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On (C,1) summability for Vilenkin-like systems
by

G. GAT (Nyiregyhdza)

Abstract. We give a common generalization of the Walsh system, Vilenkin system,
the character system of the group of 2-adic (m-adic) integers, the product system of nor-
malized coordinate functions for continuous irreducible unitary representations of the co-
ordinate groups of noncommutative Vilenkin groups, the UDMD product systems (defined
by F. Schipp) and some other systems. We prove that for integrable functions opn f — f
(n — o) a.e., where oy, f is the nth (C,1) mean of f. (For the character system of the
group of m-adic integers, this proves a more than 20 years old conjecture of M. H. Taible-
son [24, p. 114].) Define the maximal operator o* f := sup,, |on f|. We prove that o™ is of
type (p,p) for all 1 < p < oo and of weak type (1,1). Moreover, ||c*f|l1 < c||f|| g, where
H is the Hardy space.

Introduction and examples. Denote by N the set of natural numbers
and by IP the set of positive integers. Let m := (my, : k € N) be a sequence of
positive integers such that my, > 2 for k € N, and let G,,,, be a set of cardi-
nality my. Suppose that each (coordinate) set has the discrete topology and
the measure uj which maps every singleton of G,,, to 1/my (p(Gm,) = 1)
for k € N. Let GG,,, be the compact set formed by the complete direct product
of G, equipped with the product topology and product measure (u). Thus
each z € G, is a sequence z := (zg, 21, ...), where z, € G, , k € N. Then
G, is called a Vilenkin space. It is a compact totally disconnected space,
with normalized regular Borel measure p. The Vilenkin space G, is said to
be bounded if the generating system m is bounded.

Throughout this paper we assume the boundedness of G, ; moreover, c, ¢,
denote absolute constants, the latter can depend (only) on p.
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A neighborhood base of G, can be given as follows:
Iy(z) == Gy In(z):={y= (yi,i € N) € Gy, : y; = x; for i < n}
for x € G, n € P. Then
I:={L(x):neN, zeGy}

is the set of intervals on G,,.

Denote by LP(G,y,) the usual Lebesgue spaces (with norms || - [|,) (1 <
p < ), by A,, the o-algebra generated by the sets I,,(z) (z € G,,) and by
E,, the conditional expectation operator with respect to A, (n € N).

The maximal Hardy space H!(G,,) is defined by means of the maximal
function f* := sup, |E.f| (f € LY(Gn)): f is said to be in HY(G,,) if
f* € LY(G,,). Then H'(G,,) is a Banach space with the norm

1l = 11"

This definition is suitable if the sequence m is bounded. In this case H*(G,,)
has an atomic structure (for the dyadic case (my = 2, k € N) see [21, p. 104]
and for the general case see [22, p. 92]). A function g € L*>°(G,,) is an atom
if either g = 1 or suppg C I,(x), Sln(x)gdu =0, and ||g|lcc < 1/p(In(x))
for some z € G, n € N. By definition, f € H(G,) iff f = >°7°, Aigi, where
Yoo |Xil < oo, A; € C and g; is an atom (i € N). Then H(G,,) is a Banach
space with the norm

1Flle := inf D> [l
=0

where the infimum is taken over all decompositions f = Y .°  A;g; as above.
If the sequence m is bounded (in this paper this is supposed), then H(G,,) =
HY(G,,), moreover, the two norms are equivalent. (If the sequence m is not
bounded, then the situation changes [22].)

We say that an operator T : L' — L° (where L°(G,,) is the space
of measurable functions on the Vilenkin space G,,) is of type (p,p) (for
1 <p<oo)if |Tfllp < ¢llfllp for all f € LP(G,,) and the constant c,
depends only on p; T is of type (H, L) if || Tf|1 < c||f||x for all f € H(G,,);
and T is of weak type (1,1) if u(|Tf] > N) < c||f|l1/X for all f € LY(G)
and A > 0.

Let My :=1 and My := mypMy, for k € N be the so-called generalized
powers. Then every n € N can be uniquely expressed as n = 220:0 ng My,
0 < ng < myg, nx € N. The sequence (ng,nq,...) is called the expansion of n
with respect to m. We often use the following notations. Let |n| := max{k €
N : ny, # 0} (that is, M}, < n < Mj,41) and n® = Z]Oik n;M;. Next
we introduce on G, an orthonormal system which we call a Vilenkin-like
system.
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Complex-valued functions r}} : G, — C which we call generalized Rade-
macher functions have the following properties:

(i) rp is Ag4i1-measurable (i.e. 7} (z) depends only on zg,...,z) (z €
Gwm)), 72 =1 for all k,n € N.
(ii) If My, is a divisor of n and [ and if n*+1) = [(*+1) (k[ n € N), then

1 ifng =1
n=l\ __ k ks
Er(riTi) = {o if g, # I
(Z is the complex conjugate of z).
(iii) If My is a divisor of n (that is, n = ngy1 Myy1 +ngraMpia+.. .+
n|n‘M‘n|), then
mk—l )
> M @) = my
j=0
for all x € G,,.
(iv) There exists a 6 > 1 for which ||} ||e < \/mi /6.

Define a Vilenkin-like system ¢ = (¢, : n € N) as follows:

CT )
k
wn::HrZ , nelN
k=0

. 0o_ el a®
(Since 1, = 1, we have ¢, = [[,Zo ¢ "-)

EXAMPLE A (the Vilenkin and Walsh systems). Let G,,, := Z,,, be the
myth (2 < my € N) discrete cyclic group (k € N). That is, Z,,, can be
represented by the set {0,1,...,my — 1}, where the group operation is mod
my, addition and every subset is open. The group operation (4) on G, is
coordinatewise addition. G, is called a Vilenkin group. The Vilenkin group
for which my = 2 for all k¥ € N is the Walsh—Paley group. In this case let
r(z) := (exp(2mxy/my))™, where 1 := /—1,2 € G,,. The system ¢ :=
(¢, : n € N) is the Vilenkin system, where 1, :== [, rgm =TT TZ"“M’“.
For the Vilenkin group with mj; = 2 for all £k € N, we get the Walsh—Paley
system. Since || = 1, (iii) and (iv) are trivial and so are (i) and (ii). For
more on the Vilenkin and Walsh systems and groups see e.g. [21, 1].

EXAMPLE B (the group of 2-adic (m-adic) integers). Let G,,, :=
{0,1,...,my — 1} for all k € N. Define on G,, the following (commuta-
tive) addition: Let z,y € G,,. Then x+y = z € G, is defined in a recursive

way. First, zog +yo = tomo+ 2o, where (of course) zg € {0,1,...,mo—1} and
to € N. Suppose that zg, ..., zx and tg, ..., t; have been defined. Then write
Tpt1+Yk+1 + 1tk = tee1mps1 + 2k41, where 21 € {0,1,...,mg1 — 1} and

tr+1 € N. Then G, is called the group of m-adic integers (if my = 2 for all
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k € N, then these are the 2-adic integers). In this case let

T T T "k
rp(x) = ( exp | 2m kTRl 4y 0 )
my MEpMp—1 mempg—1...Mo

Let ¥y, == [[ie, rk = 132, r*M*. Then the system 1 := (v, : n € N)
is the character system of the group of m-adic (2-adic if m, = 2 for each
k € N) integers. Since |r}| = 1, (i), (iii) and (iv) are trivial. (ii) is also easy
to see and well known [22, p. 91]. For more on the group of m-adic integers
see e.g. [9, 15, 24].

EXAMPLE C (noncommutative Vilenkin groups). Let o be an equivalence
class of continuous irreducible unitary representations of a compact group G.
Denote by X the set of all such 0. Then X is called the dual object of G.
The dimension of a representation U(?), o € X, is denoted by d, and we let

ul? (@) == (U6, &), i,j€{l,... do},

be the coordinate functions for U(?), where &1, . . . , &4, 1s an orthonormal ba-
sis in the representation space of U(?). (For the notations see [9, Vol. 2, p. 3].)
According to the Weyl Peter theorem (see e.g. [9, Vol. 2, p. 24]), the system
of functions \/_u” ,oe X i,j€{l,...,ds}, is an orthonormal basis for
L?(G). If G is a finite group, then X is also finite. If ¥ := {o1,...,0}, then
Gl =d2 +...+d2_.

Let Gmk be a ﬁmte group of order my, k € N. Let {r;""* : 0 < s < my}
be the set of all normalized coordinate functions of the group G,,, and
suppose that 7“2 = 1. Thus for every 0 < s < my, there exists a o € X}, and
i,7 €{1,...,ds} such that

riMe = \/d u(g) (x € G,,)-

Set rp = rk“M’“ Let 1 be the product system of rk, namely

SMk

x) = Hrz“)m) (¢ € Gm),
k=0

where n is of the form n = Y7  ng My, and x = (o, x1, . . .). We remark that
if Gy, is the discrete cyclic group of order my, k € N, then GG, coincides
with the Vilenkin group, and ¢ is the Vilenkin system with respect to the
corresponding order [8, 21, 26, 1]. In [8] it is proved that the system 1 has

the properties (i)—(iii). Moreover, (iv) is satisfied because my = |G, | =
N dgkﬁsk, where {0}, : i = 1,...,ks} = X (the dual object of

Gm,) and dg, , is the dimension of oy ;. We have ||7"£||0o < Vd, where d is
one of dy, , and since d is a divisor of my [9, Vol. 2, p. 44], [8] and at least
one of dg, , is 1, it follows that d < \/my. Since m is bounded, we conclude
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that there exists a 0 > 1 (possibly depending on the sequence m) such that
(iv) holds for all n,k € N. For more on this system and noncommutative
Vilenkin groups see [8, 6].

EXAMPLE D (a system in number theory). Let

) k
n;
A = 2 —7 iMi
rp(z) :=exp ( ij:k . ZE:O x >

for k,n € Nand = € G,. Let ¥, :=[[1, 7’2<k), n € N.

Then ¢ := (¢, : n € N) is a Vilenkin-like system (introduced in [7])
which is a useful tool in the approximation theory of limit periodic, almost
even arithmetical functions [7]. (i) is trivial and since |r}}| = 1, so are (iii)
and (iv). It is easy to prove (ii) (see [7]). This system (on Vilenkin groups)
was a new tool for investigating limit periodic arithmetical functions. For
their definition see also the book of Mauclaire [11, p. 25].

ExaMpLE E (UDMD product systems). The notion of UDMD product
system was introduced by F. Schipp [20, p. 88] on the Walsh—Paley group.
Let ay : Gy, — C satisfy |ai| = 1 and be Ag-measurable. Let r}}(x) :=
(—=1)*"™ ap(x). Then (i) is trivial and since |r}}| = 1, so are (iii) and (iv).
The proof of (ii) is simple. Let ¢, := [re, rz(k) =TI ™ (n € N).
The system v := (1, : n € N) is called an UDMD product system. For more
on such systems see [19, 20].

EXAMPLE F ( universal contractive projections). The notion of universal
contractive projection system (UCP) was introduced by F. Schipp [18] as
follows. Let ¢, : G, — C (n € N) be measurable functions with |¢,| = 1
(n € N) and ¢9 = 1. Let f € Ll(Gm) and P, f = qbn(s)ES(fan(s)) for
n,s € N. Suppose that P, sy = P, s) P s+5) = P45 P,s) for all j € N. Also
suppose that if n(*) and k(¥ are incomparable, that is, if there are no j € N
such that n(st9) = k®) or k(49 = n() then P, Pyty = Py Pye) = 0.

We prove that the system (¢, : n € N) is also a Vilenkin-like system. Let

n®

= B0 Gty for kyn € N. Since |¢,| = 1, (iii) and (iv) hold. Next, we
prove that rﬁm is Ag 1-measurable. Since P, ) (¢,,(5)) = Do) Es(@pe) Do) )
= ¢,,(» We have

P+ Es1(90) Prieen)) = Prorn) (90)) = Prtern) (Pro) (d))
=P (9n) = Pneor-

— — . O
Consequently, Esi1(¢,)Ppet1)) = Pps) Ppst), 1.6. T8 is Agy1-measur-
able. Since

o0 o0
- - *
bn = G = G0 GpGnw) = [ [ S Gnorn = [ i = thn,
k=0 k=0
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to prove that (¢, : n € N) = (¢, : n € N) is a Vilenkin-like system we only

(k)

need to verify (ii). We have |r} | = 1, thus it remains to prove

(k+1) 4 (k+1)
n +iMg —n HIMpy _
Ey(ry Fr ) =0

for 4,1 € {0,1,...,my — 1} and j # [. Since for all f € L'(G,,) we have
Pevv) 4 an, Pk 1, f = 0, we can apply this for f = ¢,,a+1) 45, - Thus,

¢n<k+1>+ijEk:(¢n<k+1>+ij¢>n<k+1>+leEk(¢n<k+1)+le¢n<k+l>+le)) =0.
It follows that

— (kD)Mo (k1) FIMy,
0= Ek(¢n<k+1)+ij¢n<k+l>+le) = Ex(Ty e )-

It is simple to prove that the partial sums of the Fourier series with respect
to the system ¢ = ¢ are S, f = > -, Z;ﬁgl Prssn i, | (cf. [18]).

Some more preliminaries. For f € L'(G,,) we define the Fourier coeffi-
cients and partial sums by

fk):== | fopdun  (keN),

m

-1

Sufi=Y Flk)r (neP, Sof:=0).
k=0

Q

3

The Dirichlet kernels are given by

Du(y,2) = 3 t)Tux) (n€P, Dy:=0).
k=0

It is clear that
Suf(y) = | f(2)Dn(y, z) dp(z).

Denote by

the Fejér kernels. Then

onf(y) = | f(@)Kn(y,x)du(z) (y € Gm, n€P).
Gm



(C,1) summability for Vilenkin-like systems 107

Results and proofs
ProPOSITION 1. Every Vilenkin-like system v is orthonormal.

Proof. Let n # k (n,k € N). Set s := max(j € N : n; # k;). We can
suppose that n > k. This implies that |n| > s. Then

s—1 o)
— ) Dy (8 () (i)
Eo(nthy) = Bo (B (L0 7ty st T 12 12))
i=0 i=st1
Camt e () _p i ()
= Bo ([T 7 ), (2 B ( TT 127 F)))-
i=0 i=s+1
Since
) " )
Boa( IT 127R) = Bea (B ( T 12°'P))
1=s+1 1=s+1
[n|—1
nnh
= B (] I %)
1=s+1
In|—1
@) (D) 1
—Es+1< H i’ 2>:"‘:E8+1(’Ts+1 %) =1
1=s+1

and Eq(ry n( _k( )) = 0 (property (ii)), we have Eq(1,%;,) = 0. On the other
hand, for n = k‘

In| In|— ,
Eo([tnl?) = (Hi"” ):EO(H1|T;“”|2E|”|<| )
=0

n|—1

_EO(H o

Note that this proof of Proposition 1 was based directly on properties (i)
and (ii). m

12y = 1.

2) = ... = Eo(lrg

The Dirichlet kernels play a prominent role in the convergence of Fourier
series. The following two lemmas will be useful in this regard.

LEMMA 2. Let M1k, y € I,(z) (n,k €N, z,y € G),). Then

my—1 .
S M () kM () — {0 if y & Inta(z),

— my Zf RS In+1(l‘).
7=0
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Proof. By properties (ii), (iii) we have

my,—1 m,—

Z ‘ Z 7J<:+JM k‘-&-jMn(x)‘Z

a:n—O
mn—l 1 my—1
= 3 et ) LTS s gt
h mpy
7,1=0 x,=0
my,—1

= Y Ik @) =
§=0

Let y € I,41(z). Then by the A, _yi-measurability of r; (n,s € N), (i) and
(iii) we get

my—1 My —1

Z kg Mo k+jMn($)‘2:L Z |T£+jMn(y)|2‘2:imi —m,,.
=0 Mn j=0

mn

Consequently, for y € I,,(z) we have
1 myp—1 my—1 ' ' 2
oo X A ) @) = 0.
Mn Tp=0,2n#Yyn J=0
LEMMA 3. o ;
n if y € Ly(x),
Puwn={5" FI5T0)

Proof. Suppose that y & I,,(z). Then y € I,(x) \ I4+1(x) for some a €
{0,1,...,n — 1}. Lemma 2 gives

mi—l

Z T,Z(g“) (y)Ffm (z) = {mZ for z =0,1,...,a—1,

0 for i = a.

It follows that

Mp—1—1 mo—1n—1

DMn Y,z Z Z H k() k() l‘)

kp—1=0 ko=0 =0

mp—1—1 mi—1 mo—1

0
(n— 1) (n—1) (1) _M (0) _L(®)
D D S () e ') B S €7) L € B S v ) L )
n 1=0 k1:0 k():O
™ e (n=1) e @ (@)
n—1 _L(n—1 a _1.(a
= D il Wl @ Y e () (@) M, =0,
k‘n_lzo k'a:

On the other hand, this expansion of Dy, also shows that Dy, (x,y) = M,
fory € I,(x). m
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LEMMA 4 (Calderén—Zygmund decomposition [23, p. 752]). Let f €
LY(G.), A > || f|l1. Then there exists an absolute constant ¢ > 0 (which may
depend only on supmy, ), a decomposition f = Z;io fj, and disjoint intervals
I = Ii,(u?) for which supp f; C I7, §,; fidu =0, §,;1f;|dp < eAu(I7)
(w! € G, kj,j €P), and

[follo < e, lfolls <cllflle,  n(F) < cll /A
where F = J;cp I7.

Define the maximal operator S*f := sup,,ey |Snm,, f1-

PROPOSITION 5. The operator S* is of type (p,p) for all 1 < p < oo and
of weak type (1,1).

Proof. The proof is based on standard techniques of the theory of Vilen-
kin and Walsh systems. Lemma 3 gives

15" flloo =

sug‘ | f(@)Da, (y, @) d“(x)‘ H
neN! 4 =

m

< llee

sup | § 1Da, (v 2)] dia(@)| | = /]l
neN G 0

1

That is, S* is of type (c0,00). In order to prove the weak (1,1) type we
apply Lemma 4. We can suppose A > || f||1. Since S* is sublinear, we have

W(S*f > 2e)) < p(S* fo > eN) +M(S*<§:fi> > cA)
éu(FHu(yGGm:y?ZF, S*(iﬁ)(y) >0A)

<clflr+ s | s () du

Aor i
€ — .
§C||f||1/)\+xz \ s fidp
=1 G, \F

c o0
<clfli/A+5> § sw| | fi@)Das, (v 2) dul@)| du(y)
i=1 G\ I, (uh) " 1 ()

=t cllfll /> + 5 ;B :

We prove that B® = 0 for i € P. If n < k;, then D)y, (y, ) is Ag,-measurable
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(with respect to both z and y), thus

\  fi@)Dus, (v, 2)dp(x) = Dug, (y,u') | filz)dp(x) =0 (i €P).
I, (u®) Ti; (u?)

If n > k;, then z € Ij,(u") and y € Gy, \ Iy, (u’) give that y & Iy, ().
Consequently, y ¢ I,,(z) and by Lemma 3 we have Dy, (y,z) = 0. That is,
B = 0 for i € P. Hence, u(S*f > c\) < c||f|l1/\. That is, the sublinear
operator S* is both of type (00, 00) and of weak type (1, 1). The interpolation
theorem of Marcinkiewicz [21, p. 479] shows that S* is of type (p,p) for all
l<p<oo. m

Set P = {370 bxtr < bo, ..., bp_1 € C} (n € P) be the set of poly-
nomials of degree less than n, and P := J,—_; P, the set of all polynomials
(with respect to the system ). Then P is dense in C(G,,) (the set of
functions continuous on G,,). This can be proved in the following way. Let
f € C(Gy), and € > 0. Since G, is compact, f is uniformly continuous on
G,. Thus, there exists n € N such that |f(x) — f(y)| < e for all y € I,,(x).
In view of Lemma 3 we can define the following polynomial:

P(y):=M, | f@)du(z)= | f(y)Du,(y,2)dp(x) = Sur, f(y).
In(y) Gm

Then

IP(y) = f)| <M, | |f(@) = f)ldu(z) <e
In(y)

for all y € G,,,. Moreover, we prove that P is dense in LP(G,,) (1 < p < o0).
Let G C G,, be an open set. For all z € G set n = n(z) := min(k € N :
Ix(z) C G). Then G = J,c In(z). (It can be supposed that there are no
x! 22 € G for which I,,, (x') D I,,,(2?) (the latter can be omitted).) This
union consists of disjoint intervals (since for any intervals I, J € 7 we have
INJ=0orIcCJorl D> J). Consequently, for each £ > 0 we have a
finite number of disjoint intervals I,, (z1), ..., I,, (#*) the union of which is
a subset of G and the difference of the measure of G and the sum of their
measures is less than €. Lemma 3 shows that the characteristic function
of an interval is a polynomial. The set of step functions (finite (complex)
linear combinations of characteristic functions of measurable sets) is dense in
LP(Gy,) (1 < p < 00). The Haar measure p is regular. Thus, the set of finite
(complex) linear combinations of characteristic functions of open sets is also
dense in LP(G,,). By the above, this proves that the set of polynomials is
dense in LP(Gy,) (1 < p < 00).
Then by the usual density argument (see e.g. [21, p. 81]) we have

PROPOSITION 6. Sy, f — f a.e. for each f € L' (G,,). =
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For the whole sequence of partial sums of Fourier series, the situation
changes. For Vilenkin systems (also on unbounded G, groups) it is known
(see e.g. [16]) that f € LP(G,,) (1 < p < co) implies that S,,f — f in the
L? norm, and on bounded Vilenkin groups S, f — f almost everywhere (see

g. [17]). On the other hand, this is not the case on nonabelian Vilenkin
groups. In [8, 6] it is proved that there exists a nonabelian Vilenkin group
(even a bounded one) such that there exists p > 1 for which there exists an
f € L?(G,y,) such that S,, f converges to f neither in norm nor a.e. That is,
the theorem of Carleson does not hold for all Vilenkin-like systems. From
this point of view it seems to be more interesting that the (C,1) means of
an integrable function converge a.e. to the function.

Set
a+b—1
Dy p(y,x) : Z Yr(y)Yp(z) (v, y € G, a €N, beP, D, :=0)
and
[e%) l
(s) (s)
Vin 1= H R g = H ke
s=n S=n
LEMMA 7. Let My |k, that is, k = k, M, + ...+ ki M. Then

B 0 _ if y Q In(x)’
D, (y, w) = {wk,n(y)wk,n<x)Mn if y € In(2).

Proof. We have

Dy, (y, @ Z it (V)5 ()

M, —1n—1

B )@ Y L ) @),

j=0 s=0

To complete the proof, proceed as in the proof of Lemma 3, with the use of
Lemma 2. =

Next, we give a formula for the Dirichlet kernels.

PropPOSITION 8. Let x,y € G,,, n € N. Then
Dy (y, )

00
— (s+1) 4 5 _(s+1) 4 o
= st 1)V op1 (@) Dar, (g, ) Y vl TN ()M (),
s=0

=0
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Proof. Apply Lemma 7 and the equality

oo ng—1

= Z Z Dy ging, v, (Y5 ). m

s=0 j=0

Let n,t € N and y € I;(z) \ It+1(x). Then by Proposition 8,

t—1 ns—1

(1) ZM IT 1 @) enly ZM(””ﬂM z)|?

s=0 k=s+1
ny—1

— t+) 1 5pg D g
+ M 441 (Y) V5 41 (2) Z e I “(y)ry I ‘()
§=0

(recall that the empty sum is zero, e.g. Z?;al ]rg<s+1)+st ()|*> = 0 for
ns = 0). By (1) and (iv) it follows (y € I;(x) \ I;+1(x)) that

i

(2) ya |< ZM H mk/(s)ns(ms/(s)
s=0 k=s+1

n|

+ M, T (mi/6)ne(my/5)

k=t+1
t
M|n|

1
<ed . Fwrs < g

<cn
=0

Denote by K, = a+b ! D}, the sum of Dirichlet kernels (aeN, beP).
Using (2) we prove

LEMMA 9. Let s,n,t € N, s <t <|n| and y € I;(x) \ Ii41(z). Then
Koo g an, (9, 2)| < ed MMM, (G €{0,1,...,my —2}).
Proof. By (2) we have

ntD L (j41) M —1

’Kn(s‘*'l)—f—st,Ms(yaxN < Z ’Dk(yax”
k=n(s+1) 45 M,

nCGtD L (j+1) M —1

1

k=n(s+1) 4 jM,
If s+1<|n|,or s=|n|and j > 0, then |k| = |n| and
1Ky orv g jar, ar, (U, )| < MMy 60717,

It remains to discuss the case s = |n| and j = 0. Without loss of generality
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we can suppose § < 2. Hence

M‘,L| 1 ‘n‘ IMG,+1 1 \n| 1
Z kM <N YT oMLt = o Z M25~ < 5" MP, 571"
a=0 k=M,
That is,
nCtD L (j4+1) M —1 1
(K ts+0 jnr, o, (4, @) < € > =
k:n<5+1)+jM5
M, —1
<edt Y k6T <M 67

k=0

What can be said for t < s < |n|, y € I;(z) \ I;4+1(x)?
LEMMA 10. Let s,n,t e N, t < s <|n| and j € {0,1,...,ms—2}. Then

Vo Km0 2) P dp(e) < 81" MM M.
Iy (\Ir+1(y)

Proof. By (1),

nCtY LG4 M, —1 ¢—1

Koot yjnr, (Y5 @) = > > Ml (@)

k:n(3+1)+jM =0

(i+1)
X Pr ()4 ( Z!’“ ()P

n(k+1)+(‘]+l)M571

+ Z Mg 41 () Vg 111 (2)

k:n(5+1)+jMS
Rl v (t+1)
kD M, kD i,
X E T (y)7y (v)

= Al(y7 l‘) + A2(y7 ':U)
We start with a bound for Slt(y) |A2(y, ) |? du(z). Tt follows from (iv) that

kt—l
) |7 A M ) < By /5 < e

If k,1 € [nG+Y) + M, nGHY 4 (5 + 1) M), then s > ¢ gives that (v € Gy,
is arbitrary)
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(4) S Ek,t+1<x)wl,t+l(x) dp(z)
Tit1(v)
1
Mros

. e L (t+1) _ g(t+1)
Eiv1 (Vg p1%1,641) (v) = { /My it k . ! ’
0 otherwise

(as in Lemma 1). Let u®® € I;(y), z=0,1,...,m; — 1, with ugz) = z. Then

| 142(y,2)” dplx)
I (y)

mt—l

- Z S M Z Vit 1 (U141 (W) Vg g1 () 1,041 (@)

#=0 Lipr(u®)  klE[nGTD 4 Mo+ +(j4+1) M)

kt—l lt—l
) 3 T (M () N BT M () gy (o).
1=0

a=0

This, (3), (4) and the A;;1-measurability of 7 (¢, k € N) imply that
| 142(y,2)” dp(x)

I (y)
mt—l 1
2 2
<cM? D i sup  [[Yne41 15 > 1
=0 t+1 keN, |k|=|n|>t k,lE[n(s+1)+st,n<S+1)+(j+1)MS)
R+ (41
1 My, _
< cM? Ll st inl A My = oM, MM, 5017
My M,

On the other hand, since rf is A-measurable for b < t, we have

| 1Ay, 2) ] dp(z)
I (y)
N 2. ( J Ek,t(x)@”l,t(*’”)du(x))%bk,t(y)@z,t(y)
R lE[nHD 4+ Mo+ D +(G+1) M) 1e(y)

ki—1

t—1 i—1
A D i
XY Ml Y I WP Maldias e (y)
i—0 =0 a—=0

la—1
(a+1)
DI A O]
b=0
As above, in (4),
b e (1) — ()
\ O (@) (@) du(z) = {1/Mt if k 1)

L) 0 otherwise.
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Hence

t—1 ki—1 .

> Milriprea () D IrF T T My)P?

i=0 1=0

t—1
S CZMi’whH—l,t 1 < CZM (Sl ¢ < CMt
Thus,
141y, 2)? dp(x)
I (y)

1
< 3 sup  [[theelZ A

M t keN, |k >t
k,lE[n(5+1>+st,n(S+1)+(j+1)M ) EN, [k|=[n|>
k® —1(®)

o Min) 4 jn) _ t—
< eM, M, MtM U, — st Inl = eny MM, 5t
Since I(y) \ It+1(y) C I(y), we have
S | K s+0) 4 v, (U z)|? du(x) < cét_|”|MtMsM‘n|. n
L\ 11 (y)

Using Lemmas 9 and 10 we prove the following proposition on the Fejér
kernels which is the base of the weak (1,1) and (H, L') type of the maximal
operator o* f := sup,,cp |on f].

PropoSITON 11. Let y € Gy, k € N. Then
| sup |Knu(y,2)|du(x) <c

>M
G \Ti(y) "=
Proof. Since
‘TL‘ nsfl
nKn = E E Kn(5+1>+jMS,MS7
s=0 j=0

we have

sup |/, (y, x)| dp(z)
Gm\Ik (y) -

[ee]

<> | swp |[Ku(y,2)|du(x)

A=k G\ T (y) ™ IM1=A

A ns—1

oo k-1
e ] o sw \ZZ st sinan, (9 0)| du(a)
A=k t=0

L\ Tega(y) 4 mInI=A =0 =
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e o] t
1
SCZ Z Z S 27 Sup ‘Kn(5+1)+]M M, (y, )|d,u(x)
A=k =0 5=0 j=0 L(y\lpyr(y) ~  mIMI=A
oo k-1 A mg—2 1
+eY YD Ve e s, (9:2)| dp(a)

A=k t=0 s=t+1 j=0 I,(y)\I1-1(y)

t ms—2 1
——MM gtA <
Z — My My A “

By the Cauchy—Bunyakovskii inequality and Lemma 10 we have (1x denotes
the characteristic function of the set X)

oo k—1 mgs—2

A
- CZ Z Z Z S 1It(y)\ft+1(y)($)

A=k t=0 s=t+1 j=0
X sup |Kn(5+1>+]M My (y7 )’dﬂ(x)

n:n|=A

oo k—1 A mg—2
1

<cy DD D MA )\ T ()2

A=k t=0 s=t+1 ;=0

X S sup |Kn(é+1>+]M M, (y’ )‘ dﬂ(l’)
L)\ g (y) WIPI=A

A=k t=0 s=t+1 j=0
% S > [Kceen g, (4, ) 2 dp()
I (y)\Ie41(y) nz—_?_ll,s.;’._bmlfl
oo k—1 A Me—
=21 [1 [Ma .
SCZ Z Z M M\/MS MMM 40
A=k t=0 s=t+1 j=0
o k‘*l A fe'e) k 1
:CZ 25(7& A)/2<CZZ Het=N/2 < ¢ u
A=k t=0 s=t+1 A=k t=0

Proposition 11 gives the following.
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THEOREM 12.

V 1Kn(y,2)dp(x) <c  (neP, yeGp).
G’IVL
Proof. Let My <n < May,. By Lemma 7 and Proposition 8 we have
In|

In|
M" s—|n
1Du(y,2)| <> [tmsillZMs < e M—‘S‘(S "M, < eM, < en.

s=0 s=0

Thus, | K, | < cn for each n € P. Proposition 11 now gives

V 1Koy 2)du(z) < | |Kn(y, 2)|dp(z)
Gm IA(y)
+ | sup |Kau(y,2)|dp(z)
G \La(y) "= MA

<cpu(la(y))n+c<c m

COROLLARY 3. o, f — f in the LP(G,,)-norm for each f € LP(G,,)
(1<p<o0).

Proof. 1t is sufficient to prove that the operators o, are uniformly of
type (p,p) when 1 < p < oo, since the convergence o, f — f is valid for
each polynomial f € P and we can apply the theorem of Banach—Steinhaus.
From the Marcinkiewicz interpolation theorem [21, p. 479], it is sufficient to
prove that the operators o,, are uniformly of type (1,1) and (00, 00). These
properties (by a standard argument) are straightforward consequences of
Theorem 12. =

THEOREM 14. The operator o* is of weak type (1,1) and of type (p,p)
forall1l < p < 0.

Proof. Theorem 12 gives the (00, 00) type. We prove that o* is of weak
type (1,1). We can suppose A > ||f||1. Apply the notations of Lemma 4.
By property (i) it follows that ¢; is Ay,-measurable for i < My, thus

f](z) =0 (i € N, j € P). Consequently, o* f; = sup,,>s, |onfj|- Applying
- J
the sublinearity of o*, Proposition 11 and the Fubini theorem, we get

p(o™ f > 2cA) < p(o™ fo > eA) + p(F)

+M({y €Gm \ F: 0*(§:fj)(y) > ck})

j=1

<clfh/A+5 0*(§:fj)du

Gm\F j=1
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[e.o]

<cflir+5d. ) ot fdu

7=1 G\ I, (ud)

COO
<cfliA+5$Y § s lowfildu

3=1 G\ Ik, (uj)nszj

c oo

< cllfllh/A+ 5 >V s@l sup | K, (y, x)| du(y) du(x)
J=1 Iy (ud) Gm\Ii, (uj)nZMkj

o

el fli/A+ 5ol <l flh/A+$>0 § D Ifldn
7=1

j:l ij (’U,J) k=1

| o lfddu<elfli/r+5 § 1f = foldu

m k=1 Gm

<cllfll/A+

>0
Q

< cllfll1/A
(We have G, \ Ii; (u) = Gi \ Iy, () since & € Iy, (u).) That is, the operator
o* is of weak type (1,1) and since it is of type (oo, 00), the Marcinkiewicz
interpolation lemma [21, p. 479] completes the proof. m

Theorem 14 and the usual density argument (see e.g. [21, p. 81]) give
the next result.

THEOREM 15. o, f — f a.e. for each f € L'(G,,). =
THEOREM 16. The operator o* is of type (H,L).

Proof. Let g be an atom, suppg C I(u) =: Iy, [|g9]lcc < M} for some
keN, ueG,y. Then

lo*glh <\ o*gdu+ | o"gdu=1"+T1°
Iy Gm\Iy
As o* is of type (2,2), we have

1" < ello”glla(u(I,) Y < ellglla(u(I,) Y < c.

Proposition 11 (as in the proof of Theorem 14) gives I? < ¢||g||l; < ¢. By a
standard argument (see e.g. [22, p. 95]) |lo*g||1 < ¢ implies the (H, L) type
of o*.

APPLICATIONS AND REMARKS. FEzample A. Fine [3] proved that every
Walsh-Fourier series (in the Walsh case m; = 2 for all j € N) is a.e. (C, )
summable for @ > 0. His argument is an adaptation of the older trigono-
metric analogue due to Marcinkiewicz [10]. Schipp [15] gave a simpler proof
for the case a = 1, i.e. o, f — f a.e. (f € L'(G,,)). He proved that o* is
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of weak type (1,1). That o* is of type (L', H') was discovered by Fujii [4].
The a.e. convergence of the (C, 1) means of integrable functions with respect
to the p-series fields (which is a Vilenkin group with my = p for all k € N)
is due to Taibleson [25]. Later, this result was generalized to the so-called
bounded Vilenkin groups with respect to the Vilenkin system by Pal and
Simon [12].

Ezample B. The theorem of Schipp and Fujii for the character system of
the group of 2-adic integers was proved by the author [5, p. 89]. Theorem 15
proves the more than 20 years old conjecture of M. H. Taibleson.

Ezample C. Theorems 14, 15 and 16 (in this case) were proved by the
author [6]. Theorem 12 and Corollary 13 can be found in [8].

Ezxample D. The results in this paper preceding Lemma 7 with respect
to this system can be found in [7].

Example E. Theorem 12 and Corollary 13 can be found in [19]. Schipp
also proved the a.e. convergence of the Fourier series of functions in L? [17].

Ezample F. Schipp [18] proved the a.e. convergence of the Fourier series
of functions in L2. The (C, 1) or Fejér means have not been investigated yet.

Acknowledgements. The author thanks the referees for their help.
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