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Abstract. We will consider unital rings A with free additive group, and want to
construct (in ZFC) for each natural number k a family of Nj-free A-modules G which
are separable as abelian groups with special decompositions. Recall that an A-module G
is Ny-free if every subset of size < N is contained in a free submodule (we will refine
this in Definition ; and it is separable as an abelian group if any finite subset of G
is contained in a free direct summand of G. Despite the fact that such a module G is
almost free and admits many decompositions, we are able to control the endomorphism
ring End G of its additive structure in a strong way: we are able to find arbitrarily large
G with EndG = A @ FinG (so End G/Fin G = A, where FinG is the ideal of End G of
all endomorphisms of finite rank) and a special choice of A permits interesting separable
Ny-free abelian groups G. This result includes as a special case the existence of non-free
separable N-free abelian groups G (e.g. with End G = Z @ Fin G), known until recently
only for k = 1.

1. Introduction. Methods for constructing in ZFC R;-free modules (so
every countably generated submodule is contained in a free submodule) with
prescribed endomorphism algebra using the Black Box combinatorial prin-
ciple (due to S. Shelah) were developed thirty years ago. This follows from
classical work in A. L. S. Corner and R. Gobel [I] and standard references
given there.

The importance of these constructions lies in the fact that they can be
used to solve various kinds of problems like the realization of E-rings, which
are crucial in algebraic topology, or the existence of negative answers to
Kaplansky’s Test Problems.

Another interesting application leads to constructions of Ni-free mod-
ules G which are separable torsion-free abelian groups with prescribed en-
domorphism ring End G/Fin G, where FinG is the ideal of End G of all
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endomorphisms of finite rank (see [4]). Separable groups G are defined by
the property that every finite subset of G is contained in a free direct sum-
mand of G. In the case of torsion-free abelian groups they are characterized
as pure subgroups of a cartesian product of copies of the integers. Separable
Ni-free groups have been treated at many places; for a survey on this topic,
see [10].

It is natural to ask if we can strengthen the ‘torsion-free Main Theorem
(5.2)” from [I] to obtain Nj-free modules. Can we, in particular, find in
ZFC Ni-free modules for £ > 1 which are separable torsion-free abelian
groups with prescribed endomorphism ring End G/Fin G? We will provide a
definitive positive answer to this question in Main Theorem

Classical preparatory work in this direction was done by P. Griffith [12],
P. Hill [15], P. Eklof and S. Shelah [6]. Assuming V = L (or a weak version of
the axiom of constructibility, see Eklof and Mekler [5]), the construction of
such modules G can be carried out fairly easy; see Dugas and Gobel [3]. In
recent years, methods have been developed for constructing in ZFC Ry-free
structures with prescribed endomorphism ring using the Easy Black Box
combinatorial principle from [8, [19] (cf. [9] [14]). The original constructions
in [7, [18] use so-called triple modules, which required a highly elaborate set-
ting. Furthermore, an application of Shelah’s Strong Black Box was needed.
Following the lines in [I3] and [7], we will add certain new closure conditions
to avoid additional complications. Thus we can work exclusively with the
Easy Black Box and its algebraic version. Fortunately, this Black Box (see
Section 5) needs almost no further adjustments.

We will consider a separably realizable ring A which is p-reduced for
a previously fixed prime number p (as explained in the next section) and
a free A-module B defined on a special set A, satisfying certain cardinal
conditions. Let § be a family of elements of the p-completion B of B. This
family is obtained from branch-like elements, which are specific elements
of B modified by correcting terms. Here is where the Easy Black Box is
required, since it allows us to properly choose these correcting terms in order
to eliminate unwanted endomorphisms. The desired Ni-free A-module will be
the p-pure closure of the A-module generated by B and §. We are now ready
to describe the tools for Main Theorem [5.3] which is stated in Section 5.

2. Preliminaries. Let A be a ring with 1 having free additive structure
At =@, Zeq such that

Z:gﬂHZea

is an A-module, where A denotes the p-completion of A for some prime p.
Such rings are called separably realizable. It was shown at different times
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and independently that A is a ring for K = Ry by Goodearl, Menal and
Moncasi [II], Corner and Gobel [2] and Nielsen [17]. For more details, see
Gobel and Trlifaj [10].

We would like to construct a free A-module B, which serves as a starting
point of our construction. For that purpose, let £ > 1 be a fixed integer
throughout this work. We recursively construct a sequence of infinite car-
dinals A = (A1,..., ;) as follows. Consider the cardinal \g = |A| as an
initial step. Now suppose we have constructed A,, for some 0 < m < k.
Choose some cardinal i+ such that ;Li‘n"jrl = Um+1 and let Appy1 = ph L1
For example, we could use a slight modification of the beth numbers: put
p=p =2 3 (p) =pt and 37 () = (2% (W)*, which is the successor
cardinal of the cardinality of the powerset of 3} (u). Hence, we can take
Am =34 (u) for all 1 <m < k.

For an infinite cardinal )\, we denote the set of all order preserving maps
n:w — X by “TA, while “T>X denotes the set of all order preserving maps
n:n— X withn <w.

We associate with A two sets A and A,. The set A is defined as

A:WT)\lx---wa)\k.

For A, we first define the set A,,s, which is obtained by replacing the mth
coordinate “T\,,, of A by “T>\,,, namely,

Appe = “TAL X oo X 9T 00 X0 x 9T

A= A

1<m<k

Then, let

DEFINITION 2.1. Let 1 <m <k and n < w.
(a) If n € “TA,,, then the support of 7 is the set
[l ={nln|n <w}.
(b) If 7 = (m1,...,mk) € A, then 77)(m,n) denotes the element of A,
obtained from 7 by replacing its component n,, by 0, [n, i.e.
nlim,n) = (01, - D=5 Tl 70, M1, - - 7).
(c) For every 77 € A, consider the sets
[iiml = {@iim,n') [n<n’ <w)}, Wa= |J Wiml
1<m<k

If n = 0, then we simply write [7]m] and [7] instead. The set [7] is
called the support of 7.

(d) For 7 = (n1,...,mk) € Apx, we define the length ¢(7) of U as the
domain of nyy,.
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(e) It will be useful to introduce the following notation:
AZ" = {T € Aps | £(D) > n}.
Given a subset X, C A,, we consider the free A-module
Bx, = @ Aes.
TEX.

The basic A-module on which we base the final construction is the free
A-module

Moreover, let

where B denotes the p-completion of B.

DEFINITION 2.2.

(a) For every b =) 4 apey € B with ay € g, the Ay-support of b is
the set
[b] = {7 | aw # 0}.
Note that [b] is at most countable.
(b) We write [bly = ap for all 7 € A, and [b]x, = > ,cx, apep for all
X, C A..
(¢) If S C B, then the A,-support of S is the set [S] = Upesb]-

3. Ni-free A-modules

DEFINITION 3.1. If S is a set and & is a cardinal, then [S]=* denotes
the set of all X C S such that |X| < k. Analogously we define [S]<* and
[S]7={X C 5| |X]=r}.

For non-hereditary rings, it is necessary to modify the notion of k-free
modules. The following definition of k-freeness is due to Gobel, Herden and
Shelah [7], and is a slightly stronger version of the one in Eklof and Mekler [5].

DEFINITION 3.2. If k is a regular uncountable cardinal, we say that an
A-module M is k-free if there is a family C of p-pure A-submodules of M
satisfying:

(a) Every element of C is <k-generated and free.
(b) Every element of [M]<* is contained in an element of C.
(c) C is closed under unions of well-ordered chains of length < k.



Ny -free separable groups 43

DEFINITION 3.3.
(a) For n € “T™>X\, U“TA,, we define the norm ||n|| of 1 as

[nl] = sup (nn+1) € Ag;
n<f(n)

in particular, ||a|| = a + 1 for a € A\, and ||(]| = 0.
Recall that a map f (like n above) acts on X via xf for any z € X.
(b) For 7€ AU A, define 7] = [l
(¢) For X C A, put || X|| = supyey |7l Similarly, | X| = suppe 7] if
X C A,.
(d) If b € B, then ||b]| = ||[b]||, and for S C B, let ||.S|| = supycg ||0]-
DEFINITION 3.4. A sequence of elements (bg,)n<w C B is called regres-
stve with respect to 77 € A if:

(1) [[ogoll < On.
(ii) bpn — pbyns1 € B for all n < w, i.e. (byp)n<w is a divisibility chain.
(iii) [bmn] C [bro] for all n < w.

Evidently, every element b7 € B allows for a suitable sequence (brn)n<w
of elements by, € B such that conditions (ii) and (iii) hold with by = by.
Furthermore, we may fix in advance such a sequence for each by € B.

DEFINITION 3.5. For 7 € A and n < w, we define the branch element
associated with 77 and n as

00 k
Y=y 0" (Z em<m,i>>~
i=n m=1

We write y5 for ymo. Choose an element by € B with a regressive sequence
(bpn)n<w € B. We define the branch-like element associated with 77 and n as
Yin = b + Yan-

: / /
We also write Yy for Yoo
DEFINITION 3.6.
(a) A triple (X, X,3§) is called A-closed if:
(i) X C A and X, C A,.
(ii) For all 7 € X there exists some (minimal) Ny < w such that
(i) § ={yz =by+yg7 | 1 € X,b; € Bx,} is a regressive family of
branch-like elements, i.e. ||by|| < Ony, for all 7 € X.
(b) If (X, X, %) is A-closed, we define the A-module

GX*X = <BX*7Aylﬁn ’ﬁ € X7 n > Nﬁ> = <BX*7AylﬁNﬁ ‘ ﬁ € X>*
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RECOGNITION LEMMA 3.7. For g € E, l<m<kandn<w,ifgé€
(B, Ay | 7 € A) for a suitable choice of § = {y; =by+y;| bz € B, € A}
with regressive sequences (by;)i<w, then:

(i) There exist some unique b € B and a5z € A (7 € A) with g =
b+ men anyy-
(i) If an # 0, then |7l < ||g]
(i) The elements ay (7 € A) are entirely determined by [g]/l?n’i (see Def-
inition 2.1)(e)) and for 7|l = |lg|| the coefficient az is independent
of the choice of §.

Proof. Observe that [b], [by] N [7], [by] N [*’] and [77] N [77'] are finite for
7 #7 € Awith 7] < |7, while [7] N AZ2 and [77] N Az} are infinite.
Therefore:

(a) If ay = 0 for all 7 € A, then [g] = [b] is finite.

(b) Otherwise, [g] and [g] N Az} are both infinite. Furthermore, if 7j € A
with ||77]] = ||g||, then az # 0 if and only if [ym] C [g] for some i < w.

Now, (ii) is an immediate consequence of (b), while (i) and (iii) are proven
by transfinite induction over ||g||: If [¢g] N A7} is finite, then az = 0 for all
77 € A by combining (a) and (b), and we are done. If [¢g] N A7 is infinite,
then using (b) we can read off in a first step all those 77 with ||7]] = ||¢|| and
[ymi] N AZ" C [[g} A?yfi]’ and then determine ay accordingly from the coeffi-

cients appearing in [[g]Azn] (mi] (see Definition (b)) After that, proceed
mx i

with
Y anyy

€
I7lI=llgll
Furthermore, as this first step does not use the correction elements by, it is
independent of the particular choice of §. u
A well-defined A-support is a consequence of Recognition Lemma

DEFINITION 3.8. Let (X, X,§) be A-closed. For g € Gx, x, define the
A-support [g]a of g to be the set of elements of A that contribute to the
representation of g. More precisely, if p™g = b+ Zﬁe A aﬁy’ﬁ for some m > 0,
where b € B and a5 € A for all 7 € A, then

[9la = {7 € A ay # 0}.
Obviously, [g]4 is finite. For H C Gx, x, we define [H]1 = U,cyl9]a.

The A-modules Gx, x just introduced can be shown to be Ng-free. For
this purpose, we need the so-called Freeness Proposition, which allows us
to enumerate subsets of A in a convenient way so that we can prove linear
independence in the constructed A-modules.
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DEFINITION 3.9. A function F : A — [AJ=N0 is called regressive if
|ITF|| < Ong for all 77 € A.

FREENESS PROPOSITION 3.10. Let F': A — [A,]=N0 be a regressive map,
1< f<k, 2€[AN1 and (uz | 7 € 2) be a family of subsets of {1,...,k}
such that |up| > f. Then there exists a bijective enumeration {7 | a < (}
of £2 for some wy_1 < ¢ < wy such that, for all o < (, there exist {, € upe
and 1 < n, < w with the property that, for all n > ny,

1) & {1l m) | B < a} U 2 F
where 2, = {7° | B < al.

Proof. We proceed by induction on f. If f = 1, then [£2] = Ny and
um # 0 for all 7 € £2. For all a < A, define U, = {7 € 2| O, = a}. Let
N = {a < X\, | Uy # 0} and enumerate it N = {ag | § < §} for some § < wy
in such a way that ag < a, if and only if 8 < v < 6. Put y3 = |Ua,| and
03 = nepVa- We enumerate Uy, = {7]" | 05 < a < 03 + g}. This results
in a bijective enumeration {f® | @ < ¢} of 2 such that w < { < w; and, for
all a <,

On < 077/,2‘Jrl < On,‘;““".
Choose £, € ugpe arbitrarily. If 7 € U, and By is the minimal ordinal such
that 7% ¢ U, then we can find some 1 < n, 3 < w such that 7%Y(¢q,n) #
77 1(le,n) for all By < B < o and n > Mo 3. Put

Ng = Max Ng.g3.
Bo<B<a #

Then, for all n > ng, Tla, n) & {7°1(la,n) | Bo < B < a}. Moreover,
7 la, n) ¢ {ﬁﬂ1<€aan> | B < Bo}U U Qo F

since F' is regressive and 0175 < Ong for all B < So.

Now suppose the assertion is true for some 1 < f < k. Let £ € [A]"f and
(uy | M € £2) with |up| > f 4+ 1. Choose an Ny-filtration {2% | @ < wy} of 2
such that £2° =0 and [T\ 29 = R;_; for all @ < wy. The next crucial
idea comes from [I9] and is based on the construction of elementary sub-
models: We can assume that this filtration is coordinatewise-closed, meaning
that for all § € 2%, if there exist 77,7 € £2% such that

(i |1 m <K} (i | 1< m < )
U{vm |7 e FUR'F, 1 <m <k},
then 7 € (2. For every 77 € 2°T1\ 2% consider
Us: = {1 <m<k|
3 € 0% n <w ([l(m,n) =71(m,n) or 7j(m,n) € F)}.
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It follows that [uz| < 1, since |uz| > 1 would imply that 7 € 2% Put
u% = ug \ uy; and observe that |u%] > f. We apply the induction hypothesis
on each of the sets 271\ 2% together with the family (uf |77 € 2971\ 2%)
to obtain an enumeration 2%\ 2% = (7% | B < () for some wy_1 < ¢ < wy
with the required property. We induce an enumeration on {2 with the desired
property by ordering these enumerations lexicographically. =

We now present the main result of this section. It is an immediate ap-
plication of the Freeness Proposition [3.10] to the regressive function F' :
A — [A]SR0 given by F = [bg]. We refer the reader either to [7, Freeness
Lemma 3.7] or |13} Freeness Lemma 3.6] for a proof.

THEOREM 3.11. If (X, X,§) is A-closed, then Gx,x 1is an Ny-free
A-module.

4. The Step Lemma. We now introduce the Step Lemma, which is the
central piece of the final construction. It allows us to choose the corrections
for the branch elements in order to get rid of unwanted endomorphisms.

DEFINITION 4.1. Let (X}, X1, §!) and (X2, X2, F?) be A-closed triples.
(a) We write (X}, X1, §!) C (X2, X2%,3?) if X! € X2, X! C X? and
§'C ¥
(b) If b% = b% for all 7 € X' N X2, then
o (X, X3 N (X2 X257 = (X, N X2 XTn X2 31N §2),
o (X5 X1 FHU (X2 X257 = (X UXE XTUX?FUS?)
denote the canonically induced A-closed triples.

Similarly, further notation for A-closed triples (X, X, §) can be defined com-
ponentwise.

DEFINITION 4.2. Let (X,, X,§) C (Ys,Y, ®) be A-closed triples.
(a) For 77 € A, let
un(X.) = {1 <m < k| 3n <w ([iml, € X))
(b) For 1 < f<kand a € A} ={y € X\ | cf() = w}, let
Yx.xfa ={N €Y\ X [|ug(Xs)| = f and |[7]| = o}.
We write Yy, x instead of Yx, xfq if the pair (f, o) is clear from the
context.
(c) Let 1 < f < k and o € Ag. Then the triple (X, X,§) is called
(f, a)-closed with respect to (Yi,Y,®) if the following is satisfied:

if 7 € Y with |up(Xy)| > f and ||7|| # o, then 77 € X.

(d) If (Ya,Y) = (A, A), then we omit (Y,,Y,®) and just say that
(X, X,§) is (f, a)-closed.



Ny -free separable groups 47

As a remarkable result involving these definitions we have the following
simple but crucial lemma.

LEMMA 4.3. If (X., X, F) is (k, a)-closed with respect to (Yi,Y,®), and
MlN: € X and  [by] € X forall 7 € Yx, x,
then Gy,y N Bx, = Gx, XUy, x -

Proof. The inclusion Gx, xuyy, y € Gy,y N By, is immediate. Let g be
in Gy*y QEX*. If Hg]/]‘ = 0, then g c BX* - GX*XUYX*X~ If Hg]A‘ > 0, then
7 € XUYy, x follows from the Recognition Lemmal3.7(ii) for all 7] € [g] 4 with
171l = [lg|l. Thus, g can be reduced by these elements y;; modulo Gx, xuyy, x
and the induction step applies. =

Before introducing the Step Lemma, which is the main result of this
section, we need some more definitions.
DEFINITION 4.4.
(a) For g € B and £ € {0,1}, we define
g = {7 € [g] | £(7) = £ mod 2}.
(b) For 0< f <k and €= (Epp1,-- -, &) € “Thpg x oo x @TAy, et
N ={eA|nm="Enforal f+1<m<k}
A=10 J A
1<m<f
A =[A0 | A
fH1<m<k
In case f =k — 1 and & = (n), we simply write £ = 7, A& = A7 and
A& = A+,
DEFINITION 4.5.
(a) For v € A, U A, we define the ordinal content
orcov = U Im v,,.
1<m<k

(b) If S € A, U A, then orco S = | J;cgorcom.

(¢) If S, T C A\g and 7: S — T is a bijection, then 7 extends canonically
to a bijection 7 : w28 — @2T and for 7 € A, U A with orcov C S
we define T = (117, ..., V7).

(d) If X, C A, then we say that a bijection 7: S — T is X,-admissible
if orco X, C S and X.7 C A,.
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() If 7: 5 — T is an X,-admissible bijection, then 7 extends canonically
to an A-module monomorphism 7 : B X, — B A, = B which we call
a shift-isomorphism (onto its image).

X,-admissible maps are compatible with many of the notions already
introduced, like A- and (f, «)-closeness. We refer the reader to D. Herden
[13] for more details.

STEP LEMMA 4.6. Let the following be given:

(i) 0< f<k, E S WT)\f_H X oo X WT)\]C with o = ||§Ic||

(ii) A countable C, C A, such that ||C.| < 0& and [C.] = [C.]° for
some ¢ € {0,1}.

(ili) (Ya,Y,8) with & = {y = b +y; |7 € Y} is a A-closed triple with
Cy CYi.

(iv) A homomorphism ¢ : Bx; — Gy,y for which there exists some
z € Be, such that zp ¢ (Gyryr, Az), for all Y] C A, Y' C A,
where X! = C, U A%*.

If we take X = AS and X, = C, U [A%], then, for all ] € X, we can
choose an element e € {0,1} such that the triple (X, X,§) with § = {y; =
enz +yg | 1 € X} is A-closed and Gx, x satisfies the following condition:

If (Z+, Z,%) is a A-closed triple with § = {yg =V +ygz |7 € Z} and T
18 a Yy-admissible bijection such that

(v) Tlorco(zU zyp) = 1d;
(Vi) (Yi,Y.8)T C(Z:, 2, 9) so Gy,ryr C Gz,z;
)

(vil) (Ya,Y,®)7 is (k — f, a)-closed with respect to (Zy, Z,$);
(viii) b5 € {0, 2} for allf) € Zy,rv+;

then o1 : Bx; — Gy,ry, does not extend to a homomorphism from Gx,x
to GZ*Z-

Proof. We proceed by induction on f, although we only discuss the initial
step f = 0 here. See R. Gobel, D. Herden and S. Shelah [7] or D. Herden [13]
for a proof of the induction step.

If f=0,then £ € A, X = {¢} and X, = X, = C, U[{]. For ¢ € {0,1},
let yg =ez+tyg and G° = (Bx,,y €> Towards a contradlctlon suppose that
there exist Y,-admissible bijections 7¢, A-closed triples (ZZ, Z¢, $) contain-
ing (Y5,Y,86)7°, Gzez- = <Bzf,Ay%N% | 7 € Z¢), for some integers N > 0
and homomorphisms

1,[)6 G — GZiZE

extending p7°. We take some s < w such that for both € € {0, 1},
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Pyt =0+ Y azypn, € (Bze, Aypy, |y € 5°)
neze
Y EHT
for suitable elements b € Bze, and for all € Z° we have ag € A and
_ 0 arl
N = max (N, Ny).
Consider the unique extensions (simply written as) ¢ : G° — Gy,y and
¢: Gy,y = Gy,reyre. Then o7°[G® = 9* and y%i/}a S GZiZE N Gy,reyre.
Since (Y*,Y &)7¢ is (k,a)-closed with respect to (Z5, Z¢,H°%), by putting
A® =75 eyre, it follows similarly to Lemma that

Gzzz: N Gy.reyre C Gyore yreun:e

There are elements b° € By, e[y r<ua] and suitable coefficients from A such

that
PUgt =pygets =+ Y anup+ D g
ney ¢ neA®
yren® yreH®

By applying (7¢)~! to the corresponding equation and subtracting them
we obtain

Pre=b+ ) (g —ago)yy + D ayygen-1 = Y o)1 +az
ney neAl neAo

where b=0' (7)1 =b°(1%) " and az =37 1 anbﬁ(T 11— 2 ge Ao anb,(To)

If we take Y/ =Y UAY(79)"tUAY(71) 7! and Y/ = A,, then zp € (Gyry/, Az).,
which is a contradiction to condition (iv). Hence, we can choose an € € {0, 1}
that proves our claim. =

In the end, we want to construct a group G in such a way that End G =
A @ Fin G, where Fin G is the ideal of endomorphisms of G with finite rank
image. For this purpose, we need to eliminate all other possible homomor-
phisms. This will result from combining the following crucial lemma and
condition (iv) of Step Lemma Recall that A is a ring with free additive
structure AT =@, _,. Zeq.

a<k

LEMMA 4.7. Let V C A and G = Ga,v for a suitable regressive family
§ of branch-like elements. If ¢ € End G \ (A @ FinG), then there exists an
element z € B with [z] = [2]° for some & € {0,1} such that zp ¢ (G', Az).,
whenever G' = G 4,y for some V! C A with accompanying regressive family

' of branch-like elements.

Proof. We will examine the images ez of the generators of B in order
to construct the element z. It will be necessary to consider several cases. In
each of them, we assume that the previous cases do not apply. In each case,
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we will assume the existence of an infinite subset Z C A, satisfying, without
loss of generality, Z = [Z]° for some 6 € {0,1}.

(i) There is an infinite subset T C A, such that (\yczlewy] # 0. Con-
sider an element 7 € (,cz[ezp]. To construct z, we choose elements of 7
inductively. Choose elements 7,, € Z \ {Vp,...,Up—1} With [ep, @]y = an €
p*r A\ p* Tt A (see Definition [2.2(b)), where 0 < s9 < --- < s,,. If there
is an o < & such that a € (1, [as] when comparing supports with re-
spect to AT = @, ., Zeq, then we consider the sums >, _ enp™ep, with
en € {0,1} for all n < w, and choose z to be one of these sums such that
[[zgo]y] o € Jp\ Q. This is possible, since there are 2% such sums. Otherwise,
we can choose the elements 7, in such a way that the coefficients a,, have
disjoint supports in AT. Put z = ) _ p"ep,. Then [zp]y is an element
of A\ A.

(ii) There is an infinite subset T C A, and an element 71 € A such that
for allv € Z, 7 € [egp]a is of maximal norm. Choose a strictly increasing
sequence {n;}i<, and elements v; € Z such that [eg, ¥]gmn = " "a; for
all i < w, n > n; and [Cﬁi@]ﬁKme =0forall 0 <i<w,n<n;_q. Take
2= c,P"ep,. The Recognition Lemma will not be able to recognize

a coefficient of y;; from [z¢0]1 =2, despite [yg]n, C [2¢] and [|z¢|| = |7].
(iii) There are some countably infinite subsets {v, | n < w} C T and
{N, | n < w} C A such that for alln # m < w, Ty # T, [0,] = 7]l

and 7, € [ep,pla is of mazimal norm. Without loss of generality, we may
assume 7, ¢ lep, ] forallm # n. Take z = > _  p"ep,. By the Recognition
Lemma [3.7] it is not possible to read off finitely many branch summands of
maximal norm from [z¢p]! 7.

(iv) There are some countably infinite subsets {v, | n < w} C T and
{7, | n <w} C A such that for alln < w, ||[7,|| < [[T,41]] and 7,, € [ez,¢]a
1s of maximal norm. Take z as in the previous case and the Recognition
Lemma 3.7 once again fails to read off a branch summand of maximal norm
from [z¢p]1~9.

If ¢ does not comply with these cases, then it means that ezp € B for
almost all 7 € A,.

(v) For allv € I, ez € B and [epp] \ {7} # 0. For all n < w, we
choose inductively elements 7, € Z and 7, € [ep, ] such that v, # 7,
for all n < w, and [ez, ] N [ez,, @] = O for all n # m. For all n < w, take
Zn = p*rep, , where s, is chosen inductively such that p" s H@m)[e;, Pl #
pm“mH(%)[e;m(p]ﬁm for all n # m. Put z = Y _ p"z,. We obtain the
same conclusion as in the second case.

(vi) There are countably infinite subsets {v; | i < w} C Z and {a; |
i < w} C A such that for all i # j < w, a; # a; and ey, = a;ey,. Take
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2= icw pley, and suppose that z¢ € (Gyry, Az), for some A-closed triple
(Y/,Y',§'). Then there exist n > 0, b € By and a € A such that

Ptz =b+ Z YN, + az.
7ey’
Since [2]'7 = (), we have a7 = 0 for all 7 € Y’. It follows that p"*ia; =
[p" 2z, = p'a for all 7; ¢ [b], so a = p"a;, which in turn implies that a; = a;
for almost all ¢, 7 < w, a contradiction.
(vii) There are a countably infinite subset {v; | i < w} C T and two
elements ap,a1 € A such that ag # a1 and for all i < w, ey, = apep,, and
€Ty 11 P = Q1€D,,,,- Proceed in a similar way to the previous case.

If ¢ does not comply with these last cases either, then there exist a finite
subset S C A, and an a € A such that ez = aep for all 7 € A, \ S, so that
© = ¢ 4+ a, where ¢’ € Fin G with ez’ = ez —aep for all v € A,. =

5. The main result. In this section we realize the main construction
of an Ni-free A-module G with prescribed endomorphism ring End G =
A@Fin G by means of the Easy Black Box principle and the Step Lemma [4.6
We will actually introduce an algebraic version of the Easy Black Box, prop-
erly arranged for this construction. Such prediction principles need the notion
of traps for capturing the objects to be predicted.

DEFINITION 5.1. A quintuple p = (n, Vi, V,§, ) is a trap for the Easy
Black Boz if:

(1) ne wT)\k.

(i) (Vi,V,§) is A-closed.

(i) Vil, [V] < A1

(iv) AT ={v € Ap. | vy € []} C Vi
) 7]l < lIn|| for all 7 € Vi, and ||7|| < ||n|| for all 77 € V.

(vi) ¢ : Gy,y — Gy,y is an endomorphism.

We denote by |

Recall that for an infinite cardinal A\, \°> = {a € A\ | cf(a) = w}.

THE EAsy BLACK Box 5.2. Let |A| < 0 < A = X with A a regular
cardinal. If E is a stationary subset of \°, then there are an ordinal A <
A* < AT and a list of traps

<pa = (77047 Va*7 Vongoca (pa) ‘ a< A>k>
with the following properties:

(1) |lpall € E for all o < N*.
(i) [Ipall < llpgll for all o < B < A*.
(ili) na # ng for all o < < X*.

pl = llnll = [Vl the norm of the trap p.
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(iv) THE PREDICTION: For any A-closed triple (Ay,V,§) with G =
Ga,v, any homomorphism ¢ € EndG and any set S C A, with
|S| < 0, the set of ordinals o € E for which there is a f < \* with

Ipsll = ., [[SI| < Ong, (Vas, Vi, §5) € (A, ViF), 05 S, S C Vs

1s stationary.

MAIN THEOREM 5.3. If A is a ring with free additive group At =
@D, Zea such that A = AN[], ., Zeq is an A-module, |A| < p, 1 <k <w
and \ = Dg(u), then it is possible to construct an Wi-free A-module G of
cardinality A\ such that G is separable as an abelian group and End G =
A®FinG.

Proof. Since the case k = 1 is a classical result due to M. Dugas and
R. Gobel (see [4]), we assume k > 1.

Consider the stationary subset A = {a < A | cf(a) = w} of Ay = pf. By
Solovay’s Theorem (Jech [I6} p. 95]), we can decompose A} into \;, disjoint
stationary subsets, say A = Ua</\kEa. Since |B \ B| = A\, we are allowed

to write
U E,.
2€B\B

For each E., the Easy Black Box provides us with a family of traps

= (nav V&Z*v V;’ za Qpa)

for a < A\** < /\; We gather all these traps and order them according to the
norm of their first component, namely ||n.|| < ||ns]| for all @ < B < A* < Af.

Let V' = U,y A7 We will construct a regressive family § = {y; =
by + yn | 1 € V} of branch-like elements by choosing for all & < A* and
all 7 € A" an element by € B, and define G = G4,v. Suppose that when
considering the trap po = (Ma, Vass Vo Sa, Pa) With Fo = {y”’ = b” + yy |
1 € V,} and the unique z € B\ B such that ||n.| € E., we get

() Vo € Us<a, gl <linat 4™
(i) vy =y for all j € Vy,
(iii) ] C Vs,
(iv) [2] = [z]¢ for some ¢ € {0,1},
(v) Izl < Onas
(vi) zp ¢ (G',Az). whenever G' = G,y for some V' C A and a
suitable regressive family §.

[2
[2
|
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Then we let
Yo ={v € A | |7| < Imall},
Yo= |J 47 and &,={y|ne Y.},

B<a
Ingll<lInal

It is easy to verify that the assumptions of Step Lemma [£.6] hold for
f =k— 15 g = Na; Cy = [Z]a 2, (Y;,Y,@) = (Ya*,Ya, 6&)» Y = Pa rBXia
where X = [2] U A7*. Applying Step Lemma we will obtain correction
elements by = ez for 77 € A" . If any of the conditions (i) to (vi) fail, we
set ey = 0 instead. In this way, all elements 5 (77 € V) are chosen and the
construction of G = G4,y is finished.

To obtain a contradiction, suppose there is some ¢ € End G\ (A®FinG).
We apply Lemma to G to obtain an element 2z € B such that [2] = [z]
for some ¢ € {0,1} and z¢p ¢ (G', Az),, whenever G’ = Gy,y for some
V' C A and a suitable regressive family §'. Applying the Easy Black Box
to the stationary set E, C A° we deduce for G = G4,v, ¥ and S = [z] that
the set of ordinals v € E, for which there is an o < A\** with

Ipall = llzll <0ni, (Vi., Vi, 8a) € (A, V,3), wo €9, [2] C V5,

is stationary.
In particular, there is some o < A* such that

Ipall € B2, ||12]] <010y (Vas, Vas Sa) € (A, V,§), wa € ¥, [Z] C Vs
Notice that

VaCcvn{medlll <lnly= |J am.
B<a

Insll<lInell

Thus, the non-trivial case of the construction applies, so the by € {0,z}
(7 € A=) were chosen according to Step Lemma In order to derive the
desired contradiction, we set

f =k— 17 g: Na, C* = [Z]7 2, (KHYaQS) = (YO&HYOu@OL)a Y= SOafBX;7
X = Aﬁ’ X, =C, U [/1 ], (Z*,Z,f)) = (A*,‘/,S'), T = IdorcoYa*

and verify for this choice the missing conditions (v) to (viii) of Step Lem-
ma .6k

(v) Immediate.

() (Y2, Y, 8)7 = (Vaw, Yo, B) € (A, V,F) = (Ze, Z, ) by definition.

(vii) By definition, (Yi,Y, )7 = (Yas, Yo, Ba) is (1, ]|7a]])-closed with
respect to (As, V,§) since from 77 € V' with |ug(Yas)| > 1 and ||7j|| # ||na || it
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follows that
nevn{medlml<inll= J 4% =Y.
B<a

sl <lIma|
(viii) We have
Zyryr = Wava = {1 € V\ Yo [ Jug(Yau)| = 1 and [[7]] = [Inal[}

—vn{medlml=Inl}= |J 4%
BN
[Imall=nall

In particular, ||| = |7l = |pall € E:, and therefore by € {z,0} for all
ﬁ S ZY*TY’T'

The existence of (Zy, Z,9), 7 and ¢ with o7 = ¢ C 1 contradicts the
choice of g7 (7] € A") made during the construction of G by means of Step
Lemmafor f=k—1,6=1n4 Ci=[2], 2, (Ya,Y,8) = (You, Yo, &),
Y =@a|Bx:. =
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