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Multifractal spectra of Birkhoff averages
for a piecewise monotone interval map

by

Franz Hofbauer (Wien)

Abstract. We study the entropy spectrum of Birkhoff averages and the dimension
spectrum of Lyapunov exponents for piecewise monotone transformations on the interval.
In general, these transformations do not have finite Markov partitions and do not sat-
isfy the specification property. We characterize these multifractal spectra in terms of the
Legendre transform of a suitably defined pressure function.

1. Introduction. Multifractal analysis of dynamical systems studies
the complexity of the level sets of local quantities, such as Birkhoff aver-
ages, local dimensions, and Lyapunov exponents. The complexity is usually
measured either by topological entropy or by Hausdorff dimension. In the
first case one gets the so called entropy spectrum of the local quantity, in
the second case the dimension spectrum. For an introduction to this subject
see [1] or [11]. For several classes of dynamical systems, which usually either
have a finite Markov partition or satisfy the specification property, entropy
and dimension spectra have been investigated. They are characterized ei-
ther by a conditional variational principle or by the Legendre transform of
a pressure function (see for instance [13], [14], [15], [2]).

The class of dynamical systems we consider here are piecewise monotone
transformations on the interval [0, 1], which in general do not have a finite
Markov partition and do not satisfy the specification property. We investi-
gate the level sets of Birkhoff averages of regular functions g : [0,1] — R and
characterize their entropy and Hausdorff dimension in terms of the Legendre
transform of a pressure function. In the case of Hausdorff dimension we do
this only for the special case of Lyapunov exponents. We use similar methods
to [7], where a multifractal spectrum of local dimensions is considered.
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A transformation 7' : [0,1] — [0, 1] is called piecewise monotone if there
is a partition 0 = ¢y < ¢1 < -+ < ¢y = 1 of [0,1] such that T|(¢;—1,¢;) is
strictly monotone and continuous for 1 < ¢ < N. Furthermore, we assume
that this partition is a generator, which means that U;io T {co,c1,...,cn}
is dense in [0, 1].

A closed subset A of [0,1] is called invariant if T(A) C A. A closed
invariant subset A is called completely invariant if x € A is equivalent to
T(x) € A for all € [0,1] \ P. Throughout the paper we work on a fixed
closed topologically transitive T-invariant subset A. It might be more nat-
ural for piecewise monotone transformations T to use T(A \ P) C A as the
definition of an invariant subset, but in this case one can get T'(A) C A by
redefining 7" on the set P, provided A is closed and topologically transitive.
Therefore we use T'(A) C A as the definition of a T-invariant set.

The complexity of the level sets of Birkhoff averages is measured by
topological entropy or by Hausdorff dimension. Since these level sets are
not compact, we introduce a notion of topological entropy defined for any
subset @ of [0,1] which we denote by entp(Q). It is essentially Bowen’s
definition given in [3], very similar to the definition of Hausdorff dimension.
We investigate this kind of entropy in Section [2]

Topological pressure is usually defined only for continuous transforma-
tions. Since we investigate transformations which are not continuous, we
need a suitable definition of topological pressure. This is given in Section [3]
We say that a function f : [0,1] — R is regular if fi(x) := limy, f(y) for
xz € [0,1) and f_(z) := limy;, f(y) for x € (0,1] exist and if f(x) lies be-
tween f_(x) and fi(z) for all z € (0,1). For a closed T-invariant subset A
and a regular function f we define a pressure ¢(7T'|A, f) by exhausting A by
subsets which have a Markov partition, and approximating f by continuous
functions from below. This is the definition used also in [7]. It is shown there
that it coincides with the usual notion of pressure if 7" and f are continuous.
This means that in the case where the pressure is usually defined, we do not
change the notion of pressure.

Throughout this paper we shall assume that 7" is a piecewise monotone
transformation on [0, 1] and that the partition occurring in the definition of
piecewise monotonicity is a generator. We consider a completely invariant
topologically transitive closed subset A of ([0, 1], T") with htop(T'|A) > 0, and
investigate the Birkhoff averages of a regular function g : [0,1] — R on A.
We set S,pg = E;:& goTJ for n > 1 and define the level sets

1
L, = {x €A: lim —Syg(z) = a} for a € R.
n—oo N
More generally, for u,v € R with v < v we consider the sets

1 1
Lyy = {a: € A :liminf —S,g(z) > u, limsup —S,g(x) < v}.
n—oo 1 n

n—oo
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The level set L, is then the set L, . The Legendre transform of the pressure
function 7(s) = ¢(T'| A, sg) is defined by

7(a) = ;gﬂg(7<s> —as).

The set H on which 7 is finite is a bounded closed interval (it is a single
point if and only if 7 is linear), and 7 is a concave function on H (see
Section . In Sections {4| and [7| we prove the following results (see Theo-
rems and [17): For w and v in R with v < v and H N [u,v] # 0 we
have entp(Ly,y) = maX,cpnu,y 7(a). In particular, entg(L,) = 7(a) for all
a € H. Furthermore, for each a € H with 7(a) > 0 there is an ergodic
invariant probability measure p with pu(Lg) =1 and h, = 7(a).

Since the pressure function involved in the above results is defined as a
supremum over Markov subsets of ([0, 1],7T), we cannot show that Birkhoff
averages are always inside H. But also no example is known for which
Birkhoff averages are outside H. Nevertheless, we prove the following re-
sult in Section [7} Let K be the set of all x € A such that all limit points
of the sequence n~1S,g(x) are less than the left or greater than the right
endpoint of H. Then entg(K) = 0.

Results of this kind are well known for certain classes of dynamical sys-
tems, which are conjugate to subshifts of finite type, in particular geometric
constructions, repellers of smooth expanding maps, and locally maximal
hyperbolic sets of diffeomorphisms. In [2] more general multifractal spectra
are investigated. Results of [2] can also be applied to a piecewise monotone
transformation 7. By doubling a countable set of points in [0, 1] one gets a
compact set X on which 7 is a continuous transformation. See Section [2] for
the details of this construction. Since T" is expansive on X, Theorem 8 in [2]
applies to the dynamical system (X, T). As a special case one gets a formula
for the entropy of the level sets of Birkhoff averages of a function g as the
Legendre transform of a pressure function, but only under the additional
assumption that g : X — R is continuous and has a unique equilibrium
state.

The characterization of the dimension spectrum of Birkhoff averages by
Legendre transforms works only in the special case of Lyapunov exponents.
Set ¢ = log |T"|. For x € [0,1] the lower and the upper Lyapunov exponents
are defined by

x(z) = lim inf lSnnp(a:) and X(z) = limsup lSnn,o(a:).

- n—oo n n—oo N
If x(x) = X(x), this common value is called the Lyapunov exponent at x
and denoted by x(z). Again let A be a completely invariant topologically
transitive closed subset of ([0, 1],7") with hiop(7]A) > 0 and suppose that
¢ = log|T’| is a regular function. For u,v € R with v < v we consider
again the set M,, = {x € A : v < x(z) < X(z) < v}. The level set
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M, which is the set of all z € A with x(z) = a is then the set M, ,. For
7(s) = q(T|A, sp) define H and 7 as above and set 7(a) = (1/a)7(a). Then
H is a bounded closed subinterval of [0,00) (see Section [f). In Section
we prove the following result (see Theorem [20)): For u and v in the interior
of H with u < v we have dimyg(M,,) = MaX e[y, 7(a). In particular,
dimg(M,) = 7(a) for all a € int H.

This result has been shown in [4] under stronger assumptions. An invari-
ant subset of a piecewise monotone interval map is considered there, which
is conjugate to a mixing subshift of finite type and satisfies a distortion
property and a weak expansion condition. Under such assumptions, further
results are proved in [4], in particular sets of points with zero Lyapunov
exponent are investigated.

We finish with some comments on the assumptions. One can split the
nonwandering set of a piecewise monotone transformation T into closed
topologically transitive T-invariant subsets (see e.g. [5]). Those with nonzero
topological entropy are often called basic sets. By the results of [5] a basic
set can be written as (), F' \ T7'G where F and G are T-invariant subsets
which are finite unions of closed intervals and satisfy G C F. It is easy to
see that this is a completely invariant subset for the transformation T'|F,
which is again a piecewise monotone interval map. Hence the above results
hold for all basic sets of a piecewise monotone transformation.

We assume that the partition of [0, 1] into intervals on which 7" is mono-
tone is a generator. If this does not hold, then there is an interval I such
that T™|I is monotone for all n. We call a nondegenerate interval with this
property an atomic interval. We have entg(/) = 0 and dimp(/) = 1 for
every atomic interval I. Therefore one cannot expect to characterize the
multifractal spectrum by the Legendre transform of a pressure function if
there are atomic intervals. In the case of the entropy spectrum we can con-
sider all atomic intervals as single points. This modified dynamical system
has a generator and we can apply the above result.

It does not matter how one defines the piecewise monotone transforma-
tion T" and the regular function g at their points of discontinuity. The set W
of points whose orbits hit a point of discontinuity is countable. Changing T’
or g at a point of discontinuity causes the change of the level sets of Birkhoff
averages of g at most on the countable set W. Therefore, the entropy and
Hausdorff dimension of the level sets do not change. Also the topological
pressure, which we define for a regular function f, is not influenced by the
values of T" and f at their points of discontinuity.

2. Hausdorff dimension and entropy. We recall the definition of
the Hausdorff dimension dimg(Q) of a set @ C [0, 1]. For § > 0 a finite or
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countable collection C of intervals of length < § satisfying Q@ C Upee € is
called a d-cover of Q. Let As(Q) be the set of all d-covers of Q. For t € R
define
. . t

w(Q) = lim  inf CEE% ]
where |C| denotes the length of the interval C. Then 14 is an outer measure
on [0, 1]. There is to such that v,(Q) = 0 for t > ¢y and 1,(Q) = oo for t < to.
This tg is the Hausdorff dimension dimy(Q) of the set Q.

We need a notion of topological entropy for noncompact sets. We use a
definition similar to that of Hausdorff dimension, which was introduced by
Bowen in [3] (see also [12]). First we give a definition adapted to piecewise
monotone transformations.

We call a finite set Z of open pairwise disjoint subintervals of [0,1] a
partition of [0,1] if [0,1]\ U,cz Z is a finite set. We say that T" is piecewise
monotone with respect to the partition Z if T|Z is continuous and strictly
monotone for all Z € Z.

Fix a part1t10n Z with respect to which 7' is piecewise monotone. Set
Z; = zo ’Zforj>1ande—U]kZ for k > 1. For Y € W let
6( ) be the maximal j such that Y € Z;.

For ¢t > 0 and @ C [0,1] we define

7%(Q) = lim mf ety
k—ooUel(Q %
where I';(Q) is the set of all finite or countable subsets U of Wy, with @ C
Uyeu Y. It is easy to see that v; defines an outer measure. Furthermore,
for a subset @ of [0, 1], there is ¢y > 0 such that 1(Q) = oo for t < ¢y and
7(Q) = 0 for t > t9. We define entp(Q)) = to and call it the topological
entropy of Q.

Since ¢ is an outer measure for ¢ > 0, it follows that entg(S) < entp(Q)
if S C @ C[0,1], and entg(|U;2; Qi) = sup;>; entp(Q;) for any Q; C [0, 1].
Because entg({z}) = 0 for all = € [0, 1] this implies that entg(C) = 0 if C
is a countable set.

A partition Z with respect to which T is piecewise monotone is not
unique. The following two lemmas show that the above definition does not
depend on the choice of Z.

LEMMA 1. Let Z be a partition with respect to which T is piecewise
monotone. If J C [0,1] is an open interval such that T7|J is strictly mono-
tone for 1 < j <k, then J has nonempty intersection with at most k card Z
intervals in Zy,.

Proof. Let 0 =cy < c; <--- < cy =1 be the endpoints of the intervals
in Z. We have N = card Z. Set D = {c1,...,¢n—-1}. Then Uk 1(TJ|J)’1
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are the endpoints of intervals in Zj which fall into J. Their number is
bounded by k(N — 1). Hence at most k(N — 1) + 1 intervals in Zj have
nonempty intersection with J. This proves the lemma, since k(N —1)+1 <
kcard Z. m

LEMMA 2. Let Q be a subset of [0,1]. Then entg(Q) does not depend on
the partition Z used in its definition, provided that T is piecewise monotone
with respect to Z.

Proof. Let Z be a partition with respect to which T is piecewise mono-
tone and let I(Q) and ~,(Q) be as above. Let Z be another partition with
respect to which T is piecewise monotone and let I,(Q) and 7 (Q) be as
above, but for Z instead of Z.

Let ¢ > 0 and ¢ > 0. There is a constant oy € (0,00) such that
e~ card Z < age™™ for all n > 1. Fix k and U € I,(Q). For Y € U
set ~

/CyZ{ZEZg(y):ZﬂY#@}.

Since TV|Y is strictly monotone for 1 < j < ¢(Y'), it follows from Lemma
that card Ky < £(Y) card Z. Let ¢(Z) be the maximal j such that Z € Z;.
Because Ky C ZNg(y) we get ((Z) > ¢(Y) for all Z € Ky. This implies

Z e—(t—i—s)E(Z) < 6—(t+e)€(Y)g(y) card Z < ate—tZ(Y)'
Zeky

Set U = |y ey Ky. Since ¥ C Uzex, Z and UZ) > LY) > k for all
Z € Ky, we get U € I},(Q). Summing the above estimate over Y € U we

get )
Z G L Z o=t
zZeu Yeu

Since U € I, (Q) was arbitrary this implies J4:(Q) < a7:(Q).

Now let ¢y be such that v(Q) = oo for t < tp and 1(Q) = 0 for ¢ > tg
and let o be such that %;(Q) = oo for t < ty and % (Q) = 0 for t > to.
The above inequality implies £y < to + €. Since € > 0 was arbitrary, we get
to < to. The above proof with Z and z interchanged gives ¢y < to. Hence
to = Eo. L]

This kind of definition of the entropy was given by Bowen in [3]. The sets
considered there are subsets of topological dynamical systems. Since piece-
wise monotone transformations 7" : [0, 1] — [0, 1] may have discontinuities,
we first construct continuous versions.

Fix a partition Z with respect to which T is piecewise monotone. Here
we can choose the coarsest such partition. Let 0 = ¢g < ¢1 < -+ < ¢n
= 1 be the finite set of the endpoints of the intervals in Z and set W =
U2 T {co,c1,...,cn}. We replace each z € W\ {0,1} by two points, z—
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and z+. We denote this extended interval [0,1] by X; it is compact with
respect to the order topology. There is a continuous extension of T' from
[0,1] \ W to X, which we denote again by T'. Now (X,T) is a topological
dynamical system and {[0,c1—], [c1+, c2—], ..., [en—1—, 1]} is a partition of
X into closed-open intervals, which we again denote by Z.

Bowen’s definition of the entropy of a subset ) of X is then as follows. Let
A be a finite open cover of X. For £ C X let m4(E) be the largest integer
such that T%(E) is contained in some element of A for 0 < i < m4(FE). Let
fA’k(Q) be the set of all finite or countable covers of () by arbitrary subsets
E of X satisfying m4(E) > k. For ¢t > 0 define

Bar(@) = lim inf Y e AP and  B(Q) = sup fas(Q)
k—oogely 1(Q) EecE A

where the supremum is taken over all finite open covers A of X. The entropy
of @ is then defined in [3] as the nonnegative number h(Q) such that 3;(Q)
is oo for t < h(Q) and 0 for ¢t > h(Q).

The following lemma shows that Bowen’s definition of entropy given in
[3] coincides with the definition we use in this paper. The complements of
the set [0,1]\ W in [0, 1] and in X are countable and therefore have entropy
zero. Hence it suffices to consider a subset @ of [0,1] \ W, which is then a
subset of [0, 1] and of X.

LEMMA 3. For a subset Q of [0,1] \ W we have h(Q) = entp(Q).

Proof. Let Z be the partition we have used in the definition of X. Let
A be a finite open cover of X. Since Z is a generator, W is dense in [0, 1].
Therefore, choosing partition points in W, we find a partition ) of [0, 1] with
respect to which T is piecewise monotone and such that the corresponding
partition of X is also an open cover of X, which refines 4. By Lemma
we can use ) instead of Z in the definition of entg. If U € I'}(Q), then
Q C Uyey Y, since Q C [0,1] \ W and the endpoints of intervals in U are
contained in W, and mA(Y) > my(Y) = £(Y) > k for all Y € U, since Y
refines A. This implies U € I'44(Q) and Yy e A < 70 e )
for ¢ > 0. Since U € I',(Q) was arbitrary, we get 54.+(Q) < %(Q) for t > 0.
Since A was an arbitrary finite open cover of X, we have 3;(Q) < v(Q) for
t > 0. This implies h(Q) < entp(Q).

To show the opposite inequality we prove 8z +(Q) > 7(Q) where we
consider Z as a finite open cover of X. Let V € fzyk(Q). For £ € V
choose Yr € Z,, (g with ENQ C Yg. Then {(Yg) > mz(E). With
U= {Yp:E eV} wehave Y po,e™mzE) > 5 e~ for all t > 0.
Because U € I,(Q) and V € I'z,(Q) was arbitrary, we get fz:(Q) >
7(Q) and hence also (:(Q) > (@) for all ¢ > 0. This implies h(Q) >

entg(Q). =
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We state the following two lemmas in the form we need in this paper,
and not in their strongest possible versions.

LEMMA 4. Let Q C [0,1] and let p be an ergodic T-invariant prob-
ability measure on [0,1]. If Q contains a subset of p-measure one, then

h, < entg (Q).

Proof. 1f h, = 0 there is nothing to show. If h, > 0 then pu assigns
measure zero to single points and @) has a subset D with pu(D) = 1 and
DNW = (. Hence D can be considered as a subset of X, and u can be
considered as an invariant probability measure on (X, T). By Theorem 1 in
3] we get h, < entg(D). This implies h;, < entp(Q). =

For a probability measure p on [0, 1] one defines the Hausdorff dimension
dimy () as follows:

dimpg(p) = inf{dimp(B) : B a Borel subset of [0,1] with u(B) = 1}.
Then we have a lemma similar to the one above.

LEMMA 5. Let Q C [0,1]. Suppose that o = log |T"| is a regular function
and let 1 be an ergodic T-invariant probability measure on [0, 1] with hy, > 0.
If Q contains a Borel subset of ji-measure one, then hy/u(e) < dimp(Q).

Proof. By Theorem 2 in [6] we get p(y) > 0. We can apply Theorem 1
of [8] under the present assumptions (see the remark after Corollary 1 in
[8]). This gives dimg(p) = h,/p(p). By the definition of dimpy(p) we have
dimg(Q) > dimp(p) and the lemma is proved. =

3. Pressure. Topological pressure is usually defined for continuous trans-
formations and continuous functions on compact metric spaces. Since the
transformations and functions we consider may have discontinuities, we give
a suitable definition of pressure for a closed invariant subset A of ([0, 1],T")
and a regular function f. We do this by approximation from below.

A closed subset B of [0,1] is called a Markov subset if there exists a
partition ) of [0,1] with respect to which T is piecewise monotone with
T(BNY) C Bforall Y € Y and such that for any two elements Y7 and Y>
of Y one has either T(BNY;)NYy =0 or T(BNY7) D BNY;. We then say
that )V is a Markov partition for B.

For a Markov subset B with Markov partition ) and a regular function
f:]0,1] — R we define the pressure as follows. Set ),, = \/?:_01 T-'Y and
VYo(B)={BNY #0:Y € Y,}. Then we define

1
p(T|B, f) = nleroloalog Z sup e/
YeYn(B)

Let A be a closed T-invariant subset and let M(A) be the set of all Markov
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subsets of A. We assume that M(A) is not empty. For a regular function
f:10,1] — R let C(f) be the set of all continuous functions h : [0,1] — R
satisfying h < f. We define
q(T|A, f) = sup sup p(T|B,h).
BeM(A) heC(f)

This can be written as ¢(T'|A4, f) = suppe pm(a) (T B, f), since for a Markov
subset B we have ¢(T'|B, f) = suppcc(s) p(T|B, h), because B itself is an el-
ement of M(B). The following elementary properties are easy consequences
of the definition.

LEMMA 6. Let A be a closed invariant subset with M(A) # 0 and let f
and g be reqular functions. Then q(T|A, f+c) = q(T|A, f)+c for all c € R,
and if f < g, then q(T|A, f) < q(T|A, g).

A partition Z with respect to which T is piecewise monotone is not
unique. Let A be a closed T-invariant subset of [0, 1] and let Z be a partition
with respect to which T is piecewise monotone. Let M(A, Z) be the set of
all B € M(A) which allow a Markov partition ) refining Z, and define

qz(T|A, f)= sup  sup p(T|B,h).
BEM(A,Z) heC(f)

In this paper we consider a topologically transitive completely invariant
closed subset A of ([0,1],T") with htp(T|A) > 0. Then M(A, Z) is not
empty. This can be shown using the so-called Markov diagram of the piece-
wise monotone transformation 7" with respect to the partition Z (see [5]),
which is a directed graph (D, —) with countable vertex set D, whose paths
represent the orbits of ([0, 1], 7). As explained in Section 4 of [7], the topolog-
ically transitive completely invariant subset A corresponds to an irreducible
subgraph (A, —) of (D, —), which considered as a 0-1-matrix has spectral
radius larger than 1 due to hiop(T'|A) > 0 (see Section 3 in [5]). By the
results in Chapter IT of [5] there is a finite subset B of A such that the sub-
graph (B, —) still has spectral radius larger than 1. The set of all points in
A whose orbits are represented by paths in (B, —) is then a Markov subset
of A. In this way one gets M(A, Z) # () and hence also M(A) # 0. So
q(T|A, f) and qz(T|A, f) are well defined.

Further results which we shall need in this paper and which are proved
in Section 4 of [7] using the Markov diagram are collected in the following
lemma.

LEMMA 7. Let A be a topologically transitive completely invariant closed
subset of ([0,1],T) with hiop(T|A) > 0 and let Z be a partition with re-
spect to which T is piecewise monotone. Then hiop(T|A) = q(T|A,0) and
qz(T|A, ) = q(T|A, f) for all regular functions f : [0,1] — R. Furthermore,
for regular functions fi,..., fi and € > 0 there is a topologically transitive
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subset C € M(A, Z) with hiop(T|C) > 0 such that q(T|A, f;) < ¢(T|C, fi)+e
for1 <i<k.

Next we show a kind of variational principle for the pressure introduced
above. For a Markov subset B and a regular function f let F(B, f) be the
set of all ergodic invariant probability measures on B which assign measure
zero to discontinuity points of 7" and f, and let F(B) be the set of all
ergodic invariant probability measures on B which assign measure zero to
all single points. For a completely invariant closed subset A of ([0, 1],T") and
a partition Z with respect to which T is piecewise monotone, set

EAZN= U FB ad £4,2)= |J FB).
BEM(A,Z) BEM(A,Z)

LEMMA 8. Let f be a regular function. For a Markov subset B of ([0, 1], T)
we have q(T|B, f) > sup,crp,f)(hu + 1(f)). For a topologically transitive
completely invariant closed subset A of ([0,1],T) with hyp(T|A) > 0 and a
partition Z with respect to which T is piecewise monotone, we have

q(TIA, f) = sap  (hy+p(f)) = sup (hu+p(f)).
ne€(AZ,f) neE(AZ)

Proof. Let B be a Markov subset. Let u € F(B, f). Then there are
hn € C(f) with hyp(z) T f(z) for all x where f is continuous. Since p as-
signs measure zero to all points where f is discontinuous, it follows that
limy, oo t(hn) = p(f). By the variational principle we have h, + p(h,) <
p(T|B, hy,) for all n, which implies h, +u(f) < q(T|B, f). Since u € F(B, f)
was arbitrary,

(3.1) o(T|B,f) = sup (b + p(f)).
HEF(B,f)
This is the first part of the lemma.

Let B be a topologically transitive Markov subset with hop(7|B) > 0.
Choose € > 0. There is a function h € C(f) with ¢(T|B, f) —e < p(T|B, h).
Since h is continuous, there is £ > 1 and a function h : B — R which is
constant on all cylinder sets of length k and satisfies h < h and ¢(T|B, f) —
e < p(T|B,B). Since B is a topologically transitive Markov subset with
hiop(T'|B) > 0, there is an ergodic equilibrium state for the function h on
the Markov shift conjugate to (B,T|B), which is a Markov measure with
full support (see the proof of Lemma 4.7 in [16]). It assigns measure zero
to single points and can therefore be considered as an invariant probability
measure v on (B,T|B). We have

a(T|B, f) — e < p(T|B, 1) = hy + v(h) < hy + ().
Because v € F(B) and € > 0 was arbitrary, we get

(3:2) q(T|B, f) < sup (hu+ p(f)).
HEF(B)
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Now let A be a topologically transitive completely invariant closed subset
of ([0,1],T) with hiop(T|A) > 0 and let Z be a partition with respect to
which T is piecewise monotone. Using Lemma |7| and (3.1)) we get

a(TIA, f) =qz(TIA, f) = sup q(T|B,f) = sup  (hu+ p(f)).
BeM(A,Z) HEE(A,Z,f)
Let M(A, Z) be the set of all B € M(A, Z) which are topologically transi-
tive and satisfy hop(T|B) > 0. We get ¢(T|A, f) = SUD pe 414, 2) q(T\B, f)
again by Lemma [7| and together with (3.2) this implies

q(T|A, f) < sup  sup (hu+p(f) < sup (b +p(f)).
BeM(A,Z) LEF(B) HEE(AZ)
Since £(A, Z) C E(A, Z, f) by definition, this completes the proof of the
second part of the lemma. =

We shall need Lemma [§] for the following two purposes: The equality
q(T|A, f) = sup,ee(a,z,r)(hy + p(f)) shows that the pressure which we use
in this paper, and the pressure used in [9], are the same. And using the
equality q(T'|A, f) = sup,ce(a,z)(hu + p(f)) one easily shows that the map
f—q(T|A, f) is convex on the set of regular functions.

Finally, we mention that all theorems in this paper hold if we assume
that A is a Markov subset, instead of assuming that A is completely invari-
ant. This follows, since only the three lemmas of this section are needed in
subsequent proofs, and it is easily seen that these lemmas also hold for a
Markov subset A instead of a completely invariant subset A.

4. Lower bounds. For a topologically transitive completely invariant
closed subset A of ([0,1],T") with hp(T|A) > 0 and a regular function
g:10,1] — R we define

7(s) = q(T|A,sg) for s € R.

The map 7 : R — R is convex, since it is the supremum of linear functions by
Lemma (8] Set H = {a € R : infcp(7(s) —as) > —oo}, which is a nonempty
interval, since 7 is a convex function. We consider the Legendre transform
7: H — R of 7 defined by

7(a) = inf (7(s) — as).

#(a) = inf (r(s) — as)

In order to get lower bounds for topological entropy and Hausdorff dimen-
sion, we construct suitable ergodic invariant probability measures.

PROPOSITION 9. Let g : [0,1] — R be a regular function and let A be a
completely invariant topologically transitive closed subset of ([0, 1],T) with
hiop(T'|A) > 0. Then for every a € H we have 7(a) > 0 and there is a
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sequence (pg)p>1 of ergodic invariant probability measures on A satisfying
limy oo pik(9) = a and limy_.o hy, = 7(a).

Proof. First we construct differentiable approximations of 7. To this end
fix 6 > 0 and let F' be a finite subset of R. Choose a € (0,6) such that
las| < ¢ for all s € F and let g be a step function satisfying g — a < g <
g. This is possible, since g is a regular function. Using Lemma [6] we get
lq(TA,sg) — q(T|A,sg)| < 6 for all s € F. Let Z be a partition of [0, 1]
with respect to which T is piecewise monotone and such that g is constant
on each element of Z. By Lemma [7] there exists a topologically transitive
B € M(A, Z) with hiop(T|B) > 0 such that |¢(T'|A, sg) —q(T'| B, sg)| < ¢ for
all s € F. Set 7(s) = q(T'| B, sg). We have shown that for each finite subset
F of R and each 6 > 0 there are a topologically transitive set B € M(A)
with hiop(T'|B) > 0 and a step function g which is constant on each element
of a Markov partition ) of B such that

(4.1) g—0<g<g and |7(s)—T7(s)|<d forallseF.

Let K be the transition matrix of the Markov map T'|B with respect to the
Markov partition ). Then K is irreducible, as B is topologically transitive,
and not a permutation matrix, as hiop(7'|B) > 0. For s € R let M(s) be the
matrix one gets if one multiplies the Yth column of K by the value of the
function e*9 at Y for all Y € ). As in the proof of Lemma 4.7 in [16] one gets
an equilibrium state for the function sg on the Markov shift conjugate to
(B, T|B), which is a Markov measure. It is determined by a left and a right
eigenvector of M (s). As K is irreducible and not a permutation matrix, this
equilibrium state is unique and ergodic and has full support and nonzero
entropy (uniqueness follows as in Section 4 of [10]). It assigns measure zero
to single points and can therefore be considered as a probability measure on
(B, T|B), which we denote by vs. We have

(4.2) p(T|B, s9) = hy, + vs(s7).

Lemma (8| implies h,, + vs(ug) < q(T|B,ug) for all u € R, since v assigns
measure zero to single points. Because of ¢(T'|B, sg) < p(T'|B, sg) and
we have equality for u = s and we get p(T|B,sg) = ¢(T|B,sg3) = 7(s).
Since p(T|B, sg) is the logarithm of the spectral radius of M(s), which is
a differentiable function in s, and since u — h,, + uvs(g) is the tangent to
this differentiable function at the point s by the above results, it follows
that

(4.3) 7(s) = p(T|B, 59) is differentiable and 7'(s) = vs(g).
Furthermore,

(4.4) s+ v is weakly continuous
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since using Theorem 8.2 of [I7] one easily shows that each weak limit point
of a sequence (v, )k>1 With s — s is an equilibrium state for sg and hence
is the unique equilibrium state v;.

After this preparation fix a € H. Set

l(u)=7(a)+au forueR and L={seR:7(s)—1I(s)=0}.

By the definition of H and 7 we have [(u) < 7(u) and infy e (7(u)—I(u)) = 0.
Therefore [ is a tangent to 7 with slope a. Since 7 is convex, either L is a
closed interval, which may be unbounded, or L is empty. We have 7(a) =
7(s) — as for all s € L.

Suppose first that L is bounded and not empty. Then L = [p,q] with
p < q. In order to find ug, fix £ > 1 and let G be a finite subset of L
containing p and ¢ such that two adjacent points in G have distance < 1/k.
Set v =p—1/k and w = g+ 1/k. Choose § € (0,1/k) with 36 < 7(u) — l(u)
for v € {v,w}. Set FF = G U {v,w} and let § and B be as above such

that (4.1) holds. By (4.3)), (4.1) and since 7 is convex with 7(p) = I(p) and
T(v) > I(v) + 39, we have

Similarly we get v,(g) > a + kd. By we have v,(g9) < 1,(§) +0 < a
and v,(g9) > 1y(g) > a. The measures vy assign measure zero to single
points. Therefore s — v4(g) is continuous by , since the set where g
is discontinuous is at most countable. By the mean value theorem there
is z € (v,w) with v,(g) = a. By the choice of G there is y € G with
|z —y| < 1/k. We write C for max(|p|, |q|), so that |y| < C. By and

@3).

|2v2(9) — yv=(9)] < [2v2(9) — yr=(9)] + lyv=(9) — yr=(9)| < %Ilglloo + ¢,

[#(2) = 7)) < 17(2) — 7G|+ 70) ~ 7] < L1710+ < llgllc +6.

Applying these estimates to h,, + zv,(g) — 7(2) = 0, which follows from

[4.2) and (4.3), we obtain
2 1
o+ yv2(9) = 7)< Zlglloo +5(1 4+ C) < (14 C +2|gl|o0)-

Furthermore, since y € G C L we have 7(y) — yv.(9) = 7(y) — ya = 7(a).

Set ur = v,. We have shown that ux is an ergodic invariant probability
measure on A satisfying p4(¢g) = a and |hy, —7(a)| < (1/k)(1+C+2||g||s),
which implies limy_. hy, = 7(a). Because hy, > 0 we also have 7(a) > 0.
Hence the desired results are proved in the case where L is bounded and
nonempty.
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Now suppose that L is empty or unbounded. Then limg_,oo(7(s) — I(s))
=0 or lims._(7(s) —1(s)) = 0. Let (s)r>1 be such that 7 is differentiable
at si for k > 1 and si T oo in the first case, and s; | —oo in the second. Set
ar = 7'(s). Then ar, — a and 7(ay) — 7(a) as k — oo, since T is convex.

In order to find the measures py, fix £ > 1 and choose € € (0,1) such
that

T(sk + h) — 7(sg) 1

— —— forh — .
: ag| < Flon] or h € {—¢e,e}
Let g and B be as above such that (4.1) holds with 6 = ¢/k|si| and F' =
{sk—e¢, sk, sp+e}. Let 7 and the measures vs be as above. Since |7(s) —7(s)]
< ¢ for all s € F by (4.1) we get
T(Sk—i-h)—T(Sk) B 7~'(Sk+h)—7~'(8k)

h h

20 2

e ksl

and hence also
T(sk + h) — T(sk)

—ag| < 3 for h € {—e¢,€}.

h /{?’Sk‘
As 7 is convex, 7/(sy) lies between %(8”‘2_%(5’“) and %(S’“_i—%(s’“) and we get
3
4.5 7 — —.
( ) ‘T (sk) ak‘ < k’3k|

Set puy = vg, for k > 1. By (4.1) we get |p(9) —pr(g)| < 0. By (4.3) we have

7 (sk) = pi(9), and so ug(g) — ak| < 6+ 3/k[s| < 4/k|s| from (4.5). This

implies limg_,o0 px(g) = limg_,o ax = a. Now, by (4.2]) and (4.3) we have

hy, = T(sk)—skpr(g) = T(sk)—sk7 (sk). Because 7(ay) = 7(s)—ax sy we get
. - - 3 1/ 1

i, = #o)] < 17(50) = 7(50)| + bl 7o)~ anl <0+ 3 < (1 +3)

using (4.1) and (4.5). This implies limy_o0 by, = limg_oo 7(ag) = 7(a).
Because hy, > 0 we also get 7(a) > 0. m

Now we consider the level sets L, = {z € A : lim, n_15n9($) =a}.

THEOREM 10. Let g : [0,1] — R be a regular function and let A be a
completely invariant topologically transitive closed subset of ([0,1],T) with
hiop(T|A) > 0. For all a € H with 7(a) > 0 there is an ergodic invariant
probability measure p on A with h, > 7(a) and p(Ly) = 1.

Proof. We consider the following compactification of the dynamical sys-
tem ([0, 1], 7). Let F' C [0, 1] be a finite or countable set such that 7" and g are
continuous on [0, 1]\ . Set W = |72, T~JF and replace each x € W\ {0,1}
by two points z— and x+. We denote this extended interval [0, 1] by X; it
is compact with respect to the order topology. The extensions of T and g¢
from [0,1] \ W to X are continuous. Let A be the closure of A\ W in X.
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Let £ be the set of all T-invariant probability measures on A satisfying
p(g) = aand hy, > 7(a). Let (ur)r>1 be the sequence of probability measures
found in Proposition [9} Because limy_.o by, = 7(a) > 0, we have hy, > 0
for all k£ greater than or equal to some kg. Since these measures are also
ergodic, they assign measure zero to the countable set W. Therefore we can
consider these measures p;, as measures on A\W C X. Let u be a limit point
of the sequence (uy)k>k, in X. Then u is concentrated on A and satisfies
hy > 7(a) and p(g) = a. This shows that £ is not empty.

Moreover, L is a compact and convex subset of the set of all T-invariant
probability measures on A. Hence there is an ergodic probability measure
p in L. The assumption 7(a) > 0 implies h, > 0. Thus countable sets
have p-measure zero and p can again be considered as a measure on A,
since A\ (A\ W) is at most countable. Hence we have found an ergodic
probability measure p on A with u(g) = a and h, > 7(a). By the ergodic
theorem we have lim,, .., n 1S,g(z) = u(g) = a for p-almost all z € A,
which implies p(Ly) = 1.

5. Legendre transforms. For a topologically transitive completely in-
variant closed subset A of ([0, 1], T") with htop(T|A) > 0 and a regular func-
tion g : [0,1] — R we introduced the pressure function 7(s) = ¢(T'|A, sg) for
s € R and its Legendre transform 7 defined by 7(a) = infser(7(s) — as) on
the set H of all a for which this infimum exists. Since 7 is convex, H is a
nonempty interval.

We also introduce the function

1 1
7(a) = —7(a) = — inf — for all a € H \ {0}.
#(a) = #(a) =~ inf (r(s) —as) forall ae H\ {0}
We shall use the Legendre transform 7 to characterize the entropy spectrum
of Birkhoff averages, and the function 7 to characterize the dimension spec-
trum of Lyapunov exponents. First we show some properties of the Legendre
transform.

PROPOSITION 11. Let A be a completely invariant closed subset of
([0,1],T) with hiop(T|A) > 0 and let g : [0,1] — R be a regular function. Let
the pressure function T and the transforms 7 and 7, which are defined on the
set H, be as above. Then H equals {a € R : as < 7(s) for all s € R}, which
is a bounded closed interval, and 7 : H — R is concave and hence continu-
ous and attains its supremum 7(0) on H. If there is so > 0 with 7(s) <0
for s < —sg and 7(s) > 0 for s > —sg, then H is a subset of [0,00),
and a — 7(1/a) can be extended to a concave and continuous function on
H=' = {1/a : a € H}, which is a subinterval of (0,00]. Furthermore,
a+— 7(1/a) attains its supremum sy on H~1.
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Proof. If a € H, then 7(a) + as < 7(s) for all s € R by the definition
of 7, and Proposition [Jsays that 7#(a) > 0. Therefore as < 7(s) for all s € R.
This shows H C {a € R : as < 7(s) for all s € R}. Since as < 7(s) for all
s € R implies that infser(7(s) — as) exists, we also get H D {a € R:as <
7(s) for all s € R}.

One sees that H = {a € R: as < 7(s) for all s € R} is a closed interval.
If a € H we have a < 7(1) and —a < 7(—1). This gives H C [—7(—1),7(1)].

By its definition, 7 is the infimum of linear functions and hence is con-
cave. Since 7 is convex, there is a € R such that 7(s) > 7(0) + as for all
s € R. The definition of 7 implies that 7(a) > 7(0) for this a. Furthermore,
7(a) = infser(7(s) —as) < 7(0) for all « € H. Hence 7 attains its supremum
7(0) in H.

Now suppose that there is so > 0 with 7(s) < 0 for s < —sp and
7(s) > 0 for s > —sg. If a € H, then —asy < 7(—sp) < 0, which implies
a > 0. This shows that H C [0,00). For a € H \ {0} we have 7(a) =
(1/a)?(a) > 0 by Proposition [9] and #(a) = (1/a)7(a) < (1/a)7(—s0) + so
< 50 by definition of 7. This implies that a — 7(1/a) is a bounded function
on H~!\ {co}, which is concave and continuous, since it is the infimum of
the linear functions a — a7(s) — s over s € R. Therefore we can extend
a — 7(1/a) to a continuous concave function on H~!, which is bounded
below by 0 and above by sg.

By the convexity of 7 and the properties of sg, for every n > 1 there
is b, > 0 such that 7(s) > b,(s + sp — 1/n) for all s € R, which implies
7(bn) > bp(so — 1/n) and 7(b,) > sp — 1/n. Since H is a compact interval,
the sequence (b,),>1 has a limit point b in H. By the above results, 7 has
a continuous extension to H, and we get 7(b) > so. This shows that a +—
#(1/a) attains its supremum so in H ', =

It may happen that the function 7 : H — R is not concave. The following
example is similar to an example given in [2]. Choose u € (0,log2) and set
v =—log(l —e ™). We have 0 < u < v. Let T": [0,1] — [0, 1] be defined
by
e'r for0<z<e™™,

—e’(x—1) fore " <z <1

T(z) = {

The set A = [0,1] is completely invariant and topologically transitive. Let
g : [0,1] — R be defined by g(z) = v for 1 < z < e and g(z) = v for
e " <x<1,s0g=Ilog|T'|. For g(e ") we can choose any value in [u,v].
We have 7(s) = p(T|A, sg) = log(e®* +€*V) since A itself is a Markov subset.
The function 7 : R — R is convex and differentiable and the set of values of
its derivative is the interval (u,v). This implies that H = [u,v]. Computing
the infimum in the definition of 7, one gets
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%(a)zlog((v_a>v_u+ <a_u>v_u> for a € H.
a—u v—a

If one draws the graph of the function a — (1/a)7(a) = 7(a) for u = 0.04,
then it turns out that this function is not concave.

This example also shows that the interval H need not contain the point
zero. To get an example for which 0 € H, let T": [0, 1] — [0, 1] be defined by

x
for0<z<1/2
T(z:):{ or 0 <x<1/2,

1—2

—2(zx—1) for1/2<z<1.
Again, the set A = [0, 1] is completely invariant and topologically transitive.
For g we choose again the map ¢ = — log |T”"|, which has value 0 at the fixed
point 0 and satisfies p(x) > 0 for = € (0, 1]. It follows that 7(s) = p(T|A, sg)
satisfies 7(s) > sg(0) = 0 for all s € R. By Lemma [12| below there is sg > 0
such that 7(s) = 0 for s < —sp. This implies that 0 is the left endpoint
of H, and we have an example with 0 € H. In this case co € H~! and by
Proposition |11 the function a — 7(1/a) must attain its supremum at oo and
therefore 7 : H — R attains its supremum at 0.

Now we consider the case where g is the function log |7T"|.

LEMMA 12. Let A be a topologically transitive completely invariant closed
subset of ([0,1],T) with hiop(T|A) > 0. Suppose that ¢ = log [T"| is a reqular
function and set 7(s) = q(T|A, sp) for s € R. Then 7 : R — R is a nonde-
creasing continuous function. Furthermore, there is so € (0, 1] with 7(s) <0
for s < —sg and 7(s) > 0 for s > —sq.

Proof. Let Z be a partition which is a generator and with respect to
which 7' is piecewise monotone. From Lemma |8 we deduce that 7(s) =
SUP,eg(a,z)(hu + sp(p)). In particular, 7 is a convex continuous function.
We show that p(p) >0 for all u € E(A, Z).

To this end suppose that there is a probability measure p € £(A, Z) with
w(p) < 0. Since p assigns measure zero to single points, we find a continuous
function f : [0,1] — R satisfying f > ¢ and u(f) < 0. Since p is supported
on a Markov subset B and Markov subsets have the specification property,
there is a probability measure 7 which is concentrated on a periodic orbit
and satisfies w(f) < 0. Because f > ¢ we get m(¢) < 0. This means that
we have an attracting periodic orbit, contradicting the fact that Z is a
generator. Therefore p(¢) > 0 for all p € E(A, Z).

Now 7 is the supremum of linear functions of nonnegative slope each.
This implies that 7 is nondecreasing. Furthermore, for p € £(A, Z) we have
hy < p(e). If hy = 0, this follows from u(yp) > 0. If h, > 0, it follows
from Theorem 2 in [6]. Because h, — pu(p) < 0 for all p € (A, Z) we get
7(=1) < 0. By Lemma [7] we have 7(0) = q(T'|A,0) = hop(T'|A) > 0. Since
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7 is nondecreasing and continuous, there is an sy with the desired proper-
ties. m

6. Exceptional sets. In order to get upper estimates of entropy and
Hausdorff dimension, we have to consider certain exceptional sets. Let Z be
a partition of [0, 1] with respect to which T is piecewise monotone. Set Rz =
N2 T (Uyez Z). For n > 1let Z,(z) be the element of Z,, = \/;7’;01 T-1Z
which contains z. If € Rz then Z,(z) is defined for all n > 1.

Let A be a completely invariant closed subset of ([0,1],7) and let o be
a probability measure on A. For an open interval (p,q) and r € (p, q) set

or((p,q)) = min{o((p, 7)), o((r,5))}-

This can be considered as a distance of the point r to the boundary of
the interval (p,q) where the distance is determined by the measure . For
z € Rz and d > 0 set

Ia(z) ={n > 1: opny(T" Zp(x)) > d}

and Ng = NoU{zx € AN Rz : card Ij(z) < oo} where Ny = A\ Rz.
In order to show that the sets Ny are small, for a partition Z of the
interval [0, 1] and a function f : [0,1] — R we define

varz(f) = sup sup [f(z) = f(y)|

ZeZxyez
and prove the following lemma.

LEMMA 13. Let Z be a partition of [0,1] with respect to which T is
piecewise monotone, and set ¢ = log|T'|. Suppose that varz(p) < a. Then
for every x € Rz with x(x) > « there is c, such that |Z,(x)| < e™"7 for all
n > c,, where vy = (o — varz(y)).

Proof. Because x(r) > « there is ¢, such that S,¢(x) > n(a — ) for
all n > ¢,. For all y € Z,,(x) we have S,,p(y) > Spp(xz) — nvarz(p), which
gives (2,(@)] < [T7(Z,(2))| supz, oy €% < ¢ Snellbnvrz(e] < o7 for

alln >c;. =

LEMMA 14. Let A be a completely invariant closed subset of ([0,1],T)
and let p be a probability measure with support A. For a partition Z of [0, 1]
with respect to which T 1is piecewise monotone, let Ny be the set defined
above. Then limggentg(Ng) = 0. Furthermore, for every a > 0 we have
limg)o dimp(Ng N Do) = 0 if varz(p) < a, where Doy = {z € A: x(x) > o}
and ¢ = log |T"|. B

Proof. For 1l > 1 and Z € Z; we define
Gz ={x € ZNANRz : opn(y)(T"Zy(x)) < d for all n > I}.
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We estimate the entropy of these sets. For fixed d > 0 small enough choose
k = k(d) maximal such that o(Y) > d for all Y € Z; with Y N A # (). Since
o0 has support A, all open intervals Y with Y N A # ) satisfy o(Y) > 0. This
implies limg|o k(d) = oo.

For every n > 0 we construct a subset C, of Zj,,; which satisfies
cardC, < 4™ and G,z C Ugee, C- We start with Co = {Z}. Suppose that
Cj is constructed. For a set Y € C; C 24 we have opi+jk(y) (THkY) < d
for all z € Y N Gy z. Therefore T"7%(Y N G; z) is contained in the closure
of two open intervals with p-measure at most d each and a common end-
point with the interval T"*/*Y". By the choice of k = k(d) there is a subset
Ay of Z;, with card Ay < 4 such that T"H%(Y N Giz) C UEeAy E. Set
By ={Y NnT "7%(E) : E € Ay}. We have Y NGy z C Ugep, C, which
implies Y NGz C Uce s, C, since the endpoints of the intervals in By are
not in Rz. Set Cj11 = UYECJ, By . This is a subset of Z;, (1), of cardinality
less than or equal to 477!, which satisfies G,z C UCech C'. This finishes
the construction of the sequence (Cp,)n>0-

We estimate entg(Ng). For t = 2/k and n > 1 we have

Z efté(C) < 4n€ft(l+nk) — eftl(4/€2)n.

ceCn
This implies v(G;z) = 0. As Ny C No U U2, UZeZl Giz and as Ny is
countable, we get v;(Ng) = 0. Therefore entg(Ny) < ¢t = 2/k. Since k tends
to infinity as d goes to zero, this implies limgo entg(Ng) = 0.

Now we estimate the Hausdorff dimension of N4y N D,. To this end set

v = 4(a — varz(p)), and for © € Dy N Rz let ¢, be as in Lemma Set
Dy, ={r € DyNRz :c; <m}and D, = {C € C, : CN D,, # B} for
m,n > 1. By Lemmawe have |C| < e~ (1K) for all C € D, if n > m.
Setting t = 2/vk we get, for n > m,

Z ‘C|t < 4ne—t(l+nk)'y _ e—tl'y(4/€2)n‘

ceD,
Because G,z N Dy, C Ugep, €5 we get v(Giz N Dy,) = 0. By Lemma
we have (Jo_; D = Do N Rz. Therefore v4(Giz N Dy) = 0. As Ng C
NoulUZ, UZEZl G1,z and as Ny is countable, we get v4(NgN D,) = 0. This
gives dimp(NgN Dy ) <t = 2/~k. Since k tends to infinity as d goes to zero,
we conclude that limgjo dimpg(NgN Do) =0. =

We finish with a lemma, which we shall need in Section

LEMMA 15. Let o be a probability measure on [0,1]. For every d > 0
there is b > 0 such that for any open interval I C [0,1] and any u € I with
ou(I) > d we have |I| > .
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Proof. Fix d > 0. Suppose that for every n > 1 there are an open interval
I, and a point u, € I, with g, (I,) > d such that lim, . |I,| = 0. Let
u be a limit point of (uy)n>1. Because gy, (1) > d for all n > 1, u cannot
be an endpoint of [0,1]. Choose v > 0 such that o([u — 2v,u)) < d and
o((u,u + 2v]) < d. For infinitely many n we have either [u — 2v,u —v] C I,
or [u+ v,u+ 2v] C I, contradicting lim,, o |I,| = 0. =

7. The entropy spectrum of Birkhoff averages. Let g :[0,1] — R
be a regular function and let A be a completely invariant closed subset of
([0,1], 7). In order to give the definition of the sets whose entropy we shall
estimate, we split H into intervals on which 7 is constant, increasing and
decreasing. Set Hy = {a € H : 7(a) = 7(0)}. This is the set where 7 attains
its supremum. Since 7 is concave, Hy is a closed interval, possibly a single
point. Set Hy ={a € H:a >bforallbe Hy} and H-. ={a € H:a<b
for all b € Hp}. For a € H we define

{z € A:limsupn~1S,g(z) <a} ifac H_,
n—oo

U,=<¢ A if a € Hy,
{z € A:liminfn~1S,g(x) >a} ifac H,.

Now we can estimate the entropy of these sets.

THEOREM 16. Let g : [0,1] — R be a regular function and let A be a

completely invariant topologically transitive closed subset of ([0,1],T) with
hiop(T|A) > 0. For each a € H we have entg(U,) < 7(a).

Proof. For each a € Hy we have 7(a) = 7(0). Since 7 is a convex function,
the definition of 7 implies that 7(a) = infs<o(7(s) — as) if a € H_, and
7(a) = infss0(7(s) —as) if a € Hy.

Fix a € H and € > 0. Choose s € R such that 7(s) — sa < 7(a) + . We
can do this in such a way that s =0ifa € Hy, s <0ifa € H_,and s >0
if a S H+.

Choose ¢ > 0 such that d|s| < e. Let Z be a partition of [0, 1] with
respect to which 7' is piecewise monotone, and such that varz(g) < ¢, which
means sup, .z |9(x) — g(y)| < ¢ for all Z € Z. This is possible, since g is
regular. There is a function § which is constant on each interval in Z and
such that |§g — ¢g| < ¢ and ¢(T|A, sg) = q(T|A, sg) = 7(s). This is possible
by the properties of the pressure function given in Lemma [6]

Lemma, [8| shows that the notion of pressure we use here is the same as
in [9]. Hence we can apply Theorem 2 of [9], which together with Lemma 4
of [7] shows the existence of a probability measure ¢ with support A which
is e”(*)=%9_conformal. This means that o(TY) = §y e™(5)=%9 dp for all inter-
vals Y contained in elements of Z.
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We choose d > 0 such that entg(N;) < &, which is possible by Lemma/[14]
and set W = {z € A\ Ny : liminf, .. sn~1S,g(z) > sa}. We then have
U, C WU Ny for all a € H. We now estimate the entropy of the set W.

Fix k € N. The definition of W implies sS,g(x) > nsa—ne for allz € W
and all but finitely many n. For each z € W choose n, such that

ng € Iy(x), mng >k, sS,,9(x) > nysa—nge.

Set Y = Z,, (), which is well defined because W C Rz. Since § is constant
on each element of Z, we have o(T71Y,) = e7(®)=59(T7(2)) o(TIY,) for 0 <
j < ng — 1 by the definition of a conformal measure, which implies

0(Vz) = e nT g Y, ).

By the definition of § and the choice of n, and § we get
$Sn,G(x) > $Sn, g(x) — ng|s|d > ngsa — nye — ng|s|d > ngsa — 2nge.

Because n, € I;(z) we have

o(T"Yy) > 01na(4)(T"*Yz) > d.
Putting all this together we get

o(Yy) > desanaT(9)=2eE for all € W,

Set = {Y, : z € W} C UjZx 25 Since two elements of (J72; Z; are
either disjoint or one contains the other, there is a subset U of U which still

covers W and consists of pairwise disjoint intervals. We write n(Y") for n, if
Y =Y,. The above estimate implies

1
—(7(s)—sa+2e)n il
> et <15y <1
Yeu Yeu
We have chosen s € R such that 7(s) — sa < 7(a) + €, so we get
3 (@) < é
Yeu
Furthermore, £(Y) > n(Y') because Y € Z,(yy. This gives

Z e—(%(a)+3e)€(Y) <
Yeu

SHN

as 7(a) is nonnegative. Since U C J;Z; Z; and k € N can be chosen arbi-
trary, we get v;(q)43:(W) < 1/d. This implies entg (W) < 7(a)+3e. Further-
more, we have chosen d so that entg(Ny) < € and W so that U, C W U Ny.
This gives entg(U,) < 7(a) + 3¢. Since ¢ > 0 was arbitrary, we conclude
that entg(U,) < 7(a). m
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For u,v € R with u < v we now consider the set

n—oo n n—00

1 1
Ly,= {x € A:liminf — S,g(x) > u, limsup — Spg(x) < U}.
n

The level set L, = {x € A : lim, ..o n 'S,g(z) = a} is then the set Lg.q.
We compute the entropy of these sets.

THEOREM 17. Let g : [0,1] — R be a regular function and let A be a
completely invariant topologically transitive closed subset of ([0,1],T) with
htop(T)A) > 0. Suppose that u and v are in R with u < v and H N [u,v] # 0.
Then entg(Luy) = MaX,egnju 7(a)-

Proof. By Theorem[L0} for each a € H N[u, v] with #(a) > 0 there exists
an ergodic invariant probability measure p on A with p(Lg) =1 and h, >
7(a). By Lemma {4 we get entg(L,) > hy, which implies entg(Ly.) > 7(a)
because L, C Ly . Therefore entg(Ly ) > MaXae A fu,] 7(a).

In order to show the opposite inequality, we divide H into the sets H_,
H, and Hy, which have been introduced above. If Hy N [u,v] # 0, then
L,, C A=U, for some b € Hy, which implies

entp(Lyy) < entg(Up) <7(b) =7(0) = max 7(a)
a€HN[u,v]
using Theorem If Hy N [u,v] = (), then either w € Hy or v € H_. In the
first case we get L, C U,, which implies

entg(Ly,,) < entg(U,) < 7(u) < max 7(a)

a€HN[u,v]
using Theorem In the second case we get L, , C U,, which implies

entg(Lyy) <entp(U,) <7(v) < max 7(a)
a€HN[u,v]

again using Theorem .

Proposition [11] shows that the set H on which 7 is defined is a bounded
closed interval. We denote its endpoints by min H and max H. Let K_ be
the set of all x € A with limsup,,_,., n 1S,g(r) < min H, and K, be the
set of all x € A with liminf, .. n~1S,g(x) > max H. Let K be the union
of these two sets. Then we have

THEOREM 18. Let g : [0,1] — R be a regular function and let A be a
completely invariant topologically transitive closed subset of ([0,1],T) with
hiop(T)A) > 0. Then entg(K) = 0.

Proof. Suppose that entg(K) > 0. Then either entg(K ) >0 or entg(K_)
> 0. We give the proof for the first case; the other case is similar.

For c € Rset K, = {z € A : liminf, ..on 'S,g9(x) > c}. Since
entg(K4) > 0, there exists ¢ > max H satisfying entp(K.) > 0. Set ¢ =
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(c—maxH)/2 > 0. Let Z be a partition of [0,1] such that 7" is piece-
wise monotone with respect to Z and sup, ,cz |g(u) — g(v)| < ¢ for all
Z € Z. Let p be a probability measure with support A which assigns mea-
sure zero to single points. We consider the set Ny introduced in Section [f]
for this partition Z and this measure p. By Lemma [14] there is d > 0 with
entp(Ng) < entp(K,). In particular, there is x € K.\ Ng.

Choose k such that o(Y) < d for all Y € Zj with Y N A # (). This is
possible since p assigns measure zero to single points and Z is a generator.
The point = chosen above is not an element of N;. Hence for all n > 0
there is Y, € Zj with T"(z) € Y, and there are infinitely many n with
orn(z)(T" Zy(x)) = d, which implies Y,, C T"Z,(x) by the choice of k. Since
2, is finite, we find C' € Zj and ng < n; < ng < --- such that 7% (z) € C
and C C T" Zy,(x) for j > 0.

Set y = T™(x) and m; = n; — ng for j > 1. Because

T Zy (x) = T (Zno () N T Zn; ()
=TT Zyo (2) O 2 (y)) C T Zmy (y)

we get C C T Zy,(y) for j > 1. Furthermore, for all j > 1 with m; > k
we have Zy,,(y) C C because y € C. For these j we find a point p; in the
closure of Z,,,(y) which is a fixed point under 7. Let v; be the T-invariant
probability measure on the orbit B; of p;. Since sup,, ez |[g(u) — g(v)| < ¢
for all Z € Z we get [vj(g) — (1/m;)Sm;9(y)| < € for all j large enough,
since there can only be finitely many j such that B; contains an endpoint
of an interval in Z. This implies
(7.1) liminfv;(g) > liminf iSmjg(y) —¢e = liminf iSnjg(:n) —e>c—¢
Jj—00 J—oo My J—oo My
where we have also used that = € K,.. The function g need not be contin-
uous on the finite set B;. But the height of jumps of g at the points of B;
tends to zero as j — o0o. Since the sets B; are Markov subsets of A, this
implies that the set of limit points of p(T'|Bj,sg) as j — oo is bounded
by q(T|A, sg) = 7(s). Furthermore, v;(sg) = p(T|B;, sg) since Bj is a peri-
odic orbit. We infer that sliminf; .. v;(g) < 7(s) for all s € R, and hence
liminf; .. v;(g) € H by Proposition . By the choice of ¢ this contradicts
, and the theorem is proved. m

8. The dimension spectrum of Lyapunov exponents. Using simi-
lar methods to the last section, we estimate the Hausdorfl dimension of level
sets of the Lyapunov exponent. Let A be a completely invariant closed sub-
set of ([0,1],T) with hop(T|A) > 0. Suppose that the function ¢ = log|T”|
is regular and set 7(s) = ¢(T|A, sp). By Lemma [12] there is s € (0, 1] with
7(s) < 0 for s < —sp and 7(s) > 0 for s > —sg. By Proposition [11] the
set H is a compact subinterval of [0,00) and the set H! = {1/a:a € H}
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is a closed subinterval of (O, oo]. Moreover, a — 7(1/a) is a concave and
continuous function on H~ Which attains its supremum sg on H . There-
fore the set Go = {a € H™' : #(1/a) = s¢} is a nonempty closed interval,
possibly a single point. Set G+ ={aeH':a<bforalbe Go} and
G_={acH ':a>bforalbe Go} These sets may be empty. The map
a — 7(1/a) is strictly increasing on G+ and strictly decreasing on G_ since
it is concave. Finally, set Go = {1/a : a € Go}, G4 = {1/a : a € G,} and
G_={1/a:a € G_}. Then the function 7 attains its supremum so on Gy,
is strictly increasing on G_ and strictly decreasing on G ..
For a € H we define

{freAd:0<x(x) <X(z)<a} facG_,
Vo= {z€A:x(x)>0} if a € Gy,
{reA:x(z)>a} ifa € G4.

Observe that 0 ¢ G4, since Gy is not empty. This implies x(z) > 0 for all
x €V, and a € H. Now we can estimate the Hausdorff dimension of these
sets. The following proof is similar to the proof of Theorem but details
are different.

THEOREM 19. Let A be a completely invariant topologically transitive
closed subset of ([0,1],T) with hyop(T|A) > 0 and suppose that ¢ = log |T"|
is a regular function. For each a € H \ {0} we have dimp(V,) < 7(a).

Proof. For each a € Gy we have 7(a) = sp. Since 7 is a convex function,
the definition of 7 implies that 7(a) = infs<s,((1/a)7(s) — s) if a € G_, and
7(a) = infsss,((1/a)T(s) — s) if a € G4.

Fix a € H \ {0}. Choose € > 0 and a > 0. Then we can find s € R such
that (1/a)7(s) — s < 7(a) + . We can do this in such a way that s = s¢ if
a€ Gy, s<spifae G_,and s > sg if a € G4.

Now choose v € (0,/2) and § > 0 such that d|s| < ey and §|7(s)| < aey.
Let Z be a partition of [0, 1] with respect to which 7" is piecewise monotone
and with varz(¢) < min(d, & — 2v). This is possible, since ¢ is regular.
There is a function ¢ which is constant on each interval in Z and such that
|0 — | < § and q(T|A,sp) = q(T|A, sp) = 7(s). This is possible by the
properties of the pressure function given in Lemma [6]

By Lemma 8] the notion of pressure we use here is the same as in [9].
Hence we can apply Theorem 2 of [9], which together with Lemma 4 in
[7] shows the existence of a probability measure ¢ with support A which is
e7(5)=5?_conformal. This means that o(TY) = Iy e™(5)=5¢dp for all intervals
Y contained in elements of Z.

Set

W = {:L‘ € A:x(z) >0, l%lniicng;?Sngp(x) > 7'(8)}.
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We have V, C W, since 7(s) = 0 if a € Go, 7(s) < 0if a € G_, and
7(s) > 0, if a € G4+. Let Ny and D, be as in Lemma This lemma
says that there is d > 0 with dimp(Ng N Dy) < €, since varz(y) < a. Set
Wo ={z € W\ Ng: x(z) > a}. We now estimate the Hausdorff dimension
of W,,. N

Fix k € N. The definition of W implies (7(s)/a)Sne(x) > n71(s) — nye
for all z € W, and all but finitely many n. Using also the definition of Ny
and Lemma for each x € W, we find an integer n, such that
ng € Iy(x), ng >k, szs) Sn,@(x) > np7(s) —eyng, |Zn,(x)] <e 7M.
Set Y, = Z,, (x) for x € W, which is well defined because W, C Rz. For
d > 0 found above let b > 0 be as in Lemma (15| Because n, € I;(x) we get
o(T"Y;) > 0pna(2)(T"Y:) > d and [T"=Y,| > b by Lemma Since ¢ is
constant on each element of Z, we have o(T71'Y,) = e7(8)=52(17(2)) o(TIY,)
for 0 < j < ng, — 1 by the definition of a conformal measure, which implies

(8.1) 0(Yy) = e85 (@) =naT(s) o(Tnay, ) > esSne P@)—naT(s)

Because ¢ = log|T"| we have |Y;|infy, e5e? < |T"=Y,| < |Y,|supy, e%=%.
By the definition of ¢ and the choice of b, which satisfies 0 < b < 1, this
implies e55n?() > plsl|y, |=5e 151972 By the choice of § and n, this gives

(8.2) ¢35 ?@) > plol|y, [~sem=mme > plel|y, |7t

Slmllarly we get e_T(s)Snm o(x) 2 blT(s)l ’Yx’T(s)e_lT(s)wnac 2 blT(s)‘ ’Yx’T(s)e_a'a'Yn:c .
We have n,7(s) < (7(s)/a)Sn,p(x) + eyn, and e~ 27" > |Y,|** by the
choice of n;. The last three inequalities imply

(8.3) e—nx’r(s) > b‘T(S)/a||Yx|T(S)/a+2E‘
Putting (8.2) and ({8.3)) into (8.1)), we get
(8.4) o(Yy) > dplslIHIr)/aljy | 7(9)/a=st3e for all € W,.

Set U = {Y,:xz € W,} C U2k Z;- Since two elements of})?ik Z; are either
disjoint or one contains the other, there is a subset U of U which still covers
W, and consists of pairwise disjoint intervals. Then (8.4) implies

Z ’Y’T(S)/(I—S"F&E <c Z Q(Y) <c

Yeu Yeu

where we have written ¢ for d~1b~1*1=17()/el_ We have chosen s € R such that
(1/a)7(s) — s < 7(a) + e. This gives 3y, [Y[7(@+% < ¢. By the choice of
nz we have |Y| < e % for all Y € U, and k € N can be chosen arbitrary. It
follows that v (q) 44 (Wa) < ¢ and hence dimy(W,,) < 7(a) + 4¢. This holds
for any > 0. Furthermore, we have chosen d such that dimg(Ny) < e.
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Because V, C W C NgUUp_; Wi/, this gives dimp(V,) < 7(a) 4 4e. Since
also € > 0 was arbitrary, this proves dimy(V,) < 7(a). =

For u,v € R with u < v we now consider the set
My, ={r€A:u<x(r) <X(x) <v}

The level set M, which is the set of all z € A with x(z) = a is then the set
M, . We compute the Hausdorff dimension of these sets.

THEOREM 20. Let A be a completely invariant topologically transitive
closed subset of ([0,1],T) with hyop(T|A) > 0 and suppose that ¢ = log |T”|
s a reqular function. For u and v in the interior of H with u < v we have
dimp (My,y) = maX,efy,.) 7(a)-

Proof. By Theorem for each a € [u,v] with 7(a) > 0 there is an
ergodic invariant probability measure p on A with p(M,) = 1 and h, >
7(a). Because u(M,) = 1 we have dimg(M,) > hy/p(p) by Lemma [f] and
p(¢) = a by the ergodic theorem. This gives dimy(M,) > hy/a > 7(a)/a =
7(a). Because My, C M, ,, we get dimy (M, ) > 7(a), showing dimg (M, ) >
mMaXgelu,v) 7V-(CL)‘

In order to show the opposite inequality, we divide H into the sets G_,
G, and Gy, introduced above. Suppose first that Gy N [u,v] # (). Since
u € int H and hence u > 0, we have M, , C V; for some b € Gy \ {0} by
definition of V. We get dimp(M,,,) < dimp(V,) < 7(b) = maxaep,) 7(a)
using Theorem 19} If GoN[u,v] = , then either u € G4 or v € G_. Further-
more, 0 < u < v since u € int H. If u € G4 we get M, , C V,,, which implies
dimp (My,,) < dimp(Vy) < 7(u) < max,epy,,) 7(a) using Theorem Fi-
nally, if v € G_ we get M,,, C V,, which implies dimy (M, ) < dimy(V,) <
7(v) < max,efy,0) 7(a) again by Theorem n
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