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Generating countable sets of surjective functions
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J. D. Mitchell and Y. Péresse (St Andrews)

Abstract. We prove that any countable set of surjective functions on an infinite
set of cardinality X, with n € N can be generated by at most n?/2 + 9n/2 + 7 surjective
functions of the same set; and there exist n? /2+9n/2-+7 surjective functions that cannot be
generated by any smaller number of surjections. We also present several analogous results
for other classical infinite transformation semigroups such as the injective functions, the
Baer—Levi semigroups, and the Schiitzenberger monoids.

1. Introduction. If X is a topological space, then we denote by C'(X)
the semigroup under composition of continuous functions from X to X. If
X is a locally compact Hausdorff space, then C'(X) with the compact-open
topology is a topological semigroup.

In 1934 Schreier and Ulam [38] proved that C([0,1]™), m > 1, has a
dense subsemigroup generated by 5 elements. In the same issue of Funda-
menta Mathematicae that contained Schreier and Ulam’s paper, Sierpinski
[39] proved that C([0,1]) has a dense 4-generated subsemigroup. In fact,
Sierpinski proved something stronger: for every countable sequence fy, fi, ...
€ C([0,1]) there exists a 4-generated subsemigroup of C([0,1]) containing
fo, f1,.... Since C([0,1]) is separable, Schreier and Ulam’s result, in the
case m = 1, follows immediately from Sierpinski’s. In 1935, Jarnik and
Knichal [21] proved that Sierpinski’s four functions can be generated by two
(this result was unwittingly reproduced by Subbiah in [42] and the present
authors in [31]). If f € C([0,1]), then the semigroup (f) generated by f
and the (topological) closure of (f) are commutative. However, as C([0, 1])
is not commutative, 2 is the least number of generators for a dense sub-
semigroup of C([0, 1]). The paper immediately following that of Jarnik and
Knichal in Fundamenta Mathematicae is another work of Sierpinski [40]
(see also Banach [2]). In this paper it is shown that if 2 is an infinite
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set and fo, f1,... : £2 — (2, then there exist gg,g1 : 2 — 2 such that
fos f1s-.. € {90, 91)-

In view of these early papers of Sierpinski, we will say that a semi-
group S has Sierpiriski rank m € N if m is the least number such that
for all fo, f1,... € S, there exist go,...,gm—1 € S such that fy, f1,... €
(90y -+ 9m—1). If no such m exists, then we will say that S has infinite
Sierpiriski rank. Thus C(]0,1]) and the semigroup £2*° of all functions from 2
to 2 have Sierpinski rank 2.

The following theorem is the main result of this paper.

MAIN THEOREM. Let {2 be an infinite set and let Surj(§2) denote the
semigroup of surjective functions from (2 to 2. Then:

(i) if |2] = R, for n € N, then Surj(£2) has Sierpinski rank n?/2 +
n/2+7;
(i) of |£2] > Ny, then Surj(§2) has infinite Sierpiniski rank.

In Section [4] we present several analogous results for other classical infi-
nite transformation semigroups. For example, the injective functions on a set
of cardinality N, for n € N have Sierpinski rank n + 4, the Baer—Levi semi-
groups on any infinite set have infinite Sierpiniski rank, and the Sierpinski
rank of the Schiitzenberger monoid on a set of regular cardinality is 2.

There are several examples of semigroups with finite Sierpinski rank in
the literature. It is pointed out in [17] that Banach’s proof in [2] can be easily
adapted to show that the semigroups of partial mappings, binary relations or
partial bijections on an infinite set have finite Sierpinski rank. Examples of
semigroups having infinite Sierpinski rank include all non-finitely generated
countable semigroups. An uncountable example is that of R under multipli-
cation, as the natural numbers are not contained in any finitely generated
subsemigroup.

Cook and Ingram [8], and independently Subbiah [42], prove that if X
is any of: the euclidean m-cell [0,1]™, m > 1, the Hilbert cube [0,1]Y, the
Cantor space 2, the rational numbers Q, or the irrational numbers, then
C(X) has Sierpinski rank 2. The Sierpinski rank and the minimum number
of generators of dense subsemigroups of C'(X) and related semigroups for
various spaces X were considered in [25 27, 3], 41} 42]. A survey of some
of these results can be found in [33].

Magill [26] proved that the Sierpiriski rank of the semigroup of linear
mappings of a vector space V over a field F' is 2 if and only if V' is infinite-
dimensional or dim V' =1 and F is finite. Magill’s theorem was generalized
slightly in [I]. The second author showed in [36, Theorem 3.10.4] that the
Sierpinski rank of the endomorphism semigroup of the Rado graph is 2 or 3,
although the exact value has not been determined. The Rado graph is the
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Fraissé limit of the class of finite graphs; see [0l Section 5.1] for further
details. It would be interesting to know the Sierpinski rank of some fur-
ther endomorphism semigroups of Fraissé limits. Galvin [I5] proved that
any countable subset of the symmetric group Sym({2) on an infinite set is
contained in a 2-generator subgroup. Galvin’s proof can be adapted to show
that if G is the group of homeomorphisms of the Cantor space, the ratio-
nals, or the irrationals, then any countable subset of G is contained in a
2-generator subgroup. It was also shown in [5] that the homeomorphisms
of the euclidean m-sphere have finite Sierpinski rank. Mesyan [29] showed
that the multiplicative semigroup of the endomorphism ring of the direct
sum of infinitely many copies of a non-zero left R-module over a ring R has
Sierpinski rank 2.

Perhaps unsurprisingly, having finite Sierpinski rank is a rather strong
property that has several consequences, which we now highlight. For in-
stance, as we have seen, if S is a separable topological semigroup with
Sierpinski rank m € N, then S has an m-generated dense subsemigroup.
However, the converse does not hold. For example, if End(N, <) denotes the
order-preserving mappings on N, then End(N, <) has infinite Sierpinski rank
(1, Theorem 4.1]). On the other hand, it is straightforward to show that
End(N, <) contains a finitely generated dense subsemigroup.

A straightforward consequence of Galvin’s theorem is an alternative
proof to that of Higman, Neumann and Neumann [I§] showing that every
countable group can be embedded in a 2-generator group. The analogous
results for semigroups and rings follow from Sierpiriski [40] and Mesyan [29],
respectively, reproducing results of Evans [14] and Maltsev (see [34]).

Many of the examples of semigroups with finite Sierpinski rank given
above, in fact, have a stronger property. Let X be a finite alphabet, let 2T
denote the free semigroup over X, let w € X7, and let S be a semigroup.
Then w is universal for S if for all s € S there exists a homomorphism
F : Xt — S such that s = (w)F. The set of words {wp,ws,...} over a
finite alphabet X is universal for S if for all sg,s1,... € S there exists a
homomorphism F : ¥* — S such that s; = (w;)F for all i € N. Replacing
‘free semigroup’ with ‘free group’ in the previous sentences, it is clear what
is meant by a universal word for a group. Universal words for groups and
semigroups have been extensively investigated; see, for example, [10] 12} 13
24, 32, 35).

If S has an infinite universal set of words over a finite alphabet 3, then
it is clear that S has Sierpinski rank at most |X|. Sierpiriski [40] and Banach
[2] proved that 2 has Sierpinski rank 2 by showing that the sets of words
a’b?(abab®)tlab?ab® and aba’1b?, respectively, with i € N are universal
for 2. Note that throughout the paper we write functions to the right of
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their arguments and compose from left to right. Many of the semigroups
given above that have finite Sierpinski rank also have an infinite set of uni-
versal words over a finite alphabet, and, in fact, it is the stronger property
that is shown to hold in the proofs given in the references above. For ex-
ample: Sym(12), 22, C(10,1]™) (m > 1), C([0, 1), C(2Y), C(Q), C(R\Q),
the linear mappings on an infinite-dimensional vector space, the endomor-
phisms of the Rado graph. However, we will show that the semigroups of
surjective and injective functions have no infinite universal sets of words by
showing that they do not have the following weaker property.

A semigroup S is called strongly distorted if there exist m,ag,aq,... € N
such that for all fy, f1,... € S there exist gg,...,gm € 5 such that f; is a
product of gg,...,gm with length at most a; for all i € N. The notion of
strong distortion for groups was introduced by Khelif [23] (under the name
Property P). If G is a non-finitely generated group such that G is strongly
distorted, then G is not the union of a countable chain of proper subgroups
and for all generating sets U for G there exists m > 1 such that G = U™
(see [5, Remark A.3] or [23]). The latter is referred to as G having Bergman’s
property, after [3]. The analogous properties and results for semigroups were
given in [28]. Many groups and semigroups have Bergman’s property; see, for
example, [111, 22, 28, 37]. As noted above, most of the semigroups known to
have finite Sierpinski rank are strongly distorted and hence have Bergman’s
property.

Clearly, if S has an infinite universal set of words over a finite alphabet,
then § is strongly distorted. Also if S is strongly distorted, then S has
finite Sierpinski rank. However, none of these notions is equivalent to any of
the others. We will prove that Inj({2) and Surj({2) do not have Bergman’s
property and hence are not strongly distorted and have no infinite universal
sets of words. Khelif [23] claims that it is possible to construct an example of
a group that is strongly distorted but does not have an infinite universal set
of words (the latter is referred to as Property P* in [23]). A simple example
of a semigroup that is strongly distorted but that does not have an infinite
universal set of words is given below.

EXAMPLE 1.1. Let T = 2% for some infinite set 2 and let z,y be two
elements not in 7". Then define S to be the semigroup with elements TU{z, y }
and multiplication extending that on T such that x and y act as the identity
on T and zy = yx = y> = 22 = y. Then, since T is strongly distorted and
S\ T is finite, it follows by Theorem below that S is strongly distorted.
Seeking a contradiction suppose that there exists an infinite universal set
of words W C Xt for S over some finite alphabet Y. Then there exists a
homomorphism F : ¥t — S such that (w)F = z for all w € W. But no
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product in S of length greater than 1 equals z and so |w| =1 for all w € W.
Thus W is finite, a contradiction.

2. Preliminaries and generalities. In this section we introduce the
background material and notation required to prove our Main Theorem. We
also give some general results relating to semigroups and their Sierpinski
rank.

LEMMA 2.1. Let S be a semigroup such that every countable subset is
contained in a finitely generated subsemigroup. Then S has finite Sierpinski
rank.

Proof. Suppose that for all m € N there exists a countable C,,, C S
such that C}, is not contained in any m-generated subsemigroup of S. Then
Umen Cm is countable, but not contained in any finitely generated subsemi-
group of S, a contradiction. =

In the previous section, we mentioned that if S is a semigroup with
Sierpinski rank 1, then S is commutative. The following proposition shows
that, up to isomorphism, there is only one infinite semigroup with Sierpinski
rank 1.

LEMMA 2.2. Let S be an infinite semigroup with Sierpinski rank 1. Then
S is isomorphic to the natural numbers N\ {0} under addition.

Proof. It suffices to prove that S is l-generated as every infinite 1-
generated semigroup is isomorphic to the natural numbers without zero
under addition. Seeking a contradiction assume that S is not 1-generated.
Let sg € S be arbitrary. Then (sg) # S and so there exists u € S such that
u & (sp). But S has Sierpinski rank 1 and so there exists s; € S such that
(s0) < (s0,u) < (s1). Continuing in this way there exist sq, s1,... € S such
that

(s0) £ (s1) £ -+~

Since S has Sierpiniski rank 1, there exists ¢ € S such that sg, s1,... € (f).
In particular, for all i € N there exists m; > 0 such that t" = s;. Hence for
all i € N,

{19 g > 1) = {s,) < (si1) = {1741 1 g > 1),

=

Thus for all 7+ € N we see that m;y; divides m; and m;+1 # m;. It follows
that mg > my > -+, a contradiction. =

By a similar argument to that given in the proof of Lemma [2.2]it follows
that if G is any group such that every countable subset is contained in a
1-generated subgroup, then G is isomorphic to the integers under addition.
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If S is a semigroup and T is a subsemigroup of .S, it is natural to ask
how the Sierpinski rank of S relates to that of T and vice versa. Of course,
the answer is, in general, that they are not related. However, if the subsemi-
groups are restricted to those that are ‘large’ in some sense, then more can
be said.

If T is a subsemigroup of a semigroup S, then we denote by rank(S : T")
the least cardinality of a subset U of S such that T"UU generates S. Clearly,
if .S has Sierpinski rank m € N and T is any subsemigroup of S, then
rank(S : T) < m or rank(S : T') > Ny. The cardinal rank(S : T") is referred
to as the relative rank of T in S; see [7,20} 30]. The following lemma gives an
upper bound for the Sierpiriski rank of a semigroup in terms of the relative
rank and Sierpinski rank of its subsemigroups.

LEMMA 2.3. Let S be a semigroup and let T be a subsemigroup of S
such that rank(S : T') is finite and T has Sierpinski rank m € N. Then the
Sierpinski rank of S is at most rank(S : T') +m.

Proof. Let fo, f1,... € S be arbitrary and let U be a subset of S\ T such
that (T, U) = S and |U| = rank(S : T'). Then for all ¢ € N, since f; is a finite
product of elements in 7" and U, there exists a finite subset V; of T" such
that f; € (U, V;). Since V' = |J;c Vi is countable and T' has Sierpinski rank
m € N, there exist go,g1,...,9m-1 € T such that V' C (g0, 91,...,9m—1)-
Thus

f(]vfla"' € <U7V> c <Uag(]7gl7'-'agm—1>

as required. =

If S is a semigroup with finite Sierpinski rank and 7' is a subsemigroup
of S with rank(S : T') finite, then it is not necessarily true that 7" has finite
Sierpiriski rank. For example, rank(N" : End(N, <)) = 1 ([I7, Proposition
1.8]) but End(N, <) has infinite Sierpinski rank ([31, Theorem 4.1]).

If S is a semigroup and 7T is a strongly distorted subsemigroup of S
with rank(S : T') finite, then S is not always strongly distorted. For ex-
ample, rank(Inj(N) : Sym(N)) is finite (Proposition [4.2] below) and Sym(N)
is strongly distorted [I5] but Inj(N) is not (see the comments after the proof
of Theorem [4.1J).

If the subsemigroup T from Lemma has the property that S\ 7T is
an ideal in S, then the following lemma shows that the upper bound given
by Lemma is the exact value of the Sierpinski rank of S.

LEMMA 2.4. Let S be a semigroup and let T be a subsemigroup of S such
that rank(S : T') is finite, S\ T is an ideal of S, and T has Sierpiriski rank
m € N. Then the Sierpiriski rank of S is rank(S : T') + m.
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Proof. By Lemmal[2.3] it suffices to show that the Sierpinski rank of S is
at least rank(S : T') +m. We will prove that there exists a countable subset
of S that cannot be generated by fewer than rank(S : T') +m elements of S.

Let U be a subset of S\ T" such that (T,U) = S and |U| = rank(S : T').
By the definition of Sierpiriski rank, there exists a countable V' C T that
cannot be generated by fewer than m elements of T

As U UV is a countable subset of S, it follows, by Lemma that
there exists a finite subset F' of S such that U UV C (F). Since U C (F),
it follows that (T, F') = S and hence |F'\ T'| > rank(S : T'). On the other
hand, S\ T is an ideal of 7" and so V is contained in (F' N T'). Since V is
not generated by fewer than m elements of T', it follows that |[FF-NT| > m.
Thus |F| > rank(S : T') + m, as required. =

Let G be a group and let H be a subgroup of G with finite index. Clearly,
rank(G : H) is at most the index of H in G. It follows, by Lemma that if
H has finite Sierpiniski rank, then so does G. We define a notion of index for
arbitrary semigroups, and prove in Theorem that if T is a subsemigroup
of finite index in a semigroup S, then T has finite Sierpinski rank if and
only if S does. In particular, if a group G has finite Sierpiriski rank, then so
does any finite index subgroup H.

When considering semigroups in general rather than groups, there are
several competing notions of index. The Rees index of a subsemigroup 1" of
a semigroup S is just |S\ T'|+1. Although there are some parallels between
the usual notion of index in group theory and Rees index, the latter does
not, in any sense, generalize the former, since infinite groups have no proper
finite Rees index subgroups. Perhaps a more useful notion, that generalizes
both Rees index and the group-theoretic index, was defined in [16] using
the classical notion of Green’s relations from semigroup theory; see [19] for
further details relating to Green’s relations and semigroup theory in general.

Let S be a semigroup, let T be a subsemigroup of S, and let T denote
the subsemigroup 7' with a new identity 1 adjoined. Green’s relative R -
relation and relative LT -relation on S are defined by sR™t if sT' = tT' and
sCTt if T's = T' where s,t € S. Green’s relative H” -relation is defined
by HT = RT N LT. These relations are equivalence relations on S and their
equivalence classes are referred to as RT-, £7-, and H -classes, respectively.
If Cis an RT-, £7-, or HT-class, then it is straightforward to verify that
either C C T or C C S\T; for further details regarding other basic properties
of relative Green’s relations see [16]. The Green index of T in S as defined
in [16] is the number of H”-classes contained in S\ T plus 1. Let H be a
subgroup of a group G. Then H has finite index in G if and only if H has
finite Green index in G for further details see [16].
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The following theorem shows that a semigroup has finite Sierpinski rank
if and only if all of its finite Green index subsemigroups have finite Sierpinski
rank. Unlike Lemmas [2.3] and [2.4] which are used in the proofs of the Main
Theorem and Theorem Theorem [2.5]is not used elsewhere in the paper.
It seems likely that few of the examples of semigroups with finite Sierpinski
rank in this paper have subsemigroups with finite Green index. For example,
the Green index of any proper subsemigroup of NN is 280, To see this, let 7" be
a subsemigroup of NN with Green index strictly less than 2% If f, g € NY are
such that f£%g, then fLg in NN and so, by [19, Exercise 2.6.16], Nf = Ng.
Likewise, if fR” g, then the kernel {(7,7) € NxN:if = jf} of f equals the
kernel of g. It follows from the definitions that there are at most as many
L7 -classes and RT-classes as H'-classes in NN \ 7. Hence T contains AN
for some infinite coinfinite A C N. If g : A — N, then there are 280 many
R-classes in NV containing extensions of g. Hence T' contains an extension
of every function in N4, Clearly, every element of NN can be written as a
product of an element from AN and an element from N4. Thus 7' = NN,

The following theorem and a preliminary version of its proof was sug-
gested to us by V. Maltcev. The proof of the direct implication of the theo-
rem is very similar to those of Lemma 3.2 and Theorem 4.3 in [4]. However,
Theorem does not appear to follow immediately from [4].

THEOREM 2.5. Let S be a semigroup and let T be a subsemigroup of
finite Green index in S. Then S has finite Sierpiriski rank if and only if T
has finite Sierpinski rank.

Proof. Without loss of generality we may assume that S contains an
identity 1 and that 1 € 7. Let C' be the union of {1} and a set of represen-
tatives of all the H”-classes contained in S\ 7. Then, by assumption, C' is
finite.

(<) Since (T,C) = TC = S, it follows that rank(S : T') < |C] < No.
Hence, by Lemma it follows that the Sierpinski rank of S is finite, as
required.

(=) If s € S\ T, then there exists a unique c(s) € C such that sH” c(s).
Hence there exist [(s),r(s) € T such that s = I(s)c(s) = ¢(s)r(s). Through-
out the remainder of the proof we fix one such [(s) and one such r(s) for all
se S\T.

Let tg,t1,... € T be arbitrary. It suffices, by Lemma to prove that
there exists a finite W C T such that tg,t1,... € (W). Since S has finite
Sierpinski rank, there exists a finite U C S such that g, t1,... € (U). Let V
be any finite subset of 1" such that:

e lcV;
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e {cueT:ceC,ucU}=CUNT is contained in V;
o {l(s):s€ CU\T} is contained in V.

Then, since 1 € C, it follows that UNT C V and I(s) € V forall s e U\ T.
We begin by proving that for all ug,ui,...,ur € U there exist vg,v1,
..., € V and ¢ € C such that

UQUY - - - U = VU1 - * - VgC.
We proceed by induction on k. If kK = 0, then either ug € UNT or ug €
U\NT C S\T. In the first case, up = up - 1, and in the second case,
ug = l(up) - c(up), as required.

Assume by induction that any product of elements in U with length at
most k can be given in the required form. Let ug, u1,...,ur € U. Then, by

the inductive hypothesis, there exist vg,v1,...,vk_1 € V and d € C such
that ug---up_1 =vg - vg_1d. If dup € T, then dup, € CUNT CV and so

U UE =g Vg1 - dug - 1,
as required. If duy, € S\ T, then duy € CU \ T and so I(duy) € V. Hence
g Up = Vg - Vg—1dug = vg - - vg—1l(dug)e(duyg),
as required.
Let W be any finite subset of T" such that:

o 1lcW;
e {vceT:ceC,veV}=VCNT is contained in W;
e {r(s):se€ VC\T} is contained in W.

We will prove that to,t1,... € (W). If i € N is arbitary, then from the
above, there exist vg,v1,...,vp € V. C W and dy1q1 € C such that ¢; =
vovy * -+ Vgdp41. If dy1 = 1, then t; € (W), as required. Otherwise let N =
max{j : vj - vpdr+1 €T}. Of course, N exists since t; = vvy - - - Vpdg1 €T
It follows that

At 1, Vkdi 11, Vo1Vt 1, - - - ON41 - Okdir € S\ T

Hence vpdi11 = drwy where di = c(vgdiy1) € C and wg = r(vgpdgs1) € W.
This implies that vg_jvrdiy1 = vk—1diwy, € S\ T and so vg_1dx € S\ T. It
follows that vg_1dy = dp_jwi—1 where dx_1 = c(vg_1dg) € C and w1 =
r(vg_1dy) € W.
Continuing in this way we obtain
wn+1 = r(ONt1dN+2), WN+2 = T(UN+2dN+3), - W = T(Vpdit1) €W

and

dni1 = c(UNt1dN42),dNy2 = c(UNy2dN3), . . -, dip = c(vpdyy1) € C
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such that vgdg1 = dywy, vp—1dy = dp_1wWg—1, ..., UN+1dN+2 = AN F1WN 1
and d; = c(vid;11)HT vid; 11 for all i. Hence

vNdN11 € vNdN 1T = vnon1dy 2T = - - = vyung1 -+ Vpdp 1 T.

But, by the definition of N, vyvni1 - vrdrr1 € T and so vydyi1 € W.
Thus

ti = vov1 - UN—1(UNAN+1)WN 41 - w € (W)

and so T has finite Sierpinski rank. =

The proof of Theorem can be modified to show that a semigroup is
strongly distorted if and only if all of its finite Green index subsemigroups
are.

THEOREM 2.6. Let S be a semigroup and let T be a subsemigroup of
finite Green index in S. Then S is strongly distorted if and only if T is
strongly distorted.

Proof. Without loss of generality we may assume that S contains an
identity 1 and that 1 € T'. Let C be as in the proof of Theorem 2.5

(<) By assumption, 7 is strongly distorted with respect to some numbers
m,ag,ai,... € N. Let sg,s1,... € S. Then for all 7 € N there exist t; € T
and ¢; € C such that s; = t;¢;. But there exists U C T such that |[U| = m
and v; is a product of elements of U with length at most a; for all i € N.
Therefore s; is a product of length at most a; + 1 of elements in U U C.
Hence S is strongly distorted with respect to |C|+m,ap+1,a1+1,... € N.

(=) Again, by assumption, S is strongly distorted with respect to some
m, ag, al, ... € N. Let tg,t1,... € T be arbitrary and let U C S be such that
|U| = m, and t; is a product of elements of U with length at most a; for all
1 € N.

Let i € N be arbitrary and let ug, uy,...,u;r €U such that t; =ugu; - - - ug
and £k < a;. If V C T is defined as in the proof of Theorem then
V| <|C|-|U|4+1=m|C|+1 and for all i € N there exist vy, v1,...,v, €V
and d € C such that t; = vguvy - - - vpd. Likewise, if W C T is defined as in
the proof of Theorem then [W| < |V]-|C|+1<m|C|?+]|C|+1 and t;
is a product of length at most a; over W. Therefore T' is strongly distorted
with respect to (m|C|* +|C| +1),a9,a1,... €N. =

The following is an immediate corollary of Theorems [2.5 and 2.6 and of
the fact that a subgroup of a group has finite index if and only if it has finite
Green index.

COROLLARY 2.7. Let G be a group and let H be a subgroup of finite
index in G. Then:
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(i) G has finite Sierpiriski rank if and only if H has finite Sierpiriski
rank;
(ii) G is strongly distorted if and only if H is strongly distorted.

If S is the semigroup from Example then the subsemigroup 7' has
finite Rees index and hence finite Green index. But as shown in Example
S does not have an infinite universal set of words whereas T = 2% does
by Sierpinski [40]. Hence the analogue of Theorem does not hold in the
case where ‘finite Sierpinski rank’ is replaced with ‘an infinite universal set
of words’. It is natural to ask: if S is a semigroup with an infinite universal
set of words, does every subsemigroup of finite Green index also have an
infinite universal set of words? However, we do not know the answer to this
question.

We conclude this section by mentioning an application of Corollary
It was shown in [0, Theorem 1] that if G is a subgroup of Sym(N) with
index less than 2N0, then there exists a finite ” C N such that G contains
the pointwise stabilizer S(s) of X' in Sym(N) and G is contained in the
setwise stabilizer Syxy of X in Sym(N). Since the index of Sy in Syx; is
|X|!, it follows that Sy has finite index in G. But Sy is isomorphic to
Sym(N) and so Sy is strongly distorted, by Galvin [15]. Hence Corollary
[2.7](ii) implies that G is strongly distorted, as required.

3. The proof of the Main Theorem. In this section, we prove the
main result of the paper:

MAIN THEOREM. Let §2 be an infinite set and let Surj(§2) denote the
semigroup of surjective functions from §2 to §2. Then:

(i) if [2] = N, for n € N, then Surj(£2) has Sierpiriski rank n?/2 +
In/2+7;
(i) of [£2] > Wy, then Surj(§2) has infinite Sierpiniski rank.

It is routine to show that Surj(§2) \ Sym(f2) is an ideal in Surj(f2). Thus,
by Lemma the Sierpinski rank of Surj({2) is the sum of the Sierpiriski
rank of Sym(£2) and rank(Surj(£2) : Sym(42)) if the latter is finite. As men-
tioned above, the Sierpinski rank of Sym((2) is 2 for any set {2. In the case
that |2| = X,, for some n € N, we prove the Main Theorem by calculating
the relative rank of Sym({2) in Surj(f2) and applying Lemma

PROPOSITION 3.1. Let 2 be an infinite set such that |2| = R,, for some
n € N. Then rank(Surj(£2) : Sym(£2)) = n?/2 +9n/2 + 5.

To prove Proposition we require the following technical result.
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PROPOSITION 3.2. Let §2 be an infinite set with |2| = R,, for some
n € N. Then there ezists a set K of non-empty subsets of Surj(£2) \ Sym({2)
such that:

(i) if A€ K, then Surj(£2) \ A is a subsemigroup of Surj(§2);
(i) if A,B €K, then AN B = (;

(iii) |K| =n2/2+9n/2 + 5.

It follows from Proposition [3.1] that n?/2+9n/2 +5 is the largest size of
a set IC of non-empty subsets of Surj({2) \ Sym({?2) satisfying the conditions
of Proposition [3.2fi)&(ii).

Throughout the remainder of this section we assume, unless stated oth-
erwise, that (2 is an infinite set with [2| = X,, for some n € N. To prove
Propositions and we require the following parameters of elements of
Surj(£2). Let f € Surj(£2) and let A € NU{Ro,Ry,...,N,,11}. Then define

a(f) = minfAs (Ya € 2)(jaf ] < M},
b(f,\) =Hae 2:|af =7},
c(f) =max{\: (Ym e N) ([{a € 2: |af~!| >m}| >N},
d(f) = Ha e 2:[(af)f~! = 2}].
It is routine to verify that
(I(f) € {2?37'"7N07N17"'>Nn+1}a
b(f,A),c(f) € NU{Ro, Ny, ... N, },
d(f) S {0,2,3,...,NO,Nl,...,Nn}.
We will make repeated use of the following straightforward observations
without reference:
if b(f, Nz) > 0, then a(f) > Nipq;
a(f) < N if and only if ¢(f) = 0;
if a(f) = No, then ¢(f) > Ny;
if a(f) = Ng and b(f,m) < Ny for all but finitely many m € N, then
c(f) = No;

o if a(f) = RNg and b(f,m) > Ny for infinitely many m € N, then
c(f) = N; where 0 < i < n is the largest number such that {m € N :
b(f,m) =N;} is infinite;

e d(f) =0 if and only if f € Sym(£2).

LEMMA 3.3. Let f,g € Surj(2) and let i € N be such that 0 < i < n.

Then:

(i) max{a(f), af
(i) if max{a(f).

9)} <alfg) < a(f)alg);
a(g)} = Niy1, then
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(iii) of max{a(f),a(g)} = Riy1 and b(f,N;) > max{a(g),No}, then
b(f,Ri) < b(fg,Ri);
(iv) of max{a(f),a(g)} = Ro, then
c(fg) = max{c(f), c(g)};
(v) max{d(f),d(g)} < d(fg) < d(f)+ d(g).

Proof. (i) Let o € 2 be arbitrary. Then clearly |ag™!| < |a(fg)~!| and
so a(g) < a(fg). Also [af 1| < |( )g(fg)~!] and S0 a(f) < a(fg).

On the other hand, a(fg9)™" = Ugeag—1 Bf1
U ar\<aunerSMﬁaw»
Beag=!

(ii) It follows from (i) that a(fg) = Niy1. If @ € 2 with |ag™!| = N,
then ®; > |a(fg)~Y = |ag™'f~Y > N, giving equality throughout. Thus
b(g,®i) < b(fg, ;).

Let a € 2 with |a(fg)~!| = ¥;. Then either |ag™!| = N; or there exists
B € ag~! with |8f~1| = X;. Hence
foe @ la(fo) | =R} C{ae :lag™!| = RJU{B € 2 671 = Ni}o.
Therefore b(fg,R;) < b(f,N;) + b(g, N;).

(iii) As 0 < a(g) < b(f,N;), it follows that a(f) = N;41 and [{a € 2 :
laf 7Y = N; }g| = b(f,N;). Let o € 2 with |af~!| = ;. Then, since a(fg) =
Nir1 by (i), ag(fg)~t] = N;. Thus b(f,R;) < b(fg,;), as required.

(iv) Let k € N and let o € 2 with |ag™!| > k. Then |a(fg)~!| > k. Thus
{Be2:18g7" [ 2k} C{B€2:|8(fg)~"] = k} and so c(g) < c(fg).

On the other hand, if o € 2 with |af~!| > k, then |(ag)g~ f~| > k.

Hence {3 € 2 : |3f 1| > k}g C {B € 2+ 8(f) ' = k). It {B € 2
|Bf~Y > k} is infinite, then since a(g) < Vo, we have

{BeQ:18f 2k} = {B € 2:[Bf7"| 2 k}gl
<[{BeR:18(f9)7" = k}I.
It follows that c(f) < c(fg). If {8 € 2 : |3f Y| > k} is finite, then a(f) < Vg
and so ¢(f) =0 < ¢(fg). Therefore max{c(f),c(g)} < c(fg).

From the comments immediately before the lemma, if X; > ¢(f), then
{m € N : b(f,m) = N;} is finite. Hence there exists k € N such that
b(f,m) < c(f) for all m > k. It follows that |{a € 2 : |af~Y > k}| = c(f)
and [{a € 2 : |ag7!| > k}| = c(g9). Let a € 2 with |a(fg)~!| > k2
Then either |ag™!| > k or there exists 3 € ag™' with |[3f~!| > k. Thus
{a € 2 |a(fe) ] > K2} < ef) + elg) = max{e(f), c(g)}, since cither
c(f) or ¢(g) is infinite. Thus ¢(fg) < max{c(f),c(g)}, as required.
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(v) Let
A={ae2:|(af)f 1 >2},
B={ac2:|(ag)g™|>2},
C={ae:|(afg)(fg)~">2}.

Of course, for any a € (2 we see that (afg)(fg)~! is the union of Sf~1 for
all B € (afg)g~!. Hence |(afg)(fg)~t| > 2 if and only if |(afg)g~!| > 2 or
a(fg)g~' = {af} and |(af)f~!| = 2. Thus |(afg)(fg)~'| = 2 if and only
if « € AUBf~L. Tt follows that C = AU Bf~!. Also, |Bf~!| > |B| since
f € Surj(£2). Thus
max{d(f), d(g)} = max{|A|,|B|} < max{|A[,|Bf [}
<|AUBfT=|C|=d(fg).

On the other hand, C is the disjoint union of A and Bf~1\ A. Since
f is injective on 2\ A, it is in particular injective on Bf~!\ A. Hence
(Bf T\ A)f| =|Bf ™\ Al. So,

A(fg) = IC] = |A| + [BS 1\ Al = |A] + |(BF '\ A)f| = |A] + B\ Af]
< 4] + B = d(f) + d(g),

as required. m

Proof of Proposition [3.3. Let K be the set consisting of the following
subsets of Surj(f2) \ Sym({2):

Uiy = {f € Swi(2) : a(f) = i1 and b(f,R) = N},

Vi= {f € Swi(2) : a(f) = Rips and 1< b(f, %) < R},
(3.1) Wi ={f € Surj(£2) : a(f) = Vo and c(f) = N;},

Xi={f €Surj(£2) : a(f) € Nand d(f) = N;},

Y ={feSurj(2) :a(f) e Nand 1 < d(f) < Ro},

for all 0 < i < j < n. Then |K| = n?/2 +9n/2 + 5, and if A, B € K, then
ANB=40.

To conclude the proof, it suffices to prove that if A € K, then Surj({2)\ A
is a subsemigroup of Surj({2).

Let f, g € Surj(£2)\U; ;. We will prove that fg € Surj({2)\U; ; by showing
that either a(fg) # N, 11 or b(fg,N;) # Ry, If max{a(f),a(g)} # Nit1, then,
by Lemma [3.3(i), a(fg) # Nit1. Assume that max{a(f),a(g)} = Niy1. If

b(f,N;) = N], then a(f) = Nj41 and so f € U; ;. Hence b(f,8;) # X; and
likewise b(g,N;) # N;. If b(g,R;) > R;, then, by Lemma ( i), b(fg,N;) >
b(g,N;) > R, If b(g, R;) < Njand b(f,N;) > R;, then, in partlcular b(f,N;) >
a(g). Hence, by Lemma [3.3(iii), R; < b(f,®;) < b(fg, ;). Finally, if b(f, N;)
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< ®; and b(g,®;) < Rj, then, by Lemma [B.3(ii), b(fg,®;) < b(f,X;) +
b(g,R;) < N;. Hence, in any case, fg € Surj({2 ) \ Ui ;.

Let f,g € Surj(£2) \ V;. We prove that fg € Surj(£2)\ V; by showing that
either a(fg) # Ni+1 or b(fg,N;) > N;. As above, if max{a(f),a(g)} # Ni+1,
then, by Lemma [3.3(i), a(fg) # Ni41. Hence we may assume that
max{a(f),a(g)} = Nz+1- So, either b(f,N;) > N; or b(g,N;) > N;. In the
latter case, it follows by Lemma [3.3(ii) that b(fg,X;) > b(g,N;) > R;. On
the other hand, if b(f,N;) > N; and b(g,R;) < Ny, then b(g,N;) = 0 since
g & Vi. Therefore a(g) < ¥; = b(f,¥;). By Lemma [3.3[iii) it follows that
b(fg,N;) > b(f,N;) > N;. Hence, in any case, fg € SurJ( )\ Vi

Let f, g € Surj(§2)\W;. We prove that fg € Surj({2)\W; by showing that
either a(fg) # No or ¢(fg) # N;. If max{a(f),a(g)} # Ro, then, by Lemma
3.3(i), a(fg) # No. Hence we may assume that max{a(f),a(g)} = No. If
c(f) = Ny, then a(f) = N, and so f € W;. Hence ¢(f) # N; and likewise
(9) # Wi If ¢(f) > N; or ¢(g) > N;, then Lemma [3.3|iv) implies that
c(fg) > W, If ¢(f) < N; and ¢(g) < N;, then, again by Lemma [3.3|(iv),
c(fg) < N;. Hence, in any case, fg € Surj({2) \ W;.

Let f,g € Surj(£2) \ X;. We prove that fg € Surj({2) \ X; by showing
that either a(fg) € N or d(fg) # N;. If a(f) € N or a(g) ¢ N, then, by
Lemma 3.3(i), a(fg) ¢ N. Hence we may assume that a(f),a(g) € N and so
d(f) # R; and d(g) # ¥;. Then, by Lemma [3.3|v), d(fg) # X;. Hence, in
any case, fg € Surj(£2) \ X;.

It follows that Surj(£2) \ Y is a semigroup by the same argument as in
the previous paragraph. =

o)

The following three lemmas are used to reduce the problem of generating
Surj(£2) to the problem of generating a particular subset of Surj({2). The
first lemma is straightforward and its proof omitted.

LEMMA 3.4. Let £2 be any infinite set and let f,g € Surj(§2). Then there
exist h,k € Sym(§2) such that hfk = g if and only if b(f, X\) = b(g, \) for all
A< |02 =

LEMMA 3.5. Let f € Surj(§2). Then there exist g,h € Surj({2) with
b(g,1) = b(h,1) = N,, such that f = gh.

Proof. It suffices, by Lemma to prove that there exist g, h € Surj({2)
with b(g,1) = b(h,1) = R, such that b(gh,\) = b(f, ) for all A € N U
{No, Ny, ..., N, }.

Since f is surjective, {2 can be partitioned into sets A and B such that
AfnBf = 0 and |A| = |B| = |Af| = |Bf| = |2]. Let ¢ : Af — A
and ' : Bf — B be arbitrary bijections. Then define g = f|4¢’ U 15 and
h = f|lgh' U 14. Clearly, g,h € Surj(£2) with b(g,1) = b(h,1) = |A] =
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|B| = R,,. Moreover, gh = f|ag’ U f|gh’ satisfies b(gh, \) = b(f, \) for all
AENU{RN, Ny, N} m

LEMMA 3.6. Let f,g € Surj(£2) with b(f,1) = b(g,1) = N,,. Then there
exists h € Sym(§2) such that b(fhg,1) =, and

b(fhg,A) =b(f,A) +b(g, )
forall A € {2,3,...,R0,Ry,..., R, }.

Proof. Let Fy = {a € 2:|af™!| >2} and Gy = {a € 2: |ag™!| > 2}.
Then |2\ Fy| = b(f,1) = X,, and so we may partition 2\ Fj into sets F}
and F such that |Fy| = X, and |Fy| = |Gog™!|. Likewise, we can partition
2\ Gy into G7 and Gy where |G| = R, and |G| = |Fy| = |Gag™t|. The
required h € Sym(£2) is any element such that Foh = Gog™!, F1h = G191,
and Fyh = Gog~!.

If a € Gy, then |ag™!| = 1 and |ag~'h™!| = 1 since h is a bijection.
Also ag7'h™! € Fy and so |ag th7 f71| = |a(fhg)~!| = 1. Thus §,, >
b(fhg,1) > |G1| = X, giving equality throughout.

If o € Gy, then |a(fhg)~!| = |ag™?!| since (fh)~! maps Gog~' bijec-
tively to Fhf~!. Let o € G. Then, since (hg)~! maps G bijectively to Fp,
a(fhg)~'| = |Bf "] where 8 = a(hg)~" € Fo.

It follows that if A € {2,3,...,89,Ny,..., N, }, then

b(fhg,N) = [{a € 2 :|a(fhg)"!| = A} = [{a € GoU G2 : a(fhg) ™| = A}
={a € Go: |a(fhg) ™| = A} + {a € G2 : [a(fhg) | = A}|
=HaeGo:lag [ =N+ {BeFo:[Bf' =}
=b(g, ) +b(f, ),

as required. m

We next specify a subset of Surj(§2) with n?/2 4+ 9n/2 + 5 elements that
together with Sym(f2) generates Surj((2). Let w;;,vi, ws, i,y € Surj(£2),
where 0 < ¢ < j <n, be any functions satisfying:

b(uij, 1) = b(v;, 1) = b(w;, 1) = b(x;,1) = b(y, 1) = Ny;
’LLZ'J‘) = Ni+l7 b(uiJ,Ni) = N]’ and b(um-,)\) =0 for all A g {1,N1},
Ui) == NiJrl, b(’Ul,Nz) =1 and b(’U“)\) =0 for all A ¢ {1,?‘%};

a(
a(
(w;) = Ny and b(w;,m) = N; for all m > 1;
(
(

=

a(z;) = 3 and b(x;,2) = N;;
a(y) = 3 and b(y,2) = 1.
Then Uj 5 € UZ'J, v, € Vi, w; €W, x; € X;,and y € Y, where Ui’j, Vi, Wi, X;

and Y denote the sets comprising K defined in (3.1)) in the proof of Propo-
sition
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We proceed by a sequence of lemmas that will finally be combined to
prove Proposition

LEMMA 3.7. If m € N, then there exists g € (Sym({2),v;) such that
b(g,1) =N, b(g,N;) =m, and b(g,\) =0 for all X & {1,N;}.

Proof. If m = 0, then any element g of Sym({2) has the required prop-
erties. Assume that m > 0. By definition, b(v;,X;) = 1 and so, by applying
Lemma (m — 1 times), there exists g € (Sym({2),v;) with the required
properties. m

LEMMA 3.8. If 0 < j < i, then there exists g € (Sym({2),u;;,v;) such
that b(g,1) = R, b(g,R;) = N;, and b(g, ) =0 for all X & {1,N;}.

Proof. Let 8 € {2 be the unique element such that ]ﬂvi_l\ = N; and let

A={ae 2: |au;i1| =N;}.
Then |A| = ¥; and so there exists B C A with |B| = R;. If p € Sym(£2)
is any element such that (A \ B)p = Bv; ', then |a(u;pv;)~t| = N; for
all « € Bpv; U {B}. Moreover, |a(u;;pv;)~t = 1 for all @ ¢ Bpv; U {8}
and |Bpv; U {B}| = |B| = R;. Thus g = w;;pv; € (Sym({2),u;;,v;) satisfies
b(g,1) =Ny, b(g,R;) =N, and b(g,\) =0 for all A & {1,N;}, as required. =

LEMMA 3.9. If m € N and m > 2, then there exists g € (Sym({2), x;)
such that b(g,1) =N, b(g,m) =R;, and b(g,\) =0 for all A & {1, m}.

Proof. Let X\ be countable subsets of {2 for all A < ¥; such that XN,
=0 if X # p; write X\ = {ox1,0x2,...}. Then define h € Surj(£2) by

oxi—1 fa=oy; j>1,
(3.2) ah = M1 A
I} otherwise.

As b(h, A) = b(z;, A) for all A, it follows by Lemmal[3.4]that i € (Sym(£2), z;).
Hence g = k™! € (Sym(2), z;) and

{0')\,17"-70'/\,771} ifa:UA717A<Ni,
ag™ = { {orjem—1} ifa=oy;,j#1, A<,
{a} otherwise.

Therefore b(g,1) = N,, b(g,m) = X;, and b(g,\) = 0 if A & {1,m}, as
required. m

LEmMA 3.10. If m,r € N, m > 2, and r > 1, then there exists g €
(Sym(£2),y) such that b(g,1) = W,,, b(g,m) = r, and b(g,\) = 0 for all
A& {1,m}.

Proof. By applying Lemmato y (r—1 times), we find k € (Sym(£2),y)
such that b(k, 1) = R, b(k,2) = r, and b(k, \) = 0 if A & {1,2}.
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Replacing XN; with 7 in the proof of Lemma [3.9] we obtain sets Xy, X1,
.., 2r—1 and a function h defined analogously to that in (3.2]) such that
b(h,\) = b(k,\) for all . It follows by Lemma that h € (Sym(£2),y).
As in the proof of Lemma if g = k™1, then g satisfies b(g,1) = Ry,
b(g,m) =r, and b(g,\) =0 for all A & {1, m}, as required. m

LEMMA 3.11. If0 < i < n andh € Surj(§2) with a(h) = Rg, b(h,1) = R,,,
c(h) =X, and b(h,m) <X; for all m > 1, then h € (Sym(£2), w;, z;).

Proof. Let X = {a € 2 : |ah™!| > 1}. Then, since c(h) = ¥; and
b(h,m) <X; for all m > 1, it follows that |X| = 8; and

(3.3) Ha € X:jah™ | >m}| =¥,

for all m € N. Also since b(h,1) = N,, we have |2\ ¥| = R,,. Let w,x €
Surj(£2) be any elements such that X is fixed setwise, {2\ X is fixed pointwise,
a(w) = NO? a(x) - 37

(3.4) {BeX:|Bu | =m}| =¥

forall 1 < m < Vo, and |ax~!| = 2 for all @ € X. Then b(w, \) = b(w;, \) and
b(xz,\) = b(x;, A) for all A\. Hence, by Lemma w,x € (Sym(£2),w;, x;)
and so it suffices to prove that h € (Sym(2),w, x).

We construct p € Sym(§2) such that b(wpz,\) = b(h, \) for all \. We
identify 3’ with the least ordinal of cardinality N; and proceed by transfinite
induction over X. Let o € X be arbitrary. Assume that for all 5 < a we have
defined bijections pg from subsets of X into U7§ 3 vz~1 such that s, € P,
for all 1 < (B < a. Let g4 = U,g<ap,6'

Since |dom(ga)| < ®; and |ah™1| > 1, it follows from that

{eX:|fw | <|ah™t}\ dom(q,) # 0.
Let 3, denote the least element of this set. Likewise, by (3.4) there exists
Yo € X\ dom(g,) U {8} such that
(3.5) Naw™ | = |ah ™| = |Baw™.
1

Let p,, be an extension of g, that maps {fa,va} bijectively to ax™".

Let ¢ = Uy Pa- Then ¢ is a bijection from a subset of X to Yrl=2x.
We will prove that ¢ € Sym(X). It suffices to show that v € dom(q) for all
ye X If

A={aeX:|ah™| > |yw™l|},

then |[A] = N; by (3.3). If & € A, then [yw™!| < |[ah™!| and so v € {B €
X |pw™t] < |ah71]}. Hence if o € A and v & dom(p, ), then, in particular,
ye{BeX:|fw | <|ah7l}\ dom(g) and so v > B,. Thus

{a€e A:vy¢dom(p,)} C{a € A: B, <~}
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But a — f, is an injective function, and so
Haoe A: By <A} <{oe X <} <X,

Therefore [{a € A: v € dom(pe)}| = |A\{a € A: v & dom(pa)}| = N;. In
particular, v € dom(q), as required.

Let p € Sym({2) be the identity on {2\ X and equal to ¢ on X. If
a € 2\ X, then a(wpz)™! = {a} and so b(wpz,1) =V, = b(h,1). fa € ¥,
then a(wpz)™' = (az ™ Hp~lw™! = {Ba, Vo w™! since p maps {Ba,Va} to
az~!. Hence |a(wpz)™!| = [Bal + [1al = |ah™!| by (B.5). In particular, if
m > 1, then b(wpx, m) = b(h,m), as required. =

Proof of Proposition . We start by showing that rank(Surj({2) :
Sym(£2)) > n?/24+9n/2+5. Seeking a contradiction assume that there exists
F C Surj(£2) such that (Sym($2), F) = Surj(£2) and |F| < n?/2+9n/2+5
= |K|. Then there exists A € K such that AN F = (. Hence (Sym({2), F)
is contained in the subsemigroup Surj(f2) \ A of Surj(f2). In particular,
(Sym(£2), F') # Surj({2), a contradiction.

To show that rank(Surj(£2) : Sym(£2)) < n?/2 + 9n/2 + 5, let F be
the set consisting of w; j,vs, w;, x5,y for all 0 < i < j < n. Then |F| =
n?/2 + 9n/2 + 5. We will show that (Sym(£2),F) generates Surj({2). By
Lemmas and it suffices to prove that for all f € Surj({2) satisfying
b(f,1) = N, there exists f € (Sym(£2), F) such that b(f,\) = b(f’, \) for
all A ENU{No,Nl,...,Nn}.

Let f € Surj(f2) with b(f,1) = R,,. By the definition of u; ; and Lem-
mas and for all 0 < i < n there exists g; € (Sym({2), F) such
that b(gi, 1) = Ny, b(gs, N;) = b(f,N;), and b(g;, A) = 0 for all A & {1,N;}.
Hence, by Lemma [3.6] there exists g € (Sym(2), F') such that b(g,1) = R,,
b(g,N;) =b(f,N;) for all i € {0,1,...,n}, and b(g,m) =0 for all m > 1.

Hence, again by Lemma [3.6] it suffices to prove that there exists h €
(Sym(£2), F') such that b(h,m) = b(f, m) for all m € N and b(h, \) = 0 for
all A€ {Ro, ..., R,}.

Let h € Surj(f2) be such that b(h,m) = b(f,m) for all m > 1 and
b(h,\) =0 for all A € {Ny,...,N,}. From the definition of ¢(h), there exists
M € N such that b(h,m) < c¢(h) for all m > M. Let hg, hs,...,hpr,t €
Surj({£2) be such that b(hg,1) = b(hs, 1) =--- = b(has, 1) = b(t,1) = X, and
let:

o b(hi,i) = b(h,), and b(hi, \) = 0 if A & {1,i},
o b(t,A) = b(h,A) if M < XA < No, and b(t,A) = 0if 1 < A < M or
Ae{Ro, ... R}

for all i € {2,3,...,M}. It follows from Lemmas and that
ha,...,hy € (Sym(S2), F). Likewise, it follows, by Lemmas and
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where R; = ¢(h), that ¢t € (Sym(£2), F). We conclude, by Lemmas and
that h € (Sym(2), F'), as required. =

Proof of the Main Theorem. (i) The set Surj({2)\ Sym({2) is an ideal in
Surj(£2). Thus, by Lemma the Sierpiniski rank of Surj({2) is the sum of
the Sierpinski rank of Sym({2) and rank(Surj({2) : Sym({2)) when the latter
is finite. In particular, if |£2| = ¥,,, then the Sierpinski rank of Surj({2) is
n?/2+9n/2+17.

(ii) Lemma [3.3(i) was only stated for sets {2 of cardinality X, for n € N.
However, the proof actually shows that:

(a) if £2 is any infinite set and f, g € Surj({2), then

a(fg) =z max{a(f),a(g)};

(b) if £2 is any infinite set and f, g € Surj({2) such that a(f) and a(g)
are regular cardinals, then a(fg) < a(f)a(g),

If |£2] > N, then there exist fo, fi,... € Surj(£2) such that a(f;) = ¥; for
all i € N. Let U be any subset of Surj({2) such that fo, fi,... € (U). If there
exists u € U such that a(u) > X, then fo, f1,... € (U \ {u}) by (a). Hence
we may assume without loss of generality that a(u) < R, for all u € U.
Since ¥; is regular for all ¢ € N, it follows from (b) that for all ¢ € N there
exists g € U such that a(g) = N;. Thus U is infinite. m

We conclude by showing that if {2 is any infinite set, then there exists
a generating set U for Surj(2) such that Surj(2) # UUU?U---UU™ for
any m > 1. In other words, we prove that Surj({2) does not have Bergman’s
property, and so, by [28, Lemma 2.4], Surj({2) is not strongly distorted and
has no infinite universal set of words.

Let {2 be any infinite set. If f € Surj({2), then d(f) was defined to be

{a e Q:|(af)f7H =2}
In we defined
Y ={f e€Surj(2) :a(f) e Nand 1 < d(f) < No}.
In the original definitions of d and Y we assumed that the set {2 had cardi-

nality N,, for some n € N. However, both d and Y are well-defined for any
infinite f2. Likewise, the conclusion

max{d(f),d(g)} < d(fg) <d(f)+d(g)

of Lemma (V) holds when (2 is any infinite set, and the proof is identical
to that given above.

It is straightforward to verify that Y C (Sym({2),y). In particular, if
U = (Surj(£2)\Y)U{y}, then (U) = Surj(£2). Since max{d(f),d(g)} < d(fg)
for all f,g € Surj(£2), it follows that Surj(£2) \ (Sym(f2) UY) is an ideal in
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Surj(£2). Hence if f € Y and go,¢1,...,9r € U are such that f = gog1 - - g,
then go, g1,...,9r € Sym(§2) U {y}. Therefore

d(f) < d(go) +d(g1) +---+d(gr) < 2r+2.

In particular, if m € N is such that d(f) > 2m, then f ¢ UUU?U---UU™.
Since Y contains elements f with arbitrarily large d(f) € N, it follows that
Surj(£2) does not have Bergman’s property, as required.

4. Further classical transformation semigroups. In this section,
we determine the Sierpinski rank of several further classical transforma-
tion semigroups including the injective functions, Baer—Levi semigroups,
and Schiitzenberger monoids.

THEOREM 4.1. Let 2 be an infinite set and let Inj({2) be the semigroup
of injective functions from {2 to (2. Then:

(i) if |£2| =Xy, for some n € N, then Inj({2) has Sierpiriski rank n + 4;
(ii) of [£2] > R, then Inj(§2) has infinite Sierpiniski rank.

Let 2 be any set and let f,g € Inj({2). Then it is straightforward to
verify that

(4.1) 12\ 2fg| = |92\ 29 + [2\ 2F]|.

Consequently, Inj(£2) \ Sym(£2) is an ideal in Inj({2). Thus, by Lemma
the Sierpinski rank of Inj({2) is the sum of the Sierpinski rank of Sym({2)
and rank(Inj(£2) : Sym((2)) when the latter is finite.

PROPOSITION 4.2. Let 2 be an infinite set such that |2| = R,, for some
n € N. Then rank(Inj({2) : Sym(£2)) =n + 2.

Proof. We start by showing that rank(Inj({2) : Sym(£2)) > n+ 2. Let U
be any subset of Inj({2) such that (Sym(f2),U) = Inj(£2). It follows by
that for all 0 < m < n there exists f € U such that |2\ 2f] = R,,. Also by
there exists f € U such that [£2\ 2f| = 1. Hence |U| > n + 2.

To prove that rank(Inj(£2) : Sym(£2)) < n+ 2, let f € Inj(£2) \ Sym(s?2)
be arbitrary, let g, € Inj({2) be any element with |2\ 2¢,,| = N, for
all 0 < m < n, and let h € Inj(§2) be any element with |2\ 2| = 1.
If |2\ 2f] = r for some r € N, then let £ = h". If |2\ 2f] = N, for
some 0 < m < n, then let k = g, where |2\ 2f] = X,,. In either case,
|02\ 2k| = |02\ £2f]. Hence there exists a bijection ¢ : 2\ 2k — 2\ 02f.
Let [ € Sym(£2) be defined by

l ak™f if a € 0k,
ol =
at if v € 2\ k.
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Then f = hl and so f belongs to the semigroup generated by Sym(f2) and
{h} U{gm : 0 < m < n}. Thus rank(Inj(£2) : Sym(£2)) < [{h} U {gm :
0<m<n}}=n+2.n

Proof of Theorem . (i) If [£2] = N, for some n € N, then, by Proposi-
tion rank(Inj(£2) : Sym(§2)) = n + 2. As the Sierpinski rank of Sym({2)
is 2 by Galvin [15], it follows by Lemma that the Sierpinski rank of
Inj(£2) is n + 4.

(ii) If |£2] > N, then there exist fo, f1,... € Inj(£2) such that |2\ 2f;]
= N; for all i € N. So, if U is any subset of Inj({2) such that fo, fi1,... € (U),
then, by (4.1]), for all i € N there exists g € U such that |2\ £2g| = X;. Thus
U is infinite. m

Let {2 be any infinite set, let f € Inj(§2) be such that [£2\ 2f] = 1, and
let

I={gemj(Q): |2\ 29| > No}.

It is straightforward to prove that Inj({2) is generated by U = Sym({2) U
TU{f}. Also, by (1)), I is an ideal of Inj(£2). Hence if g € Inj({2) is such
that |2\ 2g] < Xy and go, g1, ..., 9 € U are such that g = gog1 - - - gr, then
90,915 - -+, 9r € Sym(£2) U {f}. Therefore

(27 29| <[22\ 2go| + |2\ 22| +--- +[2\ Lg,| <7 + 1.

In particular, if m € N and [£2\ 2¢g| > m, then ¢ ¢ UUU?U---UU™.
Since Inj(£2)\ I contains elements g with |2\ £2¢g| arbitrarily large, it follows
that Inj(£2) does not have Bergman’s property, is not strongly distorted, and
does not have an infinite universal set of words.

Let 2 be an infinite set and let A be any infinite cardinal less than [£2|.
Then the Baer—Levi semigroup BL(§2,\) is defined by

BL(2,)) = {f € Inj(£2) : |2\ 2f] = A}.

THEOREM 4.3. Let §2 be an infinite set and let A be any infinite cardinal
less than |§2|. Then BL(£2,\) has infinite Sierpiriski rank.

Proof. Let 2, (21, ... be disjoint subsets of {2 with [£2;| = A for alli € N
and for all 7 € Nlet f; € BL({2, A) be any element with 2f; = 2\ £2;. Seeking
a contradiction, assume that there exists a finite subset ' C BL({2, A) such
that fo, f1,... € (F).

If g € F, then let

Ay ={i € N: (Qw e (F))(fi = wg)}.

By the pigeonhole principle, there exists g € F' such that A, is infinite.
In particular, there exist 4, j € N such that ¢ # j and f;, f; € Ay. Hence
2= 0f;UN2f; C (2g, a contradiction. m
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The injectivity of elements of BL({2, \) was not used to prove Theorem
[433] A similar argument can be used to prove that the Sierpinski rank of
{f € 29|02\ 2f] = A} is infinite. If S is a semigroup such that S\ S?
is infinite, then S has infinite Sierpinski rank. For example, if S = Inj(2) \
Sym({2), S = Surj(£2) \ Sym(£2), or S = {f € Inj(2) : 2f C 2\ X} for any
fixed ¥ C 2, then S\ S? is infinite and so these semigroups have infinite
Sierpinski rank.

The Schiitzenberger monoid on an infinite set {2 of regular cardinality is
defined as

Sch(2) = {f € 29 : |af | < |2| Yo € 02}.

THEOREM 4.4. Let §2 be an infinite set where |£2| is a regular cardinal.

Then Sch(S2) has Sierpiriski rank 2.

Proof. The proof has two steps. First, we show that any countable set of
elements of Sch(f2) can be generated by five elements of Sch((2), and then
that any finite number of elements can be generated by two.

STEP 1. Let fo, f1,... € Sch(§2) be arbitrary and let {2y, {21, ... be sets
partitioning {2 of cardinality |{2| each. We define five functions in Sch({2)
that generate fo, fi,.... Let go € 2% be a bijection from 2 to £2y, let g1 be
any extension of gy ' to an element of Sch(£2), let go be any function that
maps {2; bijectively to 2,11 for all ¢ € N, and let g3 be any extension of g, !
to an element of Sch({2).

Then gog? is a bijection from 2 to £2; and so (gogb) ! figogs is a function
from £2; to §2; for all i € N. The fifth required function g4 € 2%’ is defined by

o)

91 = J(909) ™" figogh.
i=0
As go is a bijection and fy € Sch(£2), it follows that
1294] > [2094] = |09 " fogol = 1£2fo] = |£2).

Furthermore, if o € £2, then there exists ¢ € N such that a € £2; and so
lagy | = |a((9095) " figogs) "' = la(gogs) "' fi  gogsl = [BF7] < €]
where 3 = a(gogy)™!, since gogs is a bijection and f; € Sch(f2). Hence

g4 € Sch(£2), as required.
To conclude, let @ € N and o € (2. Then, as g4g; is an extension of
(90g4) L, we have
agoghga(gs)' g1 = agogsga(gogs) ™" = agogs(g0g5) " figoga(gogs) " = afi.
Thus f; = gogsg4(gs)'gr and so fo, fi,... € (g0, 91, 92, 93, ga)-

STEP 2. Let fo, fi,..., fm € Sch({2) be arbitrary and let 2, {21,...,
2,41 be sets partitioning {2 of cardinality |{2| each. We will prove that there
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exist two functions in Sch({2) that generate fo, fi,..., fm. Let go € Sch(£2)
be any function that maps (2; bijectively to {241 for all 0 <7 <m — 1 and
that maps 2, U 2,41 bijectively to £2,,11. If h is any bijection from (2,41
to (2, then gé”“hgé is a bijection from (2 to (2; for all 0 < ¢ < m. The
second required function is the extension g; of h defined by

Oéh lf [ AS Qm+1’
agr = ,
N (gl hgl) ' fi ifa€ 2 and 0 <i < m.

To show that g; € Sch({2), note that
1201] = [2mr191] = [2mi1h] = [£20] = |£2].

Moreover, if o € §2g; is arbitrary, then ag; 1'is the union of wh~! and

the sets a((g5"  hgd) " f;)~" for all 0 < i < m. Note that any, but not

all, of the sets ah™! and a((g5" ' hgd) 1 f;)~' can be empty. Since h and

(g0t hgd) ™' f; are bijections and f; € Sch(2), it follows that |ah™!| = 1

and |o((g5 " hgd) " )7 = laf, | < |92] for all 0 < i < m. Thus ag; ' is a

finite union of sets of cardinality strictly less than |£2] and so |ag; '] < |£2|.
To finish the proof, let 0 < i < m be arbitrary and let o € 2. Then

gy hapgr = algg™ ha) (95 het) T fi = afie
Thus f; = g hghgr and so fo, f1, ..., fm € (g, h), as required. =

The set of bounded functions on the rationals is defined by

BSelf(Q) = {f € Q%: (I € Q)(Vg € Q)(|(9)f — ¢l < k)}.
THEOREM 4.5. BSelf(Q) has Sierpiriski rank 2.

Proof. The proof has two steps. First, we show that any countable set of
elements of BSelf(Q) can be generated by three elements of BSelf(Q), and
then that any finite number of elements can be generated by two. Through-
out the proof we denote {g € Q : a < ¢ < b} by [a,b).

STEP 1. Let fo, f1,... € BSelf(Q) be arbitrary and let 2,0, (2 1,... be
infinite sets partitioning the interval [i,7 + 1) for all ¢ € Z. It is straightfor-
ward to verify that BSelf(Q) is generated by those of its elements f satisfying
|(q)f —q| <1 forall ¢ € Q. Hence we may assume without loss of generality
that [(¢)f; —q| < 1 for all ¢ € Q and for all j € N. We define three functions
in BSelf(Q) that generate fo, f1,.... Let go : 2 — {2 be any function that
maps [i,7 + 1) bijectively to 2,0 for all i € Z and let g, : 2 — {2 be any
function that maps (2; ; bijectively to (2; j41 for all i € Z and for all j € N.
Then gfjgal is a bijection from (2;; to [i,i 4+ 1) for all i € Z and for all
J € N. The third function g2 is defined to be the union of the functions
(gog{)_lfj“i’iﬂ) for all i € Z and j € N. Since [i,i4 1)go = £2;0 C [i,7+ 1),
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[i,94+ 1)g1 = [i,1 4+ 1) \ £2;0, and [i,i + 1)g2 C [i — 1,7 + 2), it follows that
g0, 91,92 € Bself(Q)
Finally, for any ¢ € Q, there exists i € Z such that ¢q € [i,7 + 1). Hence

4909192 = 9091 (9091) " filipiv1) = af;
and so gog{gg = fj for all j € N.

STEP 2. Let fo, fi,..., fm € BSelf(Q) be arbitrary and let 2,9, 21, ...
-+ 82 41 be infinite sets partitioning [¢,4 4 1) for all ¢ € Z. We will prove
that there exist two elements of BSelf(Q) that generate fo, f1,..., fm. Let
go : £2 — {2 be any function that maps §2;; bijectively to §2; ;41 for all
0 <j <m—1 and that maps §2; ,, U §2; ;41 bijectively to §2;,,41 for all
1€ Z.

If h: Uicg 2ims1 — (2 maps £2; 1 bijectively to (2, for all i € Z,
then gS”thg is a bijection from [i,7 4+ 1) to §2;; for all i € Z and for all
j € N. The second required function g; is the extension of h defined by

qh‘ if q¢c Q’i,m+1> (AS Za
q91 = ; . . .
q(gg'”lhg(]))_lfj ifge2,;,1€Z,0<j<m.

We will show that g; € BSelf(Q). Let ¢ € Q be arbitrary. If ¢ € £2; 11 C
[i,9+ 1) for some i € Z, then qg1 € 250 C [i,4+ 1) and so |gg1 — ¢| < 1.
Since there are only finitely many functions f;, there exists k € N such that
lgfi —q| < Kk for all ¢ € Q and for all 0 < j < m. If ¢ € §2;; for some
i€ Zand 0 <j < m,then gg1 € [i,i+1)f; C[i —k,i+k+ 1) and so
g1 € BSelf(Q).

Finally, if ¢ € Q, then

290" g1gdar = a9y hgdar = agy T hgd (90T hgd) T = af;

for all 0 < j < m, as required. =»
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