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Non-abelian group structure on the Urysohn universal space
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Michal Doucha (Warszawa)

Abstract. We prove that there exists a non-abelian group structure on the Urysohn
universal metric space. More precisely, we introduce a variant of the Graev metric that
enables us to construct a free group with countably many generators equipped with a
two-sided invariant metric that is isometric to the rational Urysohn space. We list several
related open problems.

Introduction. There has recently been a lot of research connected to the
Urysohn universal metric space. The space was constructed by P. Urysohn
[14] in the 1920’s but was forgotten for quite a long time. Nowadays, the
Urysohn space, as well as the group of all its isometries, are a popular topic
of research. A very interesting result was found by P. Cameron and A. Ver-
shik [I] who proved that there is an abelian (monothetic) group structure
on the Urysohn space. Later, P. Niemiec [10] proved that there is an abelian
Boolean metric group that is isometric to the Urysohn space. And recently,
Niemiec [I1] rediscovered Shkarin’s universal abelian Polish group [12] and
proved that it is isometric to the Urysohn space as well (it is open though
whether it differs from the group structures found by Cameron and Vershik).
Niemiec also proved several negative results concerning group structures on
the Urysohn space, e.g. he proved there is no abelian metric group of expo-
nent 3 that is isometric to the Urysohn space [I1], Proposition 2.18]. Let us
also mention our previous work [3] where we showed the existence of a met-
rically universal separable abelian metric group (answering an open question
of Shkarin [12]) which turned out to be yet another different abelian group
isometric to the Urysohn space. Vershik then asked (personal communica-
tion and [15]) whether there also exists a non-abelian group structure on
the Urysohn space. We answer this question affirmatively here. Thus the
following is the main result of this paper.
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THEOREM 0.1. There exists a free group G on countably many gener-
ators equipped with a two-sided invariant metric that is isometric to the
rational Urysohn space. In particular, there is a non-abelian group structure
on the Urysohn space: the metric completion of G.

The technical tool used for proving the theorem is an extension of a
two-sided invariant metric on a group to its free product with a free group.
The referee pointed out the connection of this tool to the classical Graev
metric introduced in [6] and suggested giving it a more central role in the
paper. We therefore state this tool in a general form, as suggested by the
referee, as it might be of independent interest.

THEOREM 0.2. Let (G, dg) be a group with a two-sided invariant metric
and let (X, dx) be a metric space. Suppose that d’ is a metric on the disjoint
unton G II X which extends both dg and dx, and such that for every r € X
we have inf{d'(g,z) : g € G} > 0 (equivalently, G is closed in GI1X). Then
d' extends to a two-sided invariant metric 6 on G x F(X), where F(X) is
the free group with X as the set of generators.

REMARK 0.3. If G = {1}, then the 0 from the statement of Theorem
corresponds to the standard Graev metric [6] on F(X), with 1 as a unit,
constructed over the pointed space X II {1}.

We also refer the reader to [13] where a variant of the Graev metric on
free products of groups having a common closed subgroup was defined.

The subject of group structures on the Urysohn space is still far from
being exhausted, and several open questions are provided at the end of
the paper. Since most of the groups isometric to the Urysohn space are
constructed via Fraissé theory, we also pose a few questions related to Fraissé
classes of metric groups.

1. Preliminaries and definitions. Recall that the Urysohn universal
metric space is a Polish metric space that contains an isometric copy of every
finite metric space, and every partial isometry between two finite subsets
extends to an autoisometry of the whole space. These properties characterize
the Urysohn space uniquely up to isometry and moreover imply that it
contains an isometric copy of every separable metric space.

The rational Urysohn space is a countable metric space with all distances
rational that contains an isometric copy of every finite rational metric space,
and every partial isometry between two finite subsets extends to an auto-
isometry of the whole space. Again, it follows that such a space is unique
up to isometry and contains an isometric copy of every countable rational
metric space. Moreover, one can prove that the completion of the rational
Urysohn space is the Urysohn space.
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Recall that a function f : X — R{ is called Katétov, where (X,d) is
some metric space, if | f(z) — f(y)] < d(z,y) < f(x) + f(y) for all z,y € X.
One should think about the Katétov function f as a function that prescribes
distances from some, potentially new, point. We refer the reader to [8] for
more information about Katétov functions and for the construction of the
Urysohn space using them.

The following well known fact characterizes the Urysohn and the rational
Urysohn spaces.

Fact 1.1.

(1) Let (X,d) be a countable metric space with a rational metric. Then
it 1s isometric to the rational Urysohn space iff for every finite subset
A C X and every rational Katétov function f : A — QV there exists
x € X such that d(a,z) = f(a) for all a € A.

(2) Let (X,d) be a Polish metric space. Then it is isometric to the
Urysohn space iff for every finite subset A C X and every Katétov
function f: A — RY there exists x € X such that d(a,z) = f(a) for
all a € A.

Later, when we construct the free group with a two-sided invariant ratio-
nal metric, we will check that it is isometric to the rational Urysohn space
using the above characterization.

We now define a special type of metric that is completely determined by
its values on pairs from a finite set.

DEFINITION 1.2. Let (G,d) be a metric group. We say that the metric
d is finitely generated if there exists a finite set Ag C G (called a generating
set for d) such that 1 € Ag, Ag = A&l and for every a,b € G we have

d(a,b) = min{d(a1,b1) + - -+ + d(an,by) : n € N,
Vi<n (a,bi€ Agha=ar-...-apn,b=">b1-...-by)}.
In particular, G is (algebraically) generated by Ag.

Fact 1.3. If d is a finitely generated metric on a group G, then d is
two-sided invariant.

Proof. Recall that (as can be easily verified) a metric d on a group
G is two-sided invariant iff d(a - b,c - d) < d(a,c) + d(b,d) for all a,b,c,d
in G. It follows from the definition that finitely generated metrics have this
property. =

Let us now present the referee’s observation which connects groups with a
finitely generated metric with free groups with the Graev metric. Regarding
the Graev metric on a free group, we refer the reader to [2, Section 3].
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OBSERVATION 1.4. G is a group with a finitely generated metric iff G
is a factor group, with the factor metric of a free group on finitely many
generators with the Graev metric.

To see this, suppose that the finitely generated metric on G is generated
by a finite set Ag C G. Consider the free group F(Ag \ {1}), with Ag \ {1}
the set of free generators and 1 € Ag the unit, with the Graev metric. Since
Agq also (algebraically) generates G, there is a natural homomorphism from
F(Ag \{1}) onto G. It follows from the definitions of the respective metrics
that this homomorphism is 1-Lipschitz and that the distance between two
elements of GG is equal to the infimum distance between the corresponding
classes in F'(Ag \ {1}).

Conversely, if F(X) is a free group with the Graev metric constructed
over a finite pointed metric space X II {1}, and H < F(X) is a closed
subgroup, then the factor metric on F(X)/H is finitely generated. One can
check that the generating set for the factor metric is {[a]g : a € X T X!

I {1}}.

2. Proofs of the main theorems. Having defined a finitely generated
metric, we restate Theorem [0.2] here adding a special case when d is finitely
generated and X is finite.

THEOREM 2.1. Let (G,dg) be a group with a two-sided invariant metric
and let (X,dx) be a metric space.

(1) Suppose that d’ is a metric on the disjoint union GIIX which extends
both dg and dx, and such that for every x € X we have inf{d'(g, x) :
g € G} > 0 (equivalently, G is closed in GIL X). Then d’ extends to
a two-sided invariant metric 6 on G x F(X), where F(X) is the free
group with X as the set of generators.

(2) Ifdg is finitely generated by values on pairs from some finite Aq CG,
X is finite and d' is a metric on Ag 11 X which extends both dg|Ag
and dx, then d' extends to a finitely generated metric 6 on G F(X)
such that 0|G = dg.

First, we show how to deduce Theorem [0.1] from Theorem [2.1] For every
m € N, we shall denote by F},, the free group on m generators.

Suppose that f is a rational Katétov function defined on some finite
set B C F,,, where F}, is equipped with a finitely generated rational met-
ric. Call such a Katétov function relevant. Since there are only countably
many finitely generated rational metrics on free groups on finitely many
generators, it follows that there are only countably many relevant Katétov
functions. So let (fy,)nen be an enumeration of all relevant Katétov functions
with infinite repetition.
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We construct the group G inductively as a direct limit of free groups
on finitely many generators equipped with a (two-sided invariant) finitely
generated rational metric which is a variant of the Graev metric (defined
below). A construction using a direct limit of groups equipped with the
Graev metric was first used in [4] to produce a Polish group in which Lie
sums and Lie brackets do not exist.

As base step, we set F} = Z to be the integers with the standard Eu-
clidean metric dy, which is clearly finitely generated and rational.

Suppose we have constructed a free group F, with a finitely generated
rational metric d,, which is generated by values on pairs from some finite set
A, C F,. Consider the relevant Katétov function f,. Then f, : (Fy,p) 2
B — QT for some m € Z, some finitely generated rational metric p and some
finite set B. Suppose that m < n and (F,,,p) is isometrically isomorphic to
(Fin,dn ), where F, is naturally identified with the free subgroup of F,
generated by m free generators. Then we can actually view f,, as defined on
some finite set B C F,,. Without loss of generality, we may suppose that A,,,
the generating set for d,,, is equal to B. Indeed, we could extend f, to A,UB
and then A, U B would still be a generating set for d,,.

Using Theorem [2.1[2) with X = {2} and d'(z,g) = f(g) for every g in
B = A, we extend the metric d,, to a (finitely generated rational) metric
dn41 on F, x F1 =2 F, 11 such that the Katétov function f,, is realized by the
newly added generator.

If, on the other hand, either m > n or m < n but (F,,p) is not isomet-
rically isomorphic to (Fy,,d,[Fy,), then we extend (F,,,dy,) to (Fni1,dpt1)
arbitrarily (just ensuring that d,4; is still finitely generated and ratio-
nal).

When the inductive construction is finished, we have a free group with
countably many generators, denoted by G, equipped with some two-sided
invariant rational metric d. Then the group operations on G are continuous
with respect to the topology induced by the metric. To see this, just observe
that by invariance for any g, h € G we have

(2.1) d(g,h) = d(g~",h7h),

so the inverse operation is continuous (being an isometry), and for any
g1, 92, h1, he € G we have

(2.2) d(g1 - hi,92 - ha) < d(g1,92) + d(h1, h2)

by invariance and the triangle inequality.

Consider now the metric completion, denoted G, of G. It is a separable
complete metric space and the group operations extend to the completion.
Indeed, the inverse operation extends because it is an isometry by ,
and the group multiplication extends because if (g, )n, (hn)n € G are two
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Cauchy sequences then (gy, - hy), is a Cauchy sequence as well by . It
follows that G is a Polish group equipped with a two-sided invariant metric.
We refer the reader to [5] for an exposition of Polish (metric) groups.

We claim that G is isometric to the rational Urysohn space. It suffices
to check the condition from Fact [L.1[1). So let f : G O A — Q% be an
arbitrary rational Katétov function defined on a finite subset A. Then there
exists some m € Z such that A C F,, and there are infinitely many n’s
such that f corresponds to f,. Choose one such n that is greater than m.
Then, in the nth induction step, we have guaranteed that f,, and thus f, is
realized in Fj41.

The rest of the section is devoted to proving Theorem We first prove
(1) and then show how (2) follows.

The reader is invited to compare the tools of the proof with those in [2]
Section 3]. Let X! be a disjoint copy of X, considered as the set of formal
inverses of elements of X. For every z € X' i € {—1,1}, 27! denotes the
corresponding element in X ~*. We extend d’ to a distance d on GII X II.X !
so that:

e For all a,b € GII X~ ! we have d(a,b) = d'(a",b71).
e Forallae GII X and b € GII X! we have
d(a,b) = inf{d'(a,c) + d'(c"',b71) : c € G}.

In other words, first we define the distances between elements of GII.X !
so that the bijection a ++ a~! between G II X and G II X ! is an isometry.
Then we take the (greatest) metric amalgamation of G II X and G II X!
over G.

Denote now G II X II X! by S, and let W (S) be the set of all words
over S considered as an alphabet.

DEFINITION 2.2. A word w = wy ... w, € W(S), where w; € S fori <n,

is called irreducible if for no i < n do we have w;, w;+1 € G or w; = wz’_+11-

For every w € W (S) we shall denote by w’ the corresponding element in
G * F(X). Note that the mapping w — w' is a bijection between irreducible
words from W (S) and elements of G * F'(X).

For any w € W(S), let |w| denote its length. If v,w € W(S) are two
words of the same length n, then we define the pre-distance between them
as

p(v’w) = d(vlvwl) +oe d(vnawn)-
Finally, we define the Graev metric § on G x F(X) as
5(u,v) = inf{p(u*,v*) : u*,v* € W(9), [u*| = |v*], (") =u, (v*) = v}

for any u,v € G * F(X). It is easy to check that § is symmetric and that
O(u-vyw-x) < d(u,w) + §(v,z) for any u,v,w,z € G * F(X). The latter
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property also implies two-sided invariance and the triangle inequality. We
need to check that it is indeed a metric, i.e. d(u,v) > 0 if u # v, and that it
extends d'.

We need the following definition (cf. [2, Definition 3.3]).

DEFINITION 2.3 (Match). Let w € W(S) be a word of length n. Let
P C {1,...,n} be the subset such that for every i < n we have i € P iff
w; € X 1T X1, We call a function 6 : P — P a match for w if

e for every i € P, we have 0(0(i)) = 1,

e for every i € P, we have w; = wg_é),

e for every ¢ € P, assuming without loss of generality that i < 6(i), we
have

LEMMA 2.4. Let w € W(S) be such that w' € G. Then there exists a
match for w.

Proof. Let n = |w|. We suppose that w; € X II X! for some i < n;
otherwise, there is nothing to prove.

We claim that it suffices to prove the lemma when w; € X II X1,
wy, = wyt, w' =1and (wy...w;) =1 for no i < n. Call such a sequence
wi, ..., wy a cancelling X -sequence of length | P|, where again P = {i < n:
w; € X1IX 1}, Indeed, suppose the lemma is proved for that case. Consider
the first index 1 < ig < n such that w;; € X II XL Since w’ € G there
must exist ig < ¢ < n such that (w;g...w;) = 1. Let ip be the least
such ¢. Clearly, w;q = w; ! By assumption, we can find a match 6; for the
subword wjg ... w;,. Then we look for the least index ip < 7y, if any, such
that wy € X II X~!. Again, we can find an appropriate iy < i < n and

then find a match 6, for wy ... (L7 At the end, we can take as 6 the union
0, Ubs U --- of all the matches obtained that way.
We now prove the lemma (with the assumption that wq,...,w, is a

cancelling X-sequence) by induction on |P|. If |P| = 2 then clearly we may
set (1) =n and O(n) = 1 and we are done.

Suppose now that |P| = m > 2 and the lemma has been proved for all
(even) I < m. Suppose that P = {k; = 1,...,kp, =n} C {1,...,n}. Since
(wy ... wy) =1and w; = w, !, we have (ws ... w,_1)" = 1. Thus there must
exist 2 < ¢ < n such that (wy, ... ws,) = 1. Take the least such 7. Then both
Whyy - -+, Wk, and wi, ..., Wky—1, Wk, 41, - - - , Wy, are cancelling X-sequences of
length less than m. By induction hypothesis, we can find corresponding 6 :
{k‘g, ce ,k‘i} — {kz, cey k‘z} and 92 : {kl, ki—Ha ey k‘m} — {/{1, ki+1a e ,k‘m}.
We then set 6§ = 6; U 65 and we are done. =
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LEMMA 2.5. Let g € G * F(X). Then 6(g,1) = inf{p(w,u) : w,u €
W(S), |w| = |ul, w" =g, ' =1, w is irreducible}.

Proof. Let w,u € W(S) be such that |w| = Ju| =n and v’ =g, v/ = 1.
Suppose that w is not irreducible. We will show that we can then reduce the
words w and v to w,u such that |w| = |a|, @' = g, @’ = 1, and p(w,u) <
plw, u).

Let § : P — P be a match for u. Since w is not irreducible, according
to Definition @ there is ¢ < n such that either w;, w;+1 € G, or w;, w;11 €
XX ! and w; = wijrll. We shall treat these cases separately.

CAsE 1. Suppose that w;, w;+1 € G.

SUBCASE la. If u;,u;41 € G as well, then we could reduce w and u to
w, U so that for every j < i, v; = vj, v; = v; - viy1, and for every i < j < n,
Uj = vj41, where v is either w or w. In that case, we have p(w,u) < p(w,u)
since d(w;-wj y,u;-wj ) < d(wj, uy) +d(w;q,u;, ) by two-sided invariance
of d on G.

SUBCASE 1b. Suppose that either u; or u;;1 belongs to X II X!, say
u; € X I X~ We shall find @ € W(S) such that |a| = |u|, @ = 1,
p(w, ) < p(w,u) and @; € G. Let j = 6(i) and suppose that j > 4; the other
case is analogous. Then since 0 is a match for u, we have u; = u; ! Thus
d(wj, uj) + d(ug, w;) > d(w;l,wi). Since [[;j.; uj, = 1, we can modify u to
@ so that u; = wj_l, uj = wj, and Uy, = ug, for k € {1,...,n}\{4,5}. Then u
is as required since p(w, u) — p(w, @) = (d(wj, u;)+d(u;, w;)) — (d(wj_l, w;) +
d(wj,wj)) > 0. If @41 € G, then we are in Subcase la. Otherwise, apply
the procedure above also for ;1. Then we will be in Subcase 1a.

CASE 2. Suppose that w;,w;+1 € X 11 X1 and Wip1 = w;l.

SUBCASE 2a. Suppose that either u; or u;y1 is in G, say u; € G. Then
d(ui, w;) + d(wiy1, wiv1) > d(ug, u;_ll) = d(ui_l,UiJ,_]_). We can replace w; by
u; and w41 by u; ' in w to obtain . Again, clearly p(,u) < p(w,u). Note
that both @w; and w; 1 are then in G. Thus we are in Case 1.

SUBCASE 2b. Suppose that both u; and ;1 are in X IT X~!. Using
the match 6 and arguing as in Subcase la, we can check that d(wj,u;) +
d(ugy, wop)) > d(w; ' wey) and d(wirr, i) + d(uggs), Worn)) =
d(w;rll,wg(iﬂ)). It follows that we may modify u to @ so that u; = w;,
Uiy1 = wiy1 and Uy = wi_l, Ug(iv1) = wijrll; at other positions, u is equal
to u. It follows that p(w,u) < p(w,u) and we can erase w; = 4; = w;rll =
ﬂijrll from w and @ respectively. m

We are now ready to finish the proof of Theorem [2.1[1). Recall that it
remains to prove that d(x,y) > 0 if z # y, and that 0 extends d.
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For the positivity, since ¢ is two-sided invariant it suffices to check that
d(z,1) > 0 for any x € G x F(S) such that  # 1. Let w € W(S) be the
irreducible word such that w’ = z. Let n = |w|. By Lemma we have
§(z,1) = inf{p(w,u) : u € W(S), |u| =n, ' =1}. By assumption

g0 = wiex;g}ijr‘lx_linf{d(g,wi) :g€ G} >0.

Let uw € W(S) be arbitrary such that |u| = n and «' = 1. If there exists
i < nsuch that w; € X I X! Au; € G, then p(w,u) > g9 > 0. Suppose
there exists ¢ < n such that w; € GAw; € XII X '. Let § : P — P be
a match for u, where again P = {i < n :u; € X II X~1}. Then we could
replace u by u* such that u} = u; for j € {1,...,n}\{4,0(i)}, and u} = w;
and g, = w; . Indeed, since d(wg(i),wfl) < d(w;, u;) + d(u;l,wg(i)), it
follows that p(w,u*) < p(w,w).

Consequently, we may suppose that for every i < n we have w; € G
iff u; € G. Indeed, if for some i < n we have w; € X I X~ ! and v; € G,
then we have argued above that p(w,u) > g9 > 0. If, on the other hand,
for some i < n we have w; € G and u; € X II X~!, then we have argued
that we can replace u by u* such that (v*) = 1, [u*| = |u], v € G and
p(w, u*) < p(w,u).

If w; € G for every i < n, then since w is irreducible we have w = wy,

u = u; = 1, and clearly p(w,u) = d(w,1) > 1. Therefore we suppose that
P # (. Let

e1 = min{d(w;, w; ') 1,5 € P, w; # w; '},
g9 = min{d(wj, 1) : w; € G}.

If there exists i € P such that w; # w; then p(w, u) > d(w;, u;)+d(we), tg())
= d(w;, u;) + d(wg), u;t) > d(wi,we_é)) > e1 >0, since u; = ;).

Otherwise, w; = u; for every i € P. However, since w’ # 1, there exists
i € P such that 6(i) > i and for every i < j < 6(i) we have j ¢ P. We
claim that either 8(i) =i+ 1 or 6(i) = i + 2. Indeed, if 6(i) > i + 1, then
w;+1 € G, and since w is irreducible we must have w;42 € X 1T X -1 so
i+ 2 € P and the claim follows. If the first case holds, i.e. 8(i) =i+ 1, we
have p(w,u) > d(wi,u;) + d(wiy1,u; ") > d(wi,wijrll) >e; > 0. If 0(i) =
1 + 2, then by the definition of match we must have u;11 = 1, and thus
p(w,u) > d(wiy1,1) > e9 > 0.

To prove that § extends d, let z,y € S. Clearly, §(z,y) < d(z,y). By
two-sided invariance of § and Lemma we have 6(z,y) = 0(z -y~ 1,1) =
inf{d(x,z) + d(y~',271) : 2 € S}. However, the infimum is attained for
z=ux or z =y since d(z,2) + d(y~ ', 27 1) = d(z,2) + d(z,y) > d(z,y), and
we are done.
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It remains to prove item (2) of Theorem [2.1] First of all, we consider
the greatest metric d’ on G II X that extends d’ on Ag II X and dg on G.
More precisely, d” is the amalgam metric of d’ on Ag II X and dg on G
over Ag, i.e. d'(x,g) = inf{d'(z, 90) + dc(90,9) : go € Ag} for x € X and
g € G. Observe that the infimum is in fact attained since Aq is finite. Thus
in particular, if d’ is rational, so is d”. Next, we extend d” to ¢ as in item (1).
We need to verify that § is finitely generated, and if d’ is rational, then so
is 4.

Let d be the extension of d”’ to GII X I X! as in the proof of item (1).
Define a metric v on G * F(X) as follows: for any z,y € G x F(X), set

7(*% y) = inf{d(xhyl) +ot d(xmyn) :n €N,

T, YLy Ty Yn CEAGU XU X o=y ozp, y=y1--.. yn}.
Then ~ is a two-sided invariant metric which is finitely generated by the val-
ues on pairs from AgII X IIX 1. Moreover, the infimum is actually attained
since AgII X II X ! is finite. Thus, if d’ is rational, then so is v. Comparing
the definitions of v and ¢ in this particular case, one can see that they are
equal. Indeed, for any z,y € G * F(X) we have

§(z,y) = inf{p(wy, wy) : Wy, wy, € W(S), vl =z, w; =y, |wy| = |wyl}
= inf{d(x1>y1) +e A+ d(xmaym) ST, YLy Tm, Ym € GII X HX_la
T=X1 e T, Y =YL+ Ym}-
Observe that in the previous equivalent definition of J, the elements x1, y1,
<. T, Ym are allowed to be from G'II X II X!, while in the definition of
7 they have to be from Ag II X I1 X~!. Thus, §(z,y) < v(x,y). However,
for every f,g € G we have d(f,g) = d(f1,91) + --- + d(f;,g;) for some
f1,91,---, fj, 95 € Ag since d|G = dg is finitely generated by Ag. Similarly,
for every z € XI1X ! and g € G we have d(z, g) = d(z,h)+d(h, g) for some
h € Ag. Thus for some hy,q1,...,h;, 9 € Ag we have d(h,g) = d(h1,91) +
s d(hlagl>7 S0 d(Z,g) = d(za h) + d(h—l’ h_l) + d(hlagl) +oo d(hlagl)-
So actually
8(z,y) = inf{d(z1,y1)+- - +d@m, Ym) : T1 YL, - - - Tns Ym € AgIIXTIX L,
T=T1 e Ty, Y=Y1 - Ym} =Y(x,y).

3. Open questions and problems

3.1. Groups isometric to the Urysohn space. To summarize, there
are now five known group structures on the Urysohn space Dl, the groups

(*) One should rather talk about classes of group structures since Cameron—Vershik’s
example is a class of continuum many different monothetic group structures on the
Urysohn space.
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from [1], [10], [I1] (and [12]), [3] and the present paper. Four of them are
known to be different, but it is open whether Shkarin/Niemiec’s group be-
longs to Cameron—Vershik’s class. We provide some open questions from
this area.

Let us start with groups of finite exponent. We have already mentioned
in the introduction that Niemiec [10] proved that there is an abelian metric
group of exponent 2 isometric to the Urysohn space and that he proved
in [II] that there is no abelian metric group of exponent 3 isometric to
the Urysohn space. Moreover, consider the Fraissé class of all finite abelian
groups of exponent n, where n > 3, equipped with an invariant rational met-
ric. Niemiec showed [I1, Theorem 5.5] that, surprisingly, the corresponding
Fraissé limit is not isometric to the rational Urysohn space. However, the
following problem is still open.

QUESTION 3.1 (Niemiec). Does there exist an abelian metric group
of finite exponent other than 2 and 3 that is isometric to the Urysohn
space?

Since all known metric groups isometric to the Urysohn space have an
invariant metric and a countable dense subgroup isometric to the ratio-
nal Urysohn space, the following problem is probably worthy of investiga-
tion.

PrROBLEM 3.2. Characterize those countable groups that admit a
two-sided invariant metric with which they are isometric to the rational
Urysohn space.

The reason we stressed that the metric should be two-sided invariant is
that in that case the group operations are automatically continuous and the
operations extend to the metric completion. The following question is thus
natural in this context.

QUESTION 3.3. Does there exist a metric group that is isometric to the
(rational) Urysohn space, but the metric is not two-sided invariant?

3.2. Fraissé classes of metric groups. The natural class of all finite
abelian groups equipped with an invariant rational metric is rather easily
checked to be a Fraissé class, and the metric completion of the correspond-
ing Fraissé limit is the universal Polish abelian group from [12] and [11].
However, the analogous problem for the non-abelian case is open.

QUESTION 3.4. Does the class of all finite groups equipped with a two-
sided invariant rational metric have the amalgamation property?

Note that the class of all finite groups does have the amalgamation prop-
erty [9] and the Fraissé limit is Hall’s universal locally finite group [7]. It
is not hard to check that if the class from Question [3.4] were Fraissé, then
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the Fraissé limit would be algebraically isomorphic to the Hall group. It
is not clear though whether it would be isometric to the rational Urysohn
space.
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