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On L,-L, boundedness for convolutions with
kernels having singularities on a sphere

by

ALEXEY N. KARAPETYANTS (México, D.F.)

Abstract. For the convolution operators AG with symbols a(|€])|€]|™¢ expil€],
0 < Rea < n, a(l¢]) € Loo, we construct integral representations and give the exact
description of the set of pairs (1/p,1/q) for which the operators are bounded from L,
to Lg.

1. Introduction. In this paper we consider the L,-L, estimates for the
operators AS with the symbols

Ma,a([§]) = a(leN|E] el 0 < Rea < n.

They are realized for (n+1)/2 < Rea < n as potential-type convolution
operators with kernels
(L) Laglll) = (2n) 2o §enr2 (L)l g, o)
x

0
(J,(2) is a Bessel function) and for 0 < Rea < (n+1)/2 we treat A?f in
the distributional sense, since the kernels (2, ,(|z|) have, generally speaking,
singularities on a sphere (nonsummable for 0 < Rea < (n—1)/2). The
singularities essentially depend on the behavior of a(|{]) at infinity and, for
example, in the case a(|¢]) = 1 we have

-1 1

Ralal) ~ (1 = Jal)Fen=H0/2, T < Rea < P,
1
Da(jal) ~cln |1 - [z}, a="7"

as x| — 1. We also note that 2,(|z|) ~ c|z|*™™ as |z| — oo.
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122 A. N. Karapetyants

We mention the related work [6], [7], devoted to L,-L, estimates for the
operators with symbols b(|¢])|€|*e€”, where 0 < o < n, v > 0, and b(t) is
a fixed smooth function on R! such that 0 < b(t) < 1, b(t) = 1 if |¢t| > 2,
and b(t) = 0 if |t| < 1, and also the paper [17] on boundedness results for
the convolution operator with kernel k(z) = (1 — |2|?)~%/2 for |z| < 1, and
k(x) = 0 for |z] > 1, 0 < a < (n+1)/2. The above-mentioned operators
appeared in the study of the Cauchy problem for the wave equation (see
references). Contrary to our case their kernels are summable at infinity,
which makes the problem rather different.

In [3] the L,-L, estimates for the operators A® = A{ were obtained and
we use that result. But our case is quite different, since consideration of the
“locally nonsummable” range of @ and the function a(|¢]) in the symbol lead
to considerable difficulties.

We give integral representations for the operators A% on smooth func-
tions. As the main result, we give sufficient and necessary conditions on
the parameters p, g, a for the operator A5 to be bounded from L, to L,.
The result is obtained under some additional conditions on the function
a(|¢]) (Theorem 4.1). In fact, the conditions are used, mainly, for the neces-
sity part, and without these (for a(|{]) € L) we give sufficient conditions,
which are essentially the same as those mentioned above (Theorem 4.3).

I wish to express my gratitude to Dr. M. Porter for helpful comments.

2. Preliminaries. We begin with the definitions: (f, g) =, f(x)g(z) dx;
Ff) = f({) = (g f(@)e"™ ¢ dx is the Fourier transform and F~!f(z) =
(2m)~"F f(—x) is the inverse Fourier transform; throughout the paper we
assume b(|¢]) to be a smooth function, described in the Introduction; [a]
denotes the integral part of a real number a; L, = L,(R"); S = S(R") is the
Schwartz class of rapidly decreasing smooth functions and S’ is the space of
tempered distributions; C*° = C'*°(R") is the class of infinitely differentiable
functions; C§° is the subclass of C'*° consisting of the functions with compact
support; the space @ = &(R"™) is defined to consist of the Schwartz functions
¢ such that the Fourier transform ¢ and all its derivatives vanish at the
origin; the dual space ¥ = ¥(R") = F'® is equipped with the countable set
of norms

[¥lln = i [max{y/1 + [2[2, 1/|2[}]¥ D" (z)]
[k|<N
where
oIkl
T

Thus the space ¢ can be equipped with the dual topology. The spaces ¢, ¥

Dk k:(kla"'akn), |k‘|:k‘1++k5n



Boundedness for convolutions 123

were introduced by P. I. Lizorkin (see [4], [5]) and one may find information
about them also in [10], [11]. The symbols &', ¥’ stand for the spaces of
distributions on @, ¥ respectively. We recall that @ is dense in L,, 1 < p < oo
(see the above-mentioned references). As usual, L] denotes the Banach space
of S’-distributions 7" such that the closure in L, of the convolution T"* U,
U € S, is an L;-L, bounded translation invariant operator, and M = F'L]
stands for the space of L,-L, multipliers (see [2]).

By J,(z) we denote the first kind Bessel function of order v. From [13]
(see also [17]) we have the following estimate:

(2.1) [t (@) 7 (8)] < caetl (1 + 1) 72 0 <t < .

Let

A={z€C:0<Rez <1}
Suppose that to each z € A there is assigned a linear operator T, on the space
C§° into the measurable functions on R™ in such a way that [T, f(x)]g(z) is
integrable on R™ whenever f,g € C§°. The family {7} is called admissible
if the function

F(z) = | [Lf(@)g(2) da
Rn

is analytic in the interior of A and continuous on A, and there exists a
constant 0 < 7 such that

sup e A2l n | F(2)] < oo.

z€A
The above assumptions are just as the classical ones (see [14], [16]) with the
only difference that we assume f,g € C§° instead of that f and g are both
simple functions. This is required in (3.4) below. Nevertheless, it is easy to
verify that the interpolation theorem for analytic families of operators holds
under the above assumptions as well. Namely:

THEOREM 2.1 ([14], [16]). Suppose {T.}, z € A, is an admissible family
of linear operators satisfying

[Tty fllgm < Mm@ flp.
for all f e C§°, where 1 < puy, ¢ < 00 and My, (y), m = 0,1, are indepen-

dent of f and satisfy
supe~ ¥ n M, (y) < oo
for some b < . Then for 0 <t <1 there exists a constant M; such that

1T fllqe < Mel[f1lp,
for all f € C§°, where
11—t ¢t 11—t t

P m @ @ @
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Our next goal is to give a boundedness result for some auxiliary opera-
tors, which we shall use below. Let Bf*, BS be the multiplier operators with
symbols

b(leN)lel el (1 - b(le]))le| el

respectively. Here b(|¢]) is a smooth function, described above.

As was mentioned in the Introduction, the operator B{* (as well as more
general ones) was deeply studied in [6] (see also [8]) for real a. A slight
modification of a result from [6] (a particular case of Theorem 4.2 there)
leads us to the following fact.

ProprosSITION 2.2. Let 0 < Rea < n. The operator Bf* is bounded:

(1) from Ly to Ly, 1 < p < q < o0, if and only if either

1 1 1 -1

-+ - <1, ——QSRea—n , or
P q P q 2

1 1 1 -1
-+-21, E——SReOc—i——7

P q q 2

(2) from Ly to Lo, 1 < p < 00, if and only if 1/p < Rea— (n —1)/2,

(3) from Ly to Ly, 1 < g < o0, if and only if Rea — (n+1)/2 > —1/q.

Proof. The proof is straightforward: we only need to note that (see [6])
1  Rea 1 1 Rea

blehiglm el e My, 5 - o S oSS

1 <p<oo,

and next to take into account that MP is a normed ring with the pointwise
operations of multiplication and addition (see [2]). Thus, having established
the equality

B{f = BieeM™f  felL, 1<p<o,

with M'™@ being the multiplier operator with symbol [£]|*!™ (an isomor-
phism on L,, 1 < p < 00) we can now use the above-mentioned Theorem 4.2
from [6] to obtain (1) and (2). Next, (3) follows by duality arguments. m

We now turn to the operator BY.

PROPOSITION 2.3. Let 0 < Rea < mn.
(1) The operator BS is bounded from L, to Ly if

1 1 Rea
_S__
P n

1<p< ,
=P Re« q

except for the case p=1, g =n/(n — Rea).
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(2) The operator BS is not bounded from L, to Lq, 1 <p < q < o0, if
1/g>1/p—Rea/n.

Proof. We first note that this proposition was proved in [3] for (n —1)/2
< a < n, where the following representation was used (for part (2)):

(2.2) BSf=AI“f, feLp,1<p<g,nT<a<n.

Here I is the Riesz potential and A is the multiplier operator with symbol
(1= b(lgN)erte!.

The direct analysis of the result from [3] shows that this proposition is
in fact valid for complex « in the corresponding strip, thus (2.2) holds for
complex « at least in the strip n/2 < Rea < n.

Let now 0 < Rea < n/2. It is sufficient to note that the representation
(2.2) holds for 2 < p < n/Rea. In fact, the symbol ||~ of the Riesz
potential belongs to M/ if and only if 1/¢ = 1/p—Rea/n, 1 <p <n/Rea,
and the symbol (1 — b(|¢]))e’lél of the operator A is in My for all 1 <
p < 7 < oo, since (F~H(1 — b(|€])e!éN)(|z]) € L1 N L. Tt is well known
(see [2]) that in this situation (with r = p) the translation invariant operator
corresponding to the symbol (1 —b(|¢]))|€]~“e*¢l is the composition of those
corresponding to the symbols (1 — b(|¢]))e?él and |£]| .

Now, due to the above, from (2.2) we deduce that for 2 < p < n/Rea
the operator BS is bounded from L, to L, if and only if 1/¢ < 1/p—Re a/n.

To pass to the general situation, note that BS is bounded from L; to
Lo (since (F~1(1 = b(|€])|€]~*€"€N)(|z|) € Loo) and then apply convexity
and duality arguments. =

3. Integral representation. For f € S and (n+1)/2 < Rea < n we
define

(3.3) ASf (@) = | Qaally)f(z—y)dy,
RTL
where 2, o(|z|) is the kernel (1.1).

For 0 < Rea < (n+1)/2 the integral (3.3) no longer makes sense, as
was mentioned above. But we can understand it for nonintegral o in the
sense of distributions in the following way. Using the representation (3.3)
for large Rea ((n+1)/2 < Rea < n) we have

ASf(@)=2m) ™2 yl* " fa—y) dy | t”/Q—“a(m) W F—2) (1) dit.
Rn 0

As the above iterated integral is absolutely convergent for large Re «, inter-
changing the order of integration we obtain
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—n n a—n 1 7
— (@) 2 Ty a0 di § Ly a<m>e/y'f(w—ty) dy
Rn

1\ . <
— (2m) " | |y|a—"a(m)ez/'y' dy | £ Tioy2(0)f (2 —ty) di.
0

Rn
Applying the well known formula

d
— [T, D)] = t* T_1 (1),
ST = T, (1)
integrating by parts and neglecting the boundary terms, we obtain
o0

S t"2 Jiney 2 (t) f (x — yt) dt
0

o] d k
= (=1)* (S) tn/2+kjn/2+k_1(t) <%£> flx —yt)dt.

Thus, for « in the range max{0,(n+1)/2—k} <Rea < (n+1)/2—k+1,
we define, for f € 5,

dy,

s=1

k
B A= § (5 ) S )

Rn

where s € (0,00) and

(35) 024 ()

—n a—n n/2—oa— t it/|x
= (“1)F(@m) 2l | /2 ka<m>et/| Toaes (8 dt.
0

For Rea = 0 we set

| g\ /2
(36) AZf(x)= | /Ay r>( ) fe — sy)

sds dy.
Rn

s=1

It is useful to note that for all 0 < Rea < n we can use (3.6) as it coincides
with the above definitions in the corresponding strips.

THEOREM 3.1. Let 0 < Rea <n and a(|z]) € L

(1) The “kernel” 2% ,(|x|) is continuous on R™\ {0} and satisfies the
estimate

(3.7) |26 a(l2])] < claf oo™,
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(2) The integral AS f(x), f €S, 0<Rea < n, is absolutely convergent
and a C* function bounded on R™.

(3) The function
a— A7f(z), feS5,

1s analytic in the strip 0 < Rea < n and continuous on 0 < Rea < n.

Proof. The first assertion of the theorem follows directly from the esti-
mate (2.1). The second one is obvious.

To prove the last assertion we note that the right side of (3.6) in fact
represents a function analytic at least in the strip —1/2 < Rea < n. This
follows from the fact that the formally differentiated (in «) integral A% f(x)
still converges absolutely uniformly in a on some neighborhood of each point
of the strip, which can be seen by applying (2.1) as above. =

Now we are about to prove the Fourier transform formula for the oper-
ator AY.

THEOREM 3.2. Let 0 < Rea < n, a(|z|) € Lo, f € S. Then

(3.8) FAF(€) S maa(E)FLE).

Moreover, if a(|xz]) € C2°(R™ \ 0) then for f € & we can understand (3.8)
in the regqular sense, i.e.

(39) FAgf(f) = ma,a(’ﬂ)Ff(g)v §eR™

Proof. Let first (n+1)/2 < Rea < n. Then the inverse Fourier trans-
form

(3.10) Qa,a(lz]) = (F~ ma,a(1€)) (J2])

exists in the regular sense (as a conditionally convergent integral). In fact,
applying the Bochner formula (see [12], p. 485) we have

(F~ " maa([€)) (J2])
= (2m)" Jim | g q(lg])e " de

l§l<N
—-n a—n 1. n/2—a it/|x 3
= (2m) " ?|| J\}Enoo S v/ 2maeit/| |a<m>g7(n—2)/2(t)dt
0

. t
= (2 Plale o [ ) Tl
0
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which agrees with (3.10). Thus, we can write

V 2oy f () dy = (Qaullyl), F©))

Rn

= 2m) " | maa(|ENF(=€)ds,  feS.
Rn
Since S is a space with continuous shift, according to the previous equality,
we have

(3.11)  2aalyl) f(z—y)dy = 27)™" § maa(l€]) (e de.

R7 R7

Now, to obtain (3.8) for (n + 1)/2 < Re o < n it is sufficient to multiply both
sides of (3.11) by g(z), integrate on R™ with respect to x and interchange
the order of integration on the right side.

Therefore, for f,g € S, in the strip (n + 1)/2 < Rea < n we have

(812) | AZf(0)g(e)do = 2m) 7" | maa(€)F()F(E) dE.
R™ R™

But in fact, (3.12) holds for all @ with 0 < Rea < n, since both the left-
and right-hand sides of (3.12) are functions of « analytic for 0 < Rea < n
and continuous on 0 < Rea < n. This can be seen for the right side (as in
Theorem 3.1) from the fact that the formal derivative (with respect to a) is
also an absolutely convergent integral (uniformly in o on some neighborhood
of each o with Rea < n). For the left side this follows from Theorem 3.1.
Hence, the equality (3.8) is proved.

To prove (3.9) we note that for a bounded together with all its deriva-
tives, a(|z]) € Cg°(R™\ 0), the symbol mq o(|¢]) is a Y-multiplier. Thus, for
(n+1)/2 < Rea < n the equality (3.9) follows from (3.11) and then can be
extended to 0 < Rea < n by analyticity as above. m

REMARK 3.3. Below, the particular case of the operators AS when
a(lz|) = 1 will play an essential role. In this case we have the represen-
tation

(3.13) Aff(z) = Af(2) = | Qu(ly)f(z —y)dy,
o

n—1
< Rea < n,

where

610 el = e (15 P i)

for |z| < 1, and
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(3.15) Qa(|x|)—M|x’anF(u 2-a 1 1 )

~ 20727 (0)2) 2 2 ‘222
p P01/ ekl 3—a 3 1
a1 2 (0 — 1)/2) > SRRCHEE

for |x| > 1. Here F'(a, b; c; d) is the Gauss hypergeometric function.

The above representation as well as the Fourier transform formula were
obtained in [9] (see also [3]). In fact, one can check at once that the corre-
sponding Fourier integral (3.10) is still conditionally convergent for (n — 1)/2
< Rea < n and then apply the formulae 6.699.1, 6.699.2 from [1].

It is important that in this case we have the exact behavior of the kernel
2,(|z]). Using (3.14), (3.15) one can easily show that (2, (|z|) is continuous
on R"\ {z € R" : |z| = 1} and has the following asymptotics:

(3.16) Qa(|z]) ~ clz|*™™
as |z| — oo, and
—1 1
(317)  Qa(fe]) ~ el — [a) oo/, B2 < Rea< ”‘; ,
1
(318)  Qaljzl)~cln L - 2], a="",

as || — 1. For (n+1)/2 < Rea < n or Rea = (n+1)/2, Ima # 0 the
kernel (2, (|x|) is bounded (see [9] for details).

4. The main result. Now we are in a position to prove the main result
of the present paper.

THEOREM 4.1. Let 0 < Rea < n, and a(|z|) and 1/a(|x|) both be in
MP, 1 <p<oo. Inthe case Rea > (n+1)/2,p =1, ¢ = oo we additionally
assume a(|z|),1/a(|z|) € M{. The operator AY is bounded:

(1) from Ly, to Ly, 1 <p < q < o0, if and only if

1 1 Rea
_S__
q p n
and either L . .
-+ - <1, ——QSRea—n_ , or
P q P q 2
1 1 1 -1
-+ - 2>1, L 2 <Rea+= )
P q P q 2
(2) from Ly to Lg, 1 < q < o0, if and only if
n+1 1 n — Re«o
—Rea< - < ——

2 q n
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(3) from Ly to Lo if and only if Rea> (n+1)/2 or Rea = (n+1)/2,
Ima # 0,
(4) from Ly to Lo, 1 < p < 0o if and only if
Rea < 1 <Rea—n—_1.
n P 2
Proof. 1. We first prove a reduced form of the theorem, i.e. we consider
the case of the operator A% with the restrictions:

1 1 1 Rea n
4.19 —< =< = 0 <R -
(4.19) 2_p_2+ — <Rea <3,
R 1
(4.20) ea<_<1’ E§ReOz<n.
n P 2

Since L] is a Banach space, for p satisfying (4.19), (4.20) we have the rep-
resentation

A“f=BYf+B3f, feL, 0<Rea<n

(where BYY, B$ are the operators introduced above). Now the reduced form
of the theorem immediately follows from Propositions 2.2 and 2.3.

II. We now turn to the general case. We first note that for p, a satisfying
(4.19), (4.20) we have the representation

(4.21) AGf =AM, f,

where M, is the multiplier operator with symbol a(|£|) (thus, it is an iso-
morphism on L,, 1 < p < 00).

In fact, the representation (4.21) in the S’-distribution sense can be easily
verified for f € S, 0 < Rea < n passing to the Fourier images according to
Theorem 3.2. Next, this implies that (4.21) is valid for a.e. z € R", f € S,
since A2 f, A*M, f are regular functionals from S’ (see Theorem 3.1) which
coincide in the distribution sense. Then it can be extended to L,,, since both
the left- and right-hand sides of (4.21) are bounded operators from L, to
Ly, 1/qg=1/p—Rea/n with p, a from (4.19), (4.20) (and S is dense in L,
1 <p<o0).

In fact, for the boundedness of the right side of (2.1), see I above. For the
left side we refer to the Hardy-Littlewood theorem (see [2]), which states
that a multiplier m(¢) is in M7 if

—_

1 b
Im(€)] < cél’, 1<p<2<g< oo, Soo= g n<h<

III. For p, a satisfying (4.19), (4.20), due to (4.21) the boundedness re-
sults for the operator A* obviously imply those for AS, as well as the “only
if” part.

In the case p =n/Rea, n/2 < Rea < n we still obviously have

(4.22) 1A flloe = [A*Mafllo, [ €S
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The operator A® is not bounded from L, /e t0 Lo, since otherwise, from
the converse of Holder’s inequality we would have 2, € Ly, /(n—Rea), Which
is impossible in view of the asymptotics (3.16). Due to (4.22) and the con-
ditions a(|x|), 1/a(|z]) € M}, 1 < p < oo, the same conclusion is true for
the operator AS as well.

IV. We now turn to the case

1 1 R 1
(423) p:]-’ maX{O, %_Rea} S - S 1- ea? n;— §R6a<n
q n

In this situation we cannot obtain the information directly from (4.21), but
for ¢ < oo we can use the previous result, applying duality arguments.
Obviously, A is bounded from L; to Ly if 0 < 1/¢ < 1—Rea/n but cannot
be bounded from L; to L, with ¢ = n/(n — Re ).

Let us consider the excluded case ¢ =o0. For Rea > (n + 1)/2 the ope-
rator AY is bounded from L; to Lo, since £2,(|x|) € Lo (see Remark 3.3).

What is left is the case Rea = n + 1/2. The operator A* with Rea =
(n+1)/2 is bounded from L; to Lo if and only if the kernel £2(,,1)/2(|z])
is in L, which is the case if and only if Im«a # 0 (see asymptotics (3.18)).
Now, due to the additional conditions a(|z|),1/a(|z|) € M{ from (4.22) we
see that the operator A with Rea = (n+1)/2 is bounded from L; to Lo
if and only if Im o # 0.

V. Summarizing the results obtained in II-1V we can draw the following
conclusion. We have actually proved the “if” part of the theorem, except
the case Re a = 0, but this case is obvious, since the symbol mq o (]2|) € Loo
for imaginary «. Thus, the sufficiency part of the theorem is proved.

We have also proved the “only if” part with the restrictions (4.19), (4.20)
and also in the following particular cases:

(i) p=n/Rea, ¢ = oo,
(i) p=1,¢g=n/(n — Rea),

provided n/2 < Rea < n, and
(iii) p=1,¢g=o00, Rea=(n+1)/2.

Considering the case where p, ¢, & do not satisfy the conditions (4.19), (4.20),
(i)—(iii), and Rea # 0 it is sufficient to make the following observations (ob-
viously, we are now considering only those parameters which do not satisfy
the sufficient conditions of the theorem). Each (1/p,1/q), p < ¢, under con-
sideration can be connected with a “point of boundedness” by an interval
passing through a “point of unboundedness” . If A were bounded from L,
to L, this would contradict the convexity of the set of “points of bounded-
ness”.
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VI. The only point remaining concerns the “only if” part of the theorem
in the case Rea = 0. We have to show that the operator A§ cannot be
bounded from L, to L, except in the case p = ¢ = 2.

Suppose, contrary to our claim, that A§ is bounded from L,, to Lg,,
po < qo and (1/po,1/qo) is not (1/2,1/2).

Let first pg # qo. By symmetry we may actually assume that

1 1 1 1
—=-+4 —=--9
po 2 Qo 2
with some fixed § € (0, (2n + 1)/(4n)). Next, consider the operators
2n+1
B! = AR = _"" ___R
“ “ 2n(n+1)0 e

(their symbols have the form a(|¢])|£]~ Re@e’lél). We claim that the family
of operators {BZ}, Rez € [0, 1], is admissible (in the sense of the definition
given before Theorem 2.1; here B? is formally obtained from B! by sub-
stituting z for ¢). Indeed, this follows from (3.12) and the arguments given

below that formula. On account of the above remarks, we see that the op-
erator AR (= B!) is bounded from L, to Ly, if Rea = 0 (t = 0), and

from L,, to L, if Rea = %(5 (t =1), provided

1 1 2né 1 1 2né

p_1_2+2n+1’ a2 2n+1l
Now, interpolating between the points (1/po, 1/q0), (1/p1,1/q1) with respect
to the parameter ¢, from Theorem 2.1 we deduce that AR°? is bounded from
L,, to Ly,, where

1 1 1 1 Rea
4.24 —=—-+4+6—n(Rea), —==—=90+nRea), Rea)=———.
(120) -=g+on(Rea), —=g-btn(Rea) n(Rea)=g et
Our next claim is that we have the representation
2 1
(125 Agf=ARCMTOf ek, So<t<l

with M™@ defined in the proof of Proposition 2.2. This can be proved
similarly to (4.21), noticing that the operator A is bounded from L,, to L,
with 1/¢ = 1/p; — Rea/n, (2n+1)/(2n + 3) < t < 1. Finally, since Mm@
is an isomorphism in L,, 1 < p < oo, the relation (4.25) shows that AS is
bounded from Ly, to Lg, with 1/p;, 1/q; from (4.24), which contradicts the
results for 0 < Rea < n, obtained above in I1I-V.

The case pp = qo, po # 2 can be considered in the same way. Here we
may assume pg < 2, sufficiently close to 2, and for the second point we can
take, for example, (3/4,1/2), which corresponds to Rea = n/4. The proof
of the theorem is complete. m
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REMARK 4.2. The additional conditions a(|z|), 1/a(|z|) € M}, assumed
above in the case Rea = (n + 1) /2, p = 1, ¢ = o0, are essential. For example,
take ‘

a(lz[) = 2|7, Ima #0.
Then, as is known, a(]z]) belongs to MP, 1 < p < oo, and is not in Mj.

Evidently, A = AR®® and by Remark 3.3 and the asymptotics (3.18) it is
not bounded from L; to L., but the operator A¢ is.

In fact, under the assumption that a(|z|) € L we still essentially have
the sufficiency part of Theorem 4.1. Namely:

THEOREM 4.3. Let 0 < Rear <, a(|z|) € Lo and for Reaw > (n+1)/2
let 2q,4(|z]) € Loo. The operator AY is bounded from Ly, to L if:

(1) (n+1)/2<Rea<nand 1<p<g<oo,1/¢<1/p—Rea/n,

(2)0<Rea<(n+1)/2and 1 <p<qg<oo,1/qg<1/p—Rea/n and
either [1/p+1/qg<1and 1/p—n/qg<Rea—(n—1)/2], or [1/p+1/g>1
and n/p—1/¢ < Rea+ (n—1)/2],

(3) 0 < Rea < n/2 and either [p = 2 and ¢ = 2n/(n — Rea)| or
[p=2n/(n+Rea) and q = 2|.

Proof. Keep in mind that AY, 0 < Rea < n, is bounded from L, to L, if

a

11
(4.26) L1l Rea o 9<y<.
¢ p n

In fact, this follows from the Hardy—Littlewood theorem mentioned above
in II.

From (3.7) (with & = 0) we see that for (n+1)/2 < Rea < n the
operator A$ is bounded from L; to Lo and also (see [15], Comment on
p. 121) is of weak type (1,n/(n — Rea)). Now, applying the Marcinkiewicz
interpolation theorem ([16], [15]) we obtain (1).

We know that for Reaw = (n+1+¢)/2 (with ¢ > 0 sufficiently small)
the operator AY is bounded from L; to L, and for Rea = 0 it is bounded
on Ly. Thus, applying Theorem 2.1 as in the proof of Theorem 4.1 (see VI)
we conclude that AS is bounded from L,_to L,_, where

1 1 Re o 1 1 Rea

pe 2 n+l+e ¢ 2 n+l+e
In the same way, noticing that for Reaw = (n —§)/2 the operator A is
bounded from L,, p = n/(n—0/2), to Ly and, as already mentioned, for
Rea = (n+1+44)/2, it is bounded from L; to L., we obtain the bound-
edness of AY, (n —06)/2 <Rea < (n+1+9)/2, from L,, to L,,, where as
above § > 0 is sufficiently small and

1 s/1 1 n—2o 11 1 n—3o
s n<2 1+25<Reo‘ 2 )) % 2 1+25(Rea 2 )
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We note that the parameters €, 4 may be chosen arbitrarily small. Now
applying the Riesz—Thorin interpolation theorem ([16], [15]) we obtain (2).
The statement (3) is a consequence of (4.26). m
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