
STUDIA MATHEMATICA 148 (1) (2001)

Spectra of the difference, sum and product of idempotents

by

Mohamed Barraa and Mohamed Boumazgour (Marrakech)

Abstract. We give a simple proof of the relation between the spectra of the difference
and product of any two idempotents in a Banach algebra. We also give the relation between
the spectra of their sum and product.

By an idempotent in a unital Banach algebra A we mean an element p
in A such that p2 = p. The problem of determination of the spectrum of the
difference and sum of a pair of idempotents in a Banach algebra from their
product arose from many sources (see [1] and [3]).

In [3] it is shown that for two self-adjoint idempotents P and Q on a
Hilbert space, the spectrum σ(PQ) of the product PQ lies in the interval
[0, 1] and that

σ(PQ) \ {0, 1} = {1− µ2 : µ ∈ σ(P −Q) \ {−1, 0, 1}}.
In this note, we shall generalize this result to an arbitrary pair of idem-

potents in a unital Banach algebra A. The following theorem is our main
result.

Theorem 1. Let p, q ∈ A be two idempotents. Then

σ(pq) \ {0, 1} = {1− µ2 : µ ∈ σ(p− q) \ {−1, 0, 1}}
= {(1− µ)2 : µ ∈ σ(p+ q) \ {0, 1, 2}}.

For the proof we need two lemmas. The first one is well known [2, p. 66].

Lemma 2. Let x, y ∈ A. If xy = 0, then σ(x+y)\{0} = σ(x)∪σ(y)\{0}.
Proof. Just note that for any non-zero scalar λ, we have λ − (x + y) =

λ−1(λ− x)(λ− y). Hence the result is checked easily.

Lemma 3. If p = p2 and q = q2 in A, then
σ((e− p)(e− q)) \ {0, 1} = σ(pq) \ {0, 1},

where e denotes the unit element of A.
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Proof. First we apply Lemma 2 for x = p and y = (e− p)(e− q). Since
xy = 0, we have

(1) σ(p+ (e− p)(e− q)) \ {0} = σ(p) ∪ σ((e− p)(e− q)) \ {0}.
From (1) and the fact that σ(p) ⊆ {0, 1}, we deduce that

(2) σ(p+ (e− p)(e− q)) \ {0, 1} = σ((e− p)(e− q)) \ {0, 1}.
Since p+ (e− p)(e− q) = e− q + pq, we have

(3) σ(p+ (e− p)(e− q)) = σ(e− q + pq).

Applying Lemma 2 for x = pq and y = e− q, we obtain

(4) σ(e− q + pq) \ {0} = σ(e− q) ∪ σ(pq) \ {0};
but σ(e− q) ⊆ {0, 1}, so that

(5) σ(e− q + pq) \ {0, 1} = σ(pq) \ {0, 1}.
From (1), (3) and (5), we conclude that

σ((e− p)(e− q)) \ {0, 1} = σ(pq) \ {0, 1},
which completes the proof.

Proof of the theorem. Write

(6) (e− (p+ q))2 = (e− p)(e− q) + qp = e− (p− q)2.

Using Lemma 2 for x = (e− p)(e− q) and y = qp, we get

σ((e− (p+ q))2) \ {0} = σ((e− p)(e− q)) ∪ σ(qp) \ {0}.
From Lemma 3, (6) and Jacobson’s theorem (see for instance [2, p. 33]), it
follows that

σ((e− (p+ q))2) \ {0, 1} = σ(e− (p− q)2) \ {0, 1} = σ(pq) \ {0, 1}.
Now the result follows by applying the spectral mapping theorem.

An element a ∈ A is called quadratic if it satisfies some non-trivial
quadratic equation (a − αe)(a − βe) = 0, where α, β ∈ C. We write a =
a(α, β). If α 6= β, then it is immediate to verify that p = (α − β)−1(a − β)
is an idempotent.

Corollary 4. Let α, β, µ, ν ∈ C and let a = a(α, β), b = b(µ, ν) be
quadratic elements in A. If α 6= β and µ 6= ν, then

(7) σ((a− β)(b− ν)) \ {0, (α− β)(µ− ν)}

= (α− β)(µ− ν)−
{

λ2

(α− β)(µ− ν)
: λ ∈ σ((µ− ν)a− (α− β)b) \ S1

}

=
{

((α− β)(µ− ν)− λ)2

(α− β)(µ− ν)
: λ ∈ σ((µ− ν)(a− β)(α− β)(b− ν)) \ S2

}
,
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where

S1 = {2να− αµ− βν, να− βµ, αµ+ βν − 2βµ},
S2 = {0, (α− β)(µ− ν), 2(α− β)(µ− ν)}.

Proof. This follows from the fact that

p =
1

α− β (a− β) and q =
1

µ− ν (b− ν)

are idempotents.

In the case where α = β and µ = ν we obtain two nilpotents of order 2.

Proposition 5. Let a and b in A with a2 = b2 = 0; then

σ(ab) \ {0} = {λ2 : λ ∈ σ(a+ b) \ {0}}
= {−λ2 : λ ∈ σ(a− b) \ {0}}.

Proof. To see this we use Lemma 2 for x = ab and y = ba, and the
Jacobson theorem. We get σ(x+ y) \ {0} = σ(x) \ {0}. On the other hand
(a+b)2 = x+y, hence σ(ab)\{0} = σ((a+b)2)\{0}. By a similar argument
we infer that σ(ab) \ {0} = −σ((a− b)2) \ {0}.

Remark. In the case of a nilpotent and an idempotent, the following
example shows that there is no quadratic relation similar to (7).

Example. On the Hilbert space C2, let

P =
(

1 0
0 0

)
and qα =

(
α −α
α −α

)
, α ∈ C.
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