STUDIA MATHEMATICA 146 (1) (2001)

Hankel type operators on the unit disk
by

JIE M1AoO (State University, AR)

Abstract. We study Hankel operators and commutators that are associated with a
symbol and a kernel function. If the kernel function satisfies an upper bound condition,
we obtain a sufficient condition for commutators to be bounded or compact. If the kernel
function satisfies a local bound condition, the sufficient condition turns out to be necessary.
The analytic and harmonic Bergman kernels satisfy both conditions, therefore a recent
result by Wu on Hankel operators on harmonic Bergman spaces is extended.

1. Introduction. Let D denote the open unit disk in the complex plane
C and A denote the normalized Lebesgue area measure on D. For p > 1,
let LP denote LP(D,dA). Let P denote an integral operator with a kernel
function K on D x D given by

P(g)(2) = | g(w)K (=, w) dA(w).
D

For f € L', we define the Hankel operator Hy = (I — P)M;P and the
commutator Cy = MyP — PMy, where M is the multiplication operator
defined by M¢(g) = fg. The function f is called the symbol of H¢ and Cy.
There is a close relation between H; and C; when P? = P. In this paper,
we study the boundedness and compactness of C'y that is associated with a
kernel function K (z,w) on LP.

Let L2 = {f € L? : f is analytic on D} denote the analytic Bergman
space and let P denote the orthogonal projection from L? onto its closed
subspace L2. Then the corresponding Hankel operators and commutators
have been well studied; see [1], [4], and [7]. In this case P is an integral
operator with the kernel function

1
(1—zw)?

Another case that was recently studied in [8] is the Hankel operators on

the harmonic Bergman space L = {f € L? : f is harmonic on D}. The

(1) Ky(z,w) =
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orthogonal projection P from L? onto its closed subspace L? is an integral
operator with the kernel function (see page 357 of [9] on how it can be
derived)

(2) Kn(z,w) = zmﬁ Y
Wu [8] obtained characterizations for the boundedness and compactness of
Hy and Cy when f is a harmonic function on D.

The study of Hankel operators on the analytic and harmonic Bergman
spaces often depends on specific techniques that are only effective for an-
alytic or harmonic functions. As we will show, there is a necessary and
sufficient condition for Cy to be bounded or compact if the kernel function
satisfies an upper bound condition and a local bound condition. Descrip-
tions for both conditions on the kernel can be stated easily and do not rely
on analytic or harmonic functions. The proof of the sufficiency is essentially
the same as in [4]. The technique using a local estimation for the kernel to
prove the necessity is new. We use the unit disk as our setting in this paper
since it is easier to present concrete examples of kernel functions that satisfy
both conditions.

2. Preliminaries. In this section, we introduce some notation and func-
tion spaces. All the results are known in L? norm (see [4]).
For w € D, let y,, be the analytic map of D onto D defined by
w—z

#ul2) = 1—wz

The Bergman metric on D is defined by
1 1 w
Blz,w) = = In (M)
2 \1-|ew(2)]
For r > 0 and z € D, the Bergman disk centered at z of radius r is defined by
E(z,r)={we D: fB(w,z) <r}.
Let |E(z,r)| = A(E(z,r)). For fixed r > 0, let

flr) =BGl | f(w)dA(w)
E(z,r)
and N
MO, (f,2,7) = |E(zr)| ™" | [f(w) = f(z,7)]P dA(w).
E(z,r)

We say that f is in BMO?" if MO, (f, z, ) is a bounded function of z. We say
that f is in VMOY" if MO, (f, z,7) — 0 as |z| — 1~. By Hélder’s inequality,
we have MO, (f,z,7) < MOy(f, z,7) for p < q. Hence BMO?" ¢ BMO”"
and VMO$%" € VMOY" for p < q.
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We will show that BMO”" and VMO?Y" actually do not depend on r.
To achieve this goal, we need two more function spaces.

Let OSC(f,z2) = SUDy e B(2,1) |f(2) — f(w)| and let
BO = {f continuous on D : OSC(f, z) is bounded on D},
VOps = {f continuous on D : OSC(f,z) — 0 as |z| — 17 }.
By Corollary to Theorem 13 of [4], E(z,1) can be replaced by any E(z,r)

for » > 0 in the definition above.
Finally, let

FP = {f €L :|E(z )" | |f(w)|P dA(w) is bounded on D},
E(z,1)
F) = {f €LP:|E(z1)" S |f(w)]P dA(w) — 0 as |z| — 1_}.
E(z,1)
Holder’s inequality gives F4 C FP and F} C F} for p < q. Note that E(z,1)
can be replaced by any E(z,r) in the definition above (see [6]).
We now introduce norms on these spaces. Let

||f||BMOP = Sup{MOP(fvz7 1)}1/;0’ ||f||BO = sup OSC(fa Z)?
zeD z€D

Ifller = sup {IEG DI | 11w)P A}

E(z,1)

We use ¢ throughout the paper for any positive constants that may
depend on the parameter p, but do not depend on r, where r is the radius
of the Bergman disk. If a positive constant depends on r, it will be denoted

by ¢(r).
The following lemma is analogous to Theorems 18 and 19 of [4].

LEMMA 1. Let 1 < p < oco. Then

(i) BMO”" = BO + F?.

(i) VMOY" = VOy + F%.

Proof. To prove (i), we ﬁrs/‘E prove/‘Ehat BMO?" ¢ BO+FP. Suppose that
f € BMOP". Let z € D and f(z) = f(z,7/2). Then by Hélder’s inequality,

£(z) = Fw)P
< |E(zr/2)| M E(w,r/2)] 7 V1) = fw)? dA(u) dA(w),
E(z,r/2) E(w,r/2)
and for f(w, z) < r/2, we have

@) = J@)P < e B | § @) = fw)] dA(u) dA(w).

E(z,r) E(z,r)
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Further,
Bz | 1fw) = f(w)]? dA(u) dA(w)

E(z,r) E(z,r)

=BG V1) = fzr) + Flar) = fw)P dA(w) dA(w)

E(z,r) E(z,r)
<277 HE(z,r)| 72
< § T U = Tl + 1) - Fle ) dAw dAw)
E(z,r) E(z,r)
= 2PMO,(f, 2z, 7).
Therefore for f(w,z) < r/2

~

£ (2) -

=y

(w)] < 2Pc(r)MO,(f, z,7).

Thus f is in BO. ~
Next we show that f — f is in FP. Use Minkowski’s inequality to get

{(BGr2I | 1) - Fw)r daw)}”

E(z,m/2)

<{IEGr2 | 1fw) - ferdaw)

E(z,r/2)

B | IfE) - Fwldamw)} .

E(z,r/2)

It is easy to check that both terms above on the right are dominated by
Op(f,2,7). So f — f € FP. This shows that BMOp’ C BO + F?,
Now we show that BO + F? ¢ BMO”".

MO, (f,2,r) < |E(z,m)| 7> || !f(W) — f(w)[" dA(w) dA(u),
E(z,r) E(z,r)
we conclude that BO ¢ BMO?". From
Op(f.2,m) S 2°|E(z, )7 | |F(w)P dA(w),
E(z,r)
we conclude that F? ¢ BMOP". Hence BO +F? ¢ BMO”". This proves (i).

The argument above implies (ii) if we take the limit as [z] — 1. n

REMARKS. (i) Lemma 1 shows that BMO”" and BMOY" are indepen-
dent of r and hence will be denoted by BMO? and VMO?Y, respectively.
(ii) For f € BMO? (or VMO?), a typical decomposition of f is f =

F+f—f, where f € BO (or VOy) and f — f € F? (or Fp).
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(i) If p > 2, then BMO? ¢ BMO? and VMO? ¢ VMO?. Let
F(2) = (=12 § f(w)[1 - 2w|* dA(w)
D
be the Berezin transform of f. Then Theorem 20 of [4] shows that we can
also decompose f € BMO” (or VMO?) for p > 2 as f = f+ f — f such that
f €BO (or VOy), f — f € FP (or Fy) and

(3) IflBo < el fllemors  If = Fllre < cllfllBmor-

We need two more lemmas. The proof of the first lemma is similar to
one given in [2] (see pages 5 and 6) and will be omitted.

LEMMA 2. Let 1 < p < oo and t(w) = (1 — |w|?)~Y/?"" where w € D
and 1/p+1/p’ =1. Then

| t(w)” Bz, w)[1 — 2w 2 dA(w) < ct(2)",
D

| t(w)?B(z,w)|1 — 20|72 dA(w) < ct(2)P.
D

The other lemma is a special case of Theorem 2.2 of [6].

LEMMA 3. Let 1 <p<ooand a>—1. If f € FP, then
V1gG)P( =21 f ()P dA(2) < ellf 1w § la(2)P(1 = |2*)* dA(2)
D D

for all analytic functions g on D.

3. An upper bound condition. In this section, we give a sufficient
condition for C'y = MyP — PMj, where

P(g)(2) = | g(w)K(z,w) dA(w),
D

to be bounded or compact on LP. The following upper bound condition for
the kernel function K is needed for the sufficiency:
(4) |K(z,w)| < |l —2w|™2, zwéeD.

We have the following theorem.

THEOREM 1. Let 2 < p < oo and K satisfy (4).

(i) If f € BMOP, then Cy is bounded on LP.

(ii) If f e VMO?Y, then Cy is compact on LP.

Proof. First let us prove (i). Suppose that fe BMO? for 2 < p < oo0.

Then by Remark (iii) following Lemma 1, f = f + h, where h = f — f €
FP. We will show that both Cf and C}, are bounded on LP. Note that Cf
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is an integral operator with the kernel function (f(z) — f(w))K (z,w). By
Corollary 1 of [4], for z,w € D we have

(F(2) = F(w)) K (z,w)] < el flpoB(z,w)|1 — 2] .
In view of Lemma 2 and the Schur test, C' 7 is bounded on LP. Moreover,

ICF < el flBmor
To show that C, is bounded, note that

Cy = MyP — PMy, = M,P — (M5 P*)*,

where P* is an integral operator with the kernel function K (w,z) on L?'
where 1/p+ 1/p’ = 1. For g € LP, we have

IMAP(9) ()7 < () | lgw)] - [1 - 2] dA(w)|
D

Apply Holder’s inequality to the right side above to get

IMuP(g) () < clh(2)( § lg(w)|Pt(w)7[1 = ]2 dA(w) )

< (§ )11~ 0 dA(w))

< ch(2)PH)? | lg(w)Pt(w) P I1 — 2]~ dA(w),
where t(w) is defined as in Lemma ; Thus we have
157 M P(g)(=)[P dA(2)
< ¢ | lg(w)Plt(w)| 7 dA(w) - | [h(2)Pt(=)7]1 — ]2 dA(2)
b b
S lg(w)[P[t(w)] ~? dA(w) - |||, ,SD H(2)P|L — 2] dA(z)

<c

< || fIIBnmor S |g(w)[” dA(w),
D

where we used Lemma 3 in the second step above and (3) in the las‘g step.
Therefore My P is bounded on LP. Since p > 2, p Z,p’. So h € FP . The
same argument yields that (Mj;P*) is bounded on L? , therefore (MjP*)*
is bounded on LP. This proves that Cy = Cf + C}, is bounded on LP and
gives [|Cy[| < |l fl[Bmor-

Now we prove (ii). Suppose that f € VMO? for 2 < p < co. Let f = f—i—h,
where h = f — fe Fs. We show that both Cf~ and Cp, are compact on LP.
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For0<d<1,let C 7 be the integral operator with kernel function

K7 s(zw) = (F(2) = F(w)x{2)<sy (2, w) K (z,w).
If |2| <6 <1and w € D, then |K(z,w)| < ¢ and hence

(f(2) = fw) K (2,w)| < ¢l flsmoB(z,w) < ¢|| fllmo(B(z,0) + B(w, 0))
<c[[fllemo(1 +1In(1/(1 — [w])).
It is clear that
§(§1575( 0 dA(z))p " 1A (w) < .

Thus for every § < 1, C Ps is a compact operator on LP by Ex. 7 in Section 6.3

of [5]. Given ¢ > 0, by the proof of Lemma 26 of [4], there is 6 € (0, 1) such
that for § < |z| < 1,

|(f(2) = Fw) K (z,w)| < ce|| flyofB(z,w)[1 — 2] 7.
Therefore [|Cy — Cf 4|l < czl[f|lBmo by the proof in part (i) and hence
HC]?_ Cj sl = 0as 6 — 17. This shows that C'y is compact on LP.

To prove that C}, is compact, let hs(z) = h(2)x{z|<s1(2) for 0 < < 1.
Then My, P is an integral operator with the kernel hs(z)K (z,w). Since
|hs(2)K (z,w)| < c|hs(z)| for z,w € D, it is clear that M, P is a compact
operator on LP. By the argument in part (i) that is used to prove that M} P
is bounded, for g € L? we have

| 131 Po) " dA() < e sup (IBG DI | [b()P dA(w)) ol
D z|z E(z,1)

Thus || MpP — My, P|| = |Mp—n,P|| — 0 as § — 1, since h € FY. So M, P
is compact. The same argument implies that (M;P*) is compact on LY,

since h € Fg/. Hence PMj, = (M;P*)* is compact on LP. This shows that
Cn = MpP — PM)y, is compact on LP and completes the proof. m

4. A local bound condition. In this section, we prove the converse of
Theorem 1 if the kernel function satisfies the following local bound condition:

K Yu,w) = K (2,2) + R(u,w, 2), u,w€ E(z,7), 2z€ D,
such that
(5) Kﬁl(za Z) ~ (1_|Z|2)27 ’R(u7w72)| < CT(1_|Z|2)27 u,w € E(Z7T)7

where r is considered to be small enough and K ~!(z,z) ~ (1 —|z|?)? means
that

K=Y(z,2)
0<c < ———%5 <ca.
RO D
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We have the following theorem.

THEOREM 2. Let 1 <p < oo and K satisfy (5) for all v small enough.

i) If C¢ is bounded on L?, then f € BMOP.
f
(ii) If Cy is compact on LP, then f € VBOY.

Proof. For z € D, we have
Mop(f7 Za T)

=BG | ] () = F ) K () K () dA(w)| dA(w)
E(z,r) E(z,r)

By (5) we have
MO, (f, z,7)
< 27| B(z, )| 17
< | E(S (70 - () K (0, 0) K~ (2,2) dA(w)| dA(w)
27| Bz )]
x E(S )‘E(X )(f(u) — f(w) K (u, w) R(u, w, 2) dA(w)‘pdA(u)

< () (1 = 122 Cr(xmem) I
+ 207 E(z,r)| 7P
< 5 () 1@ = f)l K w) R, w, 2)] dA(w)) dA(u),
E(z,r) E(z,r)

where we used the fact that |E(z,7)| ~ r?(1 — |2]?)? in the last step. If we
denote the second term above by T'(f,p, z,r), then

(6)  MOu(f,2,7) < c(r)(1 = [2*)2ICr (Xpem)Ih + T(fp2,7).
By (5), for u,w € E(z,r) and r small enough,
K (u,w)] = [(K ™ (2, 2) + R(u, w, 2)) 7|
< (K7 (z,2) = [R(u,w,2) ) 7H < e(1 = |2%) 72
Therefore we have, for r small enough,
|K (u, w)R(u,w, z)| < er, u,we E(z,71).

By the estimate above and Hoélder’s inequality, for » small enough we have
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T(f.p,27)
<er|Ben) 7§ (] 1) - f(w) dAw)) dA(w)
E(z,r) E(z,r)
<a?B(z,r) 2§ | 1 (w) = f(w)|P dA(w) dA(u)
E(z,r) E(z,r)
< cr?|E(z,r)| 2
< Vb 27N ) = Fzn)Pe + | F(w) = Flz,m)P) dA(w) dA(u)

E(z,r) E(z,r)

= 2PcrPMO,(f, 2, 7).

Now we choose r small enough such that 1 — 2P¢r? > 1/2 where ¢ is the
constant given in the last step. Then by (6) we have

%MOp(f,z,r) < (1 —=2PerP)MO,(f, z,7)
< e(r) (1= [2)2ICr xpen)p
(M Cr (1 = =) "X ID-
Suppose that Cj is bounded. Since (1 — |2|?)~*Pyp(,,) is LP-norm

bounded, ||Cf((1 — |Z|2)72/pXE(z,r))Hg is bounded for z € D. This shows
that f € BMOP.

Suppose that Cf is compact. Since (1 — |2|?)~*Pxp(.) is LP-norm
bounded and tends to zero uniformly on compact subsets of D as |z| — 17,
(1 —|2?)~%/PX g5, tends to zero weakly in L as |z| — 1~. Thus

1CH (1 = [21) P X)) h — 0

as |z| — 17. This shows that f € VMO and the proof is now complete. m

5. Examples. In this section, we give some kernel functions that satisfy
both (4) and (5).

(a) Analytic Bergman kernel:
_
(1—zw)?
Clearly, K, satisfies (4). Note that K, (z,2) = (1 — |2]?)? for z € D. Let
R(u,w, 2) = (1 —uw)? — (1 — |2|*)%. Thus

R(u,w, 2) = (|2|* = ww)((1 — uw) + (1 — |2|%)).

It is an easy computation that if u € E(z,7) and r < 1/2, then

Ky(z,w) =

lu — 2| < er(1—|z[?).
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So for u,w € E(z,r) and r < 1/2,
(7) Hz\Q—uE’ = |-Z(u—2) —u(w —2)| < er(1—|2%).
By (7) we have
11— ww] = |(1 = [2*) + (|* — ww)| < (1 —[2]*).
Therefore for u,w € E(z,7) and r < 1/2,
|[R(u,w, 2)| = [|2* = ww] - (1 = ww) + (1 = [2[)] < er(1 = ]2]*)*.

This shows that K, satisfies (5).

Let C? = M;P — PMy, where P is an integral operator with the kernel
function K,.

Theorems 1 and 2 give the following known result.

COROLLARY 1. Let 2 < p < oco. Then

(i) C} is bounded on LP < f € BMO”;

(ii) C% is compact on LP <« f € VMOJ.

Let H} = (I — P)MyP be the Hankel operator. We have the following
relations between C} and Hj:

C’?:H}‘—(H?)*, H} = (I - P)C5%, (H;%)* = —C%(I - P).
Thus Corollary 1 is equivalent to the following result.
COROLLARY 2. Let 2<p<oo and 1/p+1/p' =1. Then
(i) H% is bounded on LP and H is bounded on L’ & feBMO”.
(ii) H% is compact on LP and HJ% is compact on LP & f € VMO%.

(b) Harmonic Bergman kernel:

1
Kh(Z,w) = 2%@ —1.

Clearly, K}, satisfies (4). In order to show that K}, satisfies (5), we need the
following proposition.

PROPOSITION. For r small enough, we have
Kh_l(u,w):Kh_l(z,z)+R(u,w,z), u,w € E(z,7), 2z € D,
where
|R(u,w,2)| < er(1—12%)?, u,we E(z,7).
Proof. Using the formula for K3, (z,w) given on page 427 of [8], we have
11 — vw|* A(u, w)

K—l — = .
w () = PP — 2Pl — P - Blu,w)
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Since ( | ’2)2
1— |z
71 _
M) =

it is easy to show that
(1/2)(1 = [2])? < K (2,2) < (1= [2*)%.

Let w = z1 + ix0,w = xz3 + ixy. We will expand Kh_l(u, w) at the
point (z,2) for z € D. For u,w € E(z,7), since R(u,w,z) = K; ' (u,w) —
K, '(z,2), we have

2

(8) |R(u,w,2)] < Y sup (K e, (w,w)] - u — 2]
i—1 WWEE(z,r)

4

Y suwp (G e (ww)] - Jw - 2.
i—3 WLWEE(z,r)

Fori:=1,2,3,4,
Ay, (u, w)B(u,w) — A(u, w) By, (u, w)
B2?(u,w) '

It is straightforward to check that for u,w € E(z,r), r < 1/2, and i =
1,2,3,4,

(K e, (1, w) =

[ Aui (

) <e(l=[21%)° |Ba,(
|[A(u, w)] <

)

)| < el = 2%,
c1=1|z%  [B(u,w)] <

U, w U, w
u, w u,w)| < (1 —|2*)?,
therefore

| Az, (u, w)B(u,w) — A(u, w) By, (u,w)| < c(1 - |2]%)°.

Next we will obtain a lower bound for B(u,w) for u,w € E(z,r). We
have

B(u,w)
= (1= Julwl?)? - 2ul*wl*1 — uw]?
= (1= Julwl*)? = 2ulwl?|(1 = Jul - [w]) + (Ju] - [w] - ww)|?
> (1= [uf*w]?)? = 2ful?w]? (1 = [u] - [w]) + |[u] - [w| - vi])®
= (1= |[uP|w]?)? = 2JufJw*(1 - |u| - Jw])?

C(u,w)

— (APl (1~ ful - w])Jul - ] ~ ] + 2JulPlwf|u] - o] ~ ]

D (u,w)

= C(u,w) — D(u,w).
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For u,w € E(z,7) and r < 1/2, |u— 2| < er(1 —|z|?), |w—z| < er(1 —|2]?),
therefore for 7 small enough, 1 — |u| > ¢(1 —|2|?), 1 — Jw| > ¢(1 — |2]?). We
have

Clu,w) = (1 = |u] - [w])*(1 + 2ful - Jw]| — |uf*[w]?)

> (1= Jul - Jwh)? = (1 = [ul)® = (1 — [2]*)?
for u,w € E(z,r) and r small enough. By (7), for u,w € E(z,r) and r < 1/2

we get
|22 = Jul - Jw]] < [[2]* —ww] < er(1—12%),
therefore
Hu| Jw| — uw‘ <ecr(l-— ]2]2).
Thus
D(u,w) <4(1 — |ul - |w|)‘|u! Jw| — uw{ + 2‘|u! Jw| — uwf <er(l —|z[*)?

for u,w € E(z,r) and r < 1/2. Therefore for u,w € E(z,7) and r small
enough,

B(u,w) 2 ¢(1 = |2*)* —er(1 = [2[*)* = (1 — |2]*).
Thus for r small enough,

sup \(Kh_l)z(u, w)| < e(l— ]z]Q), 1=1,2,3,4.
w,weE(z,r)

Hence the desired estimate for R(u,w, z) follows from (8). m
Therefore K}, satisfies both (4) and (5). Let
C}=M;P—PM;, Hp=(—-P)MP,
where P is an integral operator with the kernel function Kj,.
Theorems 1 and 2 imply the following result.
COROLLARY 3. Let p > 2. Then
(1) C? is bounded on LP < f € BMOP.
(ii) C} is compact on LP & f € VMO3.
Since Ky is real-valued, H}} is bounded or compact on LP iff H]}% is
bounded or compact on LP. Corollary 3 can now be rewritten as follows:
COROLLARY 4. Let p>2 and 1/p+1/p’ =1. Then
(i) H;‘ is bounded on LP and H;} is bounded on L* < f € BMOP.
(ii) HJ}} is compact on LP and HJ}} is compact on LP & f € VMO%.

Corollaries 3 and 4 generalize Theorems 2.1 and 2.3 of [9]. The author
was informed that these generalizations have also been obtained by Zhijian
Wu using a different method.
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(c) A nonorthogonal projection kernel:

(1 —Jw[*)?

(1—zw)* "

See Lemma 1.17 of [2]. Clearly, K, satisfies (4). We can use the same ar-

gument as for K} (z,w) to show that K, also satisfies (5). The details are
omitted.

Ky(z,w) =3

6. A related result. In this section, we consider the following integral
operator:
Cr(9)(z) = {1£(2) = f(w)|g(w) K (2, w) dA(w).
D
Let r > 0 be fixed and K satisfy the following local bound condition:

9) K Y u,w) =~ (1—|2]*)? wu,we E(z,7), z€ D.
It is clear that condition (5) implies (9) if K is real-valued.

The following is a similar result on C.

THEOREM 3. Let 2 <p < oo and K satisfy both (4) and (9). Then

(i) Cy is bounded on LP < f € BMOP.

(ii) Cy is compact on L? & f e VMOY.

Proof. “<” This part of the proof is entirely the same as for Theorem 1.
“=" This part of the proof is significantly easier than that for Theorem 2.

We only prove (i) since the proof for (ii) is similiar. Suppose that C is
bounded on LP. Then for z € D, we have

MO, (£, 27) = [E(z,m)| 7
< § T @)= @)K ) K (w) dA@w)| dAw)
E(z,r) E(z,r)
< el = 2Bz, )
< §(F 1) = F) K, w) dAw)) dA(w)

E(zr)  E(zr)
< e()C(( = [21*) P xmem)IE,

where we used (9) in the second step and the fact |[E(z,7)| =~ (1 —|z|?)? in
the last step. Since (1—|2|%)~2/Pxg(, ) is norm bounded on L?, MO,(f, z,7)
is bounded for z € D, i.e., f is in BMO?. =
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