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Weak type estimates for certain
Calder6n—Zygmund singular integral operators

by

ATANAS STEFANOV (Ambherst, MA)

Abstract. We prove weak type (1,1) estimates for a special class of Calderén—
Zygmund homogeneous kernels represented as I' sums of “equidistributed” H' atoms
1
on S-.

1. Introduction. Let 2 : S® ! — C be a complex-valued integrable
function, with mean zero. We consider the Calderén—Zygmund operator de-
fined by

: Q20y/ly
Tof@)=tm | 2D p gy

O n
=0 e |y

The LP boundedness of Ty, was proved by Calder6n—Zygmund [1] under the
optimal size condition

(1) | 120)|Log™ [£2(0) d6 < oc.
STL*I

The question of weak type (1,1) boundedness is more involved (the LP case
being an easy consequence). Hofmann [6] (when 2 € L7, ¢ > 1, n =2) and
Christ-Rubio de Francia [3] (when 2 € LLog™ (L), n < 7) proved weak
type bounds for the operator T,. It is worth mentioning that the ideas for
these results originated in [2], where similar estimates for the corresponding
maximal function were obtained. Finally, Seeger [7] proved a weak type (1,1)
result under condition (1) in all dimensions. While as we indicated, (1) is an
optimal size condition, it is far from being necessary. In fact, Coifman and
Weiss [4] and independently Connett [5] proved LP boundedness of Ty, under
the more general assumption 2 € H'(S"™1) (see also [8]). This condition
reflects the size as well as the oscillation of the kernel. We will be concerned
here about the following
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PROBLEM. What is the most general assumption on {2 such that the
operator T, is of weak type (1, 1), i.e.

(2) 1T fllpree < ClFlL7

In particular does (2) hold if 2 € H'(S"~1)?
We answer this question affirmately for a special class of H! kernels on
S!. Let

0(9) = Z Auau(e)a

where A\, > 0 and a, are H'(S!) atoms. The usual definition of H*(S!)
requires that ||2||;x ~ > A,. We consider a special class of H' kernels
by imposing an extra condition on the structure of the atoms, namely we
want them to be of comparable size and have “almost” disjoint supports.
To be precise, let I,, be the support of a,, and e, be the center of the arc I,,.
For simplicity we assign increasing numbers counterclockwise and assume
that e; = (1,0). We assume that there exists [ € N (which will be fixed
throughout the argument) such that

(1) Jan(0)] < 2,
(2) |L] ~ 27,
(3) |, N 1y| < 2 min{|L |, |I/|}.

Condition (3) above can be rewritten as |e, — e,/| > colv — /|27! and the
constant ¢g will be implicitly present in most of our estimates. In particular
N < 272! /cy. We are now ready to state our main result.

THEOREM 1. If 2 = Zi\;l Ava, as above, then

ITafll e < Clfll ZAVv

where the constant C' s independent of N, L, f.

REMARKS. e )\, > 0 is not a restriction of generality, because we can
always incorporate modulus one numbers in the atoms.

e The LLog" L theory is largely inapplicable even for single H'! atoms.
The reason is that the proofs never make use of the oscillation properties of
the kernel. In a sense, T, f is a bilinear operator acting on {2 and f, thus
we ought to decompose f taking into consideration the structure of (2.

Let us introduce some notations and conventions. We always denote the
Lebesgue measure of some set A by |A|. If @ is a rectangle, then @* will be
used to denote the rectangle with the same center and three times longer
sides. All the sums are with respect to every index present in the sums,
unless otherwise indicated.
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In Section 2 we present a variant of the standard Calderén—Zygmund
decomposition needed for our purposes. In Section 3 we prove Theorem 1
basing on three lemmas dealing with L? and L' estimates for the operator.
In the last two sections we demonstrate the technical lemmas used to prove
Theorem 1.

2. Calder6n—Zygmund decompositions. Fix A>0 and a function f.
We will apply the standard decomposition f = g+ b, where g always stands
for a “good” part and b for a “bad” part. In our case, we shall need differ-
ent decompositions in all directions {e, }_,. This way, one gets N different
decompositions, which later on will be used to analyze the operator T;.

For every v € {1,..., N}, let A, be the set of all rectangles with one long
side parallel to e, with length ¢ and a shorter side of length 62!, Define
the uncentered directional maximal function in direction e, by

1
M, f(z) = ] (§2 £ ()] dy.

Since the doubling constant for the family A, is independent of [, we have

(3) 1My £l oo < Cll

where C'is independent of [. Define an exceptional set E, = {z : |M, f(z)| >
A}, v =1,...,N. Note that |E,| < ||f|l;A\./A by (3). We proceed as
follows:
e Represent E, as | J; Q,i, where Q,; € A, are disjoint and Q}; ;,NE; # ()
for every v, i.e.
A
| 17@)ldy < O1Qual-
Qu,i v
Define
1

o, (z) = (f(x) - oo
v,i Q

[ fw) dy) X (@),

v,1

1
ta..5) = 5T (Qx ) dy) X (@).

e Let J, ={z: Mf(x) > A AU Ei \ E,. Represent J, as
k#v
Ug, ;ca, Qu,i» where {Q, ;} are disjoint, and define by, , and gq,,, as above.

eFor K =R?>\ (UE,U{z: Mf(x) > X (O \)}), set g(x) = f(z) for
x € K, and g(x) = 0 otherwise.

Therefore for every v € {1,..., N} we get a decomposition

f(l‘) = ZbQu,i +ZgQu,i +g= ZbQu,i +9,+g
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where

(1) §bg,. =0,

(2) §1bq,..| < CN/A)|Qul, X2 b, NI, < ClIfll;,
(3) 2 1Quil <X |Ey[+ o Mf(x) > )\/(EAV)H <CY NI/
D) lgvlloo < N Av, Noully < £,
(5) gl <A C2N)s llglly < fI;-

Without loss of generality we may and do assume that the sides of the se-
lected cubes are of dyadic sidelength. We will denote by d(Q) the sidelength
of the long side of Q).

3. Proof of Theorem 1. For fixed A, f, we have
(4)  Ha:[Tof(x)] > A < [z [Tag(z)] > A/3}]

“|fe ‘ZA foff * 9(%)

|

9 Ay
Hx : |Tag(x)] > A/3}] < ﬁllTnllillgl\i < CZA

> )\/3}‘

‘T ‘2*bQM( x) >>\/3H.

Clearly

which takes care of the first term. The second term is relatively easy to
handle via L? estimates (see Lemma 1). The third term on the right hand
side of (4) requires further considerations. Let 3 : RT — R be a smooth
function such that

supp3 C (1/2,2) and Zﬁ(ijt) =1 forallt>D0.
JEZL

K(x !wP Z)\ aju(

where a;, = (a,(z)/|z[*)3(277|z|). Introduce also smooth functions 1, ®
R — R such that

(1) suppy C (—1,1) and ¥(t) =1 for t € (—1/2,1/2),
(2) supp® C (—2,—1/2)U(1/2,2)
and

(5) Y d@ ) +(t) =1 forallteR.

m>0

Then
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Define B;, = Zd(Qy,i):zj bq, .- Thus the third term on the right of (4)
is controlled by
> )\/3}‘

o
< H:C : ‘ Z;;Ayaj,,, * Bj,&,,(a:)‘ > A/GH
+ ‘{x : ‘ ZZZAV@J’W * Bj_sy,,(x)‘ > )\/6}‘.
j s<0 v

The support of the function in the second expression on the right hand side
of (6) is in a multiple of the exceptional set | J,, E,, and therefore by the prop-
erties of the decomposition we obtain the desired estimate for it. For the first
expression on the right hand side of (6) we will need a further decomposi-
tion of the kernel. Let P? be a function so that I/D\j(f) = (215 /|€] en)).
Convolution with P essentially restricts the Fourier transform of the func-
tion to the part of the sphere “almost” orthogonal to e,, as hinted by the
uncertainty principle.
We split the first term on the right of (6) in two parts as follows:

]{m : ‘ZZZA,,(%V ¥ Bj_s,,,)(:c)‘ > /\/6}‘
j 550 v
< H:z: , ‘ZZZAV(%V « PSx Bj_sﬁy)(x)‘ > A/12H

j s>0 v

€311 35 3) SEVCIFRLES SRV NI EPYIEHY

j s>0 v

| |2 *bq,,(2)

It is convenient to handle (4) and the first term on the right of (7) using L?
estimates and the second term on the right of (7) using an L' estimate. We
need the following lemmas.

LEMMA 1. Let {a,} be a collection of atoms of comparable size and
almost disjoint supports as in the statement of Theorem 1. If Hngg <

NI£l/ A, then
2
(7 =)
2

<aa(Sa)in
LEMMA 2. Let wa. be the family of functions obtained in the Calderén—
Zygmund decomposition and

B;, = > b, .-

Qu,i: d(Qu,:)=27
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Then for every s > 0, we have
2
H Z Z A(aj, * P« Bj_g,)
, 2
] 14

Finally, we state the L' estimate needed to estimate the second term
in (7).
LEMMA 3. Let {a,} be a family of atoms as above. Then
laj * (6 = PY)ll, < 0275,

The proof can be easily finished assuming the validity of these three
. . 2
lemmas. First, since g,/ < g l.cllgvl, < AlFI,/Av, by Lemma 1 we
have

ay ()
e[ (55 w0 )
Next, Lemma 2 yields
‘{x: ‘ZZZ)‘V(%V x PJ *Bj,&,,)(:c)‘ > )\/12}‘
j s>0 v
< 144(2“22)\ (aj,* P *Bj_s,) )

< S (e o)) = S e

s>0

< C2 N fl Y

2

*gu

> >\/3H

2

Z)\

Finally, by Lemma 3 we have

‘{aj : ‘ ZZZ)‘V(GW x (0 — PJ) * Bj_&l,)(a:)‘ > )\/12}‘

j s>0 v
C
SXZZZ)\VHQJ‘,V*(6_P1./S)H1HBJ'_57VH1
j s>0 v
<SS s/SZZA I1B5-aull < S, 2
s>0

This concludes the proof of the theorem based on the lemmas.

4. L? estimates. Consider the disjoint decomposition of R? into the
cones

Ay ={6eR: (v —127 < [ler, &/l <v27}, v=1,...,2%

We will need the following claim.
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Cram 1. If a, is an HY(SY) atom supported in I, with |a,|, < 2!,
|I,| =27, then for every € € A/, V' # v, we have
[ Flan (/- POl < C/A+ v =),

where F denotes the Fourier transform.

Proof. According to the explicit formula for the Fourier transform of
homogeneous kernels (see [10], p. 39), we have

Fla)/1- € = § au0) |10 (g ) + 5 st )| as

St

The above formula makes sense at least in the case a, € H*(S') and the
estimate by a constant is immediate (via the H!-BMO duality). In partic-
ular, the L? norm of the corresponding convolution operator is uniformly
bounded. Since {a, = 0, it is easy to see that if £ € A,/, v/ # v, then

o (rargrem) - ()|

0 — e, €/l€) ¢
55"“””“(” RIG) >d9§1+|u—u'|’

since |e, — 0] < 27! and |(e,,&/|€])| ~ v — V|27 =

[F(an ()/1- )(€)] <

We are now prepared for the proof of Lemma 1.

Proof of Lemma 1. We use the function P? defined by
P2(&) = ¢(2'(¢/[¢], en))-

Clearly

S St

2

*Po*gl,

2
2

(6 — P)) * gy

2

By support considerations, POPY # 0 only if |[v — /| < 100/cg. Therefore

ve v

by Plancherel’s theorem and Claim 1,
< CZAQ
< cZAnguHQ < ()AL

2
*gu
2

Gu

*Po*g,,
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For the second term on the right (8) we use Claim 1, Plancherel’s theorem,
and Cauchy—Schwarz to obtain

2
|Sa e
2
< 23 A Al |) <11 Pl - D
9] 2
< CVUZ;/ AvAur AS” L+ [ — | ’ 1+ v — v d§
<C )\2 ’/g\UP d
22 ) e
C A2 ’/g\l//|2 d
Fex 2 ) e

<Y 2l < (Do A ) AN m

We turn to the estimate concerning the first term on the right of (8).
We use the T'T™ tools elaborated in [3], but note that no cancellation of the
atoms a, is needed in the proof, whereas the cancellation of bg, ; is heavily
exploited.

Proof of Lemma 2. Observe that since {e, } are equldlstrlbuted’ each &

is contained in no more than C2%/* sets of the form supp PS By Plancherel’s
identity,

H Z Z Aaj, * P) o« Bj_g
7 v

2 e~ 2
= H > NP B
7 v
<ZA22S/4HZCL« 8|
—_— v : ],V ]-S,V 2
v J

Therefore it suffices to prove the following inequality:

2 L A
(9) HZaw*ijs,y , =02 /QA—ZHBJ‘—S,V\M
J Yo

for every v =1,..., N.
Without loss of generality e, = e; = (1,0) and for simplicity we drop
dependence on v from our notation. All the rectangles that appear below
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will be assumed to be in the family A;. We have

HZGJ*BJ s <2‘ZZ j* Bj_g,a; % Bj_g)

i 1<j

<2ZHB] sy Dl ai * Bissll

i<j

Thus it suffices to prove >, [laj * a; * Bi—| < C27%/2)\/\;. By dilation,
this is equivalent to the case j = 0, i < 0. Write (ag * a;)(y) = (LYa,a),
where

y—1t0 \ B(ly—t0)) B(2~"t)
1 Ly 0 . dt.
10 o=te(p=ig) Y
We see that ag * a; * B;_s(0) = (T} sa,a), where
T;sa(0) =\Bis(—y)Lla@®)dy = > \bo(—y)LYa(6) dy.
Q:d(Q)=2i+

Since ||a|,, < 2' and |I| = |suppa| < 27, it suffices to show that

(11) Zsup |T; sa(B)] < C273/20/ Ay,
i<o €1
since the general case for ag * a; * B;_s(x) follows by translation invariance.
To prove (11), note first that supp, La(0) € {y : 1<|y| <2, |y/ly|—ei]
<2171 Set § = 27175/, Consider two cases.
In the first case, 1 < |y| < 2, |y/|y| — e1] < J. Split the rectangles

accordingly in two groups:
Ci={QeA:dQ)=2"" Qn{y: 1<y <2 |y/lyl —er| <3} # 0},
C/=A\CN{Q:d(Q)=2""}

Since ||LYal| < C2' we have

Sosu| 3 Jea(-u)Lta)dy| <3 3 gl 1LYl

1<0 QecC! i<0 QeC]

<021AZZ|Q|<021

i<0 QeC
A
=0 =27%/2
A

which gives the estimate in the first case.
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To treat the second case, we need the following

CLAIM 2. For every 6 € suppa, 1 < |y| <2, 5 < |y/|y| —e1] <271, we
have

8 Yy lz Yy l—ig—1 2l+s/2—1
R < N < =
gLl (0)‘ C2 ‘aalL (0)‘_02 sTl=C2 ,

where 0+ € St (01,0) = 0, and 9/90 is the directional derivative in direc-
tion 0.

Proof. By rotation invariance, it suffices to check the Claim for § = e,
ie.

0 ; 0 ;
12 — LY <c2, |- <C2ih
(2)  |gertate)| < €2 | ntaten)| <

Note that since |y/|y| — e1| > 0, we have |ya| > ¢d. Following [3], we make
the change of variables w = (y — te1)/|y — te1| and differentiate (10) with
respect to y;. Introduce also the inverse Jacobi factor J(w,y) = |dw/dt| =
lya| /|y — te1]?. We have

Ot D (Bly— i) BETH@)Y 1
pyy L alen) = Jal )ay1< PE R >J<w,y>d
oAl peZ) 01

y—t@el  f@) on Pw)

The first term on the right is clearly bounded by 2!~% (by changing coordi-
nates back to t), for the second observe that |0J/0y1|/|J| < C/|ly—tei| < C,
since |y — tey| ~ 1. This implies the bound 2! for the second term above.

The second estimate in (12) follows by the same argument, once we
observe that [0.J/0ys|/|J| < Cly — te1|*/|y2| < C/5. m

We estimate the remaining terms as follows:

| Tha-n)(ta)@) dy| < 3 Siba(-y)l - [12a(0) - L¥a(6)|dy

Qecy Qecy
< Y Vlbo(=y)| - [LYa(8) — LY a(6)| dy
Qecy
+ > Vibo(=u)l - [L¥a(8) — L{%a(6)| dy,
Qecy

where yq is the center of ) and yy is such that yy — y is parallel to 6, and
Yo — yo is parallel to 61 and |yg — yo| < 207571, |y — yo| < 207%. This is
possible, because |6 —e;| < 27!, Thus, according to Claim 2 and the previous
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inequality, we have

>3 fbal-y)Lta(6) dy

i<0 Qec//
<> > HbQH1<SUP —~LYa( ‘\y ye\+sup‘aoﬁﬁ’ (0) \ye—yQ!>
i<0 Qec!
<A ST QU@ 422 A < 02720 Ay m
i<0 Qecy

5. L' estimates. In this section we prove Lemma 3. The methods are
similar to those in [7], although we need one more decomposition in the
angular variable. In what follows, the mean value zero property of the atoms
will be crucial for us.

Proof of Lemma 3. Without loss of generality, it suffices to consider the
case e, = (1,0). Using the construction of the function @ in (5), we write

1—s/4+10

aj1— P raji= . FHBRTATME/|E] er))) * aza,

where F~! is the inverse Fourier transform. Introduce also a function v €
C§° with suppy C (1/2,2) such that Y ~42(27%¢) = 1. Define Li(¢) =
y(27%¢). Thus

- P *a%l—Z]—" ]*Lk,

k,m
where
G (€) = 127 B e/ Ie], ) (€)-
Next, we claim that
(13) L+ FH @4 (g /1€l e))ll, < C

uniformly with respect to m,k, s. To show this, observe that the following
Sobolev embedding formula holds:

Rl < C > 10hgll,,
lo] <2

where hg(z) := h(Qz) and @ is a nonsingular linear transformation. Con-
sider then a linear transformation Ay ,,, such that

€ = Apn = (V11 280),
To prove (13), it suffices to demonstrate

102 [Le® (2" =4 (/] - |, en)) (Akmm)]ll, < Ca
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for every multiindex o € N2, It is not difficult to see that this is the case
(see Lemma 2.2 in [7] for a similar calculation). Thus by (13) and since
{a1(0)df = 0, we have

1774 e = L, < CllLw % ajally
= CS ‘ SLk(UC —y)a1(y) B2 |y))|y| 2 dy|dx
<C S S S sup |Ly(z — 70) — Li(z — rey)| - |a1(0)|8(277r)r~" dr df dx
9

< O\ VLg||, < C2FF—L

For large k, we need a more refined estimate. Again by Sobolev embedding
we have

IF @24/ ey (2 €)agallly
<X %[@(2”/4”%/ Loen))V? (27 a0 () (Agm)]

o <2

2

Observe that the function has compact support C {7 : || < 10} and there-
fore the derivatives of @ and ~ with respect to 1 are bounded by a universal
constant. Furthermore, the L? norm is dominated by the L norm. Notice
also that if $(2'~5/*7™(¢/|¢], e1))y(27%€) # 0, then [(¢/[€], e1)| ~ 2mFs/47,
€| ~ 2% and thus |(&,0)] ~ 2m+kE+s/4=1 for all § € supp ay, since m, s > 0.
Having made these observations, we proceed to bound the corresponding
derivatives of @; ;. We have

51 (Akmn) = a1 (0) {r~' 8277 r) exp(—ir(6:125 /4™, 6,25 15)) dr df.

After differentiating o times in 7 and integrating by parts three times (in )
we get

0 o~ 1 —1 -7 NN [o%
%aj,l(Ak,mn) = Sal(e) (—’L'<(9,Ak7m77>)3 883(7’ 5(2 T))(_ZT)‘ |

x (9,2 +m=tts/hyen (g ok )z exp(—ir (0, Ay mn)) dr db.

Thus, taking into account that [(8, Ay ,,n)| ~ 2mTF+s/4=L and |6,] < 27! we
obtain

0 ~ C i+k+m—Il+s k+7—1\|a
%aj’l(Ak’mn)H < P8 h T Tmts/D) <2]+ + +s/4 4 okt )‘ |

Since |a| < 2, we finally arrive at

—~ C
|F = @2 e/l ey (27 E)asa]ll, < Sk lFmis/a’

Thus, the needed estimate for large k is proved. We now have to combine
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the two estimates to obtain the final statement of Lemma 3. We have

1—s/4+10

H k;fl[c;?f] *LkHl < > > 17 e+ Ll

m=1  k:k+j—I<—s/8—m/2
1—s/4+10
2 > IF TR L,
m=1  kik4+j—1>—5/8—m/2
l—s/4410
<C ) 2R <028 .
m=1
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