
1,...,v such that r; is not an escape time for w, i.e. it is either an essential
or inessential return time. Then for k = r; we have the same bound (4.10).
For r; < k < r; + p; we get, for some £ € w,

2k = vl = [ (7N Lzry =yl ST (S 17 ()]
= ("N Y (7€) = (@) - wil
< C(FmmH N - 1 ()] - 1 F7E) — @] - Jwil,

where we have used the Mean Value Theorem applied to f’ near the critical
point x;, together with the upper bound from Lemma 4.2.

We now have two possibilities by definition of p;. On the one hand, for
the first case in (3.3) there exists w € [f(z,), f71(£)] such that, by second
order Taylor expansion and the lower bound from Lemma 4.2,

(4.14) 177 @) = Sy le T T 2 FEE) = )
= (S )] - [f7HHE) = flay)]
> CHP Y ()] - [ ()| - () — P
> (AC) (A (FHEN - I @) - 1 7€) — P,
where we have used Lemma 4.4 in the last inequality. Note that we can use

the lower bound from Lemma 4.2 since r; is an essential or inessential return
time for w.

(4.13)

L L
< o — el < 21 (W) < K3
o g
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The last two expressions together show that

2 = yi| - | 7€) — @, | < ACPfFi(21,) = Tonrrs—1y e TF T g
This and Lemma 1.4 provide

60— ) |
I (yr) Yk — Tk,
< AC?K e~ T(k=ri) Jwil - |7 (21,) = Tm(k—ri-1)|

[f74(8) = ;| - lye — T
To bound the denominator from below, we note that clearly | f"i(§) — x;,| >
Ay, (w) since £ € w and z;, € C. Moreover, from Proposition 3.4, the closest
critical point Zj to yx and the closest critical point ., —r,—1) to f k=i (x1,)
are either equal or else consecutive critical points of f, and in the latter
case, both wy and f*~"i(z;.) lie between these consecutive critical points. In
the case Ty, = Zy,,()—p;—1) We can bound the previous expression by

|wi| |fk7ri ('le) - xm(k—m—l)|

An‘ (w) . |fk_ri (xll) - xm(kfr¢71)| - |yk - fk_m (xl2)|
e~ T(k—ri)

|wil —r(h—ry) Wil
. < D T T4 =
et Aw) 7 A, (w)

But when &y, # ¥, (k—r,—1), since y and fE=Ti(2y,) are between these critical
points, we have

B — il = 18— 77 () =y — 577 ()]
> [ (2y) = Togh—rey) — € TETI T (@) — 21
= (1 — e TRy  fhmmi (g ) — Ty (h—rs—1) |5
and we arrive at the same bound as before.

On the other hand, for the second case in (3.3) we get a similar inequality
in (4.14) providing

|2k — gkl - |F7(€) — 2, < ACP e TR |y,
and thus by definition of f we get
f'Gr) = f'(yw) | _ Ll —ykl ACL _r(empy _|wile™”

<D

I (k) -7 o | fri(€) — @,
N |wil
< D26—T(k—n) ’ AN
A, (w)
This shows that for every ¢ = 1,...,~ which is not an escape time, we have

‘w‘ l ‘I<ZZ7817.7Z)+’
A (w) = C Il si)]

ri+4
| S (ze) — f (k)
(4.15) k:ZT I (y)
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for all £ = 1,...,p;, where we have used the definition of w; and of host
interval, together with the same estimate as in (4.11).

Considering (4.10), (4.12), (4.13) and (4.15) and summing over all iter-
ates we obtain

n—1
f'(ze) — () (W)
D B e (TR EED Svios
T (? +K2) S /A w)

Here F) is the set of free iterates together with return situations (essential
and inessential returns and escapes) from £k = 0 to Kk = n — 1 and F3 is
the set of free iterates which are not followed by any return, from r, + p,
to nm. Moreover, D, is a constant depending only on &,7 and . So if we
can bound (4.16) uniformly we then also find a uniform bound on (4.9) and
complete the proof of the lemma.

The righmost sum in (4.16) is bounded:

> 1w Z&’f " (w)] < C,
keFy k=0
since |f™(w)| is always less than 1. Now we bound the other sum:
sl » Lelyy v 1
kEF (w) = ke Ap(w >k |s|>1  kEF: Ap(w)
0 |S 1
(I,5)=(0,0) (Ue,sk)=(L,8)

LAt w)
S Y ST T

l1|>ko |s|>1

by (4.11), where ¢(l, s) = max{0 < k <n—1: (I, 3;) = (I,s)} and we make
the convention that whenever {0 <k <n—1: (Iy,3,) = (I,5)} = 0 we have
| £955)(W)|/|1(1, 8)| = 0. We have used the following estimate for any given
fixed value of (I, s):

S @< w) Y oy < Tt ()

- . o1 — 1
{k:8,=s} {k: (I,8.)=(,5)}
< O|1(1,5,5) "),
because writing {k : § = s} = {k1 < - < kp} we have |fF(w)| <
o | fFr(w)] for i = 1,...,h, where 1 < o7 = min{og, e 720/ B)ko+1)1 <

min{cg, e =20/AU+IsD} by Lemma 4.6(b) together with Remark 3.3.
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We observe that by construction we must have |[I(l,s,j)"|/|I(l,s)] <
9(|7| + |s])~2 and so we arrive at

Z’f > <O Y G <

keF li|>ko |s|>1

finishing the proof of the lemma. =

5. Probability of deep essential returns. Here we use the results
from Section 4 to estimate the probability of having an orbit with a given
sequence of host intervals at essential return situations.

Recall that Co = |22, (f™)~1(C) is the set of pre-orbits of the critical
set C. For each x € I \ Cx let w be the element of P, which contains x.

Consider the sets R,(w) and @Q,(w) of return situations (essential and
inessential returns and escapes) and indices of host intervals for w, during the
iterates 0 to n. Let u,(w) denote, for w € P,,, the number of essential returns
or escapes associated to w between 0 and n, let 0 < ¢j(w) < --- <ty (w) <n
be the instants of occurrence of the essential returns or escapes, and let
(11,81,71)s -« s (Luy s Sups Ju,, ) be the corresponding critical points and indices
of the respective host intervals. We say that the sum |s;| + |7;| is the depth
of the corresponding return of w.

Note that by construction t;(w) = 0 for all w € Py \ 1(0,0,0) and ¢;(w)
=1 for w = 1(0,0,0) (see Remark 3.1).

LEMMA 5.1 (No return probability). For every m > 0 there exists no
non-degenerate interval w € P, such that w € Py for all k > 1. Moreover,
there exist constants 0 < & < 1 and Ky > 0 (depending only on o, oy and
on ¢ from Lemma 4.6), and ng > 1 such that for every n > ng we have
MU{w € Pt upw = 1}) < Kge=%on.

Proof. If w € Py for all £ > 0, then w is not refined in all future
iterates. This means that f"7*(w) has no essential returns nor escapes for
k > 1. Hence every iterate is either free or a binding time associated to an
inessential return. Let pg,p1,p2,... be the lengths of the binding periods
associated to inessential return times (if any) t < rg <7 < 1o < --- for w
after t, where 0 <t < n is the last essential return time or escape before n.
Let k> 0and r; 4+ p; <n+k < rjy1 for some ¢ > 0, where we set ;11 = o0
if r; is the last inessential return time after ¢ (it may happen that r; = oo,
in which case i = 0 and there are no inessential returns after ¢). Lemmas 4.6
and 4.8 ensure that

(5.1) 2> [ (W) > 2o T )

for arbitrarily large values of k > O, where the exponent of gg counts the
number of free iterates between time t and n + k.
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Note that if there are no inessential returns, then ¢ = 0 and so
(5.2) |fH(w)] < 20gtPoH TR,
: i (pj+1)—n—k
Otherwise | f{(w)| < 21_%7?2]*0(10]+ ™ fom (5.1).
We conclude that |f!(w)| = 0, which is not possible for a non-degenerate
interval. This proves the first part of the lemma.

Now let w € P, be such that u,(w) = 1. Then by the construction of
the refinement, we see that w € P; for all 0 < i < n. Hence either

e w=1(0,0,0) with ¢; = 1 the unique essential return up to iterate n
and f(w) = I(l,s,7) with (I,s,7) # (0,0,0); or
o w=1I(l,s,7) with || > ko,|s| > 1and j = 1,...,(]I| +|s])3, having a
single essential return ¢; = 0 up to iterate n.
We concentrate on the latter case and write pg, p1,p2,... and 0 =t =rg <
r1 < rg < --- for the binding periods associated to their respective inessen-
tial return times of the orbit of w as before. Then by (5.1) and (5.2), and
since during binding periods the intervals of the partition are not subdivided
(see Section 3), we have either n < rg+ pg = pg or

lw] <208°7" if po(w) <n <ri(w)+p1(w) < oo, or

(n=3250 (P (@)+1) for ¢ > 1 such that

ri(w) + pi(w) <n <rip1(w) + piy1(w).

We note that in the case of f(w) = I(l,s,j), that is, when ¢;(w) = 1, we can
repeat the arguments for the interval f(w), arriving at the same bounds for
|w| except for an extra factor of & since |f(w)| > 7|w|. Hence we may write,
according to the three cases above,

AU{wePriunlw =1} < Y |wl+ > W]

n<po(w) po(w)<n<ri(w)+p1(w)<oo
+ Z |w[ + 53
i (w)+pi (W) <n<rip1(w)+pit1(w)
=S50 + 51+ S2 + 53,

w| < 2oy

where, by the above comment, we may assume that every sum ranges over
w € Pp\1(0,0,0) and S3 corresponds to the sum over the partition elements
in 1(0,0,0) NPy, which is bounded by (Sp + S1 + S2)/6.

For Sy we use Lemma 4.6(a) to deduce that the summands in Sy are the
elements of Py such that n < pp(w) < 512020(”‘ + |s]), that is, |I| + |s| >

B logan thus by Remark 2.1, setting Cp = 2 log" , we have
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o= (/B (11+1s]) .
. < — < _—
T ([Ear R Dl

[t]+]s|>Con
al . ef(ﬂ'/ﬁ)con <
Con)? 1—e Con —
We write S7 = S11 + S12 where
S = Z lw| and Sy = Z lw| < K{)J_”M
po(w)<n/2 n/2<po(w)

and we have used the bound (5.3). We also split Sy = Sy; + Sa2 according
to whether n — Y} _(pr(w) + 1) > n/2 or not, obtaining

5212 Z \w[ and SQQZ Z ]w\

lw|<21 gy ™2 n—34_o(pj(w)+1)<n/2

=1

Since 27% < 2 we get S11 + S21 < 2511 and the summands w € Py satisfy
lw| < 20(;”/2, thus by Remark 2.1 we get

0+ |s| > n logog —log(2/ay)
2 3+7/p 3+7/8
where C1 = logog/(3 + w/3) for every large enough n. Then S1; + So1 <
2K{o, n/5 by the same calculations as in (5.3) with slightly different con-
stants. A '
For Soy we note that n—>"; (14 px(w)) < n/2 implies Y, _o(1+pr(w))
> n/2, and so by Lemma 4.6(b) we get

20127

2> |fritPitl(w)| > (1=20)(7/B) E§:0(1+pj(w))‘w| > emr(l—zg)/(zﬁ)M

and hence again by Remark 2.1, for every large enough n, we must have
]| + |s| > Can/4 where Cy = w(1 — 2¢)/(30 + m). We deduce that Sse <
KYV'e=(®/B)C2n/4 following the same calculations as in (5.3).

Putting all together we see that there are constants 0 < £y < 1, Ky > 0
and no > 1 such that Sy + S7 + So + S5 < Kge%™ for all n > ng, with &o
and Ky depending on o, g and (, as stated. =

Let v < u < n and let v pairs (n1,v1), ..., (1, vy) of positive integers be
given, with n; > ko, v; > 1 and 7; + v; > ©, where
(5.4) @:@@:ng%
i

This value of © is chosen so as to have dist(I(n,v),C) < b if, and only if,
n+ v > O. We assume that b is so small that © > 6 (recall that 6 was
defined in Lemma 4.6) and, following Remark 4.9, that © is large enough in
order that Q(l,s, 7, p) > 1 for all |I| + |s| > ©.
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For w € P, with u,(w) = u, let 0 = ¢; < -+ < t, < n be the return
situations (essential returns or escapes) of w, (l;, s;) the corresponding in-
dices of the host intervals, and d,,(w) = v the number of pairs (;, s;) such
that |l;| + |s;| > ©. We say that a return situation whose depth satisfies
li| + |si| > © is a deep return. Denote by 1 <1y < --- <1, < u the indices
of the return situations corresponding to deep returns.

We now define the subset A" (n) as
(7717U1)7~~-7(77vvvv)

U{w € Pp i un(w) = u, dp(w) = v and |fri(w)| C I(i,vi), i =1,...,0}.

PROPOSITION 5.2 (Probability of essential returns with specified depths).
If © is large enough (depending on Dqy from Lemma 4.10), then for every
largen > u > v > 1 and ¥ = max{a, 3¢},
u T
A ) () 0| @0 -1 5300
i=
Proof. We start by fixing n € N, w € {1,...,n}, v € {1,...,u} and
taking w" € Py. Let w € P, be such that w C w® and u,(w) = u and
1=t <--- <ty <n be the return situations (essential returns or escapes)
of w.
For m = 1,...,u we write 0™ = w((l1,51,J1),-- -, (lm, SmsJm)) € Pt,,
for the subset of w’ satisfying

fti(wm) CI(li,Si,ji)—i_, 1€ {1,...,m—1},
(s $ms jm) C© (@) C Il Sy Jim) T

by the definition of the sequence of partitions P,. Note that we get a nested
sequence of sets

(5.5)

OOW DDt =w.
We define T = {w € P,, : w C w°, u,(w) = u} and consider the sequence of
deep return situations (essential or escapes) of eachw € 7: 1 <r; < --- <
r» < u, that is, the indices of the return situations such that fori =1,..., v,
|firi(z)| € I(n;,v;)  for all 2 € w and n; +v; > 6.

Now we define by induction a sequence of partitions of 7 which will enable
us to determine the estimates we need.

Start by putting Vo = [J{w € 7}. For 1 < i < v and h > 0 such that
r; <1; +h < r;1 we define the subset

Vﬁji',;’ji = U{wri+h tw €T & (5.5) holds with m =r; + h
&ij* =g, for k=1,...,i},

where we make the convention 1,11 = u; and for 1 < h < r; we set V =

U{w" :we T}
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Now we compare A(Vﬂ;""’ji) with /\(Vﬂl o ’Ji_l). We claim that

5Lj C e~ (7/B)(mitvi) VIS L
(5.6) AV, (i +v;)3 =9 /B)(mi—1+vi-1) AV, ),

Ti—1
where ¥ = max{2¢, a} € (0,1). Assuming this claim we deduce

ey« O o~/ B) (o) N
B (nU+Uv)3 e—9(m/B)(nv—1+vv—1) Ty—1

<H (1 £ 0p)? ) Xp( gi(nﬁvz wﬁzm |+ i 1)>>\(VO).

=1 =1

AV ") < <AV

.1 3]
Finally, we need to consider all possible combinations of the events V}, =

which are included in A?ﬁf o)) () Note that for any given v < u

there are (z) ways of having v deep returns among v return situations and,
by symmetry, for any sequence of deep returns with given depth (n;,v;)
there are 4(n; + v;)? different possibilities of falling in an element of the
partition Py. Thus since A(Vy) < A(wp) we arrive at

u,v C
@2 () Lt (5 )

- exp ((19 — 1)% zv:(m + Ui)) Z ?(m/B)(mo+vo) ) (1)

i=1 woEPo
U ™ U
< <U> exp<(219 — 1)5 ;(m + vi)),

where we have used the fact that ) n e?(®/B)(mo+v0) \ (W) < 0o and also
that 7 ;(n; +v;) > vO and that © can be taken as large as needed.

Thus to complete proof it is enough to prove the claim (5.6). For this we
proceed as follows.

1 sl
Given w € T and w"i-* € V/.>7" we have
W= Wl 0 le,m:ji
= i ,

which is the set of points in w"~! which remain in the next level of the
partition. We divide the argument into the following cases.

(1) ty,—1 is an essential return with depth (1, s).

In this case, since w™ C W™~ C ... C whi-tH C W1 and W € P, —1
by the refinement algorithm, we can use the Bounded Distortion Lemma 4.10
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to write
" ri-itl T tr; ()T
’“:’ _\wr. . ";)_‘1 Sl'l"‘DOM
writ] = fwr ] e o (wre )
|I(7725 Uiaji)+| 9@16_(7r/ﬁ)(77i+’l)i)
< Dy < Dy

alQe—%(ﬂ/ﬁ)(\lHls\) a1Q(n; + Ui)?’e_QC(W/ﬁ)(|l|+|S|)
C e C = (n/B) )

(mi +v3)3 e~ @/B)U+sD : (i +v5)® e~ 26@/B)mic1+vic1)’

where C' = C(p,T,2,0) and in the second and third inequalities we used
Remark 2.1 and Lemma 4.8(2). In the last inequality we argue as follows.

If ri = ri—1+1, then |||+ |s| = mi—1 +vi—1 by definition. If r; > ;1 + 1,
then by definition of deep returns, |I| + |s|] < © < ni—1 + v;_1.

(2) ty,—1 is an escape time having host interval 1(1, s, j)* with (I,s,j) #
(+ko,1,1).

Arguing as in the previous case, we only need to get a lower bound for
| ftri (W~ 1)|. By the Mean Value Theorem, for some ¢ € fri-1(w" 1) we
have

@] = [(fr ey (©)] - e @)
= (Y (FE)] 1)) - | @)

tr; —tr,—1—1 rge—l

>0
- 0 C

e(L=a)(/B)|l| ’ftri—l (w”_l)]

—(m l|+]s
> C(r)et-a @/, €D (Tl|/i)(| lB?, !
S

—(m all|+|s —a(m l+]|s
_ ) e~ (m/B)(alll+[s]) _ C(T)e(afl)(ﬂ/ﬁ)ISI e—a(m/B)(|l+Is])
(I + [s])? (I +[s])?
e—alm/B)(JU+|s) -
(I +1sp>
where we have used the bound (3.4) in the first inequality and that |s| < s(7)
in the last inequalities. Thus we arrive at a similar bound

> C(r)eleDE/B)s(r) C(r)e—olm/Bl+s)

|w"i| C e~ (®/B)(mi+vi)

(5.1) wri=1| = (i +v;)3  emaln/Bmimitvica)”

(3) tr,—1 is an escape time having host interval I(kg,1,1) or I(—ko,1,1).

From Lemma 4.3, points in fi~1(w"~!) remain outside [—¢, €] during a
minimum number mg > log(1/¢) of iterates with derivative greater than oy,
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which can be taken larger than e. Hence

[P @] = (et (©)] - e @)

—(7/B)(ko+1)
> 50| flr—1( ri—1)| > log(1/e) c
>0y |f (w ) >e (ko + 1)

clog(1/¢)

>0 — o= @/B)(kot1) 5 crp—aln/B)(ko+1)

— (log(1/¢))? - ’
where we have used the fact that kg < C'log(1/e) and assumed that ¢ is small
enough so that €°2(1/2) > (log(1/¢))3. Thus we arrive again at a bound of
the form (5.7). We remark that since |f (w"i~!)| < 2 the number of free
iterates t,, —t,,—1 is bounded from above by a constant depending on ko, 3
and og only, so that the lower bound we get is uniformly away from zero for
all intervals satisfying this third case.

Now we are ready to obtain (5.6) as follows for 1 < i < v:

) ; i
)\(Vg:7---,f): Z jw| w1

~ oy e
Wrim1epild
- C ' e~ (®/B)(ni+vi) ')\
= (i + )3 e 9/ B)mim1tvioi)
where ¥ = max{2(,a} € (0,1) is obtained comparing the bounds for each
case. m

-1 sg—1
Vi),

Using the same notations as before with n > kg, ¢ > 1 and n+¢ > O we
define

Apt () = J{w € Pu s (un(), du(w)) = (u,v) and
|f'75 (2)] € I(n,s), Vo € w},

AQr(n) = Hw € Pt (un(w), dn(w)) = (u,v) and

(s
there exists 1 < j < v such that |f"i (z)| € I(n,<), Yz € w},

Aoy (n) = U{w € Py, : there exists t < n such that
t(w) is an essential return and |f!(z)| € I(n,s), Vz € w},

and derive the following corollary which will be used during the final argu-
ments.

COROLLARY 5.3. For1 <j<wv<u<n we have

(1) AL () < (3D,
(2) MAH(n)) < v () e@I-D(/B) (),

(3) )\(A(WS) (n)) < n360(9)”€(4ﬁ_1)(77/5)(7]+€)’
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if © is sufficiently large and { > 9/3 is small enough, where o(@) — 0 as
6 — .

Proof. For item (1) we note that since

AV (n) C | | AV n
(UC)J( ) C o # (771,<1),-~-,(m>17<z-71)7(77,<),(m+1,<i+1),-~,(77u7<u)( )
i+ >0, mi >ko, i >1,17#]

then

v, u U — T S vl - ™
AATE () < < )( Z@e@ﬂ DUE/B) " (@1 0rt)
l+s>

< (“) (2I-1)(w/B) )
v

as long as © is large enough in order that } ;. .~ o 6(219_1)(”/@(”5) <1
From this we get item (2) since A ( ) C U] 1A ( ).

For item (3) we note that A, (n) C Uy Uiz vA”ﬂ“g)

there is a deep essential return at 1terate t (which is not an escape situation)
before n, we know that the corresponding binding period p is larger than
(M)(n+<) > u(M)O.

Let us assume first that ¢+p < n. In this situation the maximum number
u of essential return situations in the first n iterates of such w € P, is
bounded by n/(c(M)Ov), where v is the number of deep essential returns
among the u essential return situations. Since we know that ¥ > 1 we get
u < («(M)O)~tm. This alone enables us to bound the measure of the subset
Afm)(n) of A(,¢)(n) of those intervals w € P, such that we can find ¢ with
t+ p < n as follows:

(5’8) >(kn S) < Z Z )\ Aq(}nug

v=1u=v
n/(L(M)O) n

Z Z ( ) (29-1)(r/B) (n+3)
(29-1)(/B)(n+ )(L(M) ) —~ (u
“1)(x <
e K Z v;) <U>

(n), but since

IN

v=1
(20—1)(w/B)(n+s) (L(M)z@:)ln n
<e T n 2 U<v>
((M)B)'n
< 1e@0=1)(m/B)(n+) <(L(M)%)_1n> ,
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3
T 20-1)(/B)(rts) go(O)n
(((M)O)?

< n3eo@)no(20=1)(m/B)(n-+)

where we have used the bound ((L(M)"@),ln) < 2@ which can be obtained
by a straightforward application of Stirling’s formula, as long as © is large
enough.

Let us now assume that the only deep essential return t of w satisfies

m =t + p > n. By definition A, -(n) \ A, o (n) S A7 (m) and so

(5.9) AA (0 (1)) < AMAG, (1)) + AAG, o (m))-
Hence we can apply the previous reasoning with m in place of n to obtain

)\(A?n 8 (m)) < m3e0(@)m ,(20-1)(x/B)(n+<)

Finally, since m —n < p < 5120’;0(17 + ) (by Lemma 4.6(a)), for ¥ small

enough we have
(510)  A(A7,o(m))

3
< 23 Ome(29-1)(x/)(n+s) o(O) (m—n) (m>
n

3 2m(n+¢)\°
< 13e0lO)n g (20(6) /log o +20-1)(x/B)(n <) (1 4 2701+ <)
- nBlogo

< p3eo(@InB9=1)(r/B)(n+<)

Putting (5.8)—(5.10) together, we complete the proof of the lemma. m

6. Slow recurrence to the critical set. Now we make use of the lem-
mas from Section 5 to prove Theorem B and consequently also Theorem A.
We start by recalling the definition of C?(w) from (1.7) and that wu,(w) is
the number of essential return situations or escape times of the f-orbit of
w € P, between 0 and n.

Welet 0 <t < --- < ty, < n be the essential return times or escape
times of the orbit of each point of w and write (11, s1,71),-- -, (lu,, Suns Ju,,)
for the corresponding critical points and depths at each essential return
situation, as in Section 5. We also recall that d = d,(w) is the number of
pairs (1;, s;) such that l; + s; > O, where © = O(b) is defined in (5.4).

We consider the sequence of deep return situations of w: 1 <r; < --- <
rq < u, among the sequence of return situations and then define

d
Do) = S (| + s )y @€ w,
k=1
which is constant on the elements of P,,, and get the following bound.
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PROPOSITION 6.1. There exists By = Bo(o, p,7) > 0 such that for every
w € Py, such that d,|w > 2 we have C’(z) < (Bo/n)D’(z) for all z € w.

We start by proving the following.

LEMMA 6.2. Let 1 < t; < n be an essential return, inessential return or
escape situation for w € Py, with binding time p; = p(l;, s;) (which we set to
zero in the case of an escape situation). Then there exists a constant By > 0
such that for all x € w,

ti+p;
Cltiti +pi) =y —logdisty(f¥(2),C) < By(|li| + Is4).
k=t;
Moreover, if p; > 0, then dist(f“*+*(z),C) > dist(f'(z),C) fork =1,...,p
as long as p > 0 is small enough. In particular, C(t;,t; + p;) = 0 for escape
situations or return situations which are not deep, i.e. the host interval
I(l,s,7) is such that |l| + |s| < 6.

Proof. Let us fix x € w in what follows. We consider first the case of ¢;
being an essential return or escape situation with |;| + [s;| < O, i.e. t; # tr,
for all k = 1,...,d. Thus logdist,(f%(x),C) = 0. If t; is an escape situation
there is nothing else to prove because p; = 0. Otherwise p; > 0 and we
have two possibilities at the binding times ¢; + k& with &k = 1,..., p;: either
|f5tF(x)| > ¢, in which case we have again logdist,(f***(z),C) = 0; or
else |ftiT#(2)| < e. In this last case by Proposition 3.4 and the definition of
binding time, if dist(f**(z),C) < dist(f* (x),C), then

,00€_pk < dist(fti-i-k( ),C) < dlSt(ft’( ),C) < aQe—(W/ﬁ)(\l il+lsil)
and thus

2w
> p; > > Lie 0 ™
o (] + i) = 91> k2 = Jog 52 4 (1l + )

which is impossible as long as 7/(8p) > 2n/(8logo). Therefore choos-
ing ko large enough and p sufficiently small we get dist(f%**(z),C) >
dist(ft(z),C) for all k = 1,...,p; and so C(t;,t; + p;) = 0 for escapes
and returns which are not deep. This proves the last part of the statement
of the lemma.

On the other hand, if t; = ¢,, for some 1 <k < d, we get

(61) dlStb(ft7k (;L‘)’ C) 2 a2€_(ﬂ—/ﬁ)(‘lrk H‘lsrk ‘)

and so if ¢,, is an escape or a return we have the contribution

— log dist, (f'x (x),C) < —logas + %

to the sum C” (). For escape situations the proof ends here.

(i | + [sr, 1)
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However, for return times we must consider the next binding period. We
stress that we are assuming (4.1) holds.
Now for h =1,...,p;,, l =1, and i = r; we have

(6.2) dist(f1 7 (z),C) > dist(f(x1),C) — dist(f(xy), fEiT"(x)).
Now we consider the two cases in the relations (3.3).

CASE |f"(x;)| < e. Then (6.2) is bounded from below by

(6.3) (1 — e ™) dist(fM(x;),C).
CASE | f"(x;)| > e. Then from (1.3) we have
1—e /B 14 e—7/B
et T s o €+67 =& — 13, < dist(f"(z),0);

2 2
this ensures that (6.2) is bounded from below by the same expression (6.3)
above.

Hence we deduce
Pi pi
(6.4) Y —logdist(f*"(x),C) < C(r)+ > —logdist(f"(x1),C).
h=1 h=1
To bound the last sum we use the assumption (4.1) on free times of the orbit
of ;. We need to sum up to the first free time of the orbit of x; after p;. But
if p; is a bound time for the orbit of x;, then by [PRV, Lemma 5.3(a)] its
binding period must be smaller than (2p/logo)p;. Thus there exists a free
time n for the orbit of z; with p; < n < (14 2p/logo)p;. Hence
pi
Y —logdist(f"(x1),C) < M(1+ 2p/logo)p;
h=1
and so (6.4) is bounded by C(7) + M (1 + 2p/log o)p;.
For € small enough, ky and p; are very large and in both cases (6.2) we
get C(tr,,tr, +pr.) < Mprk for a constant M. By Lemma 4.6(a) we obtain

Cltry try, +pr) < Ballle |+ [sr])
for a constant By > 0, concluding the proof of the lemma. =

Next we show that the depth of an inessential return or free time is not
greater than the depth of the essential return situation that precedes it.

LEMMA 6.3. Let t; be an essential return or an escape for w € P, with
I(l;,8i,5i) € fli(w) C I(l;,8i,5i)". Then for each consecutive inessential
return t; < t;(1) < --- < t;(v) < n before the next essential return or escape
and for each free time, i.e. for all iterates t;(k) + p;(k) < j < ti(k + 1) for
k=0,...,u—1 with p;(k) the binding period of the kth return, the host
interval 1(1,s,7) D f7(w) is such that |l| + |s| < |l;] + |sq].
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Proof. By items (1) and (3) of Lemma 4.8 we have |f7(w)| > |f%(w)| >
|I(l;, si, 7i)|- Thus because each j is an inessential return or a free time we
get

e—(m/B)([t[+]s]) e~ (®/B)(|li|+]si)

(12 + Is)? (1l +1si)®

As z73e(7/8)% is decreasing for z > 0, we conclude that |I|+|s| < |I;]+|s;|.

ay > R (W) > ap

If we have deep returns we can use sharper bounds to obtain a relation
between the logarithmic distance to the critical set along the orbit between
consecutive essential returns and the depth of the first return. Note that by
(3.4) on “deep” free iterates between critical points we may write

sa—1 . - AN T
©65)  |f(2) > (mc e<1a>ﬁ|s(f>|>e<1a>ﬁ(u+s> CEEA(RH)

for some o < & < 1, since at these times we have |s| < s(7) and we assume
that |I| + |s| > © is so large that the expression in parenthesis in (6.5) is
larger than e~ (@—®)9,

LEMMA 6.4. Let t; be a deep essential return or an escape for w € Py,
with I(li,si,ji) C fti(w) C I(li,si,ji)+. Let t; = ti<0) < ti(l) < -0 <
ti(v) < ti(v+1) = tiy1 be the consecutive inessential returns before the next
essential return or escape and let p;(k) be the corresponding binding times
fork=0,...,0+1. Define J = Uj_o{ti(k) +pi(k) +1,... . t;(k + 1)}, the
set of free iterates and of inessential return times. Assume that every such
iterate h € J is contained in a “deep” interval I(ly, s, jn), i.e. ln + sp > 6.
Then there exists a constant By > 0 such that Y, ; — log dist,(f"(z),C) <
By(|li] + sil)-

Proof. By the choice of © we have Q > 1 in Lemma 4.8, and (6.5) also
holds. Then we deduce

|fti+1 ()| > H (=30 /B) (e, (k) |+ 5t (k) )
k=0
ti(/ﬁ-f—l)—l
% H e(l—d)(ﬂ/ﬁ)(ﬂh\HShD’fti-i-pi ()]
h=t;(k)+pi(k)

Y

and since we may assume that 3¢ < &, by the definition of essential returns
and using Lemma 4.6(b) we get

e~ (T/B)(lit1]+si+al) e3¢/ B)(|Lil+]s:])

T + st )P~ eXp<ﬁ((1 @) (bl + '5"'))> EAEE

heJ
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or equivalently

;| + |si] )
] +3< L+ |si
|li+1|+\8i+1! (el i)

<|zz+1\+|sm|> G =@ 3]+ lsnD)-

heJ

(6.6) 310g<

=5

Since |li11| + |si+1| > 1, the left hand side of (6.6) is smaller than
303 log(|li] + ISZI)> 33log ©
3¢+ (Il + lsil) < { 3¢+ —3— (!l |+ [sil)
< m([ls] + [sil) e
< 5C (il + [si)

for © sufficiently large, because |l;| + |s;| > © and log(z)/z is decreasing for
z > e. Thus we get

(6.7) BC(LI+ i) = [liga| + [sial + (1= a) > (7] + |snl).
heJ

Now since every iterate is “deep”, for all z € w we have the bound

> —logdisty(f"(2),C) < —#J logas + = > (lln] + [sn]) < Ba(|li] + |s:])
heJ heJ

g

for a constant By > 0 depending on ¢ and & from (6.7), as long as |I| + |sp]
> O is sufficiently large. This completes the proof of the lemma. =

Proof of Proposition 6.1. Let us fix € w € P, with d,|lw > 2 and
i€{l,...,up(z) — 1}. According to Remark 2.1 and the definition of deep
essential return situation we have

(6.8) dist, (7 (), C) > age~ (/) Lil+lsil),

Note that the above truncated distance is 1 on the return situations ¢; which
are not deep, by the choice of ©. Moreover, this distance is also 1 for all
iterates between such t; (not deep) and the next return situation t;11 by
Lemma 6.3 for the inessential return and free iterates, and by Lemma 6.2
for the bound iterates.

Hence we only have to take care of the deep essential return or escape
times plus the next iterates before the following essential return situation.
The sum of the logarithms of the truncated distance on binding periods,
given by Lemma 6.2, is bounded by a constant times the depth of the return
which originated the binding. In addition, the same sum over the free and the
inessential return iterates is likewise bounded by the depth of the essential
return or escape t;, by Lemma 6.4. If we keep the notations introduced in
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the statements of Lemmas 6.3 and 6.4, then we may write

Clti,tis1) < Z k) + pi(k)) + C(ti(k) + pi(k) + 1, ti(k + 1))]

< B Z(“ti(kﬂ + I8¢, ) + Ba(|li] + [si])
k=0

< B; ZC k) + pi(k) 4+ 1,t;(k + 1)) + Ba(|li] + |sil)

< B2(1 + Bu) (L] +[s:])
Setting By = B2(1 + Bj) finishes the proof of Proposition 6.1. =

6.1. The expected value of the distance at return times. Proposition 6.1
together with Lemma 5.1 and Proposition 5.2 ensure that, to obtain slow
recurrence to the critical set, we need to bound D’ () /n for Lebesgue almost
every x € I. Indeed, for every large enough n we have

{rel:C(z)>0}C U{wEPn:un|wEI}
U{z €1 :uy(z)>2and D’ (z) > nd/By},

and Lemma 5.1 shows that the left hand side subset of the above union has
exponentially small measure. We now show that Proposition 5.2 implies a
similar bound for the right hand subset.

LEMMA 6.5. For all z € (0,(1 — 29)7/(20)) there is ©1 so that
SezD%(x) d\(z) < RICHD
for ©® > 61 = O1(z,71,p,0), where 0(O) — 0 as O — oo.
Proof. The integral in the statement equals the following series:

S e (X o0) AL L (),

1<v<u<n k=1
(m1,01),-+,(M0,0v)

where np + v > O, vy > 1 and 1 > ko for £k = 1,...,v. Proposition 5.2
provides the bound

Z (u> e Sk (etog)+(29-1) (7 /B8) S-h—1 (i +vk)
IS’USHS”) ("7171}1)7-“7(771)7”1)) v
= Z (u) e(ZH0=1)m/B8) 35y (e tvk)
v

1<v<ugn, (71,01)5 (M ,V0)
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Now setting A ="} _; (nx + vi) and

v

K (0, A) = #{ (1 51), 0 (osa)) 300+ 51) = 4,
k=1

lk2k073k217lk+3k2971§k§71}

we may rewrite the last series as
> % ()Rt ateem,
1<v<u<n A>vO v

To estimate K (v, A) we observe that

2v
K(v,A) S#{(nl,...,nzv):an:Aand ng > 0, k:zl,...,QU}

k=1
B A+20—-1
- w—1 )

By a standard application of Stirling’s formula we get
90— 1 A\ 2v-1)/A\ A
K(v,A) < (Y41 1 < e
(v, )—< tTA T o1 =C
since A > v@ ensures that the expression in parentheses can be made ar-
bitrarily close to 1 if © is taken greater than some constant @y = Oy(z),

where 0 < C < 1 is a constant independent of ©® and we assume that z > 0
is small. Hence we arrive at

SezDEL(az)d)\@:)S Z Z (z>€(2z+(219—1)7r/6)A

1<v<un A>vO

— (n 22+(20—1)7/B8)Ov
2 <U> Ol /8)
v=0

< (1 + Ce(2z+(219—1)7r/6)@)n _ eo(@)n’

aslongas 0 < z < (1-29)7/(28) and © > ©; > max{6, O} is large enough
so that @ > 1 in Lemma 4.8 and (6.5) holds, as stated. m

As a consequence of this bound we can use Chebyshev’s inequality with
z and @ as in the statement of Lemma 6.5 to obtain

A{D%, > n6/Bo}) = A({e*Pr > e27/Po}) < e=20n/Bo [ *Ph g

< 6—2571/30 eo(@)n

Now observe that we may take b = b(d) > 0 so small that ©(b) becomes
large enough to satisfy all constraints and moreover o(@) < dz/n.
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As already explained, this together with Lemma 5.1 implies that there
are O, & > 0, where & = £(6), such that A({z € I : C,(x) > 6}) < Ce " for
all n > 1. Then since

{rel:R(@x)>n}C | J{zel: Clz)> 5}
k>n

we conclude that there are constants C1,&; > 0 such that the conclusion of
Theorem B holds.

7. Fast expansion for most points. Here we use the results from
the previous sections to prove Theorem C and as a consequence obtain
Corollary D. We start by setting

E, ={w € P, :31 < k < n such that dist(f*w),C) <e ",
¥w) c I(l,s) and || > ko, |s| > s(7)}
and proving the following bound.

LEMMA 7.1. There are constants C,§ > 0 depending on f, ko, C, p, and
7 only such that \(J E,) < Ce™%" for alln > 1.

Proof. Let us take w € E,, and let k € {1,...,n} be the iterate which is
very close to the critical set. Observe that by Remark 2.1 the constraint on
the distance implies

. k m ﬁp
—pn > logdist(f"(w),C) > logas — 5 (II| +1s|]) andso || +|s| > — 50
Since this iterate is in the binding region, there must be an essential return
t <k, te€ R,(w), whose depth is at least as large as |l| + |s|, by the results
of Lemmas 6.2 and 6.3.

Hence, according to the definition of A, ,y(n) from Section 5, if n > @
then

Bp
UE CU{ () (1) (1, )1ssuchthat77+u>ﬂn

Thus by Corollary 5.3 we can estimate

(UE ) <pdedl®n YT =D/

n+v>pBpn/(20m)
n>ko,v>s(T)

< n3eo(@)n Z A€(41971)(7r/6)A
A>pBpn/(20m)
< CnSeo(@)ne(419—1)pn/20 < 06(419—1)(,071/100)

for some constant C' > 0 with £ = (49 — 1)p/100 for a large enough @. This
finishes the proof of the lemma. m
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LEMMA 7.2. If n is large enough, p small enough (depending only on o
and A from Lemma 4.4) and x € I\ J E,, then |(f*) (x)| > o™/3.

Proof. Let us take z € w € P, \ B, and let 0 <7 < -+ < 1, < n be
the consecutive returns (either essential or inessential) of the first n iterates
of the orbit of w, and pq, ..., pr the respective binding periods. We also set
qi = ri+1 — (r; + p; + 1), the free periods and possibly escape times between
consecutive returns, for i =1,....k—1,qgo=r1 and ¢y =n — (ry + px + 1)
if n > ri + pi or qx+1 = 0 otherwise.

We split the argument into the following two cases. If n > ry + pg then

k
3 i+pi+1 i+1 i
Y @) = TTAGEY Gttt @) - 1P (i)
i=0
> U()Zfi& U gk S it )/3 > gn/3,

since o9 > & > o and Ag > 1 by Lemma 4.6(c), and also by (3.4) we may
assume that at escape times the expansion rate is at least o.

On the other hand, if n < ri + py then using Lemma 4.4, Lemma 1.3(2)
and the fact that w € P, \ E,,, we have

Y@ = [ @) 7 @)1 (7 @)
> (7 @IC a2 S|P ()

a—2_ s(7)
> (CA) loTke a0 ) gl

> exp(n(nlloga— log(CA) _p<a2 B s(7’)>) S on/3
n n 20 pn

for p > 0 small enough and n large enough, where z; is the critical point
associated to f™*(w) and we have also used the calculation for the previous
case to estimate |(f"%)'(z)|. =

Finally, since
{zel:&@) >nC |/ (U{w € P |(f¥) (2)] < "3, 2 € w})
k>n
we conclude from Lemmas 7.1 and 7.2 that there are Cs, & > 0 such that
Az el:€x)>n))< ZA(UEk> < Che—tem,
k>n

concluding the proof of Theorem C.

8. Exponential bound on derivatives along critical orbits. Here
we explain how to obtain the bound (4.1) for the parameters in the set S.
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First we claim that it is enough to obtain the following bound for a suffi-
ciently small value of b > 0:

n—1
(8.1) Co(zr) =Y —logdist,(f(zx),C) < Mn,

§=0
where M > 0is a large constant and this bound holds for every n > 1 which
is not a bound time for zy, for every critical value zj with |k| > ko. Indeed,
fixing n, k and b > 0, if (8.1) holds then we can write

n—1
Z —logdist(fﬁ(zk),(?) < Z —log distb(fg(zk),C)
j=0 dist (7 (21,),C) <b

0<i<n

+ Z —logb

dist(f7 (21.).€) >

0<j<n
< Mn —logh - #{0 < j < n: dist(f7(z),C) > b}
< (M ~ logb)n,

proving the claim.

For any given p € S and |k| > ko, let n satisfy 1 =rg <17 < --- <1y
< n, where rq,...,r, are the essential return situations of the orbit of z;, in
the sense of the construction performed in [PRV]. We denote by (I;, s;) the
depth corresponding to r; for i = 1,...,u, and set (ly, sp) to be such that
zp(p) = f(ag) € I(lp, so). To prove (8.1) it suffices to obtain the following
relations:

un (k)
(8.2) Ch(z) < B S (il + |sil) < Bn/2,

i=0
where u,, (k) denotes the number of return situations of the orbit of z up to
the nth iterate, for every time n > 1 which is not a bound time for the orbit
of zp, for all critical values z with |k| > ko, and B is a positive constant.
Obviously both inequalities in (8.2) together imply (8.1) with M = B/2.

8.1. The left hand side from the right hand side. To obtain (8.2) we
first assume that the right hand inequality has been proved for all n > 1,
|k| > ko and p € S and deduce the left hand inequality in the same setting
by induction on the number n of iterates, as follows.

According to [PRV, Section 4] for a fixed a < v < 1 we have

e > |filar(m) = () and (£ (zi(w)] = €07
for every 1 <i < jo = jo(k, u), where jo is the first iterate of f, such that
| fi:(zx(p))| > €. This threshold jj is uniformly bounded from above (by L,

i—1
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say) for all |k| > ko and p € S. Consequently, since all the above iterates
are in the region of expansion between critical points, there are |l;| > kg and
s; such that

Filze(pw) € I(li, ) with  |sg] < s(7),i=0,...,j0 — L.
Hence by Remark 2.1,
dist(fﬁ(zk(u)),C) > a2e*(ﬂ/ﬁ)(\li|+|sz‘\) > aZe*(W/ﬁ)S(T)ef(W/B)Ili\
and since

|z (p))] < dist(I(l; — 1,5),0) < (a2 + )e™/Be=(r/B)ILil

we have
' . age~(®/B)s(r) i1
dist(f(z(n)),C) = Ty 7) | fu (2 ()| = K(7) |2k ()|
fori=1,...,50— 1, with 0 < K(7) < 1. For i = 0 we obtain
dist (25 (1), C) > age™ /B lolHlsol) > g e=(®/B)s(r) o =(x/B)llo] > K¢ ()21, (11)].
Because — logdist,(-,C) < —logdist(-,C) we get the bound
jo—1

(8.3) Y —logdisty(fi(zk(1)),C)

=0 Jo—1

< —jolog K (7 <1+Zv )10glzk ol

Now using again Remark 2.1 we have
and so (8.3) is bounded by

—jologK(T)—010g|@—a2|+0%(\50|+|50|)
T jologK(T)+log]:i“a2)
= (|lo] +]s0]){ C = —
(liol '0’)< 5 ol + Tsol

T jolog K(7)+ log|Z — as] .
< (|l C - — < B(|l
_(’0’+’80D< 3 ko+1 < B(|lo| + [sol)

for a constant B > 0 which depends on 7. Since these initial iterates are all
free, we have shown that the left hand inequality of (8.2) holds for the jy—1
initial iterates of the orbit of every critical value for any B > B.

Now assume that the left hand inequality of (8.2) is true for a free time
n — 1 of the orbit of a critical value z; for a fixed p € S.

If n is a free time for z; and the last essential return situation was not
deep, i.e. the depth was smaller than ©, then the depth of f"(zx) is also
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smaller than @ by arguments akin to Lemma 6.3. Hence this situation does
not contribute to the sum C? (z).

If n is a free time for z; and the last essential return situation was deep,
then let r < n — 1 be the last essential return time with depth (I, s,) and
t > n be the next return situation (either essential, inessential or escape).
We claim that

t—1
(8.4) > —logdist, (7 (z1(1)), C) < B(lls| + Isr]),

J=r

which shows that the induction can be carried out up to iterate t — 1 > n.

To prove the claim, note that similar arguments to those proving Lemma
6.4 show that the part of the sum (8.4) corresponding to free times after the
binding period is bounded by Bs(|l,| 4 |sr|). Hence we get (8.4) as long as
B > Bs.

Finally, if n is a return situation for zj, either essential, inessential or
an escape, we let p be the binding period corresponding to the return and
consider the next free iterate n + p of the orbit of z.

If n is an escape, then p = 0 and we are done by Remark 2.1. Otherwise
0 < p < (2p/logo)n < n by [PRV, Lemma 5.3] and so we can use the
induction hypothesis to get (6.2) with ¢;, = n, h = 1,...,p, © = 2z and
x; = x,, the critical point which will shadow the orbit of z; during the
binding period. Hence we obtain the bound (6.4) as before.

Note that if |I,,| 4+ |sn| < ©, then the truncated distance is always 1 and
we are done, by the same arguments as in the proof of Lemma 6.2. If we
have a deep return then, analogously, we need to consider the next free time
t > p of the orbit of the bound critical value z;, in order to properly use the
induction hypothesis. We have ¢ < (1 + 2p/logo)p again by [PRV, Lemma
5.3], from which we get

n+p ' 2p
>~ togdisty(F(1(0),€) =€)+ (14 122 ) p < Bl + Isa)

og o
Jj=n+1 &

by induction and assuming that the right hand inequality of (8.2) holds. We
have also used the upper bound in Lemma 4.6(a) and assumed that

2T 2p
B>C C) 1 .
(1)/6+ ﬂloga( * loga>
Thus if B is sufficiently large, then the inductive step can be performed in
every situation.
This shows that the left hand inequality in (8.2) is true if the right hand
inequality holds.
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8.2. The right hand inequality. Now we explain why we can assume that
parameters pu € S satisfy the right hand inequality of (8.2) for all critical
values. The condition (30) used in [PRV, p. 463],

n—1
(85) B(n,w, k) =Y p(j,w, k) <n/2,

j=1
to test whether a given interval w of parameters should be excluded or not,
can be replaced by

un (k)
(8.6) > (il +sil) < n/2

i=0
without loss since B(n,w,k) < C 2" (|1;] + |si]) by Claim (3) in [PRV,
p. 478]. Indeed, it is this last inequality that is used in the arguments proving
[PRV, Lemma 5.7] establishing the exponential bound on the measure of the
set of excluded parameters. Therefore repeating the algorithm presented
there step by step with the new condition (8.6) instead of (8.5) leads to the
construction of a positive Lebesgue measure set S satisfying Theorem 1.1
and (8.2) for all n > 1, every |k| > ko and for every pu € S. This concludes
the proof of (8.1).

9. Constants depend uniformly on initial parameters. We finally
complete the proof of Corollary E by explicitly showing the dependence of
the constants used in the estimates of Sections 2 to 7.

In the statements of the lemmas and propositions in the aforementioned
sections we stated explicitly the direct dependence of the constants appear-
ing in each claim from earlier statements. For constants which depend only
on f we used the plain letter C.

It is straightforward to see that every constant depends on values that
ultimately rest on the choice of initial values for o,0¢ and kg and on the
choice of p and 7, which are taken to be small enough and where 0 < p < 7
is the unique restriction, used solely in the proof of Proposition 3.4. Note
that by definition € = e(ko), and ko = ko(7) according to (1.3). Thus 7 can
be made as small as needed.

Hence by choosing 1 < o0 < V& < 0g and a small §, we may then take
0 < p < 7 as small as we need to obtain a small ¢ > 0 (and ko large
enough, as a consequence, see Remark 3.2), and then find b > 0 in order
that © = O(b) be large enough so that the constants Ci,Cs, &1, &2, and
consequently C3, &3 in the statements of Section 1, are defined depending
only on «, 3, which depend only on f So C1,Cs,C5,&1,&,&3 depend on
o, 09, p and 7, but do not depend on p € S. This concludes the proof of
Corollary E.
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