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Unital strongly harmonic commutative Banach algebras
by

JANKO BRACIC (Ljubljana)

Abstract. A unital commutative Banach algebra A is spectrally separable if for any
two distinct non-zero multiplicative linear functionals ¢ and 1 on it there exist a and b in
A such that ab = 0 and ¢(a)1(b) # 0. Spectrally separable algebras are a special subclass
of strongly harmonic algebras. We prove that a unital commutative Banach algebra A
is spectrally separable if there are enough elements in A such that the corresponding
multiplication operators on A have the decomposition property (§). On the other hand,
if A is spectrally separable, then for each a € A and each Banach left A-module X
the corresponding multiplication operator L, on X is super-decomposable. These two
statements improve an earlier result of Baskakov.

1. Introduction. Let A be a complex commutative Banach algebra
and let X(A) denote the spectrum of A, i.e. the set of all non-zero multi-
plicative linear functionals on A. The usual (or Gelfand) topology on X'(.A)
is the relative weak-x topology. It is well known that there is a bijective
correspondence between points of X(A) and maximal modular ideals in A.
If ¢ is from X(A), let M, (= ker ¢) be the corresponding ideal.

In [3] Baskakov studied spectral synthesis in Banach modules over spec-
trally separable algebras. These algebras are defined as follows.

A unital commutative Banach algebra A is spectrally separable if for any
two distinct functionals ¢ and v in X' (A) there exist elements a and b in A
such that ab = 0 and ¢(a)(b) # 0.

It can be easily verified that a unital commutative Banach algebra A is
spectrally separable if and only if for each pair M, M, of distinct maximal
modular ideals of A, there are ideals Z and J (not necessarily closed) satis-
tying Z ¢ M, J ¢ My and ZJ = {0}. But this means that A is spectrally
separable if and only if it is a unital commutative Banach algebra that is
also strongly harmonic in the sense of [9] (cf. [17], §7.4).
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Note that strongly harmonic algebras are a special subclass of harmonic
algebras which were introduced by Teleman in [18]. By definition, an algebra
A over a unital ring R is harmonic if its space of maximal modular ideals,
with the hull-kernel topology, is a Hausdorff space. For instance, a unital
commutative complex Banach algebra is harmonic if and only if it is regular.
There exist harmonic algebras that are not strongly harmonic.

ExaMmPLE 1.1 ([9], Example 2.11). Let Q be the field of rational num-
bers and let p1,...,p; (I > 2) be a finite number of distinct prime numbers.
Denote by A the set

{m/n € Q; n is not divisible by any p1,...,p;}.

It is easily seen that A is a unital algebra over the ring Z of integers. This
algebra is an example of a harmonic algebra which is not strongly harmonic
(for the argument see [9]).

However, we are interested only in unital commutative complex Banach
algebras. It seems to be an open question whether there exist unital commu-
tative harmonic complex Banach algebras which are not strongly harmonic,
i.e. unital commutative complex Banach algebras which are regular but not
spectrally separable.

Throughout this paper we will use the term spectrally separable algebra
to mean a unital strongly harmonic commutative complex Banach algebra.

Baskakov has shown that all multiplication operators on a spectrally
separable algebra are decomposable in the sense of Foiag and, on the other
hand, that a unital commutative Banach algebra A is spectrally sepa-
rable if there are enough decomposable multiplication operators on A (see
[3], Theorem 2). This result extends the work of Colojoara and Foiag ([5],
Theorem 6.2.6) and Frunza ([7], Theorem 2) who proved that a semisimple
unital commutative Banach algebra is regular if and only if all multiplication
operators are decomposable.

In this article (our main results are in Section 3) we extend Baskakov’s
result in two directions. In Theorem 3.4 we show that for a spectrally sepa-
rable algebra A and a Banach A-module X', each multiplication by an element
of Aon X is a super-decomposable operator in the sense of [11]. On the other
hand Theorem 3.5 (see also Theorem 3.7) shows that a unital commutative
Banach algebra is spectrally separable if there are enough multiplication
operators on it which have the decomposition property (§). Our results should
be compared with those in [12], [13], [15], [16], and [6]. Note however that
our approach makes semisimplicity assumptions in some cases redundant.

In Section 2 we will state some known assertions about spectrally sep-
arable algebras and we shall give some examples. In the remainder of this
section we introduce the notation.
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If a is an element in a commutative Banach algebra A thena : X(A) — C
is its Gelfand transform. We denote by Z(a) := {¢ € X (A); a(p) = 0} the
zero set of a and with w(a) the complement of Z(a) in X' (A). The support
supp(a) of a is the closure of w(a) in the Gelfand topology.

If F is a subset in X'(A) then the kernel of E, denoted by k(E), is defined
as

k(E) = ﬂ kero = {a € A; Z(a) D E}.
pel
The hull h(M) of a subset M in A is defined as

h(M) == {p € X(A); M Ckerp} = ﬂ Z(a).
aeM

It is well known that the correspondence E +— h(k(FE)) is a closure operation
and that the topology on X'(.A) determined by this closure operation, called
the hull-kernel topology, is weaker than the Gelfand topology. It follows from
the definition that the zero set of a € A is hull-kernel closed. Hence w(a) is
always hull-kernel open. If the Gelfand topology and the hull-kernel topology
coincide on X'(A), then the algebra A is said to be regular. The reader is
referred to [10] for details.

Let A be a commutative Banach algebra and let X be a Banach space.
Then X is a Banach left A-module if it is a left .A-module (for the definition
see [4], Definition 11 in §9) and if there is a constant k such that

laz|| < Ellall - |lzll, acA veX.

By renorming X with an equivalent norm, we may suppose that £ = 1. If A
has a unit 1, then it is assumed that 1x = x for all z € X.

If X is a Banach left A-module, then X*, the dual space of X, is the
dual A-module of X. The operation is given by (a&,x) = (£, ax) for a € A,
feX*and z € X.

For a subset M of a Banach left A-module X let anng M denote the
annihilator of M, that is, the set {a € A;ax = 0 forallz € M}. It is
easy to see that anng M is a closed ideal in A. If M is nonempty, then
the spectrum Sp(M) of M is the hull of the annihilator ann 4 M, that is,
Sp(M) = h(anng M) C X (A). We set Sp(0)) = 0. When M is a singleton
{z} we shall write Sp(z) instead of Sp({x}). Since the algebra A is a Banach
left A-module for the usual multiplication in A, the spectrum may be defined
also for subsets of A. It is easy to see that supp(a) C Sp(a) for all a € A
and we have supp(a) = Sp(a) when A is regular and semisimple.

In the following proposition we list (without proofs) some basic proper-
ties of spectra (cf. [3], Lemma 1).

PROPOSITION 1.2. Let A be a commutative Banach algebra and let X be
a Banach left A-module.



256 J. Bracic¢

(i) For any subset M C X the spectrum Sp(M) is a closed subset of
Y(A). Hence, if A has a unit, then Sp(M) is compact.

(ii) If A has a unit then the spectrum Sp(M) of a nonempty subset
M C X is empty if and only if M = {0}.

(iii) For every a € A and every x € X we have the inclusions
h(k(w(a) NSp(z))) € Sp(ax) C Sp(a) N Sp(z).

(iv) Let the algebra A have a unit. If Sp(a) N Sp(x) = 0, then ax = 0,
and if Sp(a — 1) N Sp(x) = 0, then ax = x.

(v) Sp(X) = Sp(X™).

(vi) If z1,...,2p € X and x = x1 + ... + xy, then Sp(z) C Up_, Sp(zk).

We point out that the spectrum we have intruduced is just another
aspect of the well known Arveson spectrum. Namely, let X be a left Banach
A-module and let 0 : A — B(X) be the corresponding representation of the
algebra A on X, that is, f(a)xr = ax (a € A, z € X). Then Sp(X) is the
Arveson spectrum of the representation 6, and Sp(z) is the local Arveson
spectrum of 0 at x € X' (cf. Section 4.12 in [14]).

2. Spectrally separable algebras. The results of this section are more
or less known (cf. [3] and [17], §7.4). Since some statements are given without
proofs in [3], we shall prove them.

Recall that a unital commutative Banach algebra A is spectrally separa-
ble if for any two distinct functionals ¢ and v in X'(A) there exist elements
a and b in A such that ab =0 and a(cp)/b\(@b) # 0. Of course, if the spectrum
of A is empty or finite, then A is spectrally separable. The next example
shows that there are spectrally separable algebras whose spectrum is richer.

Recall from [8] that a topological space X is 0-dimensional if the family
of all sets that are both open and closed is an open basis for the topology of
X. For example, if X is locally compact, Hausdorff, and totally disconnected,
then X is O-dimensional ([8], Theorem 3.5). Thus, if the spectrum X'(.A)
of a commutative Banach algebra A is totally disconnected, then it is 0-
dimensional.

EXAMPLE 2.1. If the spectrum X(A) of a regular unital commutative
Banach algebra A is O-dimensional, then A is spectrally separable.

PROPOSITION 2.2. FEvery spectrally separable algebra is regular.
Proof. See [17], Proposition 7.4.2. m

COROLLARY 2.3. Let A be a unital semisimple commutative Banach al-
gebra. Then A is reqular if and only if A is spectrally separable.

In the following proposition it is shown that the class of spectrally sep-
arable algebras is stable under some operations. Let A and B be com-
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mutative Banach algebras. Denote by A & B the projective tensor prod-
uct of A and B, that is, the completion of the algebraic tensor product
A B ={>" a0, ®b;a; € A b € B} under the projective cross norm
| - ||y, which is defined by

n n
el = inf { > Nall - oull; w = " as @ i}
i=1 i=1
where the infimum is taken over all finite representations of u (cf. [4], §42).

PROPOSITION 2.4 (cf. [3]). (i) If A is a spectrally separable algebra and
T C A is a closed ideal of A, then AJT is a spectrally separable algebra.

(ii) If A and B are spectrally separable algebras, then so are A x B and
A®B.

(iii) Let A be a spectrally separable algebra and let B be a unital com-
mutative Banach algebra. If ¢ : A — B is a unital homomorphism whose
image ®(A) is dense in B, then B is a spectrally separable algebra.

Proof. If we identify X(A/Z) with the subset h(Z) of X(A) ([10], The-
orem 7.3.1.), and X(A x B) and X(A ® B) are identified with the sets
{(,0); 0 € Z(A)} UL(0,9); ¢ € X(B)} and X(A) x X(B), respectively
(for the last see [4], §43, Proposition 19, p. 236), then (i) and (ii) follow
from the definition of a spectrally separable algebra.

(iii) It is standard that for two distinct points ¢ and ¢ in X'(B) the
functionals @*p and &*1¢ are distinct elements in X(A). Hence, by defi-
nition, there are a and b in A such that ab = 0 and 6(@*@)3(@*1&) # 0.
Now it is easy to see that @(a) and @(b) are such that &(a)®(b) = 0 and

(@(a)) (p)(2(0)) () # 0. =

Let A and B be spectrally separable algebras. If || - ||, is a cross norm on
A ® B such that A ®, B (the closure of A ® B under the cross norm || - ||)
is a Banach algebra, then it is a spectrally separable algebra by (ii) and (iii)
of the preceding proposition.

Let A be a commutative Banach algebra and suppose E C X(A) is
closed. Then jo(E) will denote the set of all @ € A for which @ vanishes
identically on some open neighbourhood of E and the support supp(a) is a
compact subset of X'(A). Let j(E) be the closure of jo(E). If A is regular
then the hull of j(F) is F and if A is also semisimple then j(E) is the
smallest closed ideal in .4 whose hull is £ ([10], Theorem 8.1.1).

Let A be a commutative semisimple regular Banach algebra. Then a
closed set E C Y'(.A) is said to be a set of spectral synthesis if j(E) = k(E).
Thus, if F is a set of spectral synthesis, then the kernel k(E) is the unique
closed ideal in A whose hull is E. The closed sets in X'(.A) which are not sets
of spectral synthesis are sets of spectral non-synthesis. It is well known that
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there are semisimple regular algebras with sets of spectral non-synthesis (cf.
[10], §8.2 and §8.3).

ExAMPLE 2.5. Let A be a unital semisimple regular commutative Ba-
nach algebra and let E C Y(A) be a set of spectral non-synthesis. Then
A/j(E) is a spectrally separable algebra which is not semisimple.

LEMMA 2.6. Let A be a unital commutative Banach algebra. Then A is
spectrally separable if and only if for every compact subset F C X (A) and
every ¢ € X(A)\ F there exists an element a € A such that a(p) =1 and
Sp(a) N F = 0.

Proof. Assume first that A is spectrally separable. Let F' C X(.A) be
compact and let ¢ € Y (A) \ F. By definition, there are a, and by in A
such that ayby, = 0 and aw(go)gw(zb) # 0 for every 1 € F. It follows that
Sp(ay) Nw(by) = 0 by Proposition 1.2. The family {w(by); ¢ € F} is an
open covering of F. Thus, there are 1, ..., in I such that F' C w(by, ) U
...Uw(by,) =: U. Define a’ := ay, ...ay, . The spectrum Sp(a’) is included
in Sp(ay,) N ... N Sp(ay,), therefore Sp(a’) N U = . The number a(p) =
Gy, (@) - - -Gy, (@) is not zero, hence for a = c/z\’(ap)*la’ we have a(p) =1 and
Sp(a) NU = 0.

Let ¢ and 1 be two distinct functionals in X'(A). Since X'(A) is compact
and Hausdorff there is an open neighbourhood U of ¢ such that U is an
open neighbourhood of 9. The sets U and U°€ are compact, hence there are a
and b in A such that a(p) = 1, b(z) = 1, Sp(a)NU® = 0, and Sp(b) N U = 0.
Thus, we have Sp(a)NSp(b) = 0 and, by Proposition 1.2, ab = 0. This proves
the opposite direction. m

Let A be a spectrally separable algebra and let X be a Banach left
A-module. For any subset S of X(A) let X'(S) and X(g) denote the sets
{z € X; Sp(z) C S} and {z € X; Sp(z) N S = 0}, respectively. Let Xg
be the closure of Xg). It is not hard to see that X'(S) and Xg) are linear
sets. By use of Proposition 1.2(iii) we can prove that X'(S) and X(g are
A-invariant. Hence Xs is an A-submodule of X'. We have proven part (i) of
the following proposition.

PROPOSITION 2.7. Let A be a spectrally separable algebra.

(i) Xs is an A-submodule for any subset S C X(A).
(ii) If FF C X (A) is a compact subset, then X(F) is an A-submodule of
X and X*(F) is a weak-+ closed A-submodule of the dual A-module X*.

Proof. (ii) Let FF C X(A) be a compact subset and let {z,}>°; be a
sequence in X (F) such that z,, — € X. If ¢ is in F°, then, by Lemma
2.6, there is a € A such that a(p) = 1 and Sp(a) C F°. Since A has a unit
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it follows from Sp(ax,) = 0 that ax, =0 for all n =1, 2,... Hence
laz|| = llaz — azn || < [lal[[|z = zn] = 0 asn — oo,

and thus a € anny(x). Hence ¢ ¢ Sp(z) and consequently = € X (F).
We can similarly see that X*(F") is weak-x closed. =

The modules X'(F') and Xg are called spectral and co-spectral A-submod-
ules of F' and S, respectively (cf. [3]).

The following corollary of Proposition 2.7 can be easily proven with the
help of Lemma 2.6.

COROLLARY 2.8. Let A be a spectrally separable algebra. Then Ag is a
closed ideal in A for any subset S of X(A) and S = h(Ag). If F is a
compact subset of X(A), then A(F) is a closed ideal in A and its hull is
h(A(F)) = Fe.

Now we can prove the following modification of Lemma 2.6.

COROLLARY 2.9. Let A be a spectrally separable algebra. Then for any
two compact and disjoint subsets E and F of X(A) there is a € A such that
a(r) =1 for all 7 € E and Sp(a) N F = .

Proof. Note first that every closed subset of X'(A) is compact because
Y(A) is compact. Let U and V' be disjoint open neighbourhoods of E and
F, respectively. Then FF C V C U® and ENU® = (). Since A is regular
and h(Aye) = U¢ (Corollary 2.8) we can use [10], Theorem 7.3.2: there is
a € Aye such that a(7) = 1for all 7 € E and a(7) = 0 for all 7 € U°. Let us
show that Sp(a) N F = (). Indeed, if ¢ € Sp(a) N F then ¢ ¢ V. By Lemma
2.6 there is ¢ € A such that ¢(¢) = 1 and Sp(c) N V® = 0. If b € Age)
then Sp(b) NU® = () and hence Sp(b) C V¢ because U°U V¢ = X (A). Thus,
Awey € A(VC) and therefore Aye C A(V). It follows that Sp(a) C V©.
Now we have Sp(a) N Sp(c) = 0 and hence ac = 0, by Proposition 1.2. This
contradicts the definition of Sp(a) because ¢(¢) =1 and ¢ € Sp(a). =

The following theorem is a very useful characterization of the spectrally
separable algebras.

THEOREM 2.10 (Partition of unity, cf. [3]). Let A be a unital commuta-
tive Banach algebra. Then A is spectrally separable if and only if for any
open covering U = {Un,...,U,} of X(A) there are aq,...,an in A such that
ay+...+a, =1 and Sp(ax) C Uy forallk=1,...,n.

Proof. For every ¢ € ¥(A) there is U; in the covering U such that ¢ € U.
Since XY(A) is a Hausdorff topological space, an open neighbourhood W, of
¢ can be found such that W, ¢ W, C U;. The family {W,; ¢ € X(A)} is
an open covering of X'(A) and since X(A) is compact there are ¢1,...,¢om
in X (A) such that X(A) = W, U...UW,, . Let E; be the union of those
W, which are subsets of U;. Thus, for every index i the set E; is a compact
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subset of U; and Fy U...U E, = X(A). By Corollary 2.9 there are ¢; € A,
i = 1,...,n, such that ¢;(t) = 1 for all 7 € E; and Sp(¢;) N UF = 0.
Set

b1 = C1, b2 = (1 — 61)02, ceny bn = (1 — 01)(1 — 02) e (1 — cn_l)cn.

Then Sp(b;) CSp(c;) CU; and it is easily seen by induction that by +. ..+ by
=1—(1—c1)...(1—cg). Thus, we have by +...+b, =1—(1—¢1)...(1—cp).
Since every ¢ € X(A) is in some E;, we have ¢(1 — ¢;) = 0. It follows
that ¢ = (1 —¢1)...(1 — ¢,) is in the radical of A. Thus, 1 — ¢ is invert-
ible. If we set a; = b;(1 — c)*1 for all « = 1,...,n, then a1 + ... + ay,
=1 and Sp(a;) C U;.

It is clear (see the second part of the proof of Lemma 2.6) that a unital
commutative Banach algebra is spectrally separable if for any open covering
U={Ui,...,U,} of ¥(A) there exist ay,...,a, in A such that a; +...4+a,
=1land Sp(ag) CU; (k=1,...,n). =

3. Multiplication operators. In this section we characterize the spec-
trally separable algebras by means of multiplication operators. We first recall
some basic notions from the axiomatic spectral theory of linear operators
on Banach spaces. The reader is referred to [14], especially to Chapters 1
and 4 of this excellent monograph, for details.

A bounded linear operator T" on a complex Banach space X is decompos-
able if for every open covering {U, V'} of the complex plane there are closed
subspaces ) and Z of X which are invariant for 7', their sum is X, and the
spectrum o(T") of T splits in the sense that o(T'|y) C U and o(T|z) C V.

We shall also need the following closely related notions. An operator
T € B(X) is said to have Bishop’s property () if for every open subset U
of C and for every sequence of analytic functions f, : U — X for which
(T — A) fn(X) converges uniformly to zero on each compact subset of U, we
have f,(\) — 0 as n — oo, uniformly on each compact subset of U. Property
(6) implies that T" has the single-valued extension property (SVEP), which
means that for every open U C C the only analytic solution f : U — X of
the equation (T"— X\)f(A) = 0 for all A € U is the constant f = 0. Finally,
an operator T' € B(X) has the decomposition property () if for an arbitrary
open covering {Uy, Us} of C every x € X admits a decomposition x = uj +ug
where the vectors u; and uo satisfy

ugp = (T — N fe(\)  forall A€ C\ Uy

and some analytic functions f; : C\ Uy — X, k = 1,2.

An operator T' € B(X) is decomposable if and only if it has both prop-
erties (3) and (§). It has been shown in [1] that the properties (3) and (9)
are dual to each other: the operator T satisfies () if and only if the adjoint
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operator T on the dual space X* satisfies (J), and the statement remains
valid if the properties are interchanged.

If § is any family of bounded linear operators on a Banach space X
we will denote by LatS the family of all closed subspaces of X which are
invariant for all operators in S. Let cl(C) be the family of all closed subsets
of the complex plane.

DEFINITION 3.1. Let T be a bounded linear operator on a Banach space
X. A mapping E : cl(C) — Lat{T} is a spectral capacity for T if the following
conditions are fulfilled:

(a) E(0) = {0} and E(C) = X

(b) X = E(Uy) + ...+ E(U,) for every finite open cover {Uy,...,U,}
of C;

(c) E(NnZ, Fn) = N2, E(F,) for every countable family of closed sets
F, C G

(d) o(T'|g(r)) C F for every closed set F' C C.

Let T be a bounded linear operator on a Banach space X. Then the local
resolvent set or(x) of T at the point x € X is defined as the union of all
open subsets U of C for which there is an analytic function f : U — X such
that

(T =N f(A\) ==z forallxeU.

The local spectrum or(x) of T' at x is then defined as or(x) := C\ or(x).
Evidently, or(x) is open and o () is closed. The resolvent set o(T) is always
a subset of por(x), hence o () is a subset of the spectrum o(7') of T.

We define the analytic spectral subspaces of T' by

Xr(M) :={z € X;op(x) C M}

for all subsets M C C. It is clear that Xp(M) = Xp(M N o(T)) and
X7p(M) € Xp(N) whenever M C N C C. In fact, it follows immediately
from the definition that
X7 ( N Mi) = N Xr(M;)
iel il

for every family of sets M; C C.

Every analytic spectral subspace Xp(M) of T is a linear subspace of
X but in general it is not closed. It is well known that a bounded linear
operator T on a Banach space X is decomposable if and only if there is a
spectral capacity for T. Moreover, if the operator T is decomposable, then
for every closed F' C C the corresponding analytic spectral subspace Xp(F')
is closed, and the spectral capacity of the operator T is uniquely determined
and given by E(F) = Xp(F) for all closed subsets F' C C (see [14], Theorem
1.2.23).
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The following theorem is an extension of a part of Theorem 2 of [3].

THEOREM 3.2. Let A be a spectrally separable algebra and let X be a
Banach left A-module. Then every multiplication operator T, : X — X, x —
ax, a € A, © € X, has a spectral capacity. Thus, every T, is decomposable.

Proof. Let a € A. The Gelfand transform @ of a is a continuous function.
Hence a~!(M) is an open (resp. closed) subset of X(A) if M is an open (resp.
closed) subset of C. Thus, if F' C C is closed then a~!(F) is a compact subset
of ¥(A) and, by Proposition 2.7, X (a~!(F)) is an A-submodule of X. Define
a mapping E : cI(C) — Lat{T,} by E(F) = X(a~'(F)). We will show that
E is a spectral capacity for T,.

Clearly, E(0) = X(0) = {0} and E(C) = X(X(A)) = X. It is also quite
standard to see that the condition (c) of Definition 3.1 is fulfilled.

Let {Uj,...,U,} be an open covering of the complex plane C. Then
{Uy, ..., U}, Uy =a 1 (Uy), is an open covering of X(A). Of course, for an
open subset U C C and U = a~1(U) the closure U is a subset of a~1(U).
Thus, X (Uy) € X (a1 (Uy)) = E(Uy). The inclusion E(U;)+...+E(U,) C X
is clear. Let z € X. By Theorem 2.10 there are ¢; in A, k = 1,...,n, such
that c1+...4+¢, = land Sp(cx) C Uk, k= 1,...,n. Hence x = ciz+...+cpx
and Sp(cpr) CUL CUY, k=1,...,n. It follows z € E(U1) + ... + E(U,).

Let F be a closed subset of C and define F = a~1(F). If \ is any
point in F¢ then there is an open neighbourhood U of F such that A ¢ U.
We have mentioned that & C a~(U), where U = a~*(U). Set H = U° and
H =a '(H). The sets H and H are closed. It is evident that FN'H = (). Since
HC =a 1(H®) and H® = U we have H¢ C a~(U). Hence the spectrum of
the quotient algebra A/ A(H) is contained in @~ *(U), because X(A/A(H)) =
h(A(H)) = He by [10], Theorem 7.3.1. Consider the element a — A+ .A(H) €
A/A(H). For each ¢ € X(A/A(H)) we have p(a — X + A(H)) = a(p) — .
Since ¢ is not in U it follows that @(y) # A. Thus, zero is not in the spectrum
o(a— X+ A(H)) or, equivalently, a — A + A(H) has an inverse in A/ A(H),
that is, there exists b € A such that (b+ A(H))(a— A+ A(H)) =1+ A(H).
Let d € A(H) be such that b(a — \) = 1 + d. For every x € X(F) we
have

Tb|X(]—')(Ta’X(]—') — )\)l’ = b(a — )\)x =z +dx.

Since Sp(dz) C Sp(d) N Sp(z) € HNF = 0, the vector dz is zero and
hence

Tylxr) (Talxr) —Ne =2,  xeX(F).
Thus, T, | x(F) — A is invertible and it follows that o(Tu|x(F)) C F. =

DEFINITION 3.3. A bounded linear operator T' on a Banach space X is
super-decomposable if for every pair of open sets U,V C C which cover C,
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there exists S € B(&X) such that ST =TS, 0(T|;;5) C U and U(T|m)
cV.

The notion of super-decomposable operators was introduced in [11] by
Laursen and Neumann. They proved that an operator T' € B(X) is super-
decomposable if and only if for every open covering {Uy, Uz} of C there are
subspaces X1, Xo € Lat{T'} as well as operators S1, S2 € B(X), commuting
with T, such that Sy + Sy = I, Sip(X) C X, k = 1,2 and o(T'|x,) C Uk,
k = 1,2 (see [11], Theorem 1.4). Since every super-decomposable operator is
decomposable (cf. [11], Theorem 1.3), the following theorem is an improve-
ment of Theorem 3.2 and hence of Theorem 2 in [3].

THEOREM 3.4. Let A be a spectrally separable algebra and let X be a
Banach left A-module. Then the multiplication operator T, : x — ax, T € X,
is super-decomposable for every a € A.

Proof. Let a € A.If {WW;, Ws} is an open covering of C let {Uy, Us} be an
open covering of C such that U, C U, C Wy, k = 1,2. The pair {U1,Us},
where U}, = a~'(Ug), k = 1,2, is an open covering of X(A). Hence, by
Theorem 2.10, there are b and by in A such that b; + by = 1 and Sp(bg) C
Uy, k = 1,2. The operators S, = Ty, k = 1,2, commute with 7T, and
S1+ 52 = 1. According to the proof of Theorem 3.2 the spectral subspaces
X, = X@1(Uy)), k = 1,2, are in Lat{T,} and o(Tu|x,) C U C Wi,
k =1,2. Hence for every x € X we have

Sp(SkZE) = Sp(bkl‘) C Sp(bk) C Uk C a_l(Uk), k= 1,2.
Thus, imS C A, k=1,2. =

The following theorem improves Theorem 2 of [3] in the opposite direc-
tion.

THEOREM 3.5. Let A be a unital commutative Banach algebra. If there is
a subset Ag in A such that the Gelfand transforms of elements in Ay separate
points of the spectrum X (A) and for every a € Ay the multiplication operator
T, : A — A has the decomposition property (0), then A is a spectrally
separable algebra.

Proof. Let ¢ and ¢ be two distinct functionals in X'(A). Then there is
a € A such that A\g = a(p) # a(v) = po. Define ¢ = |Ng — po| and let
U={2€C;|A—2<¢/3},)/V={2€C;|p—2 <e/3}, W={z €
C; |Xo— 2| >¢/4 and |uo — z| > ¢/4}, and Uy = VUW, Vi = U U W. Since
T, has the decomposition property (§) and {U,U;} is an open covering of
C, every z € A admits a decomposition x = u + u; where u = (Tg — \) f(A)
for all A € C\ U and an analytic function f : C\ U — A and similarly
up = (T,—\) fi(\) for all A € C\U; and an analytic function f; : C\U; — A.
It follows that o, (u) C U and or, (u1) C U;. Of course, z € A also admits
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a decompostion x = v + v; where v and v; have similar properties with
respect to V, V.

For z =1 we have 1 = u+ (T, — \) f1(A\), A € C\ U;. Since \g € C\ U7,
it follows from 1 = u + (a — )\g)fl()\o) that u(yp) = 1. In the same way we
can see that v(¢) = 1. Hence, it remains to prove that uv = 0.

Let £ € A*. Consider A* as a dual Banach left A-module. Since f and
f1 are analytic A-valued functions, the A*-valued functions F'(\) = f(\)E,
A€ C\U, and F1()\) = fi(A\)E, A € C\ Uy, are also analytic. We have

u§ = (To = A)fA)E = (a = A)fA)E = (T; —NF(A), AeC\U,
and w1§ = (I} — \)Fi(X), A € C\ Uy, so o (u€) C U. Similarly, o7: (v€) C
V. Denote by H the function A\ — vF(\), A € C\ U. Since H is analytic,
or:(vug) C U. Similarly, o7: (vug) € V. Hence, op:(vul) CUNV = 0.
The operator Ty, has property (9), so the adjoint operator T, has Bishop’s
property (3) and thus has SVEP or, equivalently, A7. () = {0}. Therefore
vu§ = 0 and we have 0 = (vug, 1) = ({,uw) for all { € A*. Thus, wv =0. =

EXAMPLE 3.6. Let X be a Banach space and B(X') the algebra of all
bounded linear operators on X. Let T' € B(X) be a generalized scalar oper-
ator with a spectral distribution U : C*®°(R?) — B(X) (see [5], Chapter 4).
Denote by A the uniform closure of {U(f); f € C>®(R?)}. Then A is a com-
mutative Banach subalgebra in B(X') and the identity operator I is in A.
The spectrum X(A) can be identified with o(7") and the Gelfand transform
of U(f) is flo(r) (cf. [5], Theorem 3.2.1).

Following the proof of Theorem 2.13 in [2] we can see that the multipli-
cation operators Lyyy : A — A, f € C®(R?), are decomposable. Hence the
algebra is spectrally separable because the f|,) for f € C>°(R?) separate
points of o(T).

Let X and Y be Banach spaces and let T' € B(X) and S € B()). If T
has property (d) and if there is a surjection m € B(X,)) such that 7T = S,
then also S has property (d) ([1], Lemma 2). We will use this fact in the
proof of the last theorem of this article.

THEOREM 3.7. Let A be a unital commutative Banach algebra and let
X be a left Banach A-module. Assume that A acts cyclically on X and
that anna(X) = {0}. If there is a subset Ay in A such that the Gelfand
transforms of elements in Agy separate points of the spectrum X(A) and for
every a € Ay the multiplication operator L, : X — X has the decomposition
property (§), then A is a spectrally separable algebra.

Proof. Let x € X be cyclic for A, i.e. {az;a € A} = X. It is clear
that the mapping 7 : a — ax is a well defined surjection and that it is in
B(A,X). If ax = 0 for some a € A, then abx = 0 for all b € A. Since z is
cyclic and the annihilator of X is trivial it follows that 7 is injective. Hence
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71 X — Ais a continuous linear map. Let a be in Ag and let T, and
L, be the corresponding multiplication operators on A, respectively on X.
Then T, has property (§) because 7~ 'L, = T,7—! and L, has property (6).
Now Theorem 3.5 can be used.

The condition anny(X) = {0} cannot be removed from Theorem 3.7.
Let A be the disc algebra, i.e. the Banach algebra of all continuous complex-
valued functions on the closed unit disc D which are analytic on the open
unit disc D. Since A is not regular it is also not spectrally separable. The
one-dimensional space C is a left A-module if the multiplication is defined by
fz:= f(0)z for each f € A and each z € C. Of course, A acts cyclically on
C and the multiplication operator corresponding to f € A is f(0)I, where
I is the identity operator on C. Thus, all conditions of Theorem 3.7 are
fulfilled, except that ann4(C) # {0}.

The author does not know if Theorem 3.7 is valid when the cyclic action
of A on X is replaced by a weaker condition. However, the following example
shows that some additional condition must be present. Let A again be the
disc algebra and let X be the Banach algebra of all continuous complex-
valued fuctions defined on D. Then each multiplication operator on X' by an
element from A is super-decomposable because A C X and X is spectrally
separable. We also have ann 4(X’) = {0}. However, A does not act cyclically
on X.
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