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On an orthonormal polynomial basis in the space C[—1,1]
by

KRzYSzZTOF WOZNIAKOWSKI (Warszawa)

Abstract. We show that in the space C[—1, 1] there exists an orthogonal algebraic
polynomial basis with optimal growth of degrees of the polynomials.

1. Introduction. The purpose of this work is to prove the following
theorem:

THEOREM 1. For every € > 0 in the space C[—1,1] there exists a basis
which consists of orthogonal algebraic polynomials t, such that degt, <
(14 e)n. The orthogonality is with respect to the Lebesque measure.

The classical negative result stating that for a polynomial basis (¢,,)
in the space C[—1,1] we cannot have degt,, = n is due to Faber [2] and
had been obtained before the notion of Banach space was introduced into
modern analysis. Then much later A. A. Privalov [9] showed that the system
(t,,) cannot satisfy the inequality degt,, < (1 + €,)n with &, — 0. In this
respect our result is optimal. On the other hand analogous problems for
trigonometric polynomials have been solved earlier. The above mentioned
paper of Privalov also dealt with the trigonometric case—actually the main
ingredient of the proof used properties of trigonometric polynomials. The
review of the work done on this problem before 1990 is contained in [13].

The trigonometric case is now completely understood. Some more recent
partial positive results in this case were obtained in [10], [11], [16] and [§],
and then the complete solutions (with orthogonality property) were given in
[7] and [17]. The former work was based on [8] and used the wavelet theory
techniques, the latter was based on very close ideas. There were however
some problems with transference of these constructions to the algebraic case.
It was possible to get bases in the space C[—1,1] satisfying the condition
degt, < (1 + ¢)n but orthogonal with respect to some weights (see [5], [4]
and [3]). We overcome this difficulty and get orthogonality with respect to
Lebesgue measure. After the research presented in this note was completed
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I learned about the preprint [12] where Theorem 1 is proved by a different
method.

The main idea of our work is to start with an appropriate basis of even
trigonometric polynomials in C'[—m, | and perform the orthonormalization
procedure with respect to the weight sinx. Thus up to the last moment we
will work with trigonometric polynomials.

2. Basis of even polynomials. Let us introduce functions which will

serve as an estimate of decay. For s > 0, N =1,2,... and z € R we define
a function F'(s, N, z)(:) by the formula
VN for |z — 2| < N™1
1 F(s,N, ’
(1) (s, IV, 2)(@) = {N1/2 Slg — 2|7* for |z — 2| > N~L.

In this section we prove the following result which is the starting point of
the construction of an algebraic polynomial basis.

THEOREM 2. For every e > 0 in the space C[0, 7| there ezists a system
(un)oeq of real trigonometric polynomials of the form ) a; cos jt such that:

(i) The system (un)5e, is orthonormal with respect to the Lebesgue
measure and dense in the space C[0,7].
(ii) We have degu,, < (1+¢)n,
(iii) The functions (un)5e, can be reordered as ((ufﬂ);@al);ﬁo for ap-
propriate integers a(l) so that for some s > 3 we have

[ug,| < C(5)F (s, a(l), i)

where pt, = mm/a(l) form =0,...,a(l) — 1.
b(1)

(iv) There exist orthogonal trigonometric polynomials (f,)n’, where
b(l) = Sk_o a(k) such that
span(fl)mo" = span((uh)1nto o,
£l =1,
[ (@)] < C(5)F(5,0(0), vy,) (),
where v, = wm/b(l) form = 0,...,b(l)—1. Moreover there exists a constant

C' such that for every | we have b(l) < Ca(l).

Philosophically we take an appropriate basis of trigonometric polynomi-
als in C(T) and by suitable simple linear combinations we get a basis in the
subspace of even functions in C[—m, 7|. Many bases of trigonometric poly-
nomials have been constructed (see e.g. [17] and [7]). Also bases of algebraic
polynomials are known (see e.g. [3], [4] and earlier [5]). The trouble is that
those bases do not have sufficient decay. Only for ¢ > 5/3 (actually > 1)
we can start with polynomials v, 1 (z) described in Section 8.4 of [15] and
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note that wjx = v, x + ;2,1 are even functions. One also easily checks
that wu; with j = 0,1,... and k = 0,1,...,271 — 1 form an orthogonal
basis in the space of even functions satisfying all requirements of Theorem 2.
Thus we will provide a proof of this theorem. Since its main ideas follow the
construction from [16] we will be rather brief.

The proof of the theorem is done in two steps. We start with an elemen-
tary proposition which now belongs to the folklore:

PROPOSITION 1. There exists a function a: R — Ry such that

(i) a € C=(R),
(ii) a(z) = 0 when x < 0; a(x) = 1 when x > 1 and a(z) > 0 when
xz € (0,1),
(iii) @?(1 —z) + a?(z) =1 forx € R.

Proof. Take any function & : R — Ry such that conditions (i)—(ii) hold.
Then

W
Va2(l—x) +a%(z)

a(z)

is our required function. m
We define the function W(z) (we drop the index k for convenience) on
R by the formula
a(dr —1) for x € [1/4,1/2],
W) = J &(2-—2x) for x € [1/2,1],
(@) (=)W (—z) forxe[-1,-1/4],
0 otherwise.
and the function V(x) by the formula
a2x —1/2) for xz € [1/4,3/4],
Vi) = a(5/2 —2x) for x € [3/4,5/4],
(=D)FV (=) for z € [-5/4,—1/4],
0 otherwise.
To make further formulas more readable for [ € N let us put
dw(l) =3-2171,  do(l) = 2!,
Dw(l) =32, Du(l) = 2'+2.

Now we define the families of functions wé and U; on T (assuming that the
same k is used for any given family) in the following way: for [ > 0 we put
@o(n) = W(n/2"),

and then
wé ty=wh(t—2t), j=1,....,dw(l)—1, where
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To define families vé we first put

Uh(n) =V (n/2""),

and then
3) vé»(t) :vé(t—yé»), j=1,...,dv(l)—1, where
yl< = 2mj/dv(l).
Let us also introduce the Riesz projections. For f = Zn_foo ane™ we
define
(4) Ri(f)(t) =) ane™,
n=1

1 .

5) RN = Y e

We have the following proposition, part of which is a particular case of
Lemma 1.4 from [16].

PROPOSITION 2. The functions (wh) and (v%) have the following proper-
ties:

(i) If1 > 0 then wl and vl are trigonometric polynomials, even and real
for k even and odd and purely imaginary if k is odd.
(ii) We have ||wlAH2 = dw(l), ||vl-H2 = dv(l) and
|R—(w})(8)], [ Ry (w]) (B)], [w(t)] < C(s)F (5,2, 25),
|R-(0)) (0], [R+ (0) ()], [V} (1) < C(s)F (5,2, y5).

(iii) For every l both families (wj) and (vé) consist of orthogonal polyno-
mials.
(iv) We have

(t
(

(6) span(w}) 52 = W @ W,
(7) span(v );lv(ol) ' = =V eV},
where
(8) W = span{e™ a((n+2'%1)/2")
+ (= 1)kl PO (—n — 21) f2)} 20
(9) W' = span{e™ a((—n +2'71) /2" 1)

+ (-1 )kez(n+dw(l)ta((2l + n)/2171)};il:;71’
(10) V? = span{e™a((5- 271 +n)/2))

+ (_1)k6i(n+2l+2)ta((_3 . 2l—1 _ n)/?)};izg;ill’



A polynomial basis in C[—1,1] 185

(11) V' = span{e™a((-n - 2"71)/2)
I+1 . Col—1_
+ (_1)k61(n+2 )ta((3 : 2l ! + n)/2l)}nif3.21171-
Proof. (i) This is obvious and follows directly from the definitions of the
functions W, wé-, V and vé-.
(ii) The first part of (ii) is elementary and follows from the definitions of

L vt and from Proposition 1(iii) using calculations with Fourier coefficients.

50 Y
For the second part let us start with w). Using the Poisson Summation
Formula we get

(12) wh(t) = 2171 i WY ((t + 2ms)2!)

S§=—00

w:

where Y is the inverse Fourier transform. From the definition of the functions
a and W it clearly follows that W € C*°(R) so we have WY (¢) < 1/t* for
t > to(s) and of course |[WV| < C. The same argument holds for v} and for
all Riesz projections. From this and (12) we easily get (ii).

(iii) For the family (w}) this was shown in [16] using calculations with
Fourier coefficients, and the proof for the family (’ué) is fully analogous. It
also follows directly from the Poisson Summation Formula and the fact that

(WY (8mj/3) = (VA)V(2rj) =0 for j € Z\ {0}.

(iv) In [16] it has been shown that considering the sums

dw(l)—1
Z einQﬂ'j/dw(l),wé' (t)
j=0
for n = =21 .. —2=1 — 1 we can get all the functions in formulas (8)
and (9). Similarly using the sums
dv(l)—1
Z 6in2ﬂj/dv(l)’0§'(t)
§=0
for n = —5-271, ..., —21"1 — 1 we can get all the functions in formulas

(10) and (11). Counting dimensions and taking into account that none of
the functions from (8)—(11) is equal to zero we get our claim. m

Now consider the families of functions
dw(l)/2—1
13) {wh} UL () + wha 5357 Ul o)

dvu(l
14) {wb} U ok (t) + vy 312D 2 7 U ol o)
dw(l
15) {wh(t) — why oy o2

dv(l)/2— 1
16) {Uj( ) Udv(l) ]}j (1)/
We have the elementary



186 K. WozZniakowski

PROPOSITION 3. If k is even (resp. odd) the functions in formulas (13)
and (14) are even (resp. odd) (i.e. cosine (resp. sine) polynomials) and
those in formulas (15) and (16) are odd (resp. even) (i.e. sine (resp. cosine)
polynomials). Moreover the functions in (13) and (15) (resp. (14) and (16))
are mutually orthogonal.

Proof. Observe that wé» (t) = wlo(t—xé-), wéw(l)_j (t) = wé(t—{—wé), vé. (t) =
vh(t — yé), vfiv(l)ij (t) = vh(t+ yé) for all [ > 0 and use Proposition 2(i). For
orthogonality use Proposition 2(iii). m

Now for a given € > 0 fix a sequence of integers (N)32, such that:

(17) 1+€/2§Nk+1/Nk§1+€,
(18) Nipy1 — Ny =2'®) for some (k) € N,
(19) N1 — Ny = 220)(N}, — Nj._y).

where €(k) = 0, 1; one can easily see that this is possible. For any positive
integer [ we introduce the operator

(20) SO(f) = e MR_(f) + e Ry (f).
Using this operator and the above sequence of integers we define a new
system. For £ > 1, if in (19) we have ¢(k) = 1 we define

- 1(k
(21) 0% = S(Ny, — 21yl
and if in (19) we have £(k) = 0 we define

- 1(k
(22) @b = SNy — 32/l ®),

In both cases we have j =0,1,..., Npy1 — N1 — 1.

In addition we define functions (ﬂ?);vz(’ar M=l by setting
int e
~0/ )€ if j = 2n,
U (t) - {ei(n+1)t lf] =2n+1,

for 0 < j < 2Ny —1, and for 2Ny < j < 2Ny +240 —1 = Ny + N; — 1 we set

@(t) = e™a((n+ Np)/2'O) 4 TN~ (n 4 Np) /2'©)

where n = j — 3Ny — 249, We denote the spaces spanned by the above two
families by By and B§ respectively.
We also introduce the functions

1 for |t| <1,
Hy(x) = § a((Ny41 — [2|Ng)27'®)) - for [a| € [1, N1 /Nil,
0 otherwise,

and the functions g§ defined by the condition
95(n) = Hi(n/Ny).
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Now if k is even we put
he = 96,
and if k is odd we put
he(t) = g6 (t = 7/ (N1 + Ni)).

Then in both cases we define h;? as

29) RE(t)=hit—2), j=1,...,Ney1+Np—1, where
Z;'C =275 /(Nk+1 + Ng).
We define the following families of functions:

e for k£ even

Nri1+N, 2—1
(24) {ho}u{h’whmﬂw SN G RE eny2 )

N, N, 2—1
(25) {BY = Rl oy Sy A2
e for k odd
Ngi1+N, 2—1
(26) {BY + Ry on ) Pt H /2L
N, N, 2— 1
(27) (Y — Bl ony—jr Pt bR/

We have the following proposition.

PROPOSITION 4. (i) The operators S(I) map even (resp. odd) functions
into even (resp. odd) functions.

(ii) The functions given by (24) and (26) are even and the functions
given by (25) and (27) are odd.

(iii) The functions ﬁ;“ satisfy the estimate

a5 < C(s)F(s,2",€5)
where 55? 18 equal to xé or yé», depending on the definition of ﬁ;‘? (those points
are defined in (2) and (3)), and the functions h¥ satisfy
\hf(t)] < C’(S)F(S,Ql,z;?)

where the points zJ’-“ are defined in (23).

(iv) The functions (ﬂf) are mutually orthogonal.
(v) The functions (hf) are mutually orthogonal.
(vi) We have
(28) span(hf);2y ™7 = span(@) ;g™ @ span((@) ;25 L.

(vil) The system (ﬂf) can be rearranged into a sequence (u,) such that
degu, < (1/2+¢)n.
(viii) The system (u,) is dense in C[—m,m].
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Proof. (i) and (ii) are obvious.

(iii) This follows from Proposition 2(ii) and the definition of the operators
S(1).

(iv) When we apply the operators S(I(k)) to formulas (8)—(11) we see
that for £ > 0,

span{ﬂ?};y:’“gl_N’“‘l_l = B)® B}
where for k& = 0 the spaces are defined above and for £ > 0 they are given
as
BY = span{y(n)e™™ + (~1)!B(m)e™},
Biyy = span{f(m)e™ + (=1)"*1y(n)e™},

where m = n + N + Niyq1 with v(n), 8(m) given by the function a and
satisfying 72(n) + 3%(m) = 1. As it is obvious that @¥ L af if [j —i] > 1
and B} 1 BY 41 we get orthogonality. Moreover by induction we get

k
(29) @ (BY @ B}) = span{eijt}jy:’“:}vk @ B).
m=0

(v) The proof is analogous to the above proof of (iv).

(vi) Observe using (29) that h} € @ZL:O(BB,L @® Bl)) and both spaces in
(28) are invariant with respect to rotations of T by A = 27 /(Ny + Ngi1).

(vii) This follows immediately from the definition of the operator S and
the estimates for the degree of the functions v} and w), which are clear from
the definitions.

(viii) This follows immediately from (29). m

Now for (f.) in Theorem 2 we take all functions appearing in for-
mulas (24) and (26) restricted to [0,7]. For (ul,) we take the functions
27;“ + ﬂﬂ“\,k _N._._1_, also restricted to [0, 7].

+1 k—1 J

3. Orthogonalization. Let us start by recalling a general lemma about
matrices. Various versions of this lemma are known in the literature (see e.g.
[6]) but we will present the sharp version due to A. G. Baskakov [1].

LEMMA 5. Let A= A* = (a;;);—o be a matriz for which

(30) [A]l2, [A™ 2 < C
and
(31) lai il < Cv/(li — 4|+ 1)°

for some s > 1. (The symbol ||A||, denotes the norm of A as operator on
INHTL) Then for A=" = (ci j)V;—o we have the estimate

|ci il < C(Co, Ch,8)/(li = jI +1)°.
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In this section we will work in the following framework: We have a
sequence (&,))_, of even trigonometric polynomials of degree < C'N, or-
thonormal on [0,7]. We have a sequence of points zg, 21, ...,zx in the in-
terval [0, 7] such that

(32) 21=0<2z0<21<...<2N<2ZN41=T

and

(33) a < min (zg41 — 2k) < max  (zrg1 — 2k) < b
N+1 = k=-1,..,N k=—1,...,.N N+1

for some 0 < o < 3 independent of V. We assume that

(34) [§n(2)] < CF(s, N, zn) ()

for some s >3 and n=0,1,..., N (see (1)).
LEMMA 6. With the above notation we have
0 i J
Proof. Let a;; denote the integral on the left hand side of (35). Let us

start with a simple property of the function F'(s, N, yp). From the definition
of F' it easily follows that

sinz de < C([i — j|+ 1)/,

36) | F(s,N,20)(z)F(s,N,yo)(z) d
<2 | F(s,N,z)(x)F(s,N,yo)(x)dz
(zo+y0)/2

Zo + Yo

<2, Nan) () | RN e

(zo+yo)/2
C $0+y0> C <$0—y0>

< —F(s,N,x = F(s,N,0

=/ ‘”( 2 N

(s)
VN

From (34) we clearly have
(37) o §§F<37N’%5£_%N,zj)<m)
Since for z,z € [0, 7] we have sinx < sinz + (z — z) cos z we get
F(s,N,z)(x)Vsinx
Vsinz

Q

IA

F(Sa N7 0)($0 - yO)'

sinz dx.

(38) < F(s,N,2)\/1+ |z — z| - |cot 2|
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From (33) we infer that |cot z;| < CN for i =0,1,..., N. Since

(39) F(s,N,z)y/1+CNlz— 2| <CF(s—1/2,N, z)

from the above observations we infer that

(40) a;; < 027§F(s —1/2,N,z)(x) F(s —1/2,N, z;)(z) dx
0

so from (36) we get the claim. m

PROPOSITION 7. For any sequence (a,)_, of real numbers we have

T N N
. 2
(41) §) nz:o Neren smxdw ~ ;::0 lan|”.
Proof. Define
N
gn($)
42 A = n———.
(12) 0=
We have
(43) I:= X A?(x)sinz dx
0

& (@)] - 15 (x)]
/e zi+/sin 2

sinz dx.

DL"a:\

<Y lail - lay]
,J
Using Lemma 6 we get
1<02|a1 la;|(14 |i — j)) Y2 < C(s Zmzy?

7]

so we have the upper estimate in (41).

Now we need estimates from below. To get them, to every point z;,
1=0,..., N, we assign an interval

(44) I(i,K)=[z; — K/N,z + K/N| N[0, 7],

where K is some constant to be specified later. We claim that

(45) Z sin z; S A?(x)dx < C(K) S A?%(x)sinx da.
I1(3,K) 0

Indeed, notice that if
(46) 0,7 & I(i,2K),
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which means that the interval I(i, K) is far from {0, 7}, then sin z; < 2sinx
for z € 1(i, K) so

sin z; S A%(z)dx < 2 X A?%(z) sinz da.
1(i,K) I(4,K)

This means that if we denote by .J the set of integers ¢ = 0,..., N for which
(46) holds, then

(47) Zsin 2 S A?(z)de < 4K S A?(x)sinz dz.

j€J 1(j,K) 0
On the other hand if j ¢ J then dist(z;,0) < 2K3/N or dist(z;,7) <
2K(3/N sosinz; < 2K(/N. Thus

K23

(48) sin z; S A%(z)dr < 4 N

1(5,K)

1A% ()l

But from the definition of &; we see that A(-) is an even trigonometric poly-
nomial and deg A%(:) = 2deg A(-) < C'N. From the well known Bernstein
theorem (see e.g. [18]) we infer that

(42())" < ON[IA*()] oo

So if A%(xg) = ||A%()|lec then there exists an interval Iy > zg with |Iy] >
(4CN)~1 such that A%()|Io > ||A%(-)||eo/2 and sin(-)|Iy > ¢N 1. This im-
plies that

™
C

(49) (S]Az(a:) sinzdx > IS A%(x)sinx dx > FHAQ()HOO

Since the number of j’s such that j ¢ J is at most 5K/«, combining (48)
and (49) we get

(50) Z sin z; S A%(x)dr < OK® S A?(z) sinz d.
Ji¢J 1(5,K) 0

If we put together (47) and (50) we get (45) with a constant C(K) < CK3.
To end the proof it is now enough to estimate from below the expression

N
Z sin z; S A?%(z) d.
=0

I(i,K)

We clearly have
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I1(¢,K)

N 2
= sin z; — 4 ) d

; I(§K) < \/sm % E \ /sm 2;
W , ()
= Z S z; S i Sin 2

i=0 1(i,K)

& (@) S ? )
a;a; . dx +
I('LSK) ]ZO J vV Sln Zi \/ sm Z] I(ZXK Z \/ Sln Z]

G

N
v/sin zl
> 32 z) d + 2 aa; 7)8 ()=t
; I(iSK) ; JZ(? ’ I(ZSK) ’ s ZJ

J#i
Define
v/sin z;
52 d; i = i dx.
( ) »J I(§K)§ ( )SJ( )\/SHI—ZJ T
When z; ¢ I(i, K), from (38), (39) and (36) we get
C(s) C(s)
d; i| < —— 1+ i — < —
’ 7]| |Z—j‘ ( | .7|) |Z ]|571/2

When z; € I(i,K), ie. |i — j| < K, we use the orthogonality of the
system (&;) to get

v/sin z;
§i(2)€5(2) ==
[O,W]\Sl(i,K) T s

Estimating &;(-) by its maximal value on [0, 7] \ I(i, K ) which is less than

C(s )N1/2/Ks and \/sin z;//sin z; by K'/? and (| & (2)| dz by C/N/? we
see that in this case |d; ;| < 1/K°~'/2. This gives

dij = dx.

)

N N N
(53) > sinz | A(x)dz =D al | G@)de—2" |ail-laj|-|di]
i=0 1(i,K) i=0  I(i,K) i,j=0

and ’
Cli—j|® for|i —j| > K,
|dij|§{ | ]| | ]|

C/Ks  for|i—j| < K.
From (34) and (44) it follows that if K — oo then SI(Z. K) E(z)dr — C >0
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uniformly with respect to N. One easily checks that the matrix D = (|d; ;)
maps ¢ into itself and also ¢q into itself. Moreover both norms tend to zero as
K — o0. By interpolation we get || D ||z — 0. We now see that it is possible
to take K for which the left-side expression of (53) is always greater than

sz‘]\io la;|?. This together with (45) ends the proof. m

PROPOSITION 8. Let (upn)se, be the basis given by Theorem 2 and
apply to it the Gram—Schmidt orthogonalization procedure in the space
Ly([0, 7], sinx dz). Then the resulting system (wn)5% is a Schauder basis
in the space C[0,].

Proof. The only thing we really have to prove is that the operators

T

Py f(z) =\ Kn(z,y)f(y) dy,
0

g wn(x ) siny,

considered on the space C|0, 7] have uniformly bounded norms. We will
actually repeat the proof of the fact that the Franklin system is a basis in
C10,1] (see e.g. [14]). To start we will represent the kernel K in another,
more useful form. According to Theorem 2 we have

b s
(54) span(un)o = span( ) @ span(u)i o,
for some numbers [ and s. Let the functlons on the right side of (54) be
called (£,)N_, and ordered in such a way that

(55) En(x) < C(s)F (s, N, z) ()
where z,’s satisfy (33). This can be done because a(l) ~ b(l) ~ N, so we

really are in the framework described at the beginning of Section 3. From
the very definition of (w,(x)) it follows that

(56) Z \/W \j;fn—)z i

where

4,7=0
for some numbers c; ;.
We will estimate the kernel Ky (x,y). First observe that Proposition 7
is equivalent to the statement that the self-adjoint matrix A = (a; ;)
given by

ajj = sinz dx

TSrfi(:E) §(z)
Oy/sinzi sin z;

!

fulfills the estimates
[ Al [[A~ 2 < C.
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Since Py (&) = & for ¢ = 0,1,..., N we infer that ¢; ;’s in (56) are equal
to the entries of the inverse matrix A~!. Now we are ready to estimate
sup, o |Kn(x,y)| dy. Let us start with

(57) V1& W) siny dy < 1€ (y)[sin z; + cos z;(y — 2;)] dy
0 0
sin z; °
<R+ OV PG N )Wl = 5l dy
sin z; C Csinz]

Moreover we have

(58)

Thus we have

T

(59) | |[Kn(2,y)dy
0

&i(y)|siny dy

N T
<Y T Ve
T = (14 i — g5/ sinz;y/sin z; 3

2,7=0
N

Z C ‘ 1€i ()] sin z;
(L+i—g))s=Y2 (fsinz;\/sinz; VN

1,7=0
N

Z C &i(z)| [sinz;
A= 72 UN sz

Using (58) and (33) we estimate this sum as

1,5=0

(60) Z Vod +le —jﬂsl/zp(s, N, z)(z) < const.

If we insert (60) into (59) and use the well known formula for the norm
of an integral operator on C[—1,1] we get the required estimate. m

4,7=0

Completion of the proof of Theorem 1. Let I be the well known operator
defined for functions f : [0,7] — R and s € [—1, 1] by

If(s) = f(arccoss).

It is well known and easy that I is an isometry between C0, 7] and C[—1, 1]
and between Ls ([0, 7],sinx) and Lo([—1, 1]). Also I(cosnt) is a Chebyshev
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polynomial, in particular it is an algebraic polynomial of degree n. So from
Theorem 2 and Proposition 8 it follows that the system of functions

tn, = wy(arccos s)

is as described in Theorem 1.
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