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Adding machines, endpoints, and inverse limit spaces
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Lori Alvin and Karen Brucks (Milwaukee, WI)

Abstract. Let f be a unimodal map in the logistic or symmetric tent family whose
restriction to the omega limit set of the turning point is topologically conjugate to an
adding machine. A combinatoric characterization is provided for endpoints of the inverse
limit space (I, f), where I denotes the core of the map.

1. Introduction. The topological structure of inverse limit spaces with
unimodal bonding maps has received great interest in recent years. Ingram’s
Conjecture, dating to the early 1990’s, states that inverse limit spaces (I, f)
and (I, g) are not topologically homeomorphic when f and g are distinct
symmetric tent maps [§]. Kailhofer [10] first proved the conjecture in the case
where the turning point is periodic. Stimac [13] then provided a proof when
the turning point is of finite order, and later Raines and Stimac [12] proved
the conjecture when the turning point is non-recurrent. Most recently, Barge,
Bruin and Stimac [I] established Ingram’s Conjecture.

An investigation of inverse limit spaces often involves endpoints, as they
are a topological invariant. Barge and Martin [2] provide a topological char-
acterization of endpoints for inverse limit spaces (I, f) where f is a contin-
uous self-map of a closed interval. A characterization with both a combina-
toric and analytic component is provided by Bruin [6] when f is unimodal
and the turning point is not periodic. The combinatoric component uses
the kneading sequence of the bonding map f. In this paper we establish
that the combinatoric component of Bruin’s characterization suffices in the
case where f is unimodal and f|,,) is topologically conjugate to an adding
machine.

Given a unimodal map f with recurrent turning point c, set
E={x=(xo,21,...) € (I, f) | ;i € w(c) for all i € N}.
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It is not difficult to show that the set of endpoints of (I, f) is contained in £.
Here I is understood to be the “core” of the map f. There are no endpoints
in the case where c is not recurrent with the exception of the symmetric
tent or logistic map with kneading sequence 10%° [2]. Let A denote the
collection of unimodal maps f where f|,,) is topologically conjugate to an
adding machine. In the case where f € A is infinitely renormalizable, we
use our characterization to establish that £ is precisely the collection of
endpoints of (I, f). In addition, using our characterization, we prove there
exist symmetric tent maps f € A for which the collection of endpoints of
(I, f) is a proper subset of £.

Given an infinitely renormalizable map f in the logistic family with turn-
ing point ¢ it is known that f \w(c) is topologically conjugate to an adding
machine; see for example [11, Proposition I11.4.5]. It was unknown whether
adding machines could be embedded in the non-infinitely renormalizable
case until 2006 when Block et al. [4] proved that adding machines can be
embedded in symmetric tent maps. Indeed these embeddings occur for a
dense set of parameters in the interval [1,2]. Adding machines embedded
in non-infinitely renormalizable unimodal maps are called strange adding
machines (SAM) [4].

In [4] an SAM scheme is defined and this SAM scheme is used to show the
existence of adding machines embedded in maps from the symmetric tent
family. It is precisely the symmetric tent maps obtained with an SAM scheme
for which we prove that £ contains non-endpoints of (I, f). In contrast, as
noted above, we prove that if f is an infinitely renormalizable logistic map,
then € is precisely the collection of endpoints of (I, f). An alternative proof
for the latter is provided in [9]; however the approach does not lend itself to
investigating the SAM setting.

It is known that if f : [0,1] — [0, 1] is unimodal with a closed invariant
subset X such that f|x is topologically conjugate to an adding machine, then
the turning point ¢ is in X (for a short proof see [4]). Hence in searching for
adding machines embedded in unimodal maps, it suffices to consider f|,)-
A set S C [0,1] is said to straddle c if S contains points lying on both sides
of ¢ but does not contain ¢. An SAM scheme produces a set that straddles
c and it is precisely this set that we exploit to establish that £ contains
non-endpoints in the symmetric tent case.

Throughout this note it is assumed that all maps are unimodal, have no
wandering intervals, and have no attracting periodic orbits. We note that
if such a unimodal map f is not renormalizable, then f is topologically
conjugate to a symmetric tent map. In the renormalizable case, f may be
taken to be in the logistic family [5].
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2. Background

2.1. Unimodal maps. A continuous function f : [0,1] — [0,1] for
which there exists a point ¢ € (0,1) such that f|g g is strictly increasing
and f|(.,q) is strictly decreasing is called unimodal. This point c is called the
turning point and we set ¢; = fi(c) for all i € N. Examples of unimodal
maps include symmetric tent and logistic maps. The symmetric tent map
T, : [0,1] — [0,1] with a € [0,2] is given by

T()_{ax if x <1/2,
AT Va1 —2) itz >1/2.

The logistic map g, : [0,1] — [0,1] with a € [0,4] is defined by gq(z) =
ax(l —x).

Given a unimodal map f and x € [0, 1], the itinerary of x under f is
given by I(z) = Ipl1 15 - - - where I; = 1if fi(x) > ¢, I; = 0if f/(x) < ¢, and
I; =« if f/(z) = c. We make the convention that the itinerary stops after
the first * appears, and hence if f"(z) # c for all n, then I(z) is infinite.
The kneading sequence of a map f, denoted IC(f), is the sequence I(f(c)).
For ease of notation we set K(f) = ejeqes - - -, and therefore e; indicates the
position of ¢; relative to c. For z € [0, 1] we let w(z, f) = w(z) = {y € [0,1] |
there exists n; < ng < --+ with f"(x) — y} denote the omega limit set of
2 under f.

A unimodal map f (with turning point ¢) is renormalizable provided
there exists a restrictive interval J 3 ¢ and an n > 2 such that f™(J) C J
and f™|; is again unimodal. If we may repeat this process infinitely often, we
say the map f is infinitely renormalizable. We note that every tent map 7,
with a € (1,/2] is renormalizable, and every tent map T, with a € (v/2, 2]
is non-renormalizable; no map in the tent family is infinitely renormalizable.
A unimodal map f is locally eventually onto (leo) provided that for every
€ > 0 there exists M € N such that, if U is an interval with |U| > € and
if n > M, then f*(U) = [c2,c1]. In the case where a € (v/2,2], Ty is leo;
moreover, any renormalizable map is not leo.

Throughout this paper we use the notation (a;b) to denote the interval
with endpoints a and b when it is unclear whether a < b or b < a. For each
set S, the convex hull is denoted [S].

2.2. Adding machines. Let o = (g1, ¢2,...) be a sequence of integers
where each ¢; > 2. Define A, to be the set of all sequences (a1, as...) such
that 0 < a; < ¢; — 1 for each i. Apply the metric d, to A, by

dol(r,2a,. ), () = D0 S

i=1
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where §(z;,y;) = 0 if x; = y; and §(z;,y;) = 1 otherwise. Addition on A, is
defined as follows. Set

(1}1,{[}2, .. ) + (yl, Y2, .. ) = (Zl, 29, .. )
where z; = x1 + y1 mod ¢, and for each j > 2, z; = x; + y; + 7;_1 mod g;
with rj_1 = 0if z;_1 + yj—1 +7j—2 < ¢j—1 and 7j_1 = 1 otherwise (we set
ro = 0). Define f, : A, — A, by

fa((xl, T, .. )) = (1‘1,162,1‘3, - ) + (1,0, 0,.. )
The dynamical system f, : Ay — Ay is the a-adic adding machine map.
Note that f, is one-to-one and onto.
The following theorem provides a characterization for when a continuous
map on a compact topological space is topologically conjugate to an adding
machine. See also [7].

THEOREM 2.1 ([3, Theorem 2.3]). Let o = (j1,72,...) be a sequence of
integers with j; > 2 for each i. Let m; = j1jo---j; for eachi. Let f : X — X
be a continuous map of a compact topological space X. Then f is topologically
conjugate to fo if and only if the following hold:

(1) For each positive integer i, there is a cover P; of X consisting of
m; pairwise disjoint, nonempty, clopen sets which are cyclically per-
muted by f.

(2) For each positive integer i, P;y1 partitions P;.

(3) If mesh (P;) denotes the mazimum diameter of an element of the
cover P;, then mesh (P;) — 0 as i — oo.

The following theorem from [4] proves the existence of SAMs.

THEOREM 2.2 ([4, Theorem 3.1]). Let a = (p1,p2,---) be a sequence of
integers greater than 1. The set of parameters s, such that for the tent map
fs the restriction of fs to the closure of the orbit of ¢ = 1/2 is topologically
conjugate to fo : Ay — Aq, is dense in [v/2,2].

Given f € A, there exists a nested hierarchy H = {P, | n € N} of
partitions of w(c) satisfying conditions (1), (2), and (3) of Theorem [2.1} For
ease of notation, the following hold for each n € N:

e The collection P, equals {Pnyi}yjél_l.

e The unique element of P, containing c is denoted P, g.

e Foreachi=1,...,|Py| =1, Py; = f(Pn,i-1)-
Note that f(P, p,|-1) = Pno and ¢; € P, ; for each i =1,...,[Py| — 1.

A set S C [0,1] is said to straddle x € [0,1] if S contains points lying on
both sides of x but does not contain x.

PROPOSITION 2.3. Let f € A be a symmetric tent map. Then for each
n € N the partition Py, of w(c) from H contains an element straddling c.
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Proof. Tt suffices to assume f is leo (i.e., has slope greater than v/2). Fix
n € N and assume that no element of P,, straddles ¢. Then for each 1 <1 <
[Pn| — 1, [Pn,i] lies entirely on one side of c. Hence f|(p, ;) is one-to-one and
onto [P, ;1] for each 1 <4 < [Py|—2, and f([P, jp,|-1]) = [Pn0] in a one-to-
one manner. Since f([Pyo]) = [Pn1], it follows that f*IPul([P, ¢]) = [P,.0]
for all k£ € N. As f is locally eventually onto, this is a contradiction. Thus
every partition P, of w(c) must contain an element straddling c. =

In contrast to Proposition given an infinitely renormalizable logistic
map f € A and a partition P,, € H the collection {[F; k] ‘,ZD:’}J_I of convex
hulls is pairwise disjoint, i.e., no element from P,, straddles c.

2.3. Inverse limit spaces. Given a continuum (compact connected
metric space) I and a continuous map f : I — I, the associated inverse
limit space (I, f) is defined by

(I, f) = {z = (x0,21,...) | zn € [ and f(xp4+1) = x, for all n € N}

and has metric
o0
T — i
dloy) = Y,
i=0

The map f : (I,f) — (I, f) given by f((zo,z1,...)) = (f(x0),z0,x1,...)
is called the induced homeomorphism on (I, f). For = € (I, f), mi(z) = =;
denotes the ith projection of z. The backward itinerary of a point = € (I, f)
is defined coordinatewise by Z;(z), where Z;(z) = 1 if x; > ¢, Z;(xz) = 0 if
z; < ¢, and Z;(x) = % if & = c.

As in [6], for each z € (I, f) such that z; # ¢ for all i > 0, set

Tr(z) =sup{n > 1|Z,—1(x)Zp—2(x) - Z1(x) = ejea---e,—1 and
#{1<i<n|e =1} is even}

and

r(z) =sup{n > 1| Z,—1(x)Lh—2(z) - -Z1(x) = e1ea - - - €p—1 and
#{1<i<n|e =1}1is odd}.

Note that in general, 77,(x) and/or 7r(z) can be infinite. For each = € (I, f),
set I'(z) ={y e (I,f) | Zi(y) = Zi(x) for all i > 1}.

As we focus on unimodal bonding maps, our inverse limit spaces are
atriodic (i.e., contain no homeomorphic copies of the letter Y); hence we
may use the following definition. A point = € (I, f) is an endpoint of (I, f)
provided for every pair A and B of subcontinua of (I, f) with x € AN B,
either A C B or B C A. Barge and Martin characterize endpoints using the
concept of e-crooked. Namely, if f : [¢,d] — [a,b] is a continuous surjection
(not necessarily unimodal), p € [c,d], and € > 0, then f is e-crooked with
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respect to p provided p does not separate f~!([a,a + ¢]) from f=1([b — ¢, b])
in [e, d].

THEOREM 2.4 (|2, Theorem 1.4]). Let I be a closed interval, and let
f I — I be continuous. Then p = (po,p1,-..) is an endpoint of (I, f) if
and only if for each positive integer i, each interval J; with p; € int(J;),
and each € > 0, there is a positive integer N such that if pi+n € Jixn and
fN(Jixn) = Ji, then fN is e-crooked with respect to p;in-.

3. Endpoints and embedded adding machines. In Theorem
we characterize the endpoints of (I, f) where f € A. In Theorem and
Corollary we precisely define the collection of all endpoints of (I, f)
where f is an infinitely renormalizable logistic map. Here and throughout
the remainder of the paper, I denotes the core [cg, ¢1].

DEFINITION 3.1. For a unimodal map f, we define £; := {(xo,21,...) €
(I, f) | xi € w(c, f) for all i € N}. When the map f is clearly understood in
the context, we simply denote this set £.

LEMMA 3.2. Let f be a unimodal map with K(f) # 10%° and suppose
r = (x0,21,...) € (I, f)\ €. Then x is not an endpoint of (I, f).

Proof. If ¢ is not recurrent and K(f) # 10°°, then (I, f) has no endpoints.
We thus assume that c is recurrent. Let « € (I, f) \ £. We may choose i € N
such that z; ¢ w(c, f) and since c is recurrent we have {c, | n > 0} C w(e, f).
Thus we may choose an interval J; with z; in the interior of J; and such
that J; Nw(c, f) = 0. Fix e > 0 and N € N. Let Ji;ny 3 x;1n be such
that fV(Jiun) = Ji. Since {c, | n > 0} N J; = 0, we see that fV|J;yy is
monotone and hence fV is not e-crooked with respect to z; .

If no such J;;y exists, use the continuity of f to obtain an interval
V 3 z;4 n such that fN(V) C J;. Set J; = fN¥(V) and J;, y = V. Then fV
maps J; 4 v monotonically onto J;. It follows from Theorem [2.4] that  is not
an endpoint of (I, f). =

Bruin [6] provides the following characterization for endpoints.

ProprosITION 3.3 ([0, Proposition 2]). Let f be a unimodal map and
x € (I,f) be such that x; # ¢ for all i > 0. Then x is an endpoint of
(I, f) if and only if Tr(z) = 0o and x¢ = supmo(I'(z)) (or To.(x) = 0o and
zo = inf mo(L(x))).

Theorem [3.4] demonstrates that fewer conditions suffice in the case where

feA

THEOREM 3.4. Let f € A and x € £ be such that x; # ¢ for all i > 0.
Then x is an endpoint of (I, f) if and only if Tr(x) = oo or 1r(z) = oco.
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Proof. The forward direction follows immediately from Proposition [3.3
We thus assume that x is not an endpoint of (I, f). Then there exist sub-
continua A and B of (I, f) such that z € ANB, A\ B # 0, and B\ A # (.
For all i, we set A; = m;(A) and B; = m;(B). We set J; = A; U B; and since
x; € A; N By, it follows that J; is an interval in I. Let J; = [a;, b;]. Since
A\ B # () and B\ A # (), there exists an i € N such that whenever j > i,
then A;\ B; # 0 and B;\ A; # (0. Fix this particular ¢ € N and choose € > 0
small such that [a;,a; + €] lies in one of A; \ B; or B; \ A; and [b; — €,b;]
lies in the other. Then for each o € N, f*(A4;14) = Ai, fY(Bi+a) = Bi, and
Tita € AitaNBitq. Thus x4, separates f~*([a;, a;+¢€]) and f~([b;—¢, b;])
for all « € N. That is, for each a € N, f* : J; 1, — J; fails to be e-crooked
with respect to x;44.

Let H = {Pm}m>1 be a nested hierarchy of partitions of w(c). Because
mesh(P,,) — 0, there exists N € N such that the element Py ; of Py
containing x; lies completely in (a; + €, b; — €), and moreover j # 0.

Thus z;+; € Pnyo. Note that f7 is not monotone on (Tipjsc). If fi
were monotone on that interval, then f7(Ji+; \ (¢;mi+;)) = Ji, since f7 is
symmetric about ¢ and ¢; € (a; +¢,b; —€). But then x;;; would not separate
f7([ai,a; +€]) and f~7([b; — €,b;]), a contradiction.

Note that as x; # ¢ for any k > 0, there exists M > N such that
x; & Puj (else ; = ¢j). Hence we may always find M > N and k > j such
that z; € Py ;. Now suppose that Py is fixed with M > N and x; € Py .
Then we may find n > k such that whenever I(f(p)) begins e; - - e,, then
p € [Pump]-

Suppose either 7r(x) = oo or 71 (z) = co. Then there exists L > n such
that Zp1i—1(z) - Zi(z) = e1---er. Hence x4, € Puo, ¢ € Py, and fL
is monotone on (z;4r;¢). Consider J;yp. If Ji+1 3 ¢, then the monotonicity
of f& on the interval (i1 1;c) forces fE Jirr — J; to be e-crooked with
respect to 41, a contradiction. If ¢ ¢ J; 1, then as x;; 1 € int(J;11) and
fY maps (x4 ; ¢) monotonically into (a;+e€, b;—e), f* : Jipr — J; will again
be e-crooked with respect to x4 1. Hence 7p(z) < oo and 77(x) < 00. m

In Theorem we assume x; # ¢ for all i > 0. In the case where x; = ¢
for some 7, we note that this can occur for at most one %, as ¢ is nonperiodic.
Hence if z; = ¢ for some ¢ > 0, set y = f*(”l)(a:). Then z is an endpoint
of (I, f) if and only if y is an endpoint of (I, f). As y; # ¢ for all ¢ > 0 and
y € £, we may check whether y is an endpoint using Theorem

THEOREM 3.5. Let f be an infinitely renormalizable logistic map and let
x € & be such that x; # ¢ for alli > 0. Then Tr(x) = 00 or 7r(z) = oco.

Proof. As f is an infinitely renormalizable logistic map, it follows that
f € A. Since x € £ with z; # ¢ for all ¢ > 0, we have z¢p € w(c) and
xzg # ¢j for all j > 0. Let H = {Pp}n>1. Suppose zg € P, ; for some
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n,j € N. Then there exist m > n and k& > j such that g € P, (else
xg € Py j for all N > n, implying ¢ = ¢;, a contradiction). As the collection
{[Pn,i] }LZ’(‘)'_l of convex hulls is pairwise disjoint for each n € N, all points y €
& with yo € [Py, i) have backward itineraries with Zp,_1 (y)Zr—2(y) - - - Z1(y) =
eres - - ex_1. Note that m, k € N may be chosen arbitrarily large such that
xo € Py, k; hence at least one of 7r(x) or 77,(z) is infinite. m

COROLLARY 3.6. Let f be an infinitely renormalizable logistic map. Then
& is precisely the collection of endpoints of (I, f).

The following definitions and basic results are used in Section 4.

DEFINITION 3.7. Given a unimodal map f and j € N, we define Vj to
be the maximal open interval containing c; for which f7 is monotone on V;.

For x € (I, f) set Ay ={k | z, € Vi, }.

Clearly V; C Vj, for all j > k. For « € (I, f), if ; € Vj, then the
itineraries of z; and c; agree for at least j — 1 iterates under f; thus 1 and
¢; must lie on the same side of ¢. If x; € Vj_1 \ Vj}, then z; and ¢; lie on
opposite sides of c. In both of these cases, as x; € V;_1, it follows that x;_;
and ¢;41 lie on the same side of ¢ for ¢ =0,...,7 — 2.

PROPOSITION 3.8. Let f be a unimodal map and x € £ be such that
x; # ¢ for all i > 0. Then tr(x) < oo and 7r(z) < oo if and only if
|Ay| < o0.

Proof. Assume |A;| < oo. Then there exists a maximal k such that
xp, € Vi, and thus for all j > k there exists 0 < m; < j — 1 such that Cmj+1
and z;_p,; lie on opposite sides of c. Hence 7g(z) < oo and 7,(7) < oo.

Now assume |A;| = oco. Then there exist infinitely many k such that
zp € Vi and Zy(x)Zg—1(x) - - Z1(x) = ereq - - ep. Hence either 7p(x) = oo
or 7r(z) =00. m

COROLLARY 3.9. Let f € A and x € £ be such that x; # ¢ for all 1 > 0.
Then x is an endpoint of (I, f) if and only if |A;| = oo.

4. Non-endpoints and strange adding machines. In this section
we use the SAM scheme provided in [4] to prove the following theorem.

THEOREM 4.1. For each symmetric tent map g constructed from an
SAM scheme as in [4] with g, topologically conjugate to an adding ma-
chine, the set of endpoints of (I,g) is a proper subset of £.

We next provide an outline for the construction of a symmetric tent
map g obtained by an SAM scheme [4], define a specific nested hierarchy of
partitions that exists for the strange adding machine embedded in g, and
then use this hierarchy to locate non-endpoints lying in £. We recall the
following definitions and results from [4].
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DEFINITION 4.2 ([4, Definition 2.1]). Given a symmetric tent map f, an
SAM scheme for f of length s + ¢+ 1 is a collection C; of disjoint, closed
subintervals of [0, 1],

Cl - {L27L17R17R27A17'")AsuBlw")BS)Ylw"?}/;f}
such that each of the following holds:

o o< L1 <{c} <Ry < Ry (ie., Ly lies to the left of L;).
For eachi=1,...,s, AiN[La URy] =0 and B; N[La U Ry] = 0. Also,
foreach i =1,...,t, Y; N [La U Ry] = 0.
f(L1) = f(R1) = Ay and f(Le) = f(Ra) = Bu.
For each i = 1, ey S — 1, f(Az) = Ai+1 and f(Bz) = Bi+1.
f(A,) = f(By) = 1h.
Foreachi=1,...,t -1, f(V;) = Yiy1.
The set A;U B, straddles ¢, but for each i = 1,...,s—1 the set A;UDB;
does not straddle c.
° f(Y;g) = [L2 U RQ].
DEFINITION 4.3 ([4, Definition 2.2]). Let f be a symmetric tent map
and suppose

C={Lj,Li,R}, Ry, At,..., AL . BY,....BL . Y ... v}

S19 817

and
Co={L3 L}, R}, R}, A},..., A2 . Bf,...,B2 Y7, ....Y}}

are SAM schemes for f. Then Cs is a refinement of C; provided the following
hold.

e FEach interval in the collection Cy is a subset of an interval in the
collection Cj.

e I2C L, I3 C L}, R? C R}, and R C R}

e Foreachi=1,...,s5— 1, A2U B? is contained in one of the intervals
in the collection C;.

e One of the two intervals A2

. BEQ is contained in L} and the other
interval is contained in R3.

We now begin with an arbitrary symmetric tent map f with slope greater
than v2 and let o = (p1,p2,...) be a sequence of integers with p; > 2 for
all 7. As is shown in [4], we may let C; be an SAM scheme for f of length
p1 - - - pq for some d € N. Again as in [4], we may obtain a sequence {Cp, }n>1
of refinements such that C; has length p; - - - pg+1, Cs has length py - - - pgyo,
etc. For each n € N, denote

n n n n n n n n n n
Cn:{L27 15 19 R 17“'7A8n7 17."’B5n7Y17"'7}/;«n}'

By the proof of [4, Lemma 2.5], the refinement C, 11 of C, is chosen such
that A?H c A7, B?H C A7, and if we set S = MB?--- Bl Y{"---Y]"
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where M € {L3, Ry}, then A" and B both “permute through” (by
the map f) the elements of C,, in the following order:
(41) AP ATV Y §---S  (LEURS)BY---BUY{ Y
Da/ +1—2 times
Here p; - - - pgr = sp+tn+1isthelength of C,, and p1 - - - pgry1 = Spt1+tn+1+1
is the length of C,+1. Note that s,11 = (pgrs1 — 1)(tn + sp + 1) and t,41 =
tn + s,. The only disagreement in the “permutations” of A’f“ and B{’H
occurs in the s,1th position, denoted above by L5 U RY, where one traces
through L5 and the other traces through R%. It follows that Y1”Jrl C BT
and Y4} C Y.

As in [], for n € N, set C,, to be the collection of all x € [0, 1] such that
the forward orbit of = under f lies in |J Jec, J- Note that each point in the
forward orbit of x € C,, lies in exactly one element of C,,. Let C =) ,~; Cy,.

REMARK 4.4. Given n € N and an SAM scheme C,,, set M™ = [Ly U RY]
and use this set to replace the sets Ly, LT, R}, and Ry. This new collection
of sets will be denoted

Dy = {M" A},.. . A" B B Y. Y}

Thus, for each n € N, f acts on the collection of points C in the following
way.

e f(M"NC)=(ATUB})NC.

e Foreachi=1,...,s, -1, f((A7 UB})NC) = (A} ,UB})NC.
o f((Ay UB? )NC)=Y"NnC.

e Foreachi=1,...,t, -1, f(Y/"NC) =Y, NC.

« f(¥"NC)=M"NC.

As in [4] we identify an interval J, a natural projection ¢ : [0,1] — J,
and a unimodal map g : J — J such that g(¢(x)) = ¢(f(x)) for all z € C.
As g : J — J is conjugate to a symmetric tent map, we thus consider
g to be a symmetric tent map with turning point c. Note that the map
@ preserves order; that is, if A < B with both A, B in D,, for some n,
then ¢(A) < ¢(B) where both ¢(A) and ¢(B) are intervals in J. By the
construction of g, p(C) = w(c,g) and gl is topologically conjugate to
G+ Ag — Ay (see []).

We now use the SAM scheme, ¢, and g from above to obtain a nested
hierarchy {Py },>1 of partitions of w(c,g) such that for each n € N, the
Sp + tn + 1 elements of Py, are labeled as follows:

® I"no = SO(Mn N C)
e P i=¢p((A"UBMNC) fori=1,...,s,.
o Pi=Y, NC)fori=s,+1,...,5,+t,.



Adding machines and endpoints 91

PROPOSITION 4.5. The hierarchy of partitions { Py, }n>1 satisfies the three
conditions of Theorem [2.1]

Proof. Let g be as above. As g(p(x)) = ¢(f(x)) for all x € C, by Remark
[4.4) we have the following for each n € N:

® g(Pno) = g(w(M”ﬂC» e(f(M"NC)) = p((ATUB})NC) = P,
e Foreachi=1,...,s,—1, g(Py;) = g(¢ ((A"UB")HC))
= (A7 U ) ) = A((AL, U Bl (1C) = Py,
o 9(Prs,) ~ glo((42, U B2 ) N C)) = (f((42, U BE ) A C)
= QO(YYL N C) = Pn,sn+1-
« Forcachi=1,.... 01, g(Pouss) = 6(p(Y71C)) = o F(¥7NC)) =
( i+1 N C) n ,Sn+1+1-
® 9(Pos,tt,) = 9(0(Y, N C)) = o(f(Y; NC)) = p(M"NC) = F,

As the intervals in D,, are pairwise disjoint and ¢ preserves order on D,,,
it follows that the elements of P, are pairwise disjoint. By the construction
of C each element of P; is nonempty and clopen. It is shown in the proof
of [4, Theorem 3.1] that mesh(Py) — 0

Since ¢ is the natural projection and Dy refines D, for each n € N| it
follows that P? 1 refines Pr.

Given a symmetric tent map f and a sequence a = (p1, p2, . . .) of integers
with each p; > 2, we have produced a symmetric tent map g such that g|w(c)
is topologically conjugate to the adding machine g, : A, — A,. We also
precisely described a nested hierarchy {P; },,>1 of partitions that identify the
adding machine embedded in g. Further, the construction in [4, Theorem 3.1]
allows g to be taken arbitrarily close to f.

We next establish that the set of endpoints of (I,g) is a proper subset
of £. First a few observations. Fix n € N. Then P15, 145,41 € Pas,+1-
By construction ¢,, € ¢(A7 N C) and the only element of P straddling
cis P, s,. Thus there exists an z1 € P, 5, such that (x1;¢s,) 3 ¢; namely,
r1 € (B NC) and if x € £ is such that m(x) = x1, then x,, € Vi, 1\ V.

PROPOSITION 4.6. Let g be the symmetric tent map constructed above
and {Py}n>1 be the hierarchy of partitions of w(c,g). Then there exists
xo € w(c,g) such that for alln € N, xg € Py s, 45, 1+-+s+1, and there
exists a unique point x € £ with mo(x) = xy. Moreover, x; # ¢ for all i > 0
and |Ag| < co.

Proof. Recall that for eachn € N, P, s, 11 D Pry1s,,1+s,+1- Further, by
the construction of the partition C,,4 from C,, if C,, has length p; - - - pg and
Cn+1 has length py - - - pg41, then spi1 = (par41 —1)(sp +1, +1). It thus fol-
lows, for each n € N, that P, 5,11 2 Pui1spii4snt1 2 Pug2,sniotsniitsntl-
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We can extend this to obtain an infinite sequence of nested clopen sets

Pl,sl+1 :_> P2,82+81+1 :_) P3,83+82+81+1 :_> )

and as each set is nonempty, their intersection is nonempty. Thus there
exists a point zg € ¢(C) = w(c, g) such that zg € P, 5, 15, 1+-+s,+1 for all
n, and hence g # ¢; for all i > 0. As gl has a well-defined inverse (see
Section , we may uniquely choose z € € with mo(z) = z¢ and x; # ¢ for
all 7 > 0.

For each n € N, if xg € Pn,sn+sn71+"'+81+1 then z1 € Pn+1,8n+1+8n+~"+81'
As Poitspiitsnttss = go(Kleil,,,JrSl N C) and Y™ C B | we see that
Tsp+ets, € Vs,—1\ Vs, for all n. Hence x5, ¢ Vi, and s; ¢ Ay. For each
n > s1, n € A, only if x,, € Py 1; the only coordinates of = lying in P 1
are of the form @y.(s, 4, 41)4s,, Where k& € N. Thus it suffices to check only
these coordinates to determine which values of n are contained in the set A,.
By , Th(si4t1+1)+s1 € Vsr—1 \ Vg, forall k =0,1,...,pay1 — 2, where
(pr+1 — 1)(s1 + t1 + 1) = so. Further, we have x5,45, € Vs,—1 \ Vs,. Thus
n ¢ A, for each s; < n < sy + s1. Similarly, for each n > sy + 51, n € A,
only if x, € P ;. The only coordinates of = lying in P> are of the form
Tk (sottot1)4s24s1, Where k € N. As above, it suffices to check only these
coordinates when determining the values of n lying in A;; we conclude that
n ¢ A, for all so4 51 <n < s34+ s2+ s1. Recursively we obtain |4, | < co. =

Proof of Theorem [4.1. Given the symmetric tent map g constructed
above and the nested hierarchy {Py },>1 of partitions of w(c, g), there exists
a point zp € w(c,g) such that for all n € N, zy € Py s, 45, 1+-+s1+1- BY
Proposition and Corollary the point z = (xg,x1,...) € £ is not an
endpoint of (I, g). By Lemma the set of endpoints of (I, g) is thus a
proper subset of £. u

As f was an arbitrary symmetric tent map with slope greater than v/2
and g can be constructed arbitrarily close to f, it follows that the set of
parameters for which g|,.) is topologically conjugate to an adding machine
with the set of endpoints of (I, g) a proper subset of £, is dense in [v/2,2].
Standard techniques then show that the set of parameters for which this is
true is dense in [1,2].

We close with the following observation.

PROPOSITION 4.7. Let g be a symmetric tent map constructed from an
SAM scheme as in [4] such that gl is topologically conjugate to an adding
machine. Then neither the set of endpoints of (I,g) nor its complement in
& is closed.

Proof. Let x = (z9,z1,22,...) € £ be a non-endpoint of (I,¢g) and y =
(Yo, Y1,Y2,...) € € be an endpoint of (I,g). Thus xp,yo € w(c) and w(yo) =
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w(c). Hence there exists an increasing sequence {k;} of positive integers such
that ¢* (y9) — xo. Thus ¢* (y) — x, and as §*(y) is an endpoint of (I, g) for
all i € N, it follows that the set of endpoints of (1, g) is not closed. A similar
argument will show the complement of the endpoints in £ is not closed. =
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