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and Lyubomyr Zdomskyy (Wien)

Abstract. We consider amalgamation properties of convergent sequences in topo-
logical groups and topological vector spaces. The main result of this paper is that, for
arbitrary topological groups, Nyikos’s property a5 is equivalent to Arhangel’skii’s for-
mally stronger property 1. This result solves a problem of Shakhmatov (2002), and its
proof uses a new perturbation argument. We also prove that there is a topological space
X such that the space C,(X) of continuous real-valued functions on X with the topology
of pointwise convergence has Arhangel’skii’s property a; but is not countably tight. This
follows from results of Arhangel’skii-Pytkeev, Moore and Todorcevi¢, and provides a new
solution, with stronger properties than the earlier solution, of a problem of Averbukh and
Smolyanov (1968) concerning topological vector spaces.

1. Sheaf amalgamations in topological groups. To avoid triviali-
ties, by convergent sequence x, — T we mean a proper one, that is, such
that x # z,, for all n. This way, convergence is a property of countably infi-
nite sets: a countably infinite set A converges to x if all (equivalently, some)
bijective enumerations of A converge to x. Thus, in the following definition,
by sequence we always mean a countably infinite set. The following concepts
are due to Arhangel’skii [I} 2], except for a; 5 which is due to Nyikos [14].

DEFINITION 1.1. A topological space X is «;, for i = 1,1.5,2,3,4, if
for each x € X and all pairwise disjoint sequences S1,5s,... C X, each
converging to z, there is a sequence S C |J,, S, such that S converges to x
and, respectively:

(a1) Sp \ S is finite for all n.
(a15) Sp \ S is finite for infinitely many n.
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(a2) Sp NS is infinite for all n.
(a3) S, NS is infinite for infinitely many n.
(ag) S, NS is nonempty for infinitely many n.

A survey of these properties is available in [23]. In the integer-indexed
properties «;, we may remove the requirement that the sequences Sp, 59, ...
are pairwise disjoint [I4]. Indeed, we can move to subsequences S;, = S, \
Uk<n Sk of S, for n € N. If S}, is infinite for infinitely many n, we can
dispose of the other ones. And if not, then the sequence S := J,,, Sk
for any n with S/, finite would be as required in a;. However, removing
the disjointness requirement in the property a7 5 renders it superfluous:
Applying it to the modified sequence | J,,, Sk for n € N would result in a
sequence S as required in ;.

Each of the properties in Definition [1.1] implies the subsequent one. To
see that a1 implies a9, for each n decompose S, = |J, Sni, and take
Sp = Uni<n Smn [14].

None of the implications

] = 1.5 = 9 = (A3 = 04

can be (provably) reversed, not even in the class of Fréchet—Urysohn spaces
[23]. Recall that a topological space X is Fréchet—Urysohn if each point in
the closure of a set is in fact a limit of a sequence in that set.

In the present paper, we consider these properties in the context of topo-
logical groups. This direction was pioneered by Nyikos in his 1981 paper [13].
He proved that Fréchet—Urysohn groups are a4y, and that sequential aso
groups are Fréchet—Urysohn. Shakhmatov [22] constructed, in the Cohen
reals model, an example of a Fréchet—Urysohn group which is not a3, and
a Fréchet—Urysohn as group which is not aj 5. In particular, none of the
implications

] = g = (X3 = Q4

is provably reversible in the realm of topological groups. The question
whether a7 5 groups are «q is implicit in Shakhmatov’s paper. The problem
whether Fréchet—Urysohn oy 5 groups are o is stated there. This variant of
the problem was settled in the positive by Shibakov, in his 1999 paper [24].

In his 2002 chapter for Recent Progress in General Topology [23], Shakh-
matov cites Shibakov’s solution, and writes: “It seems unclear if a7 5 and
aq are equivalent for all (i.e., not necessarily Fréchet—Urysohn) topological
groups”. For groups of the form C,(X), the continuous real-valued functions
on a space X with the topology of pointwise convergence, Sakai solved this
problem in the positive [I§]. One step in his solution involves a pullback
method which was used earlier by Scheepers [20] to show that for C,(X)
spaces, we have as = a3 = ay: Replace the nth sequence {f,,, : m € N} by
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{|fim|+ -+ 4+ | fam| : m € N}. This approach is not applicable to arbitrary
topological groups. Indeed, Sakai proves some of his lemmata in the context
of general topological groups, but his main theorems are proved only for
Cp(X). The following theorem answers Shakhmatov’s question.

THEOREM 1.2. A topological group is a5 if, and only if, it is a.

Proof. Let G be a topological group, and S1,.52,... C G be sequences
converging to e. Let T" be any sequence converging to e (e.g., let T := S).
For each n, fix a bijective enumeration S, = {gnm : m € N}.

Let {(nx, my) : k € N} be an enumeration of the set N x N where each
pair (n, m) appears infinitely often. For each k, as the set (T'\{t1,...,tx_1})-
Gnym,, 1S infinite, we can pick

tr € T\{tl,...,tk_l}
such that
Uk * Gnymy, & {t1 - Gnymys -5t - gnk—lmk—l}’
For each pair (n,m), let {k(n,m,7) : i € N} be an increasing enumeration of
the set {k : (ng, mg) = (n,m)}. Note that the function (n, m,i) — k(n,m,q)
is injective. For each i, define the following perturbation of Sy,:

SV = {te(n,1,0) - 9n1s tr(n,2:) - In2s te(n,3,6) * Gn3s -+ }-

The sequence Sff) converges to e. By the construction, the sets Sff
n,1 € N are pairwise disjoint, and therefore so are

S =5"y.use

for n € N. Being finite unions of sequences converging to e, the sequences
1,5%, ... converge to e, too.
Apply a;5 to S, 55, ... to find a sequence S” converging to e such that
S/ \ S’ is finite for each n in an infinite set I C N. Define

)

for

n
S = U U{gjm m e N, tk(j,m,n) *Gjim S S/}
nel j=1
Since for each n € I and each j =1,...,n we have ty(jm.n) - gjm € S’ for all
but finitely many m, the set S; \ S is finite for all j.
Finally, note that S is obtained by taking a subsequence of S’ and mul-

tiplying its elements by distinct elements t;l that is, elements of a

(j;m,n)’
subsequence of {t~! : ¢ € T}, which also converges to e. Thus, S converges

to e, too. =
We obtain a short proof of a result of Nogura and Shakhmatov.

DEFINITION 1.3 (Nogura—Shakhmatov [12]). A topological space X is
Ramsey if, whenever lim,, lim,, z,,, = z, there is an infinite I C N such
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that for each neighborhood U of x, there is k such that {zpm, : k <n < m,
n,mel} CU.

In general, o topological spaces need not be Ramsey. In the context of
topological groups, the above definition simplifies to the following one.

LEMMA 1.4 (Sakai [18]). A topological group G is Ramsey if, and only
if, whenever limy, gn;m = € for all n, there is an infinite set I C N such that
the sequence {gnm : n,m € I, n < m} converges to e.

Proof. Assume that lim,, gn,m = gn and lim, g, = e. For each n, define
Irm = 9n 1 Gnm- Then lim,, gn,m = € for all n. =

THEOREM 1.5 (Nogura—Shakhmatov [12]). FEvery oy 5 topological group
1s Ramsey.

Proof. Let G be an «j.5 topological group. We establish the property
stated in Lemma Assume that lim,, gnm,m = e for all n. By Theorem
G is a1, and thus there is an increasing function f: N — N such that the
sequence {gnm : m > f(n)} converges to e. Take I to be the image of f. =

2. New amalgamations. Using the above-mentioned pullback method
of Scheepers, Sakai [18] proved that for groups of the form C,(X), Ramsey
is equivalent to ai. The following problem, though, remains open.

PROBLEM 2.1 (Shakhmatov [23]).

(1) Is every (Fréchet—Urysohn) ag topological group Ramsey?
(2) Is every (Fréchet—Urysohn) Ramsey topological group oo ?

In Definitions and [2.7] below, we introduce several new local
properties related to Ramsey and «g, and prove implications among them.
The exact relations among these new properties and among them and the
classical ones remain unknown. Some of the most interesting problems that
remain open are summarized in Section [4

DEFINITION 2.2. A topological space X is locally Ramsey if, for each
x € X, whenever lim,, x,,, = x for all n, there is an infinite set I C N such
that the sequence {Zy, : n,m € I, n < m} converges to z.

Locally Ramsey spaces are as. By Lemma |1.4] a topological group is
Ramsey if, and only if, it is locally Ramsey.

DEFINITION 2.3. A topological space X is ay- if, for each z € X, when-
ever lim,, T, = x for all n € N, there are natural numbers m; < mg < - - -
such that the sequence (J,,{Z1m,, - Znm, } converges to x.

Thus, every ay- topological space is as.
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ProrosiTION 2.4.

(1) Every aq- topological space is locally Ramsey.

(2) Every aqg- topological group is Ramsey.

Proof. (1) Take my < mg < --- as in the definition of ay-, and set
I:={my:neN}

(2) Use (1) and Lemma[1.4] u

DEFINITION 2.5. A topological space X is a- if, for each x € X, when-
ever lim,, £, = x for all n, there are infinite sets I,.J C N such that the
sequence {Tpm :n € I, m € J, n < m} converges to .

Thus, every locally Ramsey space is a3-, and every as- space is a3. The
above-mentioned results of Scheepers and Sakai follow.

PROPOSITION 2.6. For topological groups of the form Cy(X), the prop-
erties
Qo—, o, Qi3—, (3, a4, locally Ramsey, and Ramsey

are equivalent.

Proof. By the above observations, it suffices to show that a4 implies
ao- for such spaces. This follows from Scheepers’s pullback method: Given
sequences S, = { fum : m € N}, each converging to 0, replace each sequence
S, with

S;L = {|f1m’ ++ ‘fnm| tm > n}

Applying a4 and thinning out, we obtain an increasing sequence of indices

m1 < meo < --- such that the sequence
converges to 0. Then the sequence |J,,{ fim,;- - - fam, } converges to 0. m

DEerFINITION 2.7. Let X be a topological space, and = € X. The game
a8™™°(X, z) is played by two players, ONE and TWO, and has an inning
per each natural number. On the nth inning, ONE chooses a sequence S,
converging to x, and TWO responds by choosing a subsequence T, C S,.
TWO wins if the sequence | J,, T), converges to x. Otherwise, ONE wins.

PROPOSITION 2.8. Assume that for each x € X, ONE does not have a
winning strategy in o™ (X, x). Then the space X is ay— (and thus locally
Ramsey).

Proof. Assume that lim,, x,,,, = x for all n. Consider the following strat-
egy for ONE: In the first inning, ONE plays the sequence {z1,, : m € N}. If
TWO plays the subsequence

{x1m :m € L1},
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then ONE responds by playing
{xom :m e I \ {min I } }.
In general, if in the nth inning TWO chooses a subsequence
{Zpm :m € I},
then ONE plays
{Znt1m :m € I, \ {minI,}}.

Since this strategy is not winning for ONE, there is a play lost by ONE.
Let I1,Io,... be the infinite sets of sequence indices which correspond to
the moves of TWO in this play. Define m,, := min [,, for each n. Then for
each n,

LJ{xlmnan-7$nm%} - LJ Th7

neN neN

and the latter sequence converges to x. =

COROLLARY 2.9. Let G be a topological group. If ONE does not have a
winning strategy in the game a§" (G, €), then G is Ramsey (indeed, cp-). m

PROPOSITION 2.10. Let X be an «ay space. For each x € X, ONE does
not have a winning strategy in the game o5 (X, z).

Proof. Define the game of*"°(X, ) corresponding to the property a;
(at x). This game is similar to o§" (X, z), with the only difference that
here TWO must choose a cofinite subset of each sequence provided by ONE.

LEMMA 2.11. A topological space X is c if, and only if, for each point
x € X, ONE does not have a winning strategy in the game of*"° (X, x).

Proof. (<) Immediate.

(=) The following method was used by Scheepers [19] to prove similar
results for games involving open covers.

Fix a strategy for ONE in of*"(X,z). For each sequence played by
ONE, there are only countably many possible legal responses by TWO. Let
F be the family of all possible sequences which ONE may play according to
the fixed strategy. As F is countable, we can apply a7 to F, and find for
each sequence S € F a cofinite subset S C S such that | Jg. S’ converges
to x.

Consider a play where TWO responds to each given sequence S,, by S,.
This play is lost by ONE. =

game

If ONE does not have a winning strategy in o;"" (X, z), then ONE does
not have one in o""°(X, z), where the moves of TWO are less restricted. m
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3. Sheaf amalgamations in topological vector spaces. In their
1968 paper [6], Averbukh and Smolyanov asked whether every a; topological
vector space is Fréchet—Urysohn. The problem was only settled in Plichko’s
2008 paper [16], using Banach spaces with certain weak topologies. Knowl-
edge that was available in the field of selection principles, even before its
solidification in 1996 [19] 9], was enough to have a consistent counterexample
for the Averbukh—Smolyanov problem: Assume the Continuum Hypothesis,
and let S C R be a Sierpinski set, that is, a set of size continuum whose
intersection with every Lebesgue-null set is countable. It is known that every
Borel image of a Sierpiiiski set in NY is bounded, and consequently the space
Cp(9) is 1. On the other hand, C,(S) cannot be Fréchet—Urysohn since S is
not Lebesgue-null [§]. Moreover, there is an example based solely on cardi-
nality: It is known that the combinatorial cardinal p (respectively, b) is the
minimal cardinality of a set X C R such that C,(X) is not Fréchet-Urysohn
(respectively, aq). Thus, the consistent assumption p < b provides a coun-
terexample in a trivial manner. We show in Theorem that this approach
provides a counterexample within ZFC. Moreover, this example has the fol-
lowing remarkable properties: Every separable subspace is metrizable, but
the topological vector space is not even countably tight.

In the proof of Theorem we will use several known facts, for which
we provide proofs for completeness.

General versions of the following fact were proved in the 1970’s (see,
e.g., [10] and references therein). Recall that the X'-product of spaces X, for
i € I, with respect to a point x € [[;c; X; is the subspace ) ,.; X; of the
product space [[;.; X; consisting of all y € [],.; X; such that y; = z; for
all but countably many ¢ € I.

PROPOSITION 3.1. Let X be a X-product of a family of first countable
spaces. Then:

(1) Ewvery countable subspace of X is first countable.
(2) The space X is .

(3) The space X has countable tightness.

(4) The space X is Fréchet-Urysohn.

Proof. (1) Countable subspaces of X are supported on a countable set
of indices.

(2) follows from (1).

(3) Let X = > ,c;Xs, A C X and y € A. For each i € I, let B; be a
countable base at y;. For a finite set F' C I and an element U € Hie r Bi, let

[U]:Z{HTGX:VZ'EF,xiGUZ‘}.

Fix an arbitrary, countably infinite set I; C I. Continue by induction
on n. Let A, C A be a countable set intersecting [U] for all finite F' C I,
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and all U € HiGF B;. Let I,41 be the union of I,, and the supports of the
elements of A,,.

The point y is in the closure of the countable set | J,, A,,. Indeed, let F' be
a finite subset of I, and U € [[;cp Bi. Let F1 = FN,, I, and Fy = F\U,, I
As F is finite, there is n such that Fy C I,. Let V.= (U; : i € Fy). Then
there is an a € A, N [V]. As the support of a is contained in I,,41, a; = y;
for all i € Fy. Thus, a € [U].

(4) follows from (3) and (1). m

The following result, brought to our attention by J. Moore, is proved for
S in [27, Theorem 7.10], where it is pointed out that the L case is analogous.

For completeness, we provide a proof for the L case, which is the one needed
here.

LEMMA 3.2. Assume that Y is a regular topological space with all fi-
nite powers Lindeldf and countably tight, and X is a nonseparable subspace
of Y. There exists a c.c.c. poset P such that, in VT, the space X has an
uncountable discrete subspace.

Proof. Tt suffices to show that there are a c.c.c. poset P and a family D
of Ny many dense subsets of P such that:

For each ZFC model V' DV with w}’ = Y, if there is in V" a filter
G C P meeting each D € D, then the space X has an uncountable
discrete subspace in V'.

Passing to a subset of X, if necessary, we may assume that
—_—Y
X={z¢:{<wi} and {ze:&<a} N{z,:n>al =0

for every a < wi. There are two cases to consider.

Y Y
CasE 1: {z¢: & <a} N{zy:n>a} =0 for all @ < wy; in other
words, X is a free sequence in Y. Since Y has countable tightness, X" =

Uacw, {25 : 8 < a}Y. The space X" is closed in Y, and thus Lindel6f. On
the other hand, the family

{YY\{xB:BZa}Y:a<w1}

. <Y . ..
is an open cover of X~ without a countable subcover, a contradiction.

CASE 2: {z¢:&< a}Y N{xy:n> a}Y # 0 for some «. In particular,
the set {x, : 7 > a} is not compact. We may assume that X is not compact.
Let U be an ultrafilter on X whose elements are uncountable. If there exists
some « such that U contains all open neighborhoods in X of z,, then the
Hausdorff property implies that every xg for 8 # « has a neighborhood in
X which is not in U. By removing a point from X if needed, we may assume
that every element of X has a neighborhood in X that is not in U.
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For each «, pick neighborhoods Uy, V, of z, in Y such that V,, C U,,
UgN{ze: €< a}Y =0and {UsNX :a<w} C P(X)\U. Then finitely
many sets U, cannot cover a cocountable subset of X. Let P be the poset
consisting of all finite sets {ag,...,ap—1} C w1, ap < -++ < @p—1, such that
To,; ¢ Vo, whenever i < j. A condition H is stronger than F', written H < F,
if FCH.

Assume, towards a contradiction, that there is an uncountable antichain
{F, : @ <wi} in P. For incompatible elements F, H € P, the elements F'\ H
and H \ F are also incompatible. By the A-System Lemma, we may assume
that the sets Fi, are pairwise disjoint, min F,, > max Fg for all § < «,
and |F,| = n for all a. For each a, let {€2,...,£71} be the increasing
enumeration of F,,. Set

W0 = {(zg,...,2n_1) € X" :Vi,j <m, xiing},
Wa1 ={(xo,...,pn-1) € X" : i, j <n, z; ET&}

Then W2N WL =0, and W2, W! are closed. Moreover, by our choice of Us,
we have (x%)Kn € W2 for all 8 < a. By the definition of P and the incom-

patibility of F,, and Fj, we see that (Jc,gé)Kn € Wl for all 8 > a. Thus, the
subset A 1= {Ty 1= (T )icn 1 @ <wi} of X" satisfies

{@:B8<a) N{@z:B=a} =0
for all a, a contradiction.

Thus, the forcing notion P is c.c.c. For each a < wy, let Dy, :={F € P:
max F' > a}. Since no finite subfamily of {U, : @ < w1} covers a cocount-
able subset of X, each set D, is dense in P. Assume that G is a subfilter
of P (possibly, in some extension V' O V') which intersects every D,. Then
xg &V, for all 5, € |JG: if B < « this follows from the choice of V,, and if
B > « this follows from the existence of an element F' € G containing both
a and S. Thus, G gives rise to the discrete subspace {z, : @« € |JG} of X,

. . . /
which is uncountable if w}/ = wY . m

We are ready for the main result of this section. An L-space is a hered-
itarily Lindel6f nonseparable topological space. The existence of L-spaces
was established by Moore [IT]. A classical result of Arhangel’skii, and in-
dependently Pytkeev, asserts that a function space C,(X) has countable
tightness if and only if all finite powers of the space X are Lindelof.

THEOREM 3.3. There is a hereditarily Lindelof nonseparable Fréchet—
Urysohn space L such that:

(1) Cp(L) is a1; moreover, every separable subspace of Cy(L) is metriz-
able.
(2) Cp(L) is not Fréchet-Urysohn; moreover, it is not countably tight.
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Proof. Let L be an L-space of the kind constructed by Moore [I1]. Fol-
lowing Todorcevié¢ [26], Moore considered a function

osc: {(a, ) Ewl:a < B} = w

with strong combinatorial properties. Let (zq)a<w, be a sequence of ratio-
nally independent points on the multiplicative circle group T = {z € C :
|z| = 1}. For each 8 < wq, define an element wg € T*' by

wg(a) = {ngc(a’ﬁ)ﬂ if a < 3,
1 otherwise.

By [11, Theorem 7.11], the set L = {wg : B < wi} is an L-space. By [11]
Theorem 7.8], or directly by Proposition the space L is Fréchet—Urysohn.

(1) Let D be a countable subset of C,(L). Since L is a hereditarily
Lindelof subspace of a product space and R is a second countable Hausdorff
space, every continuous function f: L — R is determined by countably
many coordinates; equivalently, there are oo < wj and a continuous function
gt ProlL] — R such that f = g, o pr,,.

LeEMMA 3.4. For each a < wy, the set pr,[L] is countable.

Proof. By [11l, Proposition 7.13], the subtree {osc(-,d)[a : § > a} of
w<¥ is Aronszajn, where osc(-,d): £ — osc(&,0) for £ < §. By the definition
of Aronszajn tree, the set

{osc(-,0)la:a<d <wi}

is countable for each o < wy. Thus, {wsla : @ < § < wy} is countable, and
hence so is pr,[L]. =

As D is countable, there is o < w; such that every function f € D is
determined by a continuous function on the first o coordinates. Thus,

pr: Cp(pro[L]) = Cp(L), g gopr,,

is an embedding (see, e.g., [3l Proposition 0.4.6]). As pr,[L] is countable,
the space Cp(pr,[L]) is metrizable, and therefore so is its image, which
contains D.

(2) By Proposition every finite power of > T is countably tight.
As countable tightness is hereditary, all finite powers of L are countably
tight. By Lemma with X =Y = L, we see that if all finite powers of L
are Lindelof, then there is a c.c.c. poset P such that L has an uncountable
discrete subspace in VF. But in the proof of [11, Theorem 7.17] it is pointed
out that the space L remains an L-space in c.c.c. forcing extensions. In fact,
c.c.c. is not necessary, as the following lemma shows.

LEMMA 3.5. Moore’s L-space remains an L-space in every forcing ex-
tension that does not collapse Ny.
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Proof sketch. In accordance with [11) Definition 2.1], the construction of
L is based on a C-sequence

C=(Cy:a<wp, alimit).
The function osc is constructed from C in such a way that, for each poset
P preserving wy, the constructions of osc in V and in V¥ give the same
function, and hence give rise to the same subspace of the X-product of
circles . By the same proof carried out in V', this space is an L-space
inVFP. u
It follows that some finite power of L is not Lindel6f. By the Arhangel’skii—

Pytkeev Theorem, C,(X) is not countably tight, which completes the proof
of Theorem 3.3

4. Open problems and closing remarks. By Section[2] we know that,
for topological groups,

game

a; & a5 = ONE } o5 (G, e) = ay- = Ramsey = a3- = a3 = o
and as- = a2 = as.

PROBLEM 4.1. Are there, in ZFC or consistently, topological groups G
that are:

(1) ag but not ag—?

2) as- but not Ramsey?

3) Ramsey but not cg- ?

4) ay- but ONE has a winning strategy in o5 (G, e)?

5) not a1 and ONE has no winning strategy in o§™"°(G,e)?
6) g but not ay-?

7) as- but not ag?

PROBLEM 4.2. Let X be a Tychonoff space such that Cy,(X) satisfies c.
Does it follow that ONE does not have a winning strategy in o™ (Cp(X),0)?

AN N N N N

The results and methods of Section [3] have already been used in a num-
ber of papers, including [4, B 15, 211, 25]. The direct union of an L-space
and the Sorgenfrey line is an L-space with non-Lindelof square. However,
such a space does not enjoy the properties described in Section [3] Answer-
ing a question from an earlier version of this paper, Yinhe Peng proved that
the square of Moore’s original L-space is also non-Lindelof [15]. Peng’s argu-
ments are highly nontrivial, and use the fine details of Moore’s construction.
Our proof in item (2) of Theorem is potentially more general, as it ap-
plies to all absolute modifications of Moore’s construction where Lemma [3.5

(*) This can be checked by going through the relevant definitions in Section 4 of [IT] in
a quite straightforward manner, i.e., without involving any deep absoluteness arguments.
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holds. We do not know of any modification of Moore’s construction where
Lemma [3.5] fails.
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