FUNDAMENTA
MATHEMATICAE
227 (2014)

Determinacy of adversarial Gowers games
by

Christian Rosendal (Chicago, IL)

Abstract. We prove a game-theoretic dichotomy for Gs, sets of block sequences in
vector spaces that extends, on the one hand, the block Ramsey theorem of W. T. Gowers
proved for analytic sets of block sequences and, on the other hand, M. Davis’ proof of X9
determinacy.

1. Introduction. In the present paper, we prove an extension of W. T.
Gowers’ Ramsey theorem for block sequences in normed vector spaces [G].
The latter was instrumental in the proof of his dichotomy for Banach spaces
between containing an unconditional basic sequence or a hereditarily inde-
composable subspace that ultimately led to a solution of the homogeneous
space problem for Banach spaces.

The statement of Gowers’ theorem is as follows. Assume that A is an
analytic set of sequences (y,) of normalised vectors in a separable Banach
space E and, moreover, any infinite-dimensional subspace X C E contains
a sequence from A. Then there is an infinite-dimensional subspace X C E
for which one can sequentially choose the terms of some (yy,,) close to A such
that the y, belong to any given infinite-dimensional subspaces Y,, C X.

The precise statement is formulated in terms of a game in which player I
plays the subspaces Y, C X, while player II choses the vectors y, € Y.
While we shall not follow Gowers’ lead in dealing with normed vector spaces,
but instead use the set-up of [R1] and thus consider only vector spaces over
countable fields, the exact results proved here easily imply slightly stronger,
but approximate, statements for normed vector spaces as is shown in [R1].

Suppose that E is a countable-dimensional vector space over a countable
field §. We define the Gowers game G x played below an infinite-dimensional
subspace X C F as follows. Players I and II alternate in playing respectively
infinite-dimensional subspaces Y;, C X and non-zero vectors y,, € Y,:
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I Y, Y, Y,
IT Yo € Yo y1 €Yq Y2 €Ys

Similarly, the infinite asymptotic game Fx is defined as the Gowers game
except that I is now required to play subspaces Y, of finite codimension
in X (in fact, even so-called tail subspaces). Thus, from the viewpoint of II,
the game has not changed, but, in F'x, player I will have significantly less
control over where player II chooses his vectors. In both games, we say that
the infinite sequence (y,) produced is the outcome of the game.

Note that F is a countable set and therefore the infinite power £ is a
Polish space, i.e., separable and completely metrisable, when E is endowed
with the discrete topology. The version of Gowers’ theorem proved in [R1]
states that if A C E°° is an analytic set, i.e., a continuous image of a Polish
space, then there is an infinite-dimensional subspace X C E such that either
player I has a strategy in F'x to force the outcome to lie in ~A or player II
has a strategy in Gx to play into A. We remark that, on the one hand,
this is stronger than simply stating that the game G x is determined, since,
clearly, if I has a strategy in F'x to force the outcome to lie in ~A, then he
also has a strategy in Gx to the same effect. On the other hand, this strong
determination comes at the price of passing to the subspace X C FE, which
indicates that Ramsey theory is involved.

In [Pe], A. M. Pelczar studied a variant of the Gowers game in which
both players are directly contributing to the outcome. This was further
refined in [FR], and in [R1] was formulated as the determinacy of two related
adversarial Gowers games, Ax and Byx.

Again, for X C E an infinite-dimensional subspace, we define the game
Ax by combining the games Gx and Fx, letting player I of Ax act simul-
taneously as player II of Fx and player I of Gx, while player II of Ax acts
as player I of Fx and player II of G x. Concretely, I plays subspaces Y;, C X
and non-zero vectors x,, while II plays subspaces X,, C X and non-zero
vectors y,, satisfying z,, € X, and y, € Yy:

I Yo, o € X Yi,z1€ X3
II X X1, y0 € Yo Xo,y1 €N

Moreover, Xg, X1, ... are required to have finite codimension in X (again,
they can be taken to be tail subspaces with respect to a given basis for E)
and Y, Y1,... are arbitrary infinite-dimensional subspaces of X.

The game By is defined as the game Ax except that we now require
the spaces Y,, to have finite codimension in X, while instead the X,, can be
arbitrary infinite-dimensional subspaces. Thus, in the game Ax, it is player I
that has relatively tight control over the sequence of vectors played by II,
since I is the one to play arbitrary infinite-dimensional subspaces of X. On
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the contrary, in the game Bx, the roles of I and II are reversed. In both
games, the outcome is defined to be the infinite sequence (zg, yo,z1,91,...)
€ E>.

Extending Theorem 12 in [R1] for closed A, the main result of our paper
is the following.

THEOREM 1.1. Suppose A C E* is F,5 or Gs,. Then there is an
infinite-dimensional subspace X C E such that either

(i) II has a strategy in Ax to play in ~A, or
(ii) I has a strategy in Bx to play in A.

As above, Theorem is significantly stronger than merely requiring
the games Ax and Bx to play into A to be determined, which of course is
well-known. The main interest of the result lies in the fact that it provides a
strong form of determinacy, namely, in each case, the winning player has a
strategy in a game that a priori is particularly hard for him to play. However,
again this comes at the cost of passing to the subspace X C E.

It remains an open problem how much this theorem can be improved. In
the light of D. A. Martin’s proof of Borel determinacy [M2), M3], it is tempt-
ing to believe that it should hold for Borel sets A. However, this extension
seems less than straightforward. The problem lies in combining Martin’s
proof (or the final result) with the Ramsey-theoretical techniques necessary
for the proof of Theorem The original proofs of determinacy for the
first three levels of the Borel hierarchy (D. Gale and F. M. Stewart [GS] for
open, P. Wolfe [W] for Gs and M. Davis [D] for G4,) all proceed in second
order arithmetic and thus the types of objects quantified over are at most
subsets of the integers. This implies that these proofs commute sufficiently
with our relatively simple Ramsey theory to be able to go through in our
setting, albeit with some additional complications.

On the other hand, the proofs of determinacy for more complicated Borel
sets (J. Paris [Pa] for XY and Martin for all of Al) necessarily require a
larger part of the set-theoretical universe, as shown by H. M. Friedman
[F] and recent refinements by A. Montalban and R. Shore [MS]. Thus, the
proof of Borel determinacy demands w1 iterations of the power set operation
and therefore the existence of much larger sets than those involved in the
actual statement of determinacy. The same of course also applies to proofs
of determinacy in the presence of large cardinals, such as Martin’s proof of
analytic determinacy from a measurable cardinal [M1]. As a consequence,
to prove determinacy of Borel games with moves in our space E, one is led
to consider other games on much larger sets for which the Ramsey theory
loses meaning. Alternatively, the existence of large cardinals may itself lead
to a better tree representation of Borel or analytic sets, which could prove
useful for lifting Theorem to general Borel sets.
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It is of course quite possible that our theorem does not generalise to
higher order Borel sets and thus the difference in proof-theoretic strength
between 39 and Borel determinacy translates into a difference in truth value
for the adversarial Gowers games.

PROBLEM 1.2. Does Theorem [L.1] hold for all Borel sets A or even for
analytic sets in the presence of large cardinals?

As a last few words on these issues, let us also mention that, in a precise
sense, the class of adversarially Ramsey sets, i.e., the class of sets A C E*°
satisfying the conclusion of Theorem is smaller than that of determined
sets. That is, if I" is a class of subsets of Polish spaces closed under contin-
uous preimages and such that any I' subset of £ is adversarially Ramsey,
then any game on N to play in a I" subset of NN is determined. To see this, we
note that we can code elements of N using sequences (z,,) € E* by letting
each z; € E code a natural number by the coefficient of its first non-zero co-
ordinate with respect to a fixed basis (e, ) for E. So the limit of determinacy
on games on N also limits the class of adversarially Ramsey sets.

Finally, let us dispel a possible source of confusion concerning issues of
determinacy. Though, formally, players I and II in the adversarial Gowers
games play objects of higher type, namely the infinite-dimensional subspaces
X, and Y}, this can easily be circumvented. For example, instead of letting I
play all of the subspace X}, at once, we can simply let him successively play
the vectors of a basis for X and allow II to wait to play a vector until he
can find one that is a linear combination of the part of the basis that I has
played thus far. As shown by B. Velickovié (see [BLA p. 135]), this produces
an equivalent game in which all moves now are of lower type, namely vectors
in F.

For applications of the above dichotomies to the geometry of Banach
spaces, we refer the reader to [G], [FR] and [R2].

2. Notation. Fix a countable field § and let £ be the countable-
dimensional F-vector space with basis (e, ). We shall use x, y, z, v as variables
for non-zero elements of E. If x = > ane, € E, the support of = is the finite
non-empty set

suppx = {n | a, # 0}.
A finite or infinite sequence (xg, 1, x2,...) of non-zero vectors is said to be
a block sequence if
max supp T, < min supp Zn+1
for all n. In particular, the terms of a block sequence are linearly indepen-
dent.

Notice that, by elementary linear algebra, for all infinite-dimensional

subspaces X C F there is a subspace Y C X spanned by an infinite block se-
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quence, called a block subspace. So, henceforth, we use variables X,Y, Z, V, W
to denote infinite-dimensional block subspaces of E. Also, if X C F'is a block
subspace and k a natural number, we let X[k] = {x € X | kK < minsuppz},
which is a cofinite-dimensional so-called tail subspace of X. Finally, we de-
note infinite block sequences by variables x,y,z and finite block sequences
by variables Z, 1/, 2. We use the symbols C and C to denote end-extension,
respectively, proper end-extension, of finite sequences.

If X and Y are block subspaces, we write ¥ C* X to denote that
Y[n] C X for some sufficiently large n and so, in particular, that Y N X
has finite codimension in Y. A principle, which will be used repeatedly here,
is the fact that if Xg 2 X7 D --- is an infinite descending sequence of block
subspaces then there is a block subspace Y C X such that Y C* X, for
all n. To see this, suppose that each X,, is spanned by a block sequence
(z})k and note that then (z,x1,23,...) is also a block sequence. Moreover,
if Y = [x),21,22,...] denotes the linear span, then Y C* X, for all n.

We equip E with the discrete topology, whereby any subset is open,
and equip its countable power E*° with the product topology. Since E is
a countable discrete set, E°° is a Polish space. Notice that a basis for the
topology on E* is given by sets of the form

N($07--~71'k) = {(yn) € E* | Yo = To & ... & Y = a:k},
where zq,...,xr € E (possibly zero vectors). Finally, E<* will denote the
set of finite block sequences in F.

3. Adversarial games

The game Ay (¢). Suppose V C E. We define the game Ay played be-
low V' between two players I and II as follows: I and II alternate in choosing
block subspaces Zy, Z1, Zo2,... C V and vectors xg,x1,x2,... € V, respec-
tively natural numbers ng, ni, no, . .. and vectors yg, y1,y2, - . . € V, according
to the constraints z; € V[n;] and y; € Z;:

I o € V[Tlo], Z() xr1 € V[nl], VAl
II  no Yo € Zo, M1 Y1 € Z1, ny

We say that the sequence (xo,yo,Z1,¥1,...) is the outcome of the game.
If ¥ is a finite block sequence of even length, the game Ay (¥) is defined
as above except that the outcome is now " (xg, yo, 1, Y1, - - ).
On the other hand, if ¥ is a finite block sequence of odd length, Ay (7) is
defined in a similar way except that I begins the game:
I 20 o € V[TLQ], A A V[nl], )
II Yo € Zo, no Y1 € Z1, m

and the outcome is now 7 (yo, o, y1, 1, . - .) rather than 7" (xo, yo, €1, Y1, . . .)-
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The game By (U). We define the game By in a similar way to Ay
except that we now have I playing integers and II playing block subspaces:

I To € Zy, ng T € L1, m
I Z Yo € Vinol, Z1 y1 € Vini], Z2

with z; € Z; CV and y; € Vn;]. Again, the outcome is (xg, yo, 1, Y1, - .)-
If ¥ is a finite block sequence of even length, the game By (¥) is defined
as above except that the outcome is now " (xg, yo, X1, Y1, - -)-
On the other hand, if ¢ is a finite block sequence of odd length, By (?) is
defined by letting I begin:

I N xo € Zo, n1 xr1 € Zl, n9
II Yo € Vnol, Zo y1 € V], Z3

and the outcome is now 0" (yo, xo, Y1, X1, - . .).

Thus, in both games Ay and By, one should remember that I is the
first to play a vector. And in Ay, I plays block subspaces and II plays tail
subspaces, while in By, II takes the role of playing block subspaces and
I plays tail subspaces.

The central distinction between the two games lies in the fact that it is, in
general, much easier to pick vectors in a tail subspace than in an arbitrary
block subspace. Thus, in the game Ay, player II has to make choices of
vectors in potentially coinfinite-dimensional subspaces Z; C V selected by I,
while only being able to force I to make his choices of vectors in subspaces of
finite codimension. So Ay is harder to play for II than the game By, while
the opposite is the case for player 1.

4. Quasistrategies. A strategy for II in the game Ay (7) is a function
that to each position of the game in which II is to play, say, (no, zo, Zo, Yo,
N1y Yk Mkt1, Thl, Zk+1) associates the next required move of II. Alter-
natively, the strategy can be identified with the set of positions that have
been played according to the strategy. However, since the outcome only con-
sists of the sequence of vectors xg,yo, x1,y1,-- -, it is reasonable to expect
that strategies should also only depend on the initial part of the outcome,
ie., (T0,Y0,-- -, Tk Yk, Tkr1), together with the condition Zi1, rather than
on

(n(), zo, ZOa Yo, M1y e w3 Yky Mk4+1, Th+1, Zk+1>-

Now, as we shall verify, this means that a quasistrategy for II in Ay (¢) can
be seen as a subset of E<> with certain extension properties. Moreover, as
these quasistrategies for IT in Ay (¥) will be used as self-imposed rules for 1T
in By (¥), we shall denote them as rules rather than quasistrategies.
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DEFINITION 4.1. Assume that V C F and ¥ is a finite block sequence.
A (V,0)-rule is a subset ' C E<* such that ¥ € T" and

(i) if ¥ € T and |y] is odd, then for any Z C V there is some z € Z
such that "z € T,

(ii) if ¥ € T and |y] is even, then there is some n such that §"z € T' for
all z € Vn].

NOTATION 4.2. Let T C E<N be any subset. We define the set of infinite
branches of T' by

[T] = {(zn) € £ | 3%°m, (x0,21,...,2m) € T}
Also, if & is a finite block sequence, we let
Tz={y |2 yeT}.

The following is not used in the proof of the main result, but clarifies
the nature of quasistrategies.

PROPOSITION 4.3. Let A C E>®°, V C E and ¥ be a finite block sequence.
Then II has a strategy o in Ay (V) to play in A if and only if there is a
(V,0)-rule T such that [T] C A.

Proof. Obviously, any (V, ¥)-rule T such that [T] C A provides a strategy
o for I in Ay (¥) to play in A. For it suffices that o ensures that every
position of the game belongs to Tj.

Conversely, suppose that o is a strategy for II in Ay () to play in A and
assume that ¢ has even length, the case when the length is odd being similar.
We identify the strategy o with the tree of legal positions in Ay (¥) in which
II has played according to the strategy. We define T3 N E™ by induction
on n simultaneously with a monotone function ¢ assigning to each element
of T some position in Ay (%) in which II has played according to o. More
precisely, ¢ takes values of the form

A(0, Y0, T1, Y1, - - - Tk, k)
- (nOaan ZUayOanbxl?Zlayl? ce. 7nk:a'rk‘7Zkaykank+l) co
and
é(x0, Yo, T1, Y1, - - - Tk) = (N0, L0, 20, Y0, N1, L1, 21, Y1, - - - s N, Th).-

(i) First, let ¥ € T and let ¢(0) = ng, where ng is the first play of II
according to the strategy o.
(ii) Now, if (x0,y0, 21, Y1, -, Tk, Yx) € Ty and

¢($an07$17y17---7$k,yk)
= (N0, 20, 20, Y0, N1, L1, Z1,Y1, - - - s Wy Ths Zkr Yk, Mkt 1) € O
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has been defined, we let (zo, Yo, Z1,Y1,- - - Tk, Yk, Tk+1) € T5 for all x4 in
X[ngs1] and set

(20, Y0, T1, Y1, -+ + 5 Ths Yk> Tht 1)
= (TLO,LI?O, ZO)y(]vnlaxlv Zlvyla ey Ny T, Zkvyk)nk-f—l)xk:—‘rl)'

(iii) And, if (xo, 0,21, y1,---,2k) € Ty and

¢(33073JO,$1, Yty -y l’k) = (n07$0> Zan(]:nlvxla Zl:ylv 1e 7nk>xk:)

has been defined, we put (xo, Yo, 1, Y1, - - - Tk, Yi) € Ty if there are 7, C X
and nyy1 such that y, € 7 and

(n()a Zo, ZanOa ni,xy, Zla Yt, - - -, N, T, Zka ykank‘—‘,—l) €o.

In this case, we choose any such Zj and ngyq and let

¢(x07y07x1)y17 cee )xkvyk)
= (nOa Zo, ZOa Yo, 1,1, Zhyl, sy Mg, T,y Zka Yk, nk—&-l)‘

Since o is a strategy for I1, it is easy to verify that T defined as above is a
(V,¥)-rule (in fact, Ty is also a pruned tree). Also, if (xo, yo, x1,y1,...) € Tz,
we see that

#(0) E ¢(x0) T d(z0,90) E (0,90, 21) C - -

and ¢(xo,yo, . - -, Tk, yi) € o for all k. So U, #(xo, Yo, - - ., 2k, Yx) € [o]. Since
the strategy o plays in A, it follows that the outcome

vA(l'OvyOaxlayl?x?ay% .. )

of the run |J, ¢(zo,%0,- .., 2k, yr) of the game Ay (¥) must lie in A. Thus
[T]CA =

As mentioned above, a (V, ¥)-rule T can be viewed as a self-imposed rule
for player II in the game By (7).

DEFINITION 4.4. Suppose a (V,¥)-rule T is given. The T-induced sub-
game B(¥) of By (7) is played as the game By () subject to the additional
condition that any position (zg,yo,...,Zk Yr) or (zo,Yo,...,TE) in Bg(ﬁ)
should belong to Tj.

We note that the game B‘j;(ﬁ) imposes essentially no new requirements
on player I compared to the game By (7). This is because if ¥ € Ty is a
position of the game so that I is to play, i.e., |[#"Z| is even, then there is an

—SA = A

m such that "2 y € T for all y € V[m]. So player I may just assume that
he is responding to some n > m played by II in By (7).
OBSERVATION 4.5. We remark that if 7" is a (V,¥)-rule, then for any

W C*V and any W € T, T is a (W, w@)-rule.
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5. Proof of the main theorem. Note that, in the game B[, (%), player
I has to pick vectors in arbitrarily small subspaces chosen by II while only
being able to force II to pick vectors in tail subspaces. Therefore, by the
asymptotic nature of the games, it is easy to see that any strategy for I in
BL(®) to play into a set A immediately provides a strategy for I in B, (%)
to play in A as longas W C* V.
OBSERVATION 5.1. Suppose A C E* W C* V, ¥ € E<* and a (V,7)-
rule 7' C E<* are given such that
I has a strategy in B{(%) to play in A.
Then also
I has a strategy in B%;/(ff) to play in A.
On the other hand, while I may not have a strategy in By (¥) to play

into A, he could have one in By () for some W C* V. This situation is
remedied by the following simple diagonalisation.

LEMMA 5.2. Suppose A C E>®, V C E, v € E<* and a (V,9)-rule
T C E<* are given. Then there is X CV so that, for allZ € T,
3Y C X, I has a strategy in BL(Z) to play in A
& VY C X, I has a strategy in BL(Z) to play in A.
Proof. Enumerate T as Ty, Z1,... and define a sequence of subspaces
V=X_12Xy2 X;D--- as follows. If X,,_1 has been defined and there
is some subspace Y C X,,_1 such that I has a strategy in BL(%,) to play
in A, let X,, =Y, otherwise let X,, = X,,_1. Finally, let X C V be any
subspace such that X C* X, for all n.
By construction and using Observation for any Z, € T we then have
3Y C X, I has a strategy in B (i) to play in A
& I has a strategy in B)T(" (Z,) to play in A
& VY C X, I has a strategy in BY(&,) to play in A,

which proves the lemma. =

LEMMA 5.3. Suppose A C E*, V C E, ¥ € E<® and a (V,0)-rule
T C E<* are given such that

VW C V, I has no strategy in By () to play in A.

Then, if |U| is odd, there is X C V such that for allY C X thereisx € YNTy
satisfying

VYW C X, I has no strategy in Bl (0" x) to play in A.
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Similarly, if |U] is even, there is X C V NTy such that, for any x € X,
VW C X, I has no strategy in By (7" z) to play in A.

Proof. Using Lemma we begin by choosing Z C V such that, for all
reT,

3Y C Z, 1 has a strategy in BL(Z) to play in A

& VY C Z, 1 has a strategy in BL (%) to play in A.

Suppose first that |0] is odd. Since, for all Y C Z, T has no strategy in

BL(%) to play in A, we see that for all Y C Z player II must be able to play

some = € Y N 7T for which I still has no strategy in Bg (U"x) to play in A,
whereby also

VW C Z, T has no strategy in Bjy, (7" z) to play in A.

Letting X = Z gives the result.

Suppose instead that |¢] is even. Again I has no strategy in BL(%) to
play in A. Therefore, II must be able to play some X C Z so that, for all
x € X N Ty, player 1 has no strategy in BL (7 z) to play in A and thus

VYW C X, I has no strategy in B, (7" ) to play in A.

Finally, since T is also an (X, ¢)-rule, there is some n such that X[n| C T},
so by replacing X with X[n], we may assume that X CV N7z =

LEMMA 5.4. Suppose A C E*, V C E, 7€ E<® and a (V,0)-rule T
are given. Assume that
YW CV, I has no strategy in B (¥) to play in A.
Then there is some X CV and an (X, ¥)-rule S C T such that [S] N Int(A)
=0 and
YW C X, I has no strategy in B‘Zq(ff) to play in A.

Proof. Using Lemma we begin by choosing Vp C V so that, for all
refT,

(1)  3Y C Vg, I has a strategy in B (%) to play in A
& VY C Vi, I has a strategy in BY(Z) to play in A.

Now, enumerate the elements of T" of even length as Zy, Z1, ... and define
a sequence of subspaces Vo = X_1 O X9 D X7 D --- as follows. If X,,_1
has been defined and there is some subspace Y C X,,_; such that, for all
y € Y NT%, , I has no strategy in B‘I;O(.fc'nAy) to play in A, then let X,, =Y
and otherwise X,, = X,,_1. Finally, pick some V; C Vj such that V; C* X,
for all n.
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We conclude that, for all £ € T of even length,
(2) 3JY C Vi Yy € Y NTg I has no strategy in B‘@O (Z"y) to play in A
= dn Vy € Vi[n] N T, I has no strategy in Bao (Z"y) to play in A.

By a similar diagonalisation, we find some X C Vi, such that, for all
Z € T of odd length,

(3) 3JY C Vi VyeYNTg I has a strategy in B‘j;o (Z"y) to play in A
= dn Vy € Vi[n] NTg, I has a strategy in B% (Z"y) to play in A.
We define
S = {# € T'| I has no strategy in B%(Z) to play in A}

and note that 7 € S. We claim that S is an (X, ¥)-rule.

Suppose first & € S has even length. Then I has no strategy in B% (%)
to play in A and so II must be able to play some ¥ C X such that no
matter which y € Y NTz I plays, I still has no strategy in B)T((:E’ “y) to play
in A. Therefore, by and (2), there is n such that, for all y € X[n] N T,
I also has no strategy in B% (% y) to play in A. As T is an (X, #)-rule as
well, choosing n large enough, we can ensure that X [n| C Tz, whereby also

Now, assume instead that & € S has odd length. As I has no strategy
in Bfgp((a_c’) to play in A, we see that, for any n, there is some y € X[n| N Tz
such that I still has no strategy in BL(#"y) to play in A. Thus, by and
the contrapositive of , for any Y C X, there is some y € Y N Tz such
that I has no strategy in B)T((a?Ay) to play in A, i.e., for any Y C X there is
y €Y with Z"y € S. Thus, S is an (X, ¥)-rule.

As Int(A) is open, by the definition of S, we have [S]NInt(A) = (). Also,
if W C X and o were a strategy for player I in B[*,gv(f)') to play in A, then
we could obtain a strategy for I in Ba,(z_)’) to play in A as follows: I uses
the strategy o until, if ever, he encounters the first position & ¢ Sz. At
this point, by the definition of S, he can shift to a strategy in B, (¢ %) for
playing in A. On the other hand, if the shift never happens, the outcome will
lie in A anyway. Since I has no strategy in B, (?) to play in A, he cannot
have one in Bj}, (%) either.

For D C E<*°, we let O(D) denote the open set O(D) = |z p Nz € E*.
We shall use the following elementary observation in the proof of Claim
below.

LEMMA 5.5. Suppose that C, R C E<* and that C is closed under end-
extensions, i.e., that if £ C ¢ and & € C, then also § € C. Assume that
W € R and that x € Ng N O(C N R). Then there is ¥ € C N R such that
wWCZC X
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Proof. To see this, pick some ¥ € C N R with ¥ C x. If & C ¢, we are
done. If instead ¢ C ), then, as C' is closed under end-extension and W € R,
we have W € C,, "R and can let ¥ = . n

LEMMA 5.6. Suppose A C E>®, G C A is a G5 subset, V C E, v € E<*®
and a (V,V)-rule T are given. Assume that

YW C V, I has no strategy in B% (%) to play in A.
Then there is some X CV and an (X, 0)-rule S C T such that [S]NG =0
and
VYW C X, I has no strategy in B3(%) to play in A.
Proof. Since G is Gg, we can find E<* D C; D (Cy D --- such that
G =0),,0(Cy) and where each C,, is closed under end-extensions.
We say that & accepts X if there is an (X, Z)-rule S C T such that
[S]NG = 0 and, for all W C X, I has no strategy in Bj},(%) to play in A.
Notice that if Y C* X and Z accepts X, as witnessed by an (X, Z)-rule
S C T, then S also witnesses that & accepts Y. Therefore, by a simple

diagonalisation as in the proof of Lemma we can find some Xg C V
such that, for all Z € T,

(4) Y C Xy, ¥ accepts Y & VY C Xy, ¥ accepts Y.
Let also
R = {% € E<™ | ¥ does not accept Xg}.

Again, by applying Lemma [5.2] successively for every n, we find some
X7 C Xg such that, for all Z € T and n,

(5) 3Y C X, I has a strategy in BL(Z) to play in A UQ(C, N R)
& VY C Xy, I has a strategy in BE(Z) to play in A UQ(C, N R).

We say that (Z,n) likes X C X if there is an (X, Z)-rule S C T such
that [S] N O(C, N R) = ) and, for all W C X, I has no strategy in Bj},(7)
to play in A.

Again, we see that if (#,n) likes X and Y C* X, then (#,n) likes Y as
well. So, by yet another diagonalisation, we find some X C X; such that,
for all ¥ € T and n,

(6) Y C X, (#,n) likesY & VY C X, (Z,n) likes Y.
CLAIM 5.7. Suppose £ € RNT. Then, for any n, I has a strategy in
BL(%) to play in AUO(C, N R).

Proof. Assume that & € T and that, for some n, I has no strategy in
BL(%) to play in AUO(C,, N R). Then, by (5, for all Y C X, I also has no
strategy in BL (%) to play in AUO(C,, N R).
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As O(Cp, N R) C Int(AUO(Cy, N R)), by Lemma (Z,n) likes some
Y C X and thus by (6 also likes X. In other words, there is an (X, Z)-rule
S C T such that [S]NO(C, N R) = () and, for all W C X, I has no strategy
in By, (%) to play in A.

Suppose that, in a run of the game B)S((;Z”), all positions ¢ satisfy &~ ¢
¢ Cp. Then the outcome of that run will not lie in O(C,,) and hence not
in G either.

On the other hand, if ever a position ¥ is reached such that "y € C,,
then, as [S]NO(C, N R) = 0, actually Z" ¢ € C,, \ R, which means that
Z "4 accepts Xy and hence by also accepts X. Therefore, there is an
(X, Z"¢)-rule S" C T such that [S'| NG = () and, for all W C X, I has no
strategy in B%(;ﬁ“gj’) to play in A.

Thus, we can modify S so that if ever such a ¢ is encountered, the
game continues inside the (X, Z"7)-rule S’ (depending on ¥). The resulting
(X, #)-rule S C T then satisfies [S] NG = () and, for all W C X, I has no
strategy in B{?V(:i') to play in A. But this shows that & accepts Y and so
Z ¢ R, proving our claim. =

CLAM 5.8. If € RNT, then I has a strategy in B% (%) to play in A.

Proof. We describe a required strategy. First, by Claim I has a
strategy in B% (%) to play in A UO(C; N R), and so I follows this strategy
until, if ever, a first position &y is encountered such that v"Z; € C;1 N R. If
no such position is encountered, then, by Lemma the outcome will not
lie in @O(C1 N R) but must lie in A. So suppose instead that Z; exists and let
n1 be the supremum of n such that 7" %, € C,,NR. If ny = oo, then Ny-z C
N, O(Cy,) = G C A and thus I can finish the game randomly. If, on the other
hand, n; is finite, then by Claim player I has a strategy in BL (7" 7))
to play in AUQO(Cy,+1 N R) and he will continue with this strategy until, if
ever, a further position ¥y is encountered such that "% "%y € Cy,, 41 N R.
Again, if this does not happen, then the outcome of the game will lie in A.
So assume instead that Zs exists and let ny be the supremum of n such that
U7 "%y € Cp N R. If ng = oo, then, as before, Ny-z -z, C A and I can
finish the game randomly. If ns is finite, I has a strategy in B (7" &1 " 2)
to play in AUQO(C),4+1 N R), etc.

Now, if this procedure is repeated infinitely often, then the outcome
U %1 " 22" ... belongs to ), 0(C,) = G C A. On the other hand, if
the procedure is only repeated finitely often, then instead the outcome lies

inA =

Since the conclusion of Claim contradicts the assumption of the
lemma, it follows that @ ¢ RN T and thus ¥ ¢ R, implying the conclu-
sion of the lemma. =
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THEOREM 5.9. Suppose F C E*® is F,5 or Gs5. Then there is X C E
such that either

(a) II has a strategy in Ax to play in ~T, or
(b) I has a strategy in Bx to play in F.

Proof. By symmetry, we can suppose that F is Gs,. Assume that for no
W C E does I have a strategy in By to play in F and let Gg C Gy C G
C .-+ be Gy sets with union F. Fix also an enumeration vy, 91, 0o, ...
of E<* such that n < m whenever ¥,, C ¥,,.

We will construct a subspace W C E, a (W, {))-rule T and, for every
U € T, a (W, ¥ )-rule Sy, such that the following conditions are satisfied:

(i) if Uy C 4y with 0, v; € T, then S; C Sy,
(ii) if U C Uy with vk, 9 € T, then [S;] N G = 0.

We claim that then T is a quasistrategy for II in Ay to play in ~F. To
see this, since T is a (W, ())-rule and hence a quasistrategy for II in Ay, we
only need to show that [T]1 N G; = () for every I. So fix | and assume that
Uy C U, C ... for some ¥y, Ug,,--- € T. Pick some k, > | and note that
for any m > n,

Tk € Sk S Skpsrs

whence v = J,,, Uk,, € [Sk,..]- Since [S, ,,] N G; = 0, the claim follows.
It thus remains to construct W, T and S}, as above. This will be done in
stages along with the construction of an auxiliary sequence £ 2 Xg 2 X1 2
- of subspaces.
At the outset of stage k > 0, we assume either that U ¢ T or that v, € T
and Sy, is an (Xp, U )-rule such that

YW C Xk, I has no strategy in BI‘?I}“ (k) to play in F.

Supposing that o}, € T, we will then choose Xj11 C Xy, decide which
0 = U "« belong to T' (by necessity | > k) and, for those j, define S in
such a way that

(1) for every v; = 0y "z € T, S is an (Xjy1, v)-rule with [S;] NGy = 0)
and Sl g Sk,

(2) for all oy = 0 "2 € T and W C Xj11, I has no strategy in B{;}(’D})
to play in F.

Moreover, if |U| is odd, we will ensure that
(3) for every V' C Xjy1, there is x € V such that v}z € T,
and, if |v| is even, that

—

(3) O x e T forall z € Xpiq.
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Since also the sequence Xg 2 X; D --- is decreasing, it follows that, if
U; = U x € T, then at stage [, S; is an (X, 9;)-rule and, for every W C X,
I has no strategy in Bﬁ}(ﬁl) to play in F and thus the assumptions of stage
[ are verified.

INITIAL STAGE. We begin by putting 99 = ) € T and set Sy = E<>,
Xo = E. Then, by our initial assumptions, Sy is an (X, ¥jp)-rule such that,
for all W C Xj, I has no strategy in By = BI‘?‘? (Up) to play in F.

STAGE k > 0. If v ¢ T, set X1 = Xj and proceed to stage k + 1.
Suppose on the other hand that ¥, € T and that Sy is an (X}, ¥ )-rule such
that

VYW C Xi, I has no strategy in B{,g[}“ (Uk) to play in F.

Now, using Lemma we find Y, C Xj and a (Y}, U;)-rule R C S such
that [R] NGy = () and

VYW C Yy, I has no strategy in Bg/(ﬁ’k) to play in F.

CASE 1: |9| is odd. By Lemma we can find a further Z, C Y} such
that, for all V' C Zj, there is x € V N Ry satisfying

VYW C Zy, I has no strategy in B (@, ") to play in F.
So put v}, "z € T if and only if both z € Z; N Rz and
VYW C Zy, I has no strategy in B (7, ") to play in F.

Also, for every v = vy, "x € T, let S; = R. Finally, let X1 = Zj. Then
conditions (1), (2) and (3) are verified.

CASE 2: |U)| is even. By Lemmawe can find a further X1 C YiNRz
such that, for any x € X1,

VYW C X1, I has no strategy in By (7" ) to play in F.

So put ¥, "z € T if and only if x € Xgy1. Also, for every v = ), "z € T, let
S; = R. Then conditions (1), (2) and (3') are verified.

At the end of the construction, we let W C E be any space such that
W C* Xy, for all k. Now, 0 € T. Also, by (3), if 7 € T with |¢] even and
V C W, then there is € V such that ¢"a € T. Similarly, by (3'),if v € T
with || even, then there is an n such that, for all x € Win], 7"z € T. So
T is a (W, ()-rule. Finally, for ¢; € T, S; is an (X;, 0})-rule and thus also a
(W, 97)-rule and conditions (i) and (ii) are ensured by (1). =
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