FUNDAMENTA
MATHEMATICAE
223 (2013)

Extended Ramsey theory for words representing rationals
by

Vassiliki Farmaki and Andreas Koutsogiannis (Athens)

Abstract. Ramsey theory for words over a finite alphabet was unified in the work
of Carlson, who also presented a method to extend the theory to words over an infinite
alphabet, but subject to a fixed dominating principle. In the present work we establish an
extension of Carlson’s approach to countable ordinals and Schreier-type families develop-
ing an extended Ramsey theory for dominated words over a doubly infinite alphabet (in
fact for w-Z*-located words), and we apply this theory, exploiting the Budak-Igsik—Pym
representation of rational numbers, to obtain an analogous partition theory for the set of
rational numbers.

1. Introduction. We introduce (in Definition the notion of w-Z*-
located words (Z* = Z \ {0}) over an alphabet ¥ = {a,, : n € Z*} dom-
inated by a two-sided sequence k= (kn)nez+ of natural numbers: a word
W = Wy, ... wy, over X with domain {n; < --- < m} C Z* is w-Z*-located
iffor 1 <i <l wp, € {ou,..., o, }ifn; € Nand wy, € {a—y, ,...,a_1}if
—n; € N. The inspiration for this notion came from the representation of ra-
tional numbers introduced by T. Budak, N. Isik and J. Pym [BIP, Theorem
4.2], who proved that every rational number ¢ has a unique representation

as
q:iq i_‘_iq (_1)T+1T'
s=1 h (S + 1)' r=1 ' 7

where (gn)nezx € NU {0} with 0 < g_s < s for every s > 0,0 < ¢, <r
for every r > 0 and q_s = ¢, = 0 for all but finitely many r, s. So, the set
of non-zero rational numbers can be identified with the set of w-Z*-located
words over X' = {ay, : n € Z*}, where a_,, = o, = n for n € N, dominated
by the sequence (ky,)nez+, where k_,, = k, = n for n € N.

The entire infinitary Ramsey theory can be obtained for w-Z*-located
words; indeed, the classical Ramsey theory consisting of a partition the-
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orem for the family of m-tuples of w-Z*-located words with m a natural
number and a partition theorem for the family of infinite sequences of w-Z*-
located words considering suitable partition sets, as Borel sets with regard
to the product topology, is presented in Section 2 (Theorems and
respectively) and mainly follows from the fundamental work of Carlson [C]
(Theorem [2.3| below).

In Section 3, we extend the classical Ramsey theory to partitions in-
volving £-Schreier-type sequences of w-Z*-located words for every countable
ordinal £ (Deﬁnition, which constitute the natural transfinite analogues
of m-tuples of w-Z*-located words (with m a natural number). The basic
feature that distinguishes the families of &-Schreier-type sequences of w-Z*-
located words from each other is their complexity, as measured by a suit-
able Cantor-Bendixson type index introduced in Definition (Proposi-
tion. Thus Theorem a partition theorem for the family of £&-Schreier
sequences of w-Z*-located words for each countable ordinal £, extends The-
orem (corresponding to ordinal level £ = m, a natural number).

The main result of Section 3, and indeed of the paper, is Theorem [3.21
which on the one hand strengthens Theorem in case the set of all finite
sequences of variable w-Z*-located words is partitioned by a family F which
is a tree, and on the other hand implies a stronger countable ordinal form
of Theorem [2.5] in case the partition sets are clopen in the product topol-
ogy. More specifically, Theorem [3.5] provides no information on whether the
&-homogeneous family, for a countable ordinal £, falls in F or in its comple-
ment, while Theorem [3.21] provides such a criterion in terms of a suitable
Cantor-Bendixson type index of F: if this index is greater than £ + 1 then
the £&-homogeneous family falls in F, and if less than £ it falls in its comple-
ment.

The set of non-zero rational numbers with addition, using the representa-
tion given by Budak—Isik—Pym, can be identified with the set of w-Z*-located
words over X' = {a, : n € Z*}, where a_,, = a;,, = n for n € N, dominated
by the sequence (ky)nez+, where k_,, = k, = n for n € N, via the function
g: L(Z,k) = Q)\ {0} which sends a word w = ¢, ...q;, € L(X,k) to the
rational number

—t
gw)= Y qt((_;z), + Y@=,
tedom™ (w) tedom™ (w)
since g is one-to-one and onto and g(w; x wa) = g(wy) + g(ws) for every
wy <gr, wy € L(X U{0},k). Applying the results of Sections 2 and 3,
via the function g, to the rationals with addition, we obtain, in Section 4,
an analogous Ramsey theory for the rational numbers, starting from the
partition Theorem a strengthened van der Waerden theorem for the
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set of rational numbers. Analogous partition theorems can be obtained for
semigroups representable as w-Z*-located words.

NOTATION. Let N ={1,2,...} be the set of natural numbers, Z the set
of integers, Z= ={n € Z : n < 0}, Z* = Z \ {0} and Q the set of rational
numbers. For a non-empty set X we denote by [X]<“ the set of all finite
subsets of X and by [X]Sg the set of non-empty finite subsets of X.

2. Classical Ramsey theory for w-Z*-located words. The purpose
of this section is to introduce w-Z*-located words over an alphabet ) =
{o, : m € Z*} dominated by a two-sided sequence k = (ky)nez+ of natural
numbers (Definition and to develop the classical Ramsey theory for
such words. These results mainly follow from the partition Theorem for
w-located words (Definition proved by Carlson [C]. Let us start with
the necessary terminology and notation.

DEFINITION 2.1. Let ¥ = {a, : n € Z*} be an alphabet, k = (kn)nez- C
N a sequence such that k, < k41 and k_,, < k_(n+1) for every n € N, and let
v ¢ X be an entity which is called a variable. We will call these assumptions
“standard assumptions” throughout the paper.

An w-Z*-located word over X dominated by k is a function w from a non-
empty, finite subset F' of Z* into X' such that w(n) = w, € {a1,...,ax,}
for every n € FNN and w, € {a_g,,,...,a_1} for every n € FNZ".

A wvariable w-Z*-located word over X dominated by k is a function w
from a non-empty, finite subset F' of Z* into X' U {v} such that w(n) =
wy € {v,aq,...,ap,} for every n € FNN and wy, € {v,a_,,...,a_1} for
every n € FFNZ~, and there exist n; € F NN and ny € FFNZ~ such that
Wy, = Wy, = V.

So, the set L(X,k) of all (constant) w-Z*-located words over ¥ domi-
nated by k is
L(X,k)={w = Wpy .. Wy, 0 L € Nynyp < -+ < my € Z* and w,, €
{aa, oo ag, }ifng >0, wn, € {ag, ,...,a_1}ifn; <0 for
every 1 <i <[},
and the set of variable w-Z*-located words over X dominated by k is
LY, k;v) = {w = Wpy - Wy, L € Nynp < o < my € Z% wy, €
{v,a1,..., O[kni} it n; > 0, wy, € {v,a_kni,...,oz_l} if
n; < 0 for all 1 <4 <[ and there exist n1 < 0 < ny with
Wy, = Wn, = U}

We set L(X U {v}, k) = L(X, k) U L(X, k; v).
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For w = wy, ... wy, € L(X U {v}, k) the set dom(w) = {ny < --- < n;}
is the domain of w. Let dom™ (w) = {n € dom(w) : n < 0} and dom™ (w) =
{n € dom(w) : n > 0}.

For w = wy, ... Wy, , ¥ = U, ... Uy, € L(X U {v}, k) with dom(w) N
dom(u) = () we define their concatenation located on the union of the do-
mains of w, u as

WH U= 2Zgy - 2g,,, € L(X U {v}, k),
where {¢1 < -+ < ¢41} = dom(w) U dom(u), z; = w; if i € dom(w) and
zi = u; if i € dom(u).

We endow the set L(X U {v}, k) with a relation <p, by defining for
w,u € L(XU{v}, k),

w<pg, u < dom(u) = A; UAy with Ay, A # 0 such that
max A; < mindom(w) < maxdom(w) < min As.
We define
L®(X, k5 0) = {(wp)nen C L(X, k;v) : wn <g, wpe for every n € N}.

For m € N we set

L™(X,k;0) = {(w1, ..., wm) w1 <p, -+ <R, Wm € L(Z,k;v)}.
For every (p,q) € Nx NU{(0,0)} we define the functions

T : L(ZU{v}, k) = L(Z U {v}, k)

p.q

setting, for w = wy, ... wy, € L(Z U {v}, k), T{0,0)(w) = w and, for (p,q) €
N x N, T(, o) (w) = tp, ... up,, where, for 1 <i <1,

W, if wy,, € X,
ap if wy, =v,n; >0and p <k,,
Up; = U, L wn, =v,n; >0and p> ky,

g if wy,, =v, n; <0 and q < k,,,

Of,, Hwy, =v,n; <0and g > ky,.
We remark that for every (p,q) € NxNU{(0,0)} we have dom(7(, 4 (w))
dom(w) for w € L(XU{v}, k), T( ¢ (w) = w for w € L(X, k) and T{;, o) (wxu
=Tipg) (w)*T(Pﬂ)(u) for every w, u € .E(EU{U}, k) with dom(w)Ndom(u)
0. Also, T(,¢)(L(X U {v}, k) € L(X, k) for every (p,q) € N x N.

~—

Extracted w-Z*-located words, extractions. Let X', v and k satisfy
the standard assumptions. We fix a sequence W = (wp)nen € L(X, E; v).

An extracted variable w-Z*-located word of 10 is a variable w-Z*-located
word u € L(X, k;v) such that

U= T(p1,q1)(wn1) ol *T(PMQA)(wnx)?
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where A\ € N, ng <--- <ny €N, (pi,q) € NxNU{(0,0)} with 0 < p; < ky,,
0<¢q <k_p, forevery 1 <i < X and (0,0) € {(p1,91),---,(Pr,qr)}. The
set of extracted variable w-Z*-located words of @ is denoted by EV ().

An extracted w-Z*-located word of @ is an w-Z*-located word z € L(X, k)
with

2= Tipy gy (Wny) * - K Ty g3) (Wny ),

where A € N, ny < --- <ny € Nand (p;,¢;) € Nx N with 1 < p; < k,,,
1 <¢ <k_y, for every 1 <1i < A. The set of extracted w-Z*-located words
of @ is denoted by E(w). Let

EV™ (@) = {@ = (un)nen € L(Z, k;0) 1 up € EV() for every n € N},
For m € N we set

EV" (@) = {(u1, ... um) 1 u1 <g, -+ <p, Um € EV(@)}.

is an extraction of W and we write

If u e ﬁfoo(u?), then we say that « is
k;v) we have @ < o if and only if

U

i < w. Notice that for i, 4 € EOO(E,
EV (@) C EV ().

DEFINITION 2.2. Let ¥={a, : n € N} be an alphabet, k& = (k;,)nen CN

a sequence such that k, < kj1 for every n € N and let v ¢ X' be a variable.

An w-located word over the alphabet Y dominated by k is a function

w from a non-empty, finite subset F' of N into X' such that w(n) = w, €
{ai,..., a4, } for every n € F.

A wvariable w-located word over X dominated by k is a function w from
a non-empty, finite subset F' of N into X' U {v} such that w(n) = w, €
{v,01,...,q,} for every n € F and there exists n; € F such that w,, = v.

So, the set of w-located words over X' dominated by k is
L(X,K) ={w=wy, ... wp, : lEN, Ny <---<n €N,
wy, € {ax,...,ay, } for every 1 <i <1},
and the set of variable w-located words over X' dominated by k respectively,
is

L(X,k;v) = {w = Wpy .. Wy, : L € Nynp < - < np € N, w, €
{v,al,...,akni} for every 1 < ¢ < [ and there exists
1 <4 <1 with w,, =v}.

Let L(X U {v}, k) = L(X,k) U L(X, k; v).
For w,u € L(X U {v}, k) we write

w <pg, u < maxdom(w) < mindom(u).
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We define
L®(Z, k;v) = {(wp)nen € L(X, k;v) : wp <g, wpy1 for every n € N}.
For every p € NU {0} we define the functions

T, : L(X U {v}, k) = L(X U {v}, k)

setting for w = wy, ... wy, € L(X U {v},k): To(w) = w and, for p € N,
Tp(w) = Up, ... Up,, Where, for 1 < i <[, up, = wy, if wy, € X, uy, = o if
wp, = v and p < k,, and finally, u,, = . if wy, =v and p > ky,.

Let @ = (wp)nen € L°(X, k;v). The set EV(@) of extracted variable
w-located words of W consists of all words of the form

Tpl (wnl) L *TPA (wn)\)’

where A € Ny ny < --- <ny €Nand py,...,pn € NU{0} such that 0 < p;
< kp, forevery 1 <i < Xand 0 € {p1,...,pxr}, and the set E () of extracted
w-located words of W consists of all words of the form T}, (wy, )*- - -*Tp, (wn, ),
where A € N, ny <--- <ny € Nand py,...,py € Nsuch that 1 <p; <k,
for every 1 <i < \. Let

EV® (@) = {# = (tn)nen € L2(Z,k;0) : u, € EV(i) for every n € N}.

If 4 € EV® (@), then we say that « is an extraction of W and we write
@ < w. Notice that @ < & if and only if EV(4) C EV ().

With the previous terminology we can state the following fundamen-
tal partition theorem of Carlson for infinite sequences of variable w-located
words, which is a corollary of the much stronger Theorem 15 of [C]. Ac-
cording to the latter, the partition families Ay,..., A,, referred to in the
statement of Theorem below, can be members of a wider class of sets,
but we restrict to the class of Borel sets, since it is a sufficiently large,
universally understood class.

THEOREM 2.3 (Carlson, [C]). Let X' = {ay, : n € N} be an infinite count-
able alphabet, v ¢ X a variable, k= (kn)nen € N an increasing sequence
and v € N. If L®(X,k;v) = Ay U--- U A, where A; is a Borel set (with
regard to the product topology on sequences of elements of L(X, E; v), where
L(X, E; v) has the discrete topology) for all i = 1,...,r, then there exists a
sequence T = (wy)nen € L(X,k;0) and 1 < ig < r such that

EVOO(ZU) S Aio-

For the sake of completeness, we will state the following partition theo-
rem for variable w-located words. It follows from the stronger Theorem
but it can also be proved independently either similarly to Lemma 5.9 in [C],
as indicated in [C], or as Theorem 1.4 in [F4].
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THEOREM 2.4 (Carlson, [C]). Let ¥ = {a, : n € N} be an infinite count-
able alphabet, v ¢ X a variable, k= (kn)nen € N an increasing sequence
and r,s € N, IfL(E,E;U) = A U---UA, and L(E,E) =CLU---UC,
then there ewists a sequence @ = (wn)nen € L™(X, k;v) and 1 < i <,
1 < jo < s such that

EV(’(E) € Aio and E(ZU) S CJO'

Now we will prove a partition theorem for infinite sequences of variable
w-Z*-located words using Theorem [2.3]

THEOREM 2.5. Let X', v and k satisfy the _standard assumptions and let
W = (Wp)nen € L®(5, k; v) reN. If L®(X, k;v) = AjU---UA,, where A;
is a Borel set (with regard to the product topology on sequences of elements
of L(X, k;v), where L(X, k;v) has the discrete topology) for alli=1,...,r,
then there exists an extraction @ = (up)nen of W and 1 <ig < r such that

EV™ (@) C Ay,

Proof. We will order the set N x N. For (p,q) € N x N we set i(p, q)
equal to the least n € N such that p < k,, and ¢ < k_,; then we define
the order <, of N x N so that (p1,q1) <« (p2,q2) if and only if either

i(p1,q1) < i(p2,q2) or both i(p1,q1) = i(p2,q2) and (p1,q1) is less than
(p2,q2) in the lexicographical ordering (i.e. either p; < p2 or both p; = po

and q1 < q2). B

Let NxN = {8 <, B2 <« --- } and let I = (I,)neny C N be the increasing
sequence such that 8, = (kn,k_n). We set & = {8, : n € N} and we
consider the function h : L(X,l:v) — EV(&) which sends ty, coitp, €
L(X,:v) to

h(tm - 'tn)\) = T(phql)(wm) Kok T(pA,qA)(wn)\)y

where for 1 < i < X, (pi,q) = (0,0) if ¢, = v and (pi, q;) = (p1, p2) if
tn; = By = (11, p2). The function h is one-to-one and onto EV ().

Now, we define an extension h of h to LOO(S’, l_: v) setting

B L¥(5, o) - BV (@) with  B((tn)nen) = (h(tn))nen

for every (tn)nen € L°(X,l;v). Note that h is a homeomorphism with
respect to the product topologies. B

By Theorem there exist a sequence § = (Sp)nen € LOO(E,Z_SU) and
1 < ig < r such that EV>®(5) C (h)~!(A;,). Set u, = h(s,) € EV(QE) for
every n € N and @ = (un)nen. Then @ = (un)nen < @ and EV' (@) C
h(EV>®(3)) C Ajy. =

Theorem [2.5]implies the following partition theorem for ordered m-tuples
of variable w-Z*-located words for every natural number m.
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THEOREM 2.6. Let X, v and k satisfy the standard assumptions and let
W = (Wp)neny € L2(X, k;v) and rym € N. If L'™(X, k;v) = C1U--- UGy,
then there exists an extraction U@ = (up)nen of W and 1 < iy < r such that

EV" (@) C C;,.

Proof. Set A; = {(zn)nen € L®(Z,kiv) : (21,...,2m) € Ci} for i =
1,...,r. Then L (X, k;v) = AyU---UA,, and Ay,..., A, are Borel subsets
of L°°(X, k;v). The conclusion follows from Theorem .

REMARK 2.7. 1) The initial case (m = 1) of Theorem [2.6] has a proof
independent of Theorem [2.5 2.5 applying Theorem [2.4] via the function A :
L(X,lv) — EV( U) defined in the proof of Theor
2) Theorem [2 E 2.6| can be proved by induction from its initial case m = 1,
using Lemma as in the proof of Theorem
3) Theorems and imply the analogous partition theorems for
constant w-Z*-located words.

3. Ramsey-theoretic results involving Schreier systems for w-
Z*-located words. The starting point of this section is Theorem an
extended Ramsey-type partition theorem (|R]) for variable w-Z*-located
words over an alphabet X' = {a, : n € Z*}, dominated by a sequence
k= (kn)nez+ € N. It is an extension to every countable order £ of Theo-
rem corresponding to the case & = m, a natural number. As a conse-
quence of Theorem we can get an extended (to every countable order)
Ramsey-type partition theorem for w-located words (see Corollary .

The main result of this section is Theorem It is a strengthening
of Theorem in case the partition family F is a tree, providing a crite-
rion, in terms of a Cantor-Bendixson type index for F, to decide whether
the &- homogeneous family falls into F or into its complement. We note, in
Theorem [3.24] and Remark [3.25 that Theorem [3.21] can be considered as a
strengthenlng of the particular case of Theorem [2.5 2.5 in which the partition
families of LOO(E k; ;v) are clopen in the product topology.

The vehicle for proving these extended Ramsey type partition Theorems
and u is the Schreier systems (L¢(X, k’))£<w1 and (LS(X, k; $V))e<uwn s
con51st1ng of all families of finite orderly sequences of (constant and variable
respectively) w-Z*-located words over the alphabet X', dominated by the
sequence k (given in Definition . Instrumental for this definition are the
Schreier sets A¢, consisting of finite subsets of N, which are defined below in
Definition (employing in case (3iii) the Cantor normal form of ordinals;
cf. [KM], [L]). Schreier sets were systematically studied in [F'1] and [E3].

NOTATION. For s1,s9 € [N];‘a’ we write s1 < s9 < max s; < min So.
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DEFINITION 3.1 (The Schreier systems, [E'1, Def. 7], [F2, Def. 1.5], [E'3]
Def. 1.4]). For every non-zero, countable, limit ordinal A choose a strictly
increasing sequence (\,)neny Of successor ordinals smaller than A with
sup,, A, = A (i.e. X is the least ordinal such that A\, < X for all n € N).
The system (Ag)e<y, is defined recursively as follows:

(1) Ag = {0} and A; = {{n} : n € N};
(2) Acq1 = {s € [N]iff : s = {n} Usj, where n € N, {n} < s; and

s1 € Achs
(3) Auonr — {5 € NS+ 5 = U, si, where n = minsy, 51 < -+ < s,
and s1,...,8, € A, s};

(3ii) for a non-zero, countable limit ordinal A, A = {s € [N]S§ : s €
A, with n = mins};

(3iii) for a limit ordinal ¢ such that w® < & < w®™! for some 0 < a < wy,
if &€ = w4+ >0, whp;, where m € N with m > 0, p,p1,...,Pm
are natural numbers with p,p1,...,pm > 1 (so that either p > 1,
orp=1and m >1) and a,ay,...,a, are ordinals with a > a; >
<oo > apy, > 0, then

As ={s € [N]S§ : s = so U si with s, < -+ < 51 < 80,80 =
s(l)U~~U88 with s?<~-<52 € Aga, and s;=s5! U--~Us§,i
with 8] < --- < s;)i € Aya; for every 1 <i < m}.
The Schreier systems are special systems of Ramsey families defined
in [F3].
A system of Ramsey families is a collection A = (A¢)¢<., of finite subsets
of N defined recursively, by fixing for every non-zero, limit countable ordinal

¢ a strictly increasing sequence of successor ordinals smaller than £ with
sup,, &, = &, as follows:

Ag={0} and A} ={{n}:neN};
for every countable ordinal ¢,
Acr1 ={s € [N : s = {n} Usy, where n € N, {n} < s1 and s1 € A¢};
and for every non-zero, limit countable ordinal &,
Ae = {s € [N]S§ : s € Ag, with n = min s},

With suitable choices of sequences (&, )nen for each countable, non-zero limit
ordinal £ one can define interesting systems of Ramsey families. The Schreier
systems are the simplest systems of Ramsey families defined by employing
the Cantor normal form of countable ordinals. We note that although a
Schreier system is a purely combinatorial entity, it nevertheless arose grad-
ually in connection with the theory of Banach spaces (more details can be
found in the introduction of [FN2]).
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We point out that the results in this section can be stated for systems
of Ramsey families instead of Schreier systems and also that they do not
depend on the particular choice of the converging sequences, as the com-
plexity of the family Ag¢, as measured by its Cantor-Bendixson index, is
independent of the particular choice of the converging sequences.

We will now define the Schreier systems of w-Z*-located words.

NOTATION. Let X, v and k satisfy the standard assumptions (see Defi-
nition [2.1)). We define the finite orderly sequences of w-Z*-located words over

2] dominated by k as follows:
L2 k) ={w = (w1,...,w) : l €N, w1 <pg, --- <p, w; € L(X,k)}U{0},
L2, kv) = {w = (wi, ..., w) :
leN, wy <g, - <p, w € L(X,k;v)} U {0},
L<®(x U {vl, k) = L<°(2, k) U L<®(X, k; v).
DEFINITION 3.2 (Schreier systems (L$(X, E))§<w1 and (L&(X, k; U))e<wr )-

We define N N
LY k) = {0} = L&, kv), - €211,
and for every countable ordinal
55(27 E) = {(wla s 7wl) € Z<OO(27 E) :
{mindom™ (w1),..., mindom™ (w;)} € A¢},
LE(X, ks v) = {(wy, ..., w) € LS°(X, ks v) :
{mindom™ (wy),...,mindom™ (w;)} € A¢}.
REMARK 3.3.
(i) @%LE(Z v) for every £ > 1.
(i) I™(2,Fiv) = {(wn,. . wm) 2 wn <gy e <my wm € LT, F0)}
for m QN B .
(i) LY( X, k;v) = {(w1,...,wy) € L<°(X, k;v) : n € N, and
mindom™ (w;) = n}. N N
(iv) Alternatively we could define the sets L5(X, k), L&(X, k;v) via the

negative part of the domain of words as follows:

LE(2, k) = {(wr, ..., w) € L<°(2Z, k) :

{lmax dom™ (w1)|, ..., |maxdom™ (w;)|} € A¢},
L8(2, k;v) = {(wi, ..., wy) € L<%°(2, kyv) -
{lmax dom™ (w1)|, ..., |maxdom™ (w;)|} € A¢}.

The following proposition justifies the recursiveness of (L(X, E))£<wl
and (E4(5, F;0))econ.
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For a family F C L<®°(X U {v},k) and t € L(X U {v}, k), we set
F(t) = {w € L<°(X U {v}, k) : either w = (wy, ..., w;) # 0 and
(t,w,...,w;) € F, oo w=0and (t) € F},
F —t={w e F:either w = (wy,...,w;) # 0 and t <p, wi, or w = 0}.
PROPOSITION 3.4. Let X, v and k satisfy the standard assumptions. For
each countable ordinal € > 1, there exists a sequence (§n)n§N of countable
ordinals with &, < & such that for s € L(X,k) and t € L(X, k;v), with
mindom™ (s) = mindom™ (¢) = n, we have
L8(2,k)(s) = L&(Z,k) N (L5(Z,F) — 9),
LE(2, ks 0)(t) = L& (2, k;v) N (L°(X, ks v) — t).
Moreover, &, = (¢ for everyn € N if E =+ 1, and (&n)nen 1S a strictly
increasing sequence with sup,, &, = & if € is a limit ordinal.

Proof. This follows from Theorem 1.6 in [F3], according to which for
each countable ordinal £ > 0 there exists a sequence (&,)nen of countable
ordinals with &, < § such that A¢(n) = Ae, N[{n+1,n+2,...}]<* for every
n € N, where A¢(n) = {s € [N]|<¥ : s € [N]S{,n < mins and {n}Us e A¢
or s = () and {n} € A¢}. Moreover, &, = ( for every n € N if £ = (+ 1,
and (&,)nen is a strictly increasing sequence with sup,, &, = £ if £ is a limit
ordinal. m

To state the following Ramsey type partition theorem for Schreier fam-
ilies of variable w-Z*-located words, we need the following notation:

Notation. Let X, v and k satisty the standard assumptions. For @ =

—

(Wn)nen € L™ (Z,k,v), = (w1, ...,w) €L<®(X, k;v) and t€ L(X, k; v),
we set:
A T <oo I
EV (W) ={u=(uy,...,u) € L>(X, k;v) :
lEN, u,...,u € BV(@)} U {0},
EV(W) = {T(py g0 (Wny) % -+ % Tipy gy (Wny) € L(Z,k0) 1 < my <
- < ny < land (p,q) € (NxN)U{(0,0)} with 0 <
pi < kn,, 0 <¢q < k_p, for every 1 <4i < X and (0,0) €
{(p17Q1)7 ey (p)\uq)\)}}7 and

<oo

EV " (w) ={u=(u1,...,u) € L<®°(X, k;v) :
leN,up,...,u € EV(w)}U{0}.
Observe that the set ET\?( ) is finite. Also, we set
W—t = (wp)p>1 € L™(X, k;v), where | = min{n € N: t <p, wy},
w—

—’LU—’LUl,
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(Wn,...,wy) formn=min{l <i<Il:t<p, w},
w—t= if {1<i<l:t<pg, wi}#0,
0 otherwise.

THEOREM 3.5 (Ramsey type partition theorem for Schreier families of
variable w-Z*-located words). Let X, v and k satisfy the standard assump-
tions. For every countable ordinal £ > 1, every family F C L<°°(Z k; ;)
and every infinite orderly sequence W € LOO(Z k v) of variable w-Z*-located
words there exists a variable extraction @ < W of W such that: either

o LE(X, ki) ﬁﬁ/Qo(ﬁ) CF, or

o LE(3, k:v) NEV-"(@) € L<%(2, k;v) \ F.

This theorem can be deduced from the stronger Theorem as the
partition family F of L<°°(X, k;v) can be extended to a partition family
Ay of L>®(X, k;v) which is clopen (and consequently Borel) in the product
topology. But, in view of Proposition on the recursiveness of a Schreier
system, we provide for completeness a proof by induction, starting from
the initial case (m = 1) of Theorem which, as we have mentioned (in
Remark [2.7), has a proof independent of Theorem

In the proof of this partition theorem we will make use of a diagonal
argument, contained in the following lemma.

LEMMA 3.6. L_qt X, v and k satisfy the standard assumptions, W =
(Wn)nen € L®(X, k;v), and

II={(t,3):teL(X kv), 5= (sp)nen € L®(X, k;v)

—

with § < W and t <g, s1}.
If a subset R of II satisfies

(i) for every (t,5) € II, there exists (t,51) € R with §1 < §;
(ii) for every (t,s) € R and §1 < §, we have (t,51) € R,

then there exists @@ < @ such that (t,5) € R for all t € EV(@) and § < @ —t.

Proof. Let ug = wy. By (i), there exists § = (s)nen € L®(X, k;v)
with § < @ — ug such that (ug,51) € R. Let u1 = s}. Then uy <g, uy
and ug,u; € ﬁ/(u')') We now assume that 31,...,5, € E‘X’(Z‘, E; v) and
UQ, UL, - -« 5 Uy € ﬁ/(iﬁ) have been constructed with §, < --- < &) < 0,
ug <g, U1 <RB, -+ <R, Un and (¢,5;) € R for all t € ﬁ/((uo,...,ui_l)) and
1< <n.

We will construct 8,41 and wup41. Let {t1,...,4} = ﬁ/((uo, cey Up)).
By (i), there exist 51, ,,...,5. , € L>®(X, k;v) such that Sy < .0 <
§%+1 < 8, — uy and (ti,g,iﬂ) € R for every 1 < i <. Set §,41 = §fl+1. If
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Spa1 = (8% ) men, set upp1 = s’f“. Of course uy, <g, Up+t1, Unt1 € E{/(w)
and, by (ii), (ti, Sp+1) € R forall 1 <i <.

Set 4 = (ug,uy,us,...) € EOO(E,E;U). Then 4 < W, since uy <pg, w1
<R, - € ET\?(@) Let t € ﬁf(ﬁ) and § < 4 —t. Set ng = min{n € N :
t € EV((uo,ui,...,un))}. Since t € EV((ug,u1,. .., un,)), it follows that
(t,Sno+1) € R. Then, by (ii), we have (¢, 4 —uy,) € R, since 4 —up, < Sny+1,
and also (t,5) € R, since § < U —Up, =U—1. m

Proof of Theorem Let F C L<°°(X,k;v) and @ € L>®(X,k;v).
For £ = 1 the conclusion is valid, according to Theorem Let £ > 1.
Assume that the conclusion holds for every ¢ < . Let t € L(X, k;v) with
mindom™ (t) = n and 5= (sp)pen € L®(X, k;0) with § < @ and t <g, s1.
According to Proposition there exists &, < & such that

LE(Z, k5 0)(t) = L5 (2, k;0) N (L5°( 2, ks 0) — t).
Using the induction hypothesis, there exists 5] < § such that either

o L& (2, k) NEV - "(5) C F(t), or

o L& (X, K;0)NEV " (51) C L<®(Z, & v) \ F(b).
Then §; < § < o, and either

o IE(Z,E;0) (1) NEV " (5)

o LE(Z,k:0)(t) NEV - (8)
Let

Ri={(t,8) 1t € L(X,k;v), § = ($n)nen € L¥(X,k;0),5 < 0, t <p, s1,

and either LE(X, k;v)(t) NEV " (5) C F(t), or LE(Z, k:v)(t) N

EV-7(8) C L2, k) \ F(1)).

The family R; satisfies the conditions (i) (by the above arguments) and
(ii) (obviously) of Lemma Hence, there exists 1 = (w})pen < W such

that (¢,5) € Ry for all t € EV(w;) and § < W — t.
Let

Fi={t € EV(dh) : L8, k;0)(t) NEV " (@ — t) C F(b)}.

We use the induction hypothesis for £ = 1 (Theorem [2.5)). There exists a
variable extraction @ < ) of wp such that

cither EV (@) C F, or EV(@) C L(X, k;v) \ Fu.

Since @ < w; we have ﬁf(ﬁ) C ﬁf(wl). Thus either

F(t), or

-
C L<®°(X,k;v) \ F(t).

o LE(X,E0)(t) NEV (7 —t) C F(t) for all t € EV(@), or
o LE(S,k:0) () NEV " (@ —t) C L<°(3, k;v) \ F(¢t) for all t € EV ().
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Hence, either

o L8(X, k;v) ﬂﬁ/<oo(ﬁ) CF, or

o I8(X, k;0) NEV™"(@) C L<°(X, k;v) \ F. =

REMARK 3.7. (1) The particular case £ = m € N of Theorem coin-
cides with Theorem 2.6 N

(2) In the case { = w, Theorem takes the form: if L<%°(X k;v) =
AU ---UA,, r € Nand @ € L®(X, k;v), then there exists an extraction
@ < @ of W and 1 < ig < r such that the set {(z1,...,2n) € L<°(X k;v)) -
n € N,mindom™(z1) =n and z1,. .., 2, € EV(@)} is contained in A;,.

(3) In analogy to Theorem [3.5) E one can prove a Ramsey type partition
theorem for Schreier families of (constant) w-Z*-located words.

As a consequence of Theorem we will prove a Ramsey type partition
theorem for Schreier families of variable w-located words.

NOTATION. Let X = {ai,a2,...} be an infinite countable alphabet,
v ¢ X a variable and k = (k,)neny € N an increasing sequence. We define
the finite orderly sequences of variable w-located words over X' dominated
by k as follows:
L<(X k;0) = {w = (w1, ..., w) :
leN, wy <Ry " <Ry W] € L(E,E; U)} U {(Z)}
For every countable ordinal £ > 1, we set
LE(X, ks v) = {(wy, ..., w) € L<°(X, ks v) :
{mindom(w),...,mindom(w;)} € A¢}.

For @ = (wy)nen € L(X, k; v) we set

EV<®(#) = {u= (uy,...,w) € L%, k;v) :
leN,up,...,u € EV(w)} U{0}.
COROLLARY 3.8 (Ramsey type partition theorem for Schreier families
of variable w-located words). Let X = {a1,aq,...} be an infinite countable
alphabet, v ¢ X a variable, k= (kn)neny € N an increasing sequence and
& > 1 a countable ordinal. For a partition family F C L<°°(E,E; v) and
W € L®(X, k;v), there exists an extraction @ < @ of & such that either

o LY(X,k;v) NEV<®(@) C F, or
o L5(X,k;v) NEV<®(@) C L<™(X, k;v) \ F.

Proof. We set Y = {ap, : n € Z*}’~k* = L%n)neZ* C N and W, =
(Wn)neN € LOO(E k:*, v), where a_,, = ap, k—p, = ky, = ky and w,, = v_p*wy,
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for every n € N. Let ¢ : L(X, ky;v) — L(X, k;v) with P(wn, - wnl) =
Wy, - .. Wy, where n;, = mindom™ (wy, ... wy,) and @ : L<®(X, ky;v) —
L=<°°( X, k; v) with G(ui, ..., ) = (p(u1), ..., ¢(u)). Then we apply Theo-
rem for the family »~!(F) and the sequence . =

In order to prove Theorem [3.21] a strengthening of Theorem [3.5in case
the partition family F is a tree, we will prove three basic properties of the
Schreier families of variable w-Z*-located words (Propositions and

below).

Let us start with the necessary notations and definitions.

DEFINITION 3.9. Let X, v and k satisfy the standard assumptions and
F C L<®(X, k;v).
(i) F is thin if there are no w,u € F with w oc u and w # u.
(i) F* = {w € L<®(X, k;v) : w  u for some u € F} U {0}.
(iii) F is a tree if F* = F.
(iv) Fo={we L<®(X, k) :w e ﬁ/<m(u) for some u € F} U {0}.
(v) F is hereditary if F, = F.

PROPOSITION 3.10. Let X, v and k satisfy the standard assumptions.
Every family LS(X, k;v) for € < wy is thin.

Proof. This follows from the fact that the families A¢ are thin (cf. [E3])
(which means that if s, € A¢ and s oct, then s =1¢). =

ProrosiTION 3.11. Let X, v and k satisfy the standard assumptions
and £ > 1 be a countable ordinal. Then

(i) every infinite orderly sequence § = (Sn)neN € L>®(X, k;v) has canon-
ical representation with respect to LE(X, k; v), which means that there
exists a unique strictly increasing sequence (My)nen in N so that

(1, -+ 8my) € LS(X,k;0) and (Sm,_,41,---,5m,) € LE(X, k;v) for
everyn > 1;

(ii) every non-empty finite orderly sequence s=(s1,...,Sk) € E<°°(2, k; V)
has canonical representation with respect to EE(Z, E; v), so eithers €
(LE(X, k;v))*\LE(X, k; v) or there exist uniquen € N and my, . .., my
e N with mq < -+ <m, <k such that either

(S1y- s 8my)se s (Smy 1415+ Smy) € LS(X, k;0)  and  m,, = k,

or

(S1y-vySmy)sevs (Smpy 1415+ Sm,) € EE(E, E; v),
(Smpt1s---»56) € (LS, k;0))*\ LE(Z, ks ).
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Proof. This follows from the fact that every non-empty increasing se-
quence (finite or infinite) in N has canonical representation with respect

to Ag¢ (cf. [E3]) and that the family L&(X, k;v) is thin (Proposition . .

Now, using Proposition [3.11] we can give an alternative description of the
second horn of the dichotomy described in Theorem in case the partition
family is a tree.

PROPOSITION 3.12. Let X, v and k sat_z;sfy the standard assumptions,
& > 1 a countable ordinal and F C L<°(X, k;v) be a tree. Then

L8(2,k:0) NEV (@) € L<°(2, ki v) \ F
& FOAEV- (@) C (Z5(Z, B 0)* \ L8(Z, ks v).

Proof. Suppose LE(X, k;v) N ﬁ/<oo(ﬁ) C L<°(Z,k;v) \ F and s =
(s$1,...,8K) € FN ﬁf<oo(ﬁ). Then s has canonical representation with re-
spect to L8(X, k;v) (Proposition [3.11)), hence either s € (L8(X, k;v))* \
L5(X, k;v), as required, or there exists s; € L(X, k;v) such that s; o s.
The second case is impossible. Indeed, since F is a tree and s € F| ﬂEV<OO(1Z),
we have s; € ]:ﬂEV<OO(ﬂ’) NLS(X, k;v), a contradiction to our assumption.

—— <00 ~ — ~ -
Hence FNEV (@) C (L8(X, k;v))* \ LE(X, k;v). =

DEFINITION 3.13. Let X, v and k satisty the standard assumptions.
Identifying every s € L<O°(E k;v) and every § € L>(X, k;v) with their
characteristic functions z,) € {0, 1}L TEv) and Tr(z) € {0 1}L TEw) pe-
spectively (where r(s) = {si1,...,8%} is the range of s = (s1,...,8K) €
L=>°(X k;v), r(8) = {s, : n € N} is the range of § = (s, )nen € L®(X, k;v)
and r(0) = (), we say that a family F C L<®°(X, k;v) is pointwise closed
if the family {z,) : s € F} is closed in the product topology (equiva-
lently, the pointwise convergence topology) of {0, 1}L(E kv) and by analogy
a family U C L>*(X, k;v) is pointwise closed if {x,(z) : § € U} is closed in
{0, 1}L(3k:0) with the product topology.

ProposITION 3.14. Let X, v and k satisfy the standard assumptions.

(i) If F C E<°°(Z,E; v) is a tree, then F is pointwise closed if and
only if there does not exist an infinite sequence (sp)nen in F such
that s, X Sp+1 and sy, # Sp+1 for alln € N.
(i) If F C E<°°(Z, /3;1}) is hereditary, then F is pointwise closed if and
only if there does not exist § € L (X, k;v) such that ﬁ/<oo(§) C F.
(iii) The hereditary family (L(X, k; v) ﬁﬁ/<oo(ﬁ))* is pointwise closed
for every countable ordinal & and U € Z"O(E, k; v).
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Proof. (i) follows from the fact that ﬁ/<oo(s) is finite for every s €
L<%°(X k;v), and (ii) follows from (i). The statement (iii) can be proved
by induction on ¢, using (ii). The main idea of the proof is that given
§ = (sn)nen € L¥(Z,E;0) with EV-"(5) € (L4(2, k:0) N EV-"(@))s,
then, according to the pigeonhole principle, there exists k& < mindom™(sq)
such that (s2,...,sn) € (L& (X, k;v) N EV<OO(1_[))* for every n € N (using
Proposition . n

Let 5 € EOO(Z , E;U). For a hereditary and pointwise closed family F C
L=°(X, k;v) we will define the strong Cantor-Bendixson index sOz(F) of
F with respect to §.

DEFINITION 3.15. Let X, v and E_)satisfy the standard assumptions,
§e L®(X k;v) and let F C L<°(X, k;v) be a hereditary and pointwise
closed family. For every £ < w; we define the families (F )é, inductively as
follows: We define (F)2 = F. For every w = (w1,...,w;) € F N ENV<OO(§’)
we set

Aw={t €EV(3) : (w1,...,w,t) ¢ F}, Ay={tcEV(3):(t) ¢ F}.

We define

(F)l={weFNEV " (5)U{0}:
Ay does not contain an infinite orderly sequence}.

It is easy to verify that (F )§ is hereditary, hence it is pointwise closed since
F is pointwise closed (Proposition [3.14). So, we can define for every & > 1
the &-derivatives of F recursively as follows:

(PSS = ((FYL forall ¢ < wy,

(]-”)g = ﬂ (.7-")? for £ a limit ordinal.
B<g
The strong Cantor-Bendizson index sOg(F) of F on § is the smallest
countable ordinal £ such that (F )5 = (.

REMARK 3.16. Let § € LOO(E k; ;v) and let F, R C z<°°(E,E; v) be
non-empty, hereditary and pointwise closed families.

(i) sOz(F) is a countable successor ordinal less than or equal to the

“usual” Cantor-Bendixson index O(F) of F into {0, I}Z(Z’E;“) (ct.

(ii) sOz(F N EV® (§)) =
(i) sOz(F) < s0z(R) f]:
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(iv) If i = (tp)nen € L®(X,k;v) with (fggn)nen < & for some k €
NU {0} and w € (.7:)2, then for every wy € ﬁ/@o(f) such that
wi € ﬁf<oo(w) we have wi € (.7:)?

(v) If 51 < &, then sOg (F) > sOg(F), according to (iv).

(vi) If 7(51) \ 7(5) is a finite set, then sOg, (F) > sOz(F).

In Proposition [3.1§ below, we will prove that the corresponding strong

Cantor—Bendixson index for Schreier families of order £ is equal to £+ 1. For

the proof we will need the following lemma, which is analogous to Lemma
2.8 in [F5] and has an analogous proof.

LEMMA 3.17. Let X, v and k satisfy the standard assumptions, € > 1 a
countable ordinal, § € L>°(X, k; v), §1 < §, and let F C EV<OO(§’) be such
that F and (F(t))« are pointwise closed for every t € EV(S).

(i) (F(t))3 C (F5, (1) for every t € EV(S).
(i) If w = (wy,...,w;) # 0 and w € (f*)§1’ then there exist So < 51
and t € ﬁ/(é’) with t <g, wi or dom(t) C dom(w;) such that
¢
w—te (F().)5,.

Proof. (i) This can be proved by induction on ¢, using Definition
and the inclusion (F(t))« C Fi(t).

(ii) The proof is by induction on £. The main argument is contained in
the proof of the case £ = 1. Let w = (wy,...,w;) € (.7:*)1?1. For every u €
EV(51) \ Ay there exists v, = (v}, ... v) € F such that (w1, ..., w,u) €
BV (vu). Then vf" < w; (which means that vf' <g, w; or dom(vy) C
dom(wy)) for every u € EV(5)) \ Ay and the set {v € EV(5) : v < wy} is
finite. Since w € (F, )s , by Theorem . case m = 1), there exist §5 < &)
and ¢t € EV(3) with ¢ < w; such that EV(sy) C ENV(E’l) \ Aw and v}’ =t for
every u € EV(53). Then w —t € ((F(t))«)L . m

52

PROPOSITION 3.18. Let X, v and k satisfy the standard assumptions,
& <wy be an ordinal and § € L (X, k;v). Then

503, ((55(2, ;o) N ﬁ/<m(§))*) =&+ 1 forevery 51 <§.

Proof. We have (L°(X, k; U)ﬂﬁ/<m(§)) = {0} for every §€ L°°(X, k; v)
and sOz, ({0}) =1 for & < 3, since ({#})% = 0, so the conclusion holds for
£=0.

The families (LE(2, k;0) NEV ™ (8))s, (LE(Z, & 0) NEV ™ (8)(¢)), are
hereditary and pointwise closed for every 1 < § < wq, § € L*(X, k;v) and
t € EV(S), according to Proposition since in case mindom™(¢) = n,
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Proposition [3.-4] implies that
(LE(X, k; U)ﬂﬁ/<oo(§))(t) = L& (x, E;U)ﬁﬁ/<oo(§—t) for some &, < €.
In order to prove the proposition, it is enough to prove by induction on &
that ((ZE(E, k;v) N ﬁ/<m(§))*)§1 = {0} for every § € L®(X,k;v), 51 < §
and 1 < € < w;. Since (LY(Z, k;0) NEV-"(8)). = {(t) : t € EV(3)} U {0},
we have ((El(E, k;v) N ET{/<OO(§))*);1 — {0} for every §€ L>®(X,k;v) and
51 < §.
Let £ > 1 and assume that ((EC(E, l;:';v)F1I§‘K/<Oo(§’))*)§1 = {00} for every
§e EOO(E,E;U), S1<8and 1< (<& Let §€ EOO(E,E;U) and 81 < §. For
every t € EV(§) with mindom™ (£) = n we have, by Remark Vi),

(82 K;0) VBV (@) (0,05 = (T (2, F50) NEV. (3 1)) 5
= (Z&(2, ko) nEV (3 - 1).)5
= {0}.
This gives 0 € ((LE(£,F;0) NEV™"(8))(1).)%". By Lemma 3.17(i) we have
(t) € ((LE(2, k; v)mﬁf”(g))*)gj. Hence, § € ((LE(2, k; U)mﬁ\“f”(g))*);
for every § € L>®(X,k;v) and §; < §. Indeed, if &€ = ( + 1, then (¢) €
((Zg(Z’, k; U)ﬁﬁ/<m(§))*)§1 for every t € ﬁ/(§1), and if £ is a limit ordinal,
then sup&, = ¢ and 0 € ((55(2, k;v) N Efl\\//<oo(§))*)§f for every n € N.
We will prove that {0} = ((Eg(E,E; v) N ﬁ/<w(§))*)§l for every § €
L>*(X, k;v) and §1 < §. Indeed, let

w=(wy,...,w) € (L&, F;0) NEV.(5)).)S

S1

for some [ € N, § € L®(X,k;v) and § < §. By Lemma [3.17(ii) there exist
5y < 5 and t € EV(3) such that ((LE(Z,K:0) NEV™"(3))(1).)S, # 0. If
min dom™ (#) = n, analogously to the previous paragraph we have
((L&(2, k;0) N ﬁ/<°°(§))(t)*)§2 = (T (2, Fo) NEV (5 — t)>*)5~2
= (Z&(Z. K0) NEV- (5 - 1)),
# 0.

A contradiction, since &, < £ and ((55"(2, k; v) N ﬁ/<oo(§— t))*)grt =0,
by the induction hypothesis.
Hence, ((Ef(Z,E; v) N EV<OO(§))*)§1 = {0} and sOgl((Lf(Z,E;v) N

ﬁ/<m(§))*) =¢+1forevery { <wi. m



20 V. Farmaki and A. Koutsogiannis

_ COROLLARY 3.19. Let &1, &2 be countable ordinals with & < & and w e
L>(X, k;v). Then there exists @ < W such that

(L2, F;0)) NEV. (@) C (L2(2, k;0)* \ L&(2, k;v).
Proof. The family (L8(2,k;v)), € L<®°(X, k;v) is a tree. According
to Theorem and Proposition there exists 4 < W such that either
o I8(X, k;0)NEV-" (@) C (T8 (5, k;v)),, or
o (L8(2,F0) NEV™ (@) C (L&(2, K;0)* \ L& (£, F;0).
The first alternative is impossible, since by Proposition [3.18
& 41 = s0z((L8(2, k;0) NEV - (@)),) < s0z((L8 (2, k30))e) = & + 1.

Theorem below, the main result in this section, refines Theorem
in case the partition family is a tree. We denote by sup X, where X is a set
of ordinals, the least ordinal « such that 8 < « for every 5 € X.

DEFINITION 3.20. Let X, v and k satisfy the standard assumptions and
~ - —— <00
F C L<®(X,k;v). We set F, ={w e F:EV (w)C F}U{0}.
Of course, Fy, is the largest subfamily of F U {0} which is hereditary.

THEOREM 3.21. Let X, v and E~satz‘sfy_)the standard assumptions, let
F C L<®(X,k;v) be a tree and W € L>(X, k;v). Then we have the follow-
imng cases:

[CASE 1] The family Fp, N ﬁ/<“(w) is not pointwise closed.
Then there exists 4 < W such that ﬁ/<w(ﬁ) CF.

[CASE 2| The family Fp N EA\“/<°°(w) is pointwise closed.
Then, setting
¢L = sup{sOg(Fp) : i@ < 0},
which is a countable ordinal, the following subcases obtain:

2(1) IfE+1< Cg, then there exists i < W such that
L2, k0) NEV-"(a) C F;

2(il) if €+ 1 > & > (. then for every Wy < W there exists @ < wh
such that 55(2, k; v) DENV<OO(QZ) - E<°O(Z, k; v) \ F (equivalently
FOEV (i) € (L(5, Fv)* \ IE(5,K; v);

2(1i) f £+ 1 = C]f or £ = C~ then there erists 4 < W such that ei-
ther LS(X, k; U) NEV-"(@) C F, or L&(Z,k;0) NEV™"(@) C
L2, ks 0) \ F
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Proof. [CASE 1] If the hereditary family }"hﬁENV<OO(1E) is not pointwise
closed, then, according to Proposition there exists 4 € EOO(E , E; v) such
that ﬁ/<m(ﬁ) CFpN ﬁ/“(@) C F. Of course, 4 < .

[CASE 2] If the hereditary family Fj, ﬁﬁ/@O(JJ) is pointwise closed, then
¢Z is a countable ordinal, since the “usual” Cantor-Bendixson index O(F},)

of F, into {0, I}Z(E’E’U is countable (Remark [3.16(i)) and also sOgz(Fp) <
O(Fy,) for every i < .

2(i) Let £+1 < ¢Z. Then there exists iy < 1 such that {41 < sOz, (Fp).
By Theorem and Proposition there exists @ < #; such that either

o L&, k) NEV - "(@) CFy C F, or

o FuNEV (i) C (L§(2, Fyv))* \ LE(2, By v) € (LE(Z, ks v))*

C (BE(2, F0))..

The second alternative is impossible, for if Fj, N ENV<OO(1I) - (Ef(z, k; V),
then, according to Remark and Proposition [3.18

50, (Fi) < s0a(Fn) = s0a(Fn NEV"" (@) < sO5((LE(Z, k;v)),) = € +1,

a contradiction. Hence, L(X, k;v) N ﬁ/@O(U) C F.

2(il) Let £ +1 > ¢ > (% and @ < . According to Theorem 3.5, there
exists u] < wp such that either

o E<§(2, k;v) N ﬁ/<oo(ﬁ1) C Fp, or

o LG (X, ko) NEV " (u1) € L<®(5, k;v) \ Fi.
Proposition gives (L +1 = soﬁl((i%f(z, k;v) N ﬁ/<m(ﬁ1 ). Since
sOg, (Fn) < (%, the first alternative is impossible, by Remark [3.16(iii). So,
(1) LS (2,k;0) NEV™ " (@) C L<°(2, k;v) \ Fa.
According to Theorem there exists @ < iy such that either

o L&, k) NEV-"(@) C F, or

o LE(3,k;0) NEV ™" (@) € L<%(2, k;v) \ F.
Since the family F is a tree, the first alternative does not hold. Indeed, if
L4(2, k:0)NEV""(a@) C F, then (LE(Z, k; v)NEV ™" (@))* € F* = F. Con-
sequently, from Proposition it follows that (Ef(Z’, k; v))*N EV<OO(6) =
(Eg(ﬂ, k; V) OEV<OO(2_[))* C F. Since £ > Cu];, by Corollary there exists
t < i such that

(L (2, k;0)), NEV™ " (F) € (L8(Z, B;0))* NEV " (a) C F.

Hence, (L% (2, k;v))s NEV " (£) C F, contrary to (1).
2(iii) If CZ; =&+ 1or Cg =&, we use Theorem "
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The following immediate corollary to Theorem is more useful for
applications. A quite simplified consequence of Theorem [3.21] one not in-
volving Schreier-type families of variable w-Z*-located words, is equivalent
to the particular case of Theorem [2.5) 2.5 in which the partition famlhes of
LOO(E k; ;v) are clopen sets in the product topology (Theorem [3.23| below).

COROLLARY 3.22. Let F C L<°°(X, k;v) be a tree and let i € L(X, k; v).
Then either

(i) there exists 4 < W such that ﬁ/<w(ﬁ) CF,or
(ii) for every countable ordinal & > C{g there exists © < W such that for

every uy < U the unique initial segment of iy which is an element of
LE(X, k;v) belongs to L<®°(X, k;v) \ F.

Corollary can be considered as a strengthening of Theorem [3.23
below; we will prove this by giving a reformulation of Theorem [3.23] in
Theorem [3.241

THEOREM 3.23. Let X, v and k satisfy the standard assumptions. If
U C L®(X,k;v) is a pointwise closed family and & € L>®(X, k;v), then
there exists i < W such that

either ﬁ/oo(ﬁ) CU, or ﬁ/w(ﬁ) C L®(2, ko) \ U.

Theorem has the following reformulation.

THEOREM 3.24. Let F C L<°(X, k;v) be a tree and let & € L (X, k;v).
Then either

(i) there exists 4 < W such that ﬁ/<w(ﬁ) CF,or
(ii) there exists 4 < W such that for every wy < U there exists an initial
segment of 1y which belongs to L<*°(X, k;v) \ F.

REMARK 3.25. (1) Theorem [3.24] implies Theorem [3.23] Indeed, let ¢/ C
LOO(E k; ;v) be a closed family in the product topology and @ & LOO(E k; ;v).
Set

Fu = {w € L<®(X,k;v) : there exists § € U such that w  §}.

Since the family F;, is a tree, we use Corollary[3.22] So, we have the following
two cases:
—— <00 —— 00

[CASE 1] There exists @ < @ such that EV (@) C Fy. Then EV ()
C U. Indeed, if Z = (2p)nen € ﬁ/m(ﬁ), then (z1,...,2,) € Fy for every
n € N. Hence, for each n € N there exists 3,, € U such that (z1,...,2,) X .
Since U is pointwise closed, we have 2z € U and so ﬁ/oo(ﬁ) CUu.

[CASE 2| There exists @ < @ such that for every u; < @ there exists an
initial segment of @; which belongs to L<°°(X, k;v) \ Fy. Hence, ﬁ/oo(ﬁ) -
L(X, ks v) \ U.
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(2) Theorem implies Theorem Indeed, let F C L<®(X, k;v)

be a tree and let @ € L>(X, k;v). Set

= {I'= (ta)nen € L®(Z, k;0) :
there exists k € N such that (¢1,...,tx) € F}.

Since EOO(E, k; v) \ Ur is a closed family in the product topology, using
Theorem [3.23] we obtain the conclusion of Theorem

Using Corollary we can get the corresponding result for variable
w-located words, which extends Corollary and implies the particular
case of Theorem in case the partition family F is clopen.

COROLLARY 3.26. Let F C L<°°(X, k;v) be a tree and let & € L°°( X, k; v).
Then either

(i) there exists i < W such that EV<*°(@) C F, or
(i) there exists §y < wy such that for every countable ordinal & > &y there

exists U < W such that for every iy < u the unique initial segment of
iy which is an element of L(X, k;v) belongs to L<®°(X, k;v) \ F.

4. Applications to the Ramsey theory of the rationals with
addition. T. Budak, N. Isik and J. Pym [BIP, Theorem 4.2] introduced
a representation of rational numbers with specific properties, which implies
that a non-zero rational number can be identified with an w-Z*-located
word over the alphabet X = {a,, : n € Z*}, where a_,, = o, = n for n € N,
dominated by (k,)nez+, where k_, = k, = n for n € N. Hence, all the
results concerning w-Z*-located words over X' = {«a, : n € Z*} dominated
by a (kn)nez+ € N, proved in the previous sections, can be translated into
statements concerning rational numbers.

In this section we present a strengthened van der Waerden theorem for
the set of rational numbers (Theorem [4.1]), using Theorem [2.6] (case m = 1),
an extended Ramsey-type partition theorem for the set of rational numbers
(Theorem as a consequence of Theorem and a partition theorem
for infinite orderly sequences of rational numbers (Theorem as a conse-
quence of Theorem

Analytically, according to [BIP], every rational number ¢ has a unique
expression in the form

Zq s s—l— +qu T—HT!’

where (gn)nezx € NU {0} with 0 < g_s < s for every s > 0, 0 < ¢, < r for
every r > 0 and q_s = g, = 0 for all but finitely many r, s. So, for a non-zero
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rational number ¢, there exist unique | € N, {t; < --- < t;} = dom(q) €
2*]5g and {qy5 .- qn} SN with 1 < g, < —t; if t; <0and 1 < g, <t if
t; > 0 for every 1 <4 <[, such that defining dom™(¢q) = {t € dom(q) : t < 0}
and dom™(¢) = {t € dom(q) : t > 0} we have

q= Z ((t1<3 0! + Z Qt(—l)tﬂt!
tedom™ (q) tedom™ (q)

(we set ),y = 0). Observe that

o0

- OOQt_l _1*1e Qt _
RIS P Ve S Moy B

t=1 tedom™ (q)

and

S @(-DU 1) €ZE i dom*(q) # 0.

tcdom™(q)

Let a_p, =ap, =nand k_, =k, =nforn e N. Weset ¥ ={a, :ne€Z"}
and k = (kp)nez+. For v = 0 we consider the function g : L(X'U{0},k) — Q
which sends a word w = ¢4, ...q;, € L(X U {0}, k) to the rational number

= Y allsr ¥ acyte

tedom™ (w) tedom™ (w)
It is easy to see that the restriction of g to the set of constant words E(Z E)
is one-to-one and onto Q \ {0}, and that g(w; x w2) = g(wi) + g(ws) for
every w; <p, wy € L(X U{0},k). Also, observe that, via the function g,
each variable word w = ¢, ...q € E(Z ,k;0) corresponds to a function
g which sends every (i,7) € N x N with 1 < ¢ < —maxdom™ (w) and
1 < j < mindom™(w) to

q(i,7) = g( (ji)( ))
1) 1)1
Z% t+1 ti Z t+1 Y a3 (1
teC— teC+ teV+

where C~ = {t € dom_(w) cq e X, VT = {t € dom™ (w) : ¢¢ = 0} and
Ct={tedom®(w):q e X}, VI ={t €dom™(w):q

gt = 0}.
For two non-zero rational numbers ¢y, qo € g(L(X, k)) we set

@ =<q¢ < g a)<m g ()

NoOTATION. Let (X,+) be an arbitrary semigroup. For (2, )n,eny € X we
set

FS[(wn)neN]:{-%'nl‘f‘"'-‘rl'nlITL1<"'<?1[EN}.
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THEOREM 4.1. Let Q = Q1 U --- U Q, for r € N. Then there exist
1 <ig <r and, for every n € N, a function

ni{l,...,n} x{1,...,n}U{(0,0)} - Q
with

th t+1 1 Z

teC,

+ Z t+1t'+_] Z tJrlt!’

teCyt teV,h
where C,,, V€ [Z7]Sy, CF, Vi € NISy with C, NV, =0 =CFnV,f,

>0 n»’'n
g e Nwithl1 <q < —t forteC,,1<q} Stfort€C+, which satisfy

Qn(imjn) < Qn-‘rl(in-‘rlvjn-f—l) fOT every n € N7 and

for all ((in,Jn))neny € N x NU{(0,0)} with 0 < iy, jn < n for every n € N.

Proof. Let g : L(E k; 0) — Q be as defined above. By Theorem [2
there exist (wy)nen € L°(X, k;0) and 1<io<r such that Ty ) (Wny ) %o oo %
Tiiy 5y (Wny) € g HQi,) for every A € N, ng < --- < ny € N, (i1,7;) €
N x NU{(0,0)} such that 0 < ij,j5; < my for every 1 <1 < X and (0,0) €
{(i1,51), -, (ix,Jx) }- Let w, = Wiy - - Wy for every n € N. Set ¢, (4, j) =
g(wan—2 % T(j ) (wan—1) * T(1,1)(w3n)) for every n € N and (i,j) € Nx NU
{(0,0)} with 0 <4, j < n. The functions g, have the required properties. m

NOTATION. For an arbitrary semigroup (X, +) and a sequence (z,)nen
CX, forys =ap, + -+ Tn, Y2 =Ty + -+ Tm, € FS[(Tn)nen] we write
y1 < yg if n; < mq, and

<
FS[(@n)nen]] S = {1, ym) -1 € N,y < - < g € FS[(n)nen]}.

For every countable ordinal £ > 1 and every n € N we set

Q> ={(q1,--»@):1eN, @1 <---<qcQ\{0}} U{0},
Q* ={(q1,---,@) € Q= : {mindom™ (q1), ..., mindom™ (1)} € A¢}.

Combining Theorem with the representation of rational numbers via
the function g, analogously to Theorem we get the following Ramsey
type partition theorem for every countable order £ for the set of rational
numbers. The case £ = 1 corresponds to Theorem

THEOREM 4.2. Let £ > 1 be a countable ordinal and a family G C Q<%°.
Then for each n € N there exists a function

ni{l...onpx{1,...,n}U{(0,0)} - Q
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with

th HZ t+1

teCy
+ Z t+1t|+j Z t+1t!’
teC,t teVy
where Cy;, V- € [Z7]Sg, CF, Vb € [NIS§ with C,, NV, =0 =CFnV,f,

>07 Yno'n
g e Nwith1 < q} < —t forte C,, 1< ¢ §tfort€C+, whzchsatzsfy

Gn(in, Jn) < @n+1(int1, Jnt1) for every n € N, and either
b @{ N [FS[(Qn(Zm]n))nGNH . cG, or
4 Q£ N [FS[(Qn(lm]n))nENH - Q<OO \ G

for all ((in,Jn))neny € N x NU {(0, 0)} with 0 < iy, jn < n for every n € N.
NoOTATION. For a semigroup (X, +) and (zy)neny € X, we set

[FS[(@n)ne]]” = {(Un)ne : ¥ € FS[(n)ner] a0d 4 < gy for all n € N},

As a corollary of Theorem we have the following partition theorem
for infinite ordered sequences of rational numbers.

THEOREM 4.3. Let U be a Borel subset of QY (in the product topology,
considering Q with the discrete topology). Then for each n € N there exists

a function qn : {1,...,n} x {1,. n} u{(0,0)} — Q with

Z% t+1 HZ t+1

teCy,
B SR ETIIS S
teCyt teVih
where C;,,V,; € [Z7]Sg, CF,V,F € [NISY with C,, NV, =0 = Cf nV,f,

@' €N, with 1 < g < —t fort € C;, 1 < q@' <t fort e C;, which satzsfy
Qn(inajn) < @n+1(in+1, Jnt1) for every n €N, and
. . N o N

either  [FS[(an(in, jn))nen]]” S U, or  [FS[(an(in, jn))nen]] € QY \U
for all (in, jn)nen €N X NU{(0,0)} with 0 < iy, j, < n for every n € N.

Proof. Let ¥ = {ay, :n € Z*}, k= (kn)nez+, where a_p = an =n and
k—pn = ky = n for every n € N, and v = 0. We define g : L®(%, k;0) — QY
by §((wn)nen) = (9(wn))nen. The family g=H(U) € L>°(X, k;0) is pointwise
closed, since the function ¢ is continuous. So, by Theorem [2.5] - 5| there exists
W= (wn)neN € L>®(X, k; 0) such that

cither EV (@) C g '), or EV (@) C L®(X,k;0)\ §~ ().

From this point on, the proof is analogous to the one of Theorem "
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