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Characterization of compact subsets of curves
with w-continuous derivatives
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Marcin Pilipczuk (Warszawa)

Abstract. We give a characterization of compact subsets of finite unions of disjoint
finite-length curves in R™ with w-continuous derivative and without self-intersections.
Intuitively, our condition can be formulated as follows: there exists a finite set of regular
curves covering a compact set K iff every triple of points of K behaves like a triple of
points of a regular curve.

This work was inspired by theorems by Jones, Okikiolu, Schul and others that char-
acterize compact subsets of rectifiable or Ahlfors-regular curves. However, their classes of
curves are much wider than ours and therefore the condition we obtain and our methods
are different.

1. Introduction

Notation. By R" we denote the standard n-dimensional Euclidean space
equipped with the lo norm |- | and the scalar product (-, ). Given a concave
non-decreasing function w : [0, 00) — [0,00) with w(0) = 0 and continuous
at 0, we say that a function f : R™ — RF is w-continuous if for any different
r,y € R™ we have |f(z) — f(y)| < w(|z — y|). We say that f: R™ — R is
r-locally w-continuous for some r > 0 if the aforementioned inequality holds
whenever |z — y| < r.

Our results. In this paper we focus on characterizing compact subsets
of regular curves in R”. We give a characterization of compact subsets of
finite unions of disjoint embedded curves with w-continuous derivative and
without self-intersections. Namely, we prove the following theorems.

THEOREM 1.1. Let K be a compact subset of R™ satisfying the following
condition: there exists rog > 0 and a concave non-decreasing function w :
[0,00) — [0,00) with w(0) = 0, continuous at 0, such that for all distinct
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x,y,z € K, if |z — x| = diam{x,y, 2z} < ro then

y—x =Y
.- PEERNERT]
Then there exists a finite family of finite-length curves without self-intersec-
tions with arc-length parametrizations v; : A; — R™, ¢ = 1,..., N, where
A; is either a circle or a closed segment, such that their images are dis-
joint, cover K and for every ~y; the derivative ~y; is locally 342w-continuous.
Moreover, one can require that the total length of all curves ; is bounded by
5H1(K) + €, where Hy is the one-dimensional Hausdorff measure and € > 0
s chosen arbitrarily.

< w(diam{z,y, z}).

THEOREM 1.2. Let v : A — R™ be an arc-length parametrization of a
finite-length curve without self-intersections, where A is a closed segment or
a circle, such that ' is locally w-continuous for some concave non-decreasing
function w : [0,00) — [0,00) with w(0) = 0 and continuous at 0. Then
there exists rog > 0 such that for all distinct z,y,z € v(A), if |z — x| =
diam{z,y, 2z} < ro then

y—z =Y
ly—=z[  [z—yl

Let us make a few remarks here. First, note that both theorems include
only conditions on the local continuity of the derivatives of the curves—that
is, we are only interested in the regularity of the curves at small scales.

Second, the natural approach to prove Theorem [I.1] may be to do a
construction at small scales and then use some compactness argument to
make the family of curves finite and disjoint. We follow the idea of the
first step in Section [3.2} however, note that the second part has to be more
involved, as shown by the following easy example. Let K be the image of a
reqular curve, for example let K be a segment. As we require the images of
the curves to be closed and disjoint, the only way to cover a segment is to use
only one curve. Therefore we need some argument that allows us to merge
neighboring curves constructed at small scales. This is done in Section

Finally, if in Theoremwe assume that holds not for the whole K,
but for a subset K\ Z with H;(Z) = 0, then we can basically apply Theorem
to the closure of K \ Z and deduce that K is contained in the union of
the images of a finite family of regular curves and a set of one-dimensional
Hausdorff measure 0. We leave easy technical details to the reader.

< bw(diam{z,y, z}).

Related work. A famous theorem by Jones [0] gives a characterization
of compact subsets of rectifiable curves in R?. Jones’s results were extended
to R™ by Okikiolu [9] and to Hilbert spaces by Schul [I0]. There exists an
analogue of those theorems for rectifiable curves in general metric spaces
[4, 5] and Heisenberg groups [3]. Ahlfors-regular subsets are treated by Schul



Compact subsets of curves 177

[10] and David and Semmes [I]. Lerman applied the idea of Jones’s  numbers
to rectifiable measures in R™ [§].

Inspired by these results, we have tried to find a characterization of com-
pact subsets of much more regular curves, in particular, of curves with regu-
lar arc-length parametrization. Note that all aforementioned results focus on
rectifiable or Ahlfors-regular sets and curves, which are much wider classes.
The examples gathered in Section [d]show that Jones’s 3 numbers carry insuf-
ficient information in our case and therefore we need a significantly different
condition. Intuitively, Jones-like conditions concern the set K only at one
scale and at a single location. Due to this, as our examples show, K might
make infinitely many 90° turns while having various § numbers relatively
small. Note that Jones’s construction in [6] indeed yields Lipschitz curves
which might turn and spiral without any control; this is the main difference
from our work. Moreover, to cover the whole set K, we need a condition that
involves every point of K, not just all points off a set of measure 0.

Therefore our characterization conditions are quite different than those
given by Jones, Okikiolu and Schul [6] 9, [10]. In Section |4 we discuss Jones-
like conditions applied to curves with arc-length parametrization with regu-
lar derivatives and we give two counter-examples showing that a Jones-like
characterization does not seem to suit our needs.

Note that equation is quite similar to a condition that bounds the
inverse of the radius of the circumcircle of the triangle (z,y, z). This makes
our result related to the analysis of Menger curvature [4, 5, [7]. In particular,
the local construction presented in Section seems to be similar to the
constructions of Hahlomaa [4].

Finally, one may notice that the results in our paper seem to be similar to
Whitney-type [I1] theorems by Fefferman [2]. One can also view our results
as stating that there exists a regular curve through the whole set iff there
erists a regular curve through every set of three neighboring points.

Organization. In Section [2] we prove Theorem This is a quite easy
and straightforward corollary from the definition of a locally w-continuous
function. In Section [3] we prove Theorem [I.I by providing a construction
algorithm for a family of curves. In Section [d] we discuss Jones-like conditions
for curves with arc-length parametrization with regular derivatives.

2. Properties of curves with w-continuous derivative. In this sec-
tion we prove Theorem [[.2] Let v : A — R™ be an arc-length parametriza-
tion of a finite-length curve without self-intersections, where A is a circle
or a closed segment. Let w : [0,00) — [0,00) be a concave non-decreasing
function with w(0) = 0, continuous at 0, and let r,, > 0 be such that v’ is
ry-locally w-continuous.
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Let us start by choosing r; > 0 such that ry < ry,, 11 < %diamA and
w(ry) < 1/3.

LEMMA 2.1. There exists ro > 0 such that if |y(s) — vy(t)| < ro then
[t —s| <.

Proof. Let ro = infg yca:|s—¢>r, [7(s) —7(t)|. By the compactness of the
set {(s,t) € Ax A :|s—t| > r1} there exist sg,ty € A satisfying |so—to| > 71
and ro = |[v(so) —v(to)|. Therefore if |y(s) —v(t)| < r2 then |s —t| < r1. We
only need to prove that ro > 0. But 7o = |y(so) — v(¢0)| and ~y does not have
self-intersections. m

To prove Theorem set rog := min(ry, r9). Take any distinct z,y, 2z €
v(A) satisfying diam{x,y, 2z} < ro. Let x = v(a), y = v(b), z = y(c). Since
diam{z,y,z} < r9 < 1o, we have diam{a,b,c} < r3 < %diam A. Therefore
even if A is a circle, there is a natural order of a, b, ¢ in the interior of one
semicircle; we can assume a < b < ¢ < a + r1. Let v = 4/(a). Then for all
s € [a, c] we have

(2.1) v —+'(s)| < w(s —a) <w(c—a) < 1/3.

Note that for all a < s1 < s9 < ¢ we have

52

§(7/(s) —v) ds

S1

(2.2)  |y(s2) —=v(s1) —v(s2 —s1)| =

< S |7 (s) — v|ds < (s2 — s1)w(c — a).

S1
So for all a < s1 < s < ¢ (recall that v is an arc-length parametrization),
s2 = s1 > |y(s2) —(s1)| > [v(s2 — 1) — [7(s2) = v(s2) — v(s2 — 51)]
> (1 —w(ec—a))(s2 — s1)
and

Y(s2) —v(s1)  v(s2) —v(s1)
29|

—7(s1)] 52— 51

i terl=aten)

S9 — 81
<w(ec—a).

Therefore by (2.2)) and (2.3),

‘ Y(s2) —v(s1) U‘ < ‘ Y(s2) —v(s1)  (s2) —(s1)
[v(s2) = v(s1)] ~{v(s2) = (1) S9 — 51
N ‘7(82) —(s1) v‘

§2 — 81
< 2w(c—a).
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By taking every (s1,s2) € {(a,b), (b, c), (a,c)} we find that |y z|, \i_yl and
= differ from v by less than 2w(c — a) and we conclude that

y-2 ' ‘ —v|+|v— <2w(c—a)+2w(c—a)

ly —af V—y! w—wl Iz—w

4
=4dw(c—a) < 3< V2.

Note that this in particular means that the triangle with vertices x,y, z has
an obtuse angle at vertex y and therefore |z — x| = diam{z,y,z}. Since

|z—z| > (1 —w(c—a))(c—a) > 2(c— a) we have (recall that w is a concave

non-decreasing function)
y—z =Y
ly—z| |2yl

That completes the proof of Theorem [T.2]

< dw(c—a) < 4w <;’|z - x|> < 6w(]z — 2).

3. Characterization of subsets of curves with w-continuous der-
ivative. In this section we prove Theorem This is done by an explicit
construction of the desired curve family. In Section [3.1] we investigate the
condition in to prove that at small scales the set K lies approximately
along a straight line. We use this observation in Section to provide an
explicit construction of one curve with properly regular derivative that covers
K N B for some small ball B. Finally, in Section [3.3] we show that all these
small curves for different small balls B can be merged into the desired curve
family.

3.1. Preliminaries. Let us fix some global coordinate system in the
whole R"™, so we can compare points. We use this comparison procedure to
break ties in the constructing algorithm so that it is fully deterministic.

DEFINITION 3.1. We say that x < y for z,y € R" if for some 1 <
kE < n we have z; = y; for 1 < i < k and =z} < yi (i.e., we sort points
lexicographically).

Given an isolated point 2 € K, when we speak about the point of K (or
some closed subset of K) closest to x, we mean that we break ties using the
comparison procedure from Definition [3.1] i.e., we choose the smallest point
among the set of closest points. Such a point exists since K is compact and
the projection of a compact set onto any subspace is still a compact set.

Let K C R™ be a compact set, let w : [0,00) — [0,00) be a concave
non-decreasing function with w(0) = 0 and continuous at 0 and let ro > 0
be such that for all distinct x,y, z € K with |z — z| = diam{z,y, 2} < ro we
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have
y—x Z—Y
ly—z| |z—yl

< w(diam{z,y, z}).

We can assume 7 is sufficiently small to ensure that w(rg) < 0.001.
The constant 0.001 is far from optimal; we do not optimize constants in our
proofs. As we shall see, we only need that all constants that appear in the
proof are significantly smaller than 1.

LEMMA 3.2. For any pairwise distinct x,y,z € K, if
|z — 2| = diam{z,y, 2z} < ro

then the angle £(x,y, z) is obtuse and

y:; - ;j; < w(diam{z, y, }),
z—y z—x i

— < w(diam{zx,y, z}).
EEr I I

Proof. Since

y—a ‘
ly—a| V—
the triangle with vertices x, y, z has an obtuse angle at y. Therefore the angle
between the vectors y — x and z — y is acute and its measure is the sum of

the measures of the angles between y — x and z — x and between z — y and
z — x. Therefore

< w(diam{z,y,z}) < w(rg) < 0.001

‘ z2—x ‘ z—y
W—$| |z —af| |y—ﬂ |z —
-y  z-ux ‘ z—
2=yl |z—=||~ |y—ﬂ |z —

which completes the proof. m

Take any z9 € K and r < 3rg and let B = {z : [z — z9| < r} and
Kp = KN B. Now we are going to prove that Kpg lies approximately along
one line. Later, we construct curves for all small balls B and then merge
them into the desired family.

If Kp consists of a single point there is nothing to do, so let x1, 2o €
Kp be such that |xe — x1| = diam Kp > 0 (they exist by compactness of
K and B). Let d = diam Kp < 7o and set orthonormal coordinates with
base vectors (ej,...,e,) so that z; = 0, 9 = (d,0,...,0) = de;. Then
(1‘2 - xl)/]wg — 231‘ =e1.

DEFINITION 3.3. We say that a point y € Kp is to the right [to the left]
of x € Kp if (y,e1) > (x,e1) [(y,e1) < (x,e1)]. We say that y,y' € Kp are
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on the same side |on opposite sides| of x € Kp if 0 # sgn((y — z,e1)) =
sgn((y' —z, 1)) [0 # sgn({y — z,e1)) # sgn((y' — x, e1)) # 0].
LEMMA 3.4. Let x,y € Kp satisfy x #y and (x,e1) < (y,e1). Then

—e1| < 2w(d) < 0.002.

In particular, different points in Kp have distinct first coordinate, and for
any two distinct points x,y € Kp one always lies to the right of the other
and sgn({x —y,e1)) # 0.

Proof. If x = x1 and y = x5 there is nothing to prove. By symmetry, we
can assume y ¢ {z1,z2}. By Lemma [3.2| for the triangle x1,y, 2 (note that
|xe — x1| = d = dlam{z1,y, z2}),
Yy—T1
ly — 1]
If =2 the proof is finished. Otherwise let us focus on the triangle x, x, y.
By Lemma one of the angles of this triangle is obtuse. We now prove
that this is the angle £(x1,x,y).

Note that x # x2, since otherwise

(r1 =2,y —2) = —d({e1,y) = (e1,7)) <0

and |y — x1| > |x2 — x1], a contradiction. Thus we can use Lemma for
the triangle x1, x, 2, obtaining

(3.1) — €1

< w(d).

r — T
— —e1| < w(d).
|z — 1] (d)
Therefore, by (3.1)),
T — 1 Yy—I r—2I y—I
— —e1| + ler —
lz—x1| |y — ] |z — 21| ly — 1]

w(d) + w(d) < 0.002.

Therefore the angle £(x, z1,y) is acute.
Towards a contradiction, assume that £(x1,y,x) is obtuse. In this case,

by Lemma 3.2
-y
|z =yl

This contradicts the assumption that (z,e;) < (y,e1).
Therefore by applying Lemma [3.2] to the triangle x1, 7,y we get
' ’ y—z y—a ‘

— €1 S —

w—$! ly—z| |y — Iy—xl
In the following two corollaries we replace any assumptions on how points
x, y and z lie along the e; axis at the cost of using the sgn operator in the

x—y T — T T — T

—e1| < 1] < 2w(d) < 0.002.

o=yl fe—al] " [lz -

1] < 2w(d). ]
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equations. Note that the term sgn({(y — x eﬁ)fi is equal to

y—z Iy
to the right of x, and to ~—2 " if y lies to the left of x. Thus, this term is

|x—
always a unit vector parallel to y — x, but close to ey, and not —e;.

Merging Lemmas and [3.4] we obtain

T’| if y lies

COROLLARY 3.5. Forz,y,z € Kp, ify ¢ {x,z} then

M—snz— e 7Y w(diam{z,y, z}).
senl(y =, ex) L= sl = en) 2| < (i, )

Applying Lemma [3.4] once again we obtain

COROLLARY 3.6. For any distinct x,y € Kp,

sgn((y — z, 61>)ﬁ —e1| < 2w(d) < 0.002.

The following lemma is not used directly in the rest of the construction,
but formalizes the intuition that all points of K lie along one line.

LEMMA 3.7. Let z,y,z € Kp be pairwise distinct points. Then |z — x| =
diam{z,y, z} iff © and z lie on opposite sides of y.

Proof. First assume x and z lie on opposite sides of y. Assume x lies to
the left and z lies to the right. By Lemma [3.4]

e =
w—w\ V—y! ly — x|
Therefore the angle £(x,y, z) is obtuse.

Now assume |z — z| = diam{z, y, z}. If, say, z lies to the right of = then,

by Lemmas [3.4] and [3.2]

y—x
ly—a|
Therefore y lies to the right of x. Making the same calculations for z — ¥y
instead of y — = we see that y lies to the left of z. m

—e1| + |er —

ﬂz__z"<:4w(d)<<(1004.

Z—x Z—X

1| < 3w(d) < 0.003

‘w—w\ |z —z||  |[z 2]

LEMMA 3.8. Let x € Kp \ {z1,22}. Then |z — 1| < d, |z — x2| < d,
e., the choice of x1 and x9 was unique up to numbering (i.e., up to a 180°
rotation of the coordinate system).

Proof. Since diam{xi,z, 22} = |r2 — 21|, Lemma implies that the
angle £(z1,x,x2) is obtuse and the sides x — x; and x — x2 of the triangle
x1,x, 29 are shorter than the side x1 — z5. =

To sum up, we have proved that all the points in Kp lie approximately
along the line z1x9. It is worth noting that a similar analysis appears in [4]
Lemma 3.1], and there Hahlomaa uses the map = — d(x, z1), instead of the
axis r1Ta.
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3.2. The local construction. In this section we provide an algorithm
that allows us to construct one curve without self-intersections, with arc-
length parametrization v : [a,b] — R"™, such that 7/ is 342w-continuous and
Kp Cy([a,b]).

LEMMA 3.9. Lety € Kp be an accumulation point of Kp and let (yi)72
be a sequence of points of Kg different from y and convergent to y. Then the
limit
Ys — Y
Yk — |

lim sgn((yx — v, e1))
k—o0
exists and is a vector of length 1.

Proof. Fixe > 0and let § > 0 satisfy w(2d) < €. Assume M € N satisfies:
for all K > M we have |yr — y| < 6. Let k,l > M. By Corollary for the

triangle yx, v, v,

Yk — Y y—y .
- Sgn(<yl - Y, 61>) < w(dlam{y, Yi, yk})
lyk — vl lyr — vl

sgn({ye — v, 1))

<w(29) < e.

Therefore this sequence converges and its limit is a vector of length 1, since
all terms have length 1. »

DEFINITION 3.10. For every y € Kp we define a unit vector v, € R" as

follows: if y is an accumulation point of Kp, then
/

vy = lim sgn((y’ v, 61>)h
i.e., vy is a vector tangent to Kz at y. Otherwise, let y* be the point of Kp
closest to y (if there are many, choose the lexicographically smallest). Then
Yy -y
ly* =yl
Let us now prove some properties of the chosen vectors v,.

LEMMA 3.11. Let y € Kg. Then |vy, — e1| < 2w(d) < 0.002.
Proof. By Corollary for any z € Kp \ {y},

I

vy = sgn({y” —y,e1))

T —

sgn((z — v, eﬁ)ﬁ —e1| < 2w(d).

But |vy — eq] is a limit of such expressions (in the case of y being an accu-
mulation point of Kp) or is equal to a single expression of that form. m

LEMMA 3.12. Let x,y € Kp, x #y. Then

Yy X
sgn({y — JU,€1>)H — | < 2w(ly — ).
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Proof. If x is an accumulation point of K g, then take x° # x sufficiently

close to x such that

z° —x

o 1
sgn((z —$,61>)m — Vg | < sw(ly — ).

2

Then diam{z,y,2°} < 2|y — z| and using Lemma (3.2 and Corollary [3.5| we
obtain

| O’<1’ |
r— T
2y )

-z
sgn((y—az,q))m — Uy
y—z o x —x°
< |sgn((y — @, 1)) ~—— —sgn({z —2°,e1))
ly — | o —x
o xz —z°
+ [sgn({z — = ’el>)]x—x°] Vg

<w( 3l =al) + gully — ab < 2y - 2l

Otherwise, note that by the definition of z* we have |z — 2*| < |z — y| and
diam{z, z*,y} < 2|z — y|. Using Corollary (3.5 once again, we get

y—x
sgn((y — z, 61))@ -

Vg

y—x . x—x*
sgn((y — z, 61>)H —sgn((z —z%, 1))

|z —a*|
< w(2ly —al) < 2w(y — af). =

LEMMA 3.13. Let z,y € K, v # y. Then |v, — vy| < 4w(ly — z|).

Proof. We use Lemma twice:

y—x Yy—
sgn((y — =, 61>)H — Uz

sgn((y — =, €1>)H — Uy

|z — vy| < +

< 20(ly — z[) + 2w(ly — 2]) = 4w (ly — ). =

After these preparations, we now provide a construction of a sufficiently
regular curve that connects two points of Kp.

LEMMA 3.14. Let x,y € Kp and assume that y is to the right of x. Then
there exists a smooth curve with arc-length parametrization v : [a,b] — R”
such that

(i) v(a) ==, v(b) =y, 7'(a) = va, ¥ (b) = vy,
(i) ~ is %-Lipschim continuous,
(iii) for anyt € [a,b], |7/ (t) — e1] < 138w(d) < 0.138,
(iv) for any distinct s,t € [a,b], |s —t| > |v(s) —v(t)] > 0.93|s — t|.
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Proof. Let d = ly — z|. We start by deﬁmng A0, d] — R"™ satisfying:
4 e C, 4(0) = z, (d) = y, ¥ (0) = v, ¥'(d) = v,. However, 4 will not be
an arc—length parametrization. We will then bound 4’ to reparametrize 4 as
desired.

Let us define

O y—a—dug 3 y—w—a?vx_vy—vx 9
A(t) = ( S )t +<3 - )ttt
It is easy to check that 4(0) = z and (d) = y. Moreover

— —z—dv m—dv Vy — U
e :3<’UyAUx_2y -TA x) < e Yy x>t+vx.
Y(t) g = y

It is easy to check that 4/(0) = v, and 4/(d) = v,. Note that by Lemmas

B1Z and B13

oy — v < du(d), 'y;x o,

< 2w(d).

Therefore for 0 < s <t < d we have

(3.2) 4706 = 4 (s)] < ’5;3 <34w<d)c(2t +5) L 620 (d)c(lt +5)
+6-2w(d)+2- 4w(d)>
68w (d)
<(t—s) 3

In particular, for s = 0,

(3.3) 3/ (t) — ve| < 68w(d) < 68w(d) < 0.068.

And, by Lemma [3.11]

(3.4) () —er| < |3 (#) —va| +|ve—e1]| < 68w(d)+2w(d) < T0w(d) < 0.07.

Therefore the projection of 4([0, d]) onto the first coordinate axis is injective,
the curve 4 goes roughly to the right (i.e., 4’ points to the right) and it has
no self-intersections.

Moreover, by and the fact that |v,] = 1 we get 0.932 < |§/(¢)| <
1.068, so by standard techniques one can modify the parametrization 4 to
obtain an arc-length parametrization 7 of the curve ﬁ([O,cZ]). Namely, if
L(t) = Sé 4/(s)| ds is the length function of 4, we define ~ : [0, L(d)] — R"
by 7(u) = §(L1(u)). Then

(35) () = (7Y @3 (W) = T
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We now check all conditions for v. Item (i) is obvious from the definition

of 4 and (B3). By @), (1) —7' (v~ (3(6)))| < 68(d). Therefore, by (3.1).
]’y’(ui —e1] < 138w(d) < 0.138 and (iii) is satisfied. To check (iv), note that

by (3.4) for 0 < t; <ty < d,
A(t2) — 4(t1)] = (3(t2) — 4(t1), e1) = [ (¥ (s), 1) ds
> §0.93W(s)| ds = 0.93(L(t2) — L(t1)).

Conversely, setting u; = L(t1) and ug = L(t2) we obtain

7 (u2) = y(u1)] = 0.93(uz — w1),
and (iv) is satisfied.

It remains to prove that +' is 157
functions here are C'°°, we can compute

7" (w) = (L) @)y (L7 Hw)) + (L7 (w)¥ (L7 ().
Since 0.932 < |4/(t)| < 1.068 we obtain 0.932 < L'(t) < 1.068 and 16068 <
)

(7Y (u) < 1/0.932. Since 4’ is 68~ ( ) -Lipschitz continuous (by 1 ),
have

(

) -Lipschitz continuous. Since all

(PR )] < ooy “i{” < 78.285

Since (LY (u) = 1/|5' (L~ (u))|, we get

_ e ALY (L7 (u))]
1\/ w ! 1 " — |du! T\ AT
(L7 @ (L )] = |
1
0.932

1 w(d)
68\Y 75985
< 0.0322 N

w(d)
s

5/ (L7H(w)]

< ‘

<L—1>'<u>w”<L—1<u>>'
w(d)
9

Therefore 7/ is 1572 ( ) -Lipschitz continuous. m

REMARK 3.15. Let us for a while swap the roles of x1 and z9, i.e., rotate
the coordinate system by 180°. If we then connect x and y using Lemma
we obtain the same curve, but running backwards, since the formula
for 4 gives the unique polynomial of degree at most 3 that has fixed 4 and
4" at the endpoints.

LEMMA 3.16. With the assumptions of Lemma the constructed curve
v has 169w-continuous derivative.
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Proof. Let s,t € [a,b]. By (iv) above,
b—a>|y—z|>0.930b—a).

Since w is non-decreasing,

w(ly—=z|)  w(lb—al)
y—2] 09306 _a)

Recall that 4/ is 157% w(ly— a|:|) Lipschitz continuous and w is concave:

ly—
/ w(ly — =|) 157 |t — s
IV (1) —~'(s)| < 157W| s| < @ wb—a )|b p < 169w(|t—s|). m

Let me, : R™ — R be the projection onto the e; axis. Since x1,x2 € KB,
[0, d] \7re1 (K p) is a finite or countable famlly of disjoint open segments (p’, ¢*)
with p* = 7, (2%) and ¢¢ = 7, (v'), 2*,y* € Kp. For every i, let us connect
x' with y* by a curve ; constructed in Lemma m Let Kp be the set Kp
together with all the images of ~;.
By the properties of ;, for every p € [0, d] there exists exactly one f(p) €
K p such that p = 7., (f(p)). We now prove some properties of the function f.
Let us extend the definition of v, to € Kpg. If = is in the image of v;, let
+ = 7i(v; H(z)), i.e., the tangent vector to v; at z. This definition works
properly at the endpoints z¢, y* of ; by the definition of ;.

LEMMA 3.17. For every x € Kp,
lv, — e1] < 138w(d) < 0.138.

Proof. 1f x € Kp, then Lemma does the job. Otherwise, use Lem-
ma [3.14](iii). =

LEMMA 3.18. For any distinct x,y € Kg,

vz — vy| < 342w(|z — y).

Proof. 1f z,y € Kp, the statement is obvious by Lemma [3.13] Therefore
let us assume = ¢ Kp, so x is in the image of the curve ~;. If 1 is also in the
image of 7;, Lemma [3.16] does the job. Otherwise, assume that y is to the

right of z, say. Then it is to the right of % too.
If y € Kp then

[0~y < [0~y + [0y vy | < 169 —y']) +dw(ly —y1) < 1730 (ly—al).
Otherwise, let y be in the image of «;. Then
ve — vy| < |ve = vyl + |y — vgi] + [vgs — vyl
< 169w(|z — y']) + dw(ly’ — 27]) + 169w (|27 —y])
< 3420(ly — ).

LEMMA 3.19. For every x € Kpg the vector v, is tangent at x to the
set Kp.
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Proof. For x € Kp \ Kp the statement is obvious. Let now = = f(p)
€ Kp. If z is an endpoint of some curve ~;, then 7} at = equals v,, whether
x is a left or right endpoint of «;. On the other hand, if z, — x and z,, # =,
Tn € Kp, then, by the definition of v,,

. Tp—T
lim sgn({z, — z,e1))—— =

This finishes the proof. =

Vg

We conclude this section with the final theorem.

THEOREM 3.20. Assume that K is a compact set and B is a closed ball
of radius smaller than %ro. Let Kp = KN B and let d be the diameter of Kpg.
Pick z1,z9 € Kp such that |z1 — x2| = d. Introduce orthonormal coordinates
(e1,...,en) such that x; = 0, x9 = (d,0,...,0), i.e., xo — x1 = dey. Then
there exists a curve without self-intersections with arc-length parametrization
v :[0,L] — R™ such that:

(i) v(0) =21, y(L) = x2, d < L < 1.161d;
(i) ~' is 342w-continuous;
(iii) for allt € [0, L] we have |y (t) — e1| < 138w(d) < 0.138;
(iv) K5 C 1(0, L);
(v) for every t € [0, L] we have 7'(t) = vy;
(vi) if moreover the center of B belongs to Kpg, then ([0, L]) C B.

Proof. First note that by Lemma the function f : [0,d] — R™ is
continuous and differentiable and f'(p)/[f'(p)| = vy for every p € [0,d].
Moreover (f'(p),e1) = 1, thus f'(p) = vsp)/(vspy,e1) and [f'(p)] > 1.
Note that, by Lemma Vy(p) Points roughly to the right and |f'(p)| <
1/(1 — 0.138). Therefore one can parametrize f([0,d]) = Kp with an arc-
length parametrization v : [0, L] — R™ such that 7/(t) = v ).

(iv) follows directly from the construction. (iii) is a corollary of Lemma
and the fact that d < L < d/(1 —0.138) < 1.161d. (ii) is a corollary of
Lemma [3.18

Now assume that the center x. of B belongs to Kp. Integrating the
inequality (iii) for |y/(¢) — e1], we obtain

Y
sgn((y — z, 1)) ——— —e1| < 0.138
> ly — |
for all different x,y € Kp. Taking x = 1, * = x2 and © = x., we have

|ze — x| < max{|z. — z1], |z, — 22|} and the proof is finished. m

REMARK 3.21. Note that we still keep the property from Remark [3.15]
If we swap x1 and 2, i.e., rotate the local coordinate system by 180°, we get
the same curve Kp, but running backwards. Indeed, v, changes to —v, and
by Remark the images of the curves 7; remain unchanged. Therefore,
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by Lemma the constructed curve Kp does not depend on the chosen
local coordinate system (eq,...,ep).

3.3. The global construction. In Section [3.2] we developed a way to
pass one curve through all points of K N B for a closed ball B of diame-
ter smaller than rg. Now we would like to extend this construction to the
whole K. Naively, we would like to take the union of all curves for all small
balls B—it should look nice. Indeed, this way we get a slightly weaker result
than Theorem quite immediately:

THEOREM 3.22. With the assumptions of Theorem there exists a
finite family of finite-length curves whose images cover K and:

(i) the curves admit arc-length parametrizations ~y; : la;, b)) — R™, i =
1,...,N,
(ii) each ~y; is injective, i.e., its image does not have self-intersections,
iii) the derivative v, is 342w-continuous.
1

Unlike in Theorem the images of v; and vy; for i # j are not necessarily
disjoint.
Proof. Take r < %ro and set
Bo={{z:|z—xo| <r}:z0€ K}.

Take a finite subfamily B{, C By such that the interiors of the balls from 5|,
cover K. For every B € B construct a curve yp using Theorem [3.20, The
family {vp : B € B} is as desired. =

Note that it does not seem easy to make the images of the curves disjoint
in the proof of Theorem [3.22] Consider an example when K is the image of a
regular curve, e.g., a segment. The only way to cover a segment with a finite
family of disjoint and closed images of curves is to use only one curve that
covers the whole segment. Therefore, to obtain disjoint images, we need to
merge curves yg for neighboring balls B.

We start by strengthening Remark so that the local construction in
the neighborhood of some z € K is totally independent even of the choice of
the ball B covering that a neighborhood. The problem is that the choice of
y* in Definition [3.10] depends on the choice of B. However, this can be easily
circumvented.

Take r* < %7‘0. Let Kionely C K be the set of isolated points from K that
are at a distance of at least r* from other points of K. Kjgnely is finite and
we can remove it from K: at the end of the construction, every non-covered
point from Kjgnely can be covered by a sufficiently small segment. Therefore
we can assume that for every x € K there exists y € K \ {z} such that
|z —y| <1
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LEMMA 3.23. Let B be a closed ball with radius r, 2r* < r < %To, and
suppose x € K N %B is not an accumulation point of Kp. Then x*, taken
in Definition [3.10], is in fact one of the points closest to x in the entire K,
not only Kg, and among all the points closest to x, x* is lexicographically
smallest.

Proof. For this z there exists y € K such that |z — y| < r*. Moreover,
since r > 2r*, we have {y : [t —y| < r*} C B. Therefore all the points closest
to x in K belong to B and the lemma is proved. =

DEFINITION 3.24. Let B be a closed ball with radius r < %7“[). Assume
there exist at least two points in KN %B . Construct the curve vyp for the ball
B, using Theorem Let x be the first (%B is closed) point of K N %B on
the image of g, and let y be the last point (or, equivalently, x is the leftmost
and y is the rightmost point of K N %B) We call the closed arc of yp from
x to y the inner curve of yp and we denote its arc-length parametrization
by ¥B.

LEMMA 3.25. Let By, By be closed balls with radii 1,79 such that 2r* <
ro <11 < %T‘Q and By C %Bl. Assume that K N %Bg consists of at least two
points and the center of Ba belongs to K. Then the curve yp, is a subset
of VB, -

Proof. Construct vp, using Theorem [3.20] Let x; be the leftmost point
of K N By (in the coordinate system used to construct vp,), and x, the
rightmost one. Since K N %Bg consists of at least two points, z; and z, are
well defined and are different. By Corollary ball By, all points x € Kp,
between z; and z, (in particular, the center of Bs) are either equal to z; or
satisfy

(3.6) TTI ] < 0.002,
|z —

and are either equal to x, or satisfy

(3.7) I e| < 0.002.
|2y —

Therefore, as the center of By is in K and between x; and x,, all points
x € K N B; between x; and z, are in By. Moreover, the angle £(x;,z,z,)
is obtuse, and |z, — x;| = diam K N By. Together with and , this
means that, to construct vp, using Theorem [3.20] the e; axis connects x;
with x, and the order (to the left or right) on this axis is the same as on
the e; axis in Bi. Note that by Lemma @1 for every x € %Bg the point x*
closest to z in K N By belongs to By C 5By and it is in fact the point closest
to x in the whole K. Therefore the choice of z* is independent of whether

we construct yg, or yp,.
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Let now zj and /. be the leftmost and the rightmost points of K N 3 Bs.
Recall that the notion of leftmost and rightmost points is the same whether
we use the coordinate system of By or Bs. Just as for By, from Corollary
we can deduce that all points of KNBy between z} and 2/, lie in § By. Together
with Remark [3.21] this implies that the construction process in Theorem 3.20
for 4p, is part of the construction process for vp,. Since By C %Bl, B, 1S
in fact a subset of 4p,. m

LEMMA 3. 26 Let By, Bg be closed balls with centers yg, ys € K and radii
2r* < rg,r3 < ro Assume that KN Bgﬂ B3 # 0, and 3 5B and 1 5 B3 have
at least two pomts of K each. Then the union of the curves yp, and By 1S
a curve with the same regqularity as implied by Theorem [3.20]

Proof. Just note that By U Bs can be covered by a closed ball %Bl such
that Bj has radius smaller than %ro. Then both 4B, and 4p, are subsets
of 4p,. Since K N %Bg N %Bg # (), the union of these curves is connected. m

We can now finish the proof of Theorem [I.1] Take any finite family B of
closed balls with centers in K and radii at least 2r* and smaller than 107“0
such that {mt B : B € B} covers K. For each ball B € B take 75 and let K
denote the union of all images of these curves. Note that K has finite length,
since all the curves have finite length.

First, note that we can remove from B, one by one, the balls B such that
the image of 4p is contained in the images of the curves 4 for other balls
in B. Therefore we can assume that for every B € B there exists a point in
the image of 45 that is not in any image of 45/ for B # B’ € B.

Take any x € R™ and set

By ={B € B:dist(z,B) <r*}.
If B ={y: |y — | < 2r* + 2ro}, then UB, C iB,, and by Lemmam

(note that the radius of By, i.e., 2r* + 7“0, is smaller than 27“0) all curves
~p for B € B, are subsets of 4p,. Intultlvely, locally K looks like a single
curve.

Let # € K and assume that z is contained in the images of ¥ for (at
least) three different By, Ba, B3 € B. Then all images of 4p, for i = 1,2,3
are contained in the image of ¥p, and one of the images must be contained
in the union of the other two, which contradicts the previous assumption.

Now construct a graph with vertex set B and let By and By be connected
in this graph if the images of 4p, and 4p, coincide. By the previous obser-
vations, every vertex B € B has degree at most 2: no other curve image may
be contained in the image of 45 and at every endpoint the image of 4 can
coincide with at most one other curve. Therefore our graph consists only
of paths and loops. By the previous observations, locally K looks like one
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curve, so in total it is a finite union of curves (and some of them may be
closed, i.e., they may form images of circles).

What is left to prove is that for every curve in K its arc-length parametri-
zation has locally 342w-continuous derivative. However, note that if z,y € K
and |z — y| < 7*, then K in the neighborhood of x,y is a subset of 45_, and
this curve has 342w-continuous derivative.

We conclude this section with the following lemma concerning the total
length of all constructed curves.

LEMMA 3.27. For any e > 0, by taking sufficiently small r* and by taking
the family B carefully in the above construction, the total length of all curves
can be bounded by 5H1(K) + ¢, where Hy is the one-dimensional Hausdorff
measure.

Proof. Using the definition of Hj, let X be a collection of arbitrary sets
of diameters smaller than %rg that cover K and

1

Z diam(X) < H1(K) + TR

Xex
We may assume that every set in X' contains a point of K. For every X € X
we take a ball Bx such that X C By, the center of Bx belongs to K, and
Bx has diameter at most twice that of X. Let By = {Bx : X € X}; then
every Bx € By has diameter smaller than %ro, has center in K and the
family By covers K. Moreover

1
Z diam(Bx) < 2H1(K) + <
Bx€eBg

Since K is a compact set, we may assume that By is finite. Let r* =
$ming, cp, diam(By) and let B = {cl(2Bx) : Bx € By}. Then B is a
collection of closed balls of radii at least 2r* and smaller than %7‘0, and

{int3B : B € B} covers K. Moreover

1
> diam B < 4H, (K) + 3¢
BeB

Since we have chosen 7*, we may now remove the set Kjgney from K.
Note that Kjonely can be covered by segments of total length at most %5.

We now construct K using our new family B. By Theorem (i), the
curve vp for B € B has length smaller than 1.161 diam(B). Therefore K has
total length at most

1 1
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4. Counter-examples for Jones-style conditions. In this section we
give two counter-examples that show that any Jones-like conditions seem to
work worse in the field of curves with regular derivatives. Intuitively, these
curves cannot turn fast, and therefore the condition should involve every
point in K, and not all points off a set of measure 0.

In this section we work only in R?, i.e., we do not use any high-dimen-
sional tricks. To simplify the notation, we treat R? as the complex field C,
for example iv is the vector v rotated by 90° counterclockwise.

Let us recall the main techniques used by Jones [6]. Assume we have a
compact set K C R2. Given a square @ with sidelength [(Q) we denote by
Sk (Q) one of the narrowest strips covering K N3Q, and by Sk (Q) the ratio
width(Sk(Q))/1(Q)-

The main result of Jones [6] is that a compact set K C R? is a subset of
a rectifiable curve iff the following sum is finite:

FE)= > Br@IUQ).

Q dyadic

Our examples show that measuring Gx(Q) does not allow one to decide
whether K can be covered by a more regular curve.

Let w : [0,00) — [0, 00) be a concave non-decreasing function continuous
at 0 with w(0) = 0 and w(x) > 0 for x > 0. We assume that w(1) is much
smaller than 1; otherwise we may need some rescaling in the examples. We
are about to give two compact sets in R? that cannot be covered by a finite
family of disjoint finite-length curves with locally w-continuous derivative
(we call such curves regular curves for short). However, in both examples
the widths of Sk (Q) are small and do not seem to carry much information.
Note that both sets satisfy the Jones condition and therefore they are subsets
of rectifiable curves.

Moreover, the set from the second example has two more properties. First,
it can be covered by four regular curves, but with an intersection, showing
that the condition in our result that the curves are disjoint is essential. This
example shows that the question whether a compact set K can be covered
by a finite union of regular curves, not necessarily disjoint, is significantly
different than the question this paper answers.

Second, if one applies Jones’s algorithm to construct a rectifiable curve
covering the set K from the second example, the curve obtained will have
an infinite number of turns by roughly 90° and therefore cannot be easily
smoothed to a curve with a regular derivative and finite length.

We are not going to give all details of the examples, but we want to give
an intuition why Jones’s approach seems to break down here.
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4.1. Vertical strokes example. Let
K :={(0,00} u{[(27,0),(27",27"w(27™))] :n € Z}.

This set consists of countably many vertical strokes of length 27 "w(27")
that converge to (0,0). It is obviously compact, but for every n the triangle
(0,0),(27™,0),(27™,27"w(27™)) has diameter smaller than 2-27" and right
angle at (27",0). Therefore, by Theorem it cannot be covered by a finite
number of disjoint reqular curves.

Let us explain, without using Theorem [1.2], why it cannot be covered. As-
sume, towards a contradiction, that it is covered by a finite family {7; }1<i<n-
By easy measure arguments, for every point (27", 0) there must be a curve
i tangent to the stroke [(27",0), (27,27 "w(27™"))] at this point. Therefore
there must be one curve v;, that is tangent to an infinite number of strokes at
their bottom endpoints. Note that between two such points the curve must
turn by 180°, and since 7;, has locally w-continuous derivative and finite
length, this cannot happen infinitely many times.

Let us now look at K from the point of view of the numbers Gx (Q). If
there is only one stroke in 3@, then i (Q) = 0. Apart from dyadic squares
with corner at (0,0), this is the case for sufficiently small dyadic squares.
However, for dyadic squares () such that 3Q intersects more than one stroke
we have Ok (Q) < cw(l(Q)) for some universal constant ¢, which means that
these values are comparable to the values Ok (Q) for a regular curve. There-
fore the numbers Bx(Q) do not seem to yield any information in this case.

4.2. Snail example. Let ag = 1 and a,+1 = w(ay)a,. By the assump-
tion that w(1) is much smaller than 1, the sequence a, is exponentially
quickly decreasing and it converges to 0. Let zp = 0 € C and z,41 =
Zn + ani™-. Then the points z, form a snail-like structure and they converge
to some point z = lim,, .~ z,. Moreover, since w is small on [0, 1], the point
Zn+1 is much closer to z, than z, is to z,—1. Let K = {z} U {2, : n > 0}.

Since £(2p—1, 2Zn, 2n+1) is a right angle, and diam{z,_1, 2, 2nt1} < apn-1
+ ay, by Theorem [1.2] K is not covered by a finite family of disjoint regular
curves.

Let us now see what happens if we construct a rectifiable curve through K,
using the algorithm by Jones [6]. The algorithm takes a sequence Ly C L; C
Lo C --- of nets in K; the net L,, is an inclusion maximal subset of points in
K such that if z,y € L, x # y, then |z—y| > 27™. The algorithm constructs
a converging sequence of curves I, such that L,, is covered by I5,. The curve
I'n+1 is obtained from I, by some local modifications. In our example, the
points z, are included in the consecutive nets one by one (since z,41 is much
closer to z, than z, is to z,—1), and thus the construction ends up with some
sort of spiral and an infinite number of 90° (or close to 90°) turns.
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On the other hand, precise calculations show that we can pass one regular
curve through all points of each of the sets K; = {z} U {24541 : k € N} for
1 =0,1,2,3. However, these curves intersect at z, and since this is a limit of
the whole sequence z,, the intersection there is unavoidable.

Acknowledgements. I would like to deeply thank my supervisor, Pawet
Strzelecki: first, for posing the questions answered in this paper; second, for
hours of discussions on this topic; and finally, for many constructive remarks
and corrections to the earlier versions of this paper.

I would also like to thank the reviewer for numerous valuable and in-
sightful comments that helped to improve this work.

This research has been supported by MNiSzW /DFG grant Geometric
curvature energies.

References

[1] G. David and S. Semmes, Singular integrals and rectifiable sets in R". Au-dela des
graphes lipschitziens, Astérisque 193 (1991).

[2] C. Fefferman, A generalized sharp Whitney theorem for jets, Rev. Mat. Iberoamer.
21 (2005), 577-688.

[3] F. Ferrari, B. Franchi and H. Pajot, The geometric Traveling Salesman Problem in
the Heisenberg group, ibid. 23 (2007), 437-480.

[4] I. Hahlomaa, Menger curvature and Lipschitz parametrizations in metric spaces,
Fund. Math. 185 (2005), 143-169.

[5] —, Menger curvature and rectifiability in metric spaces, Adv. Math. 219 (2008),
1894-1915.

[6] P. W. Jones, Rectifiable sets and the Traveling Salesman Problem, Invent. Math.
102 (1995), 1-15.

[7] J. C. Léger, Menger curvature and rectifiability, Ann. of Math. 149 (1999), 831-869.

[8] G. Lerman, Quantifying curvelike structures of measures by using Lo Jones quanti-
ties, Comm. Pure Appl. Math. 56 (2003), 1294-1365.

[9] K. Okikiolu, Characterization of subsets of rectifiable curves in R™, J. London Math.
Soc. 46 (1992), 497-526.

[10]| R. Schul, Subsets of rectifiable curves in Hilbert space— The analyst’s TSP, J. Anal.
Math. 103 (2007), 331-375.
[11] H. Whitney, Analytic extensions of differentiable functions defined in closed sets,

Trans. Amer. Math. Soc. 36 (1934), 63-89.

Marcin Pilipczuk
Institute of Informatics
University of Warsaw
Banacha 2

02-097 Warszawa, Poland

E-mail: malcin@mimuw.edu.pl

Received 25 April 2010;
in revised form 5 August 2010


http://dx.doi.org/10.4064/fm185-2-3
http://dx.doi.org/10.1016/j.aim.2008.07.013
http://dx.doi.org/10.1007/BF01233418
http://dx.doi.org/10.2307/121074
http://dx.doi.org/10.1002/cpa.10096
http://dx.doi.org/10.1007/s11854-008-0011-y




	Introduction
	Properties of curves with -continuous derivative
	Characterization of subsets of curves with -continuous derivative
	Preliminaries
	The local construction
	The global construction

	Counter-examples for Jones-style conditions
	Vertical strokes example
	Snail example


