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Compact operators whose adjoints
factor through subspaces of [,

by

DEBA P. SiNHA and ANIL K. KARN (New Delhi)

Abstract. For p > 1, a subset K of a Banach space X is said to be relatively p-
compact if K C {}77; anan : {an} € Ball(l,/)}, where p’ = p/(p — 1) and {zn} € [}(X).
An operator T' € B(X,Y) is said to be p-compact if T'(Ball(X)) is relatively p-compact
in Y. Similarly, weak p-compactness may be defined by considering {zn} € I/ (X). It is
proved that T is (weakly) p-compact if and only if T factors through a subspace of Ip
in a particular manner. The normed operator ideals (Kp, kp) of p-compact operators and
(Wp,wp) of weakly p-compact operators, arising from these factorizations, are shown to
be complete. It is also shown that the adjoints of p-compact operators are p-summing,.

It is further proved that for p > 1 the identity operator on X can be approximated
uniformly on every p-compact set by finite rank operators, or in other words, X has
the p-approximation property, if and only if for every Banach space Y the set of finite
rank operators is dense in the ideal K, (Y, X) of p-compact operators in the factorization
norm wp. It is also proved that every Banach space has the 2-approximation property
while for each p > 2 there is a Banach space that fails the p-approximation property.

1. Introduction and notations. The approximation property of Ba-
nach spaces and its natural relationship with the theory of tensor products,
studied by Grothendieck [5], draw heavily on his visualization of a relatively
compact set as one sitting inside the convex hull of a norm null sequence
of vectors. Surprisingly enough, the scope of such visualizations, viz. sets
sitting inside the convex hulls of special type of null sequences, was never
studied. On the other hand, definitions of special types of approximation
properties that were studied later (e.g., p-approximation properties studied
by Saphar [12] for 1 < p < oo and by Reinov [9] for 0 < p < o0) were always
conceived via the tensor product route.

In this paper, hopefully in the spirit of A. Grothendieck, we define a
p-compact set for p > 1 as one sitting inside the p-convex hull (to be defined
later) of a p-summable sequence of vectors, and a p-compact operator as
one that maps bounded sets to relatively p-compact sets. We study the
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factorization of p-compact operators. This factorization yields a complete
norm k, on the operator ideal K, of p-compact operators. We study the
position of (Kj, kp) in operator ideals and observe that the adjoints of p-
compact operators are p-summing. The ideas of p-compact sets, p-compact
operators and their factorization can be studied in a more general context,
namely that of weak p-compactness. We show that the operator ideal W),
of weakly p-compact operators is complete in the factorization norm wy,.
It is interesting to note that p-summing operators map weakly p-compact
sets to p-compact sets. Thus p-summing operators may be thought of as
“p-completely continuous” maps.

We consider the approximation of the identity operator on p-compact
sets by finite rank operators, that is, the p-approximation property (for
short, p-a.p.). The classical approximation property is equivalent to the den-
sity of the finite rank operators F(Y, X) in the ideal K (Y, X) of compact
operators for every Banach space Y in the operator norm. Surprisingly, we
prove that the p-a.p. on X is equivalent to the w,-density of F(Y,X) in
K, (Y, X). We show that every Banach space has the 2-a.p. while for each
p > 2 there is a Banach space that fails the p-a.p.

At the end of the paper we study the p-approximation properties due
to Saphar [12] and Reinov [9] through the notion of (g, p)-approximation
property, 1 < p < g < 0o, which is weaker than the p-a.p.

We denote Banach spaces by X and Y, the closed unit ball of X by
Ball(X), the dual of X by X* and the space of all bounded linear operators
from X to Y by B(X,Y). In B(X,Y) the subspaces of all finite rank and
all compact operators are denoted by F(X,Y) and K(X,Y), respectively.
Further the projective tensor product X ®, Y of X and Y consists of all
elements ¢ having a representation of the form ¢ = > 7, z, ® y,, with
{zn} € X and {yn} C Y such that > 2 ||zn] - |yn]] < co. The projective
norm of ¢ is the infimum of 3 | [|z|| - lys|| over all such representations.
For any operator T' € B(X,Y), N(T) and R(T') denote the null space and
range of T respectively. Finally, for a bounded sequence {z,} in X the
convex hull of {x,} is denoted by conv{x,} and is given by

0o )
COHV{HZR}:{ZO(”%”:OSQRSL Zanzl}-
n=1 n=1

2. Compact operators—expanding the scope. Let us recall the
following characterization of relatively compact sets in Banach spaces: A
subset K of a Banach space X is relatively compact if and only if there is
a null sequence {z,} in X such that K C conv{xz,}. Moreover, given ¢ > 0
we can choose {x,} such that sup{||z|| : € K} + ¢ > sup{|z,| : n € N}.
Expanding the scope, in order to study particular types of compact sets and
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allied notions, it may be assumed that {z,} is p-summable for some p > 0.
This is the main purpose of this paper. To this end, we find it desirable to
modify the notion of convex hull. We start with the following concepts.

A Tool Boz. Let X be a Banach space, p > 1 and let [;(X) denote the
set of all weakly p-summable sequences in X. Then [}y (X) is a Banach space
with the norm

H{zn Iy = sup{li{f (zn)}Hlp  f € Ball(X™)}.

If p > 1, then [}'(X) is isometrically isomorphic to B(l,y, X) where p' =
p(p — 1)~ For p = 1, I¥(X) is isometrically isomorphic to B(cg, X). Let
these isometries be denoted by E : [J'(X) — B(ly, X) (resp. £ : [ (X) —
B(co, X)), x (= {xn}) — FEx, where Ex({an}) = > 7, apzy. Write
p-convx := Ey(Ball(l,y)) for 1 < p < oo and oo-conv{z,} := abs-conv{zy}
= Ex(Ball(l1)), the absolute convex hull of {z,}. (Here [,y = (I,)*.)

Next, let I;,(X) be the subspace of ;) (X) of all p-summable sequences in
X (1 <p<o0)and ¢§(X) the space of all norm null sequences in X. Then
I5(X) is a Banach space with the norm

s = 1/p
Il = (D aal’) ™, 1<p < o0
n=1

Also I5_(X) is a Banach space in the norm
Hzn} 5 (= [{zn} %) = sup [lzall
neN

Moreover, c§(X) is a closed subspace of {5 (X) in the above norm. We write
E(I5(X)) = Ep(X) (1 <p <o0)and E(cj(X)) = Eo(X). Note that I§(X) C
LX) Cl(X) Ceg(X)if 1 <p<g<oo.

Redefining compact sets. Let K be a relatively compact set in a Banach
space X and let ¢ > 0. We can find x = {z,} € ¢{(X) with ||z,]s <
sup{||z|| : © € K} + ¢ such that K C abs-conv{z,} = Ex(Ball(l;)). Put
Zn = ||zn|| "tz (f 2, # 0, otherwise T, = 0) and let A\, = ||z,|. Then
X = {7, } € Ball(loo(X)) (or {Z,} is a sequence in Ball(X)) and XA = (\,,) €
co with K C ExMy(Ball(l;)) where My : l1 — [; is given by Mx(a) =
(Anam), a = {ay) € l1. Thus K C {) 7, an@p : (o) € Mx(Ball(l1))} with
{Zn} € Ball(loo(X)). Next, let A € I, (1 < p < oo, so that XA € ¢p). Then
Mx(ly) C 1y if p > 1 where I,y = (I)*.

DEFINITION 2.1. Let X be a Banach space and K C X. Then K is said
to be relatively p-compact (1 < p < o0) if given € > 0 there is a sequence
{Zp} in Ball(X) and X € [, (A € ¢p if p = o0) with ||A]|, < sup{|z] :
r € K} + ¢ such that K C {} 07, anZp : (o) € Mx(Ball(l,y))}, where
ly = (lp)" (1 <p<oo)andly =1 if p= oo.
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Alternatively, K is said to be relatively p-compact, 1 < p < o0, if there
is x = {zn} € [(X) (1 <p<oo) (x={zn} € c§(X) if p = o0) such that
K C Ex(Ball(l,y)), where I,y is suitably defined. Note that the co-compact
sets are precisely the compact sets and that p-compact sets are g-compact if
1 < p < g < oo. Furthermore, it is easy to see that in an arbitrary Banach
space, for 1 < p < g < 0o, a g-compact set may not be p-compact.

DEFINITION 2.2. For Banach spaces X, Y and 1 < p < 0o, an operator
T € B(X,Y) is said to be p-compact if T maps bounded subsets of X
to relatively p-compact subsets of Y. In other words there is a y € [3(Y)
(y € ¢g(Y) if p = 00) such that T'(Ball(X)) C Ey(Ball(l,)).

Parallel to these concepts we define weakly (relatively) p-compact sets
and weakly p-compact operators as follows:

DEFINITION 2.3. Let X be a Banach space and K C X. Then K is
said to be relatively weakly p-compact (1 < p < oo) if there is x € [;(X)
such that K C Ex(ly) (ly = (Ip)*), and K is said to be relatively weakly
oo-compact if there is x € ¢f (X) such that K C Ex(Ball(ly)).

DEFINITION 2.4. For Banach spaces X, Y and p > 1, an operator T' €
B(X,Y) is said to be weakly p-compact if there is a y € [J(Y) such that
T(Ball(X)) C Ey(Ball(l,)).

Let K,(X,Y) denote the set of p-compact operators and W,(X,Y) the
set of weakly p-compact operators in B(X,Y), 1 < p < co. Note that for 1 <
p<q< oo, Kp(X,Y) C Ky(X,Y), Wp(X,Y) C Wy(X,Y) and K,(X,Y) C
Wy,(X,Y). Moreover, E,(X) C Kp(ly,X) where [,y is the predual of I,
1 < p < ooand Ep(X) C K(l3,X) for all Banach spaces X. Again, note
that Wy(l,y, X) = B(ly,X) where [ is the predual of [, 1 < p < o0
(lp/ = C ifp = 1).

3. Factorization of p-compact operators. Throughout this section
we fix p, 1 < p < oo. Let X be a Banach space and x € [J(X). Then Ex €
Wy(ly, X) = B(ly,X), where 1,y is the predual of I, (i.e., ly =cp if p=1).
Let N(x) denote the null space of Ex. If gx denotes the quotient map from
ly to ly/N(x) and if Ey is the corresponding operator in B(ly /N (x),X),
then we have Fy = Equ. This idea can be generalized to weakly p-compact
operators.

Let X and Y be Banach spaces and let T' € W,(X,Y). Find y € [;'(Y)
such that T'(Ball(X)) C Ey(Ball(l,y)). Let € Ball(X). Then there is an
a € Ball(l,y) such that Te = Ey(a). If there is another 8 € Ball(l,/) with
Ey(B) = Tx, then o — B € N(y). Thus each x € X determines an a € Iy
contractively (i.e., |||,y < ||z||), which is also unique up to N(y). In this
way, we obtain an operator Ty : X — [l,y/N(y) uniquely determined by
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T and y with the property that for each € X there is an a € [,y with
|lal|y < ||z|| such that Ty (z) = e+ N(y). In particular, T}, is a contraction.
Note that N(Ty) = N(T'). We shall call Ty, the essential quotient of T' with
respect to y. It is now immediate that T = EyTy. We shall say, in such
a case, that T is quotiented in ly by y € Ly(Y). Thus T € B(X,Y) is
quotiented in [,y by some y € [)(Y) if and only if T" € Wj,(X,Y).

Next, note that N(y)® can be identified with R(E}). It follows that

T* factors through a subspace R(y) = R(E;) of [,. More precisely, we have
T* = Sy Ey. Here B : Y™ — R(y) C I, is given by ES(f) = (f(yn)), f € Y™
Also, Sy : R(y) — X*is given by Sy ((f(xn))) =T*f, f € Y*. It follows that
Sy can be identified with Ty and Ej with E; in the identification of N(y)=+
with R(y). Hence, the above leads us to the following characterization of

weakly p-compact operators.

THEOREM 3.1. Let X and Y be Banach spaces, 1 < p < oo and T €
B(X,Y). Then the following statements are equivalent:

(a) T is weakly p-compact.
(b) T is quotiented in ly by somey € Ij(Y).
(c) There arey € 1 (Y) and Sy € B(R(y), X*) such that T* = Sy E.

With little modifications in the proof of the above theorem, similar char-
acterizations for p-compact operators can be obtained:

THEOREM 3.2. Let X and Y be Banach spaces, 1 < p < oo and T €
B(X,Y). Then the following statements are equivalent:

(a) T is p-compact.

(b) T is quotiented in ly by somey € [;(Y).

(c) There arey € I,(Y) and Sy € B(R(y), X*) such that T* = Sy E3.

(d) There is a sequence’y € Ball(loo(Y')), A € I, and Sy € B(R(y), X*)
such that T* = Sy MAEs. Here'y = {\7,} € [(Y).

4. The operator ideal of p-compact operators. Let X, Y and Z
be Banach spaces and p > 1. If x € [J(X), then for any S € B(X,Y) we
have SEx = Egx, where Sx = {Sz,} if x = {z,}. Thus Sx € [;/(Y). Again
ifT'e B(Z,Y), then ExT(Ball(Z)) C ||T||Ex(Ball(X)). Now, it follows that
W,(X,Y) is an operator ideal. In the same manner it may be shown that
K,(X,Y) is also an operator ideal.

Next, using the factorization of weakly p-compact and p-compact op-
erators we obtain norms on Wy(X,Y) and K,(X,Y) as follows: For T' €
W,(X,Y) define

wp(T) = inf{||Sy|| - | Ey|l : T* = Sy Ey in Theorem 3.1(c)}
= inf{|[Sy[| - [lyly : T* = Sy E; in Theorem 3.1(c)}.
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Similarly, for T' € K,(X,Y') we define
tip(T) = inf{||Sy || - |Mx]| - [| E5|| : T = Sy MAES in Theorem 3.2(d)}
= inf{[[Sy[| - Al - [[¥]loo : T* = Sy MxE5 in Theorem 3.2(d)}
= inf{|[Sy[| - [yl : T* = Sy Ey in Theorem 3.2(c)}.
It is immediate that for T € K,(X,Y) C W,(X,Y) we have ||T| <

wp(T) < kp(T). In general, the two norms are different and even non-
equivalent.

THEOREM 4.1. (W,(X,Y),wp) is a Banach operator ideal.

Proof. 1t is easy to see that for T' € Wj(X,Y'), we have w,(STU) <
|S]|wp(T)||U|| for any operators S € B(Y,Z), U € B(W, X) and for every
choice of Banach spaces Z and W.

Let {T,,} be a sequence in Wp(X,Y) with > >, wy(T;,) < oo. Then
Yool ITh]] < oo, and consequently we find a T € B(X,Y) such that
1> 1Tk —T| — 0 as n — oo. Let ¢ > 0. For each n, we can find
yn = {yk}2, € I¥(Y) and S,, € B(R(yn),X*) with T; = S,E} such
that

ISall < (@p(To) + /27, lyally < (wp(Th) +2/2™)17.

Note that >, (lynlly)? < Yoo ywp(Ty) + & < oo so that y = {y,} €
Ly (Y)) C L7 (Y). Next put R = P, (R(yn)). Then R is a subspace of [,
with R = R(y). Now define S: R — X* by

Then

151 = sup {|| S S5, ()< 1ES (P < 1)
n=1

< (S1sul?) " < (Senim +¢) " <o
n=1 n=1

Thus S € B(R(y), X*). Moreover, T*(f) = >_02 T (f) = > 021 SnEy(f)
XISE;‘,(f) for all f € Y*. Thus 7™ = SEg, and consequently 7' € W,,(X,Y).
o

wp(T) < [ISI- Iyl <D wp(Tn) +e,
n=1

so that wy(T) < > 07 wp(Ty), for e > 0 is arbitrary. The above construction
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yields, in general, for every n € N,

n oo
wp(T=DT) < 3 w(Th).
k=1 k=n+1

Thus > >° T, — T in the wp-norm. In particular, if we take T,, = 0 for
n > 2, we obtain wy(T1 + T2) < wyp(Th) + wp(T?).

Summing up, we conclude that (W,(X,Y),wp) is a Banach operator
ideal.

Along the lines of the above proof we can also obtain the following result.

THEOREM 4.2. (K,(X,Y),kp) is a Banach operator ideal.

PROPOSITION 4.3. Let 1 <p < g < oo. Then K,(X,Y) C K (X,Y) for
all Banach spaces X and Y. Also, kq(T) < k,(T) for any T € Kp(X,Y).

Proof. Let T € K,(X,Y). Find y = {y,,} C Ball(X) and A = (\,,) € [,
such that T(Ball(X)) C EyMx(Ball(l,)). Put p, = [\ |P/771N, (if A\, # 0,
and p, = 0 otherwise). Then > >7, |un|? = > 00, [AfP < o0, so that
p = {pn) € Il Next, put B, = |[\|'™”/% and B = (B3,). Then B €
lpq/(p—q) and My = MuMg. Also, Mg(BaH(lp/)) - Hﬂ”pq/(q—p) Ball(lq/) =
Al "/ Ball(l,). Thus

T(Ball(X)) AL/ Ey My (Ball(l, ),

so that T' € K,(X,Y). Further, since H)\H}g_p/qHqu = ||A]|p, we conclude
that ke(T') < kp(T).

5. Position of (K, ;) in operator ideals. We note, by abuse of
language, that at the “p-level” (p > 1), the operator ideal of all p-summing
operators is the largest and that of p-nuclear operators is the smallest. In this
section we show that the dual of (K, k)) lies between the above-mentioned
two operator ideals. To this end we recall the following definitions.

DEFINITION 5.1. Let p > 1 and let X and Y be Banach spaces. An
operator T' € B(X,Y) is said to be p-(absolutely) summing if {T'z,} € [;(Y)
for all {z,} € 1) (X).

The set II,(X,Y) of all p-summing operators forms a Banach space with
the norm

mp(T) = sup{|[{Tzn}[; : [{zn}lly <1}
We note that (II,,,7,) is an operator ideal.

PIETSCH FACTORIZATION THEOREM [7]. Let X and Y be Banach spaces
andp > 1. Then T € II,(X,Y) if and only if there is a probability measure
1 on Ball(X*) and an operator T € B(X,Y) such that T = fjﬁ(i. Here i
is the natural inclusion map from X into C(Ball(X™)), ji( = Jpli(x) where
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Jp is the canonical embedding of C'(Ball(X™)) into Ly(p) and X, = jpi(X)
is a closed subspace of Ly(u). Moreover, we have ||T|| = mp(T).

DEFINITION 5.2. For Banach spaces X and Y and p > 1, an operator
T € B(X,Y) is said to be p-nuclear if there are A € B(l,,,Y), B € B(X, co)
and A € [, such that T'= AM)B.

The set Np(X,Y) of all p-nuclear operators in B(X,Y’) forms a Banach
space with the norm

vp(T) = inf{[[A]l - [ B - [ Allp},

where the infimum is taken over all p-nuclear factorizations T' = AM)B
of T. We again note that (Np,1,,) is an operator ideal.

Let (A, ) be a Banach operator ideal for Banach spaces X and Y. Put

AYX,Y)={T € B(X,Y):T* € A(Y*, X*)}.

For T € AY(X,Y), write a4(T) = a(T*). Then (A4, a4) is again an operator
ideal and is called the dual ideal of (A, ).

If we compare the factorization of a p-summing operator, of a p-nuclear
operator and that of the adjoint of a p-compact operator, we obtain the
following result.

PROPOSITION 5.3. Let X and Y be Banach spaces and p > 1. Then

(a) Np(X,Y) C K§(X,Y).

(b) Kp(X,Y) C II3(X,Y).

(c) K;}(X, Y)CII,(X,Y).

REMARK. (1) If Y is reflexive, then it may be shown that N;}(X,Y) C
K,(X,Y). However, we have not been able to prove or disprove it in general.

(2) In connection with the inclusions proved in the above proposition
we can further show that the corresponding norms also have the desirable
behaviour as follows:

(a) If T € Np(X,Y), then v,(T) > £3(T).

(b) If T € K,(X,Y), then /-;,,(T) > 73(T).

(c) If T € KJ(X,Y), then k3(T) > mp(T).

Before we pass to some special cases concerning these operator ideals,
we prove the following interesting result.

PROPOSITION 5.4. For aoll p > 1, p-summing operators map weakly p-
compact sets to p-compact sets. Moreover, for Banach spaces X, Y and Z,
we have

1,(Y, Z)Wy(X,Y) € K,(X, Z).

Proof. Let T € II,(X,Y) and let C' be a weakly p-compact set in X.

Then there is an x = {z,} € [J(X) such that C C Ex(Ball(l,)). Put
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y = {Tzn}. Then y € [(Y) for T € II,(X,Y). Thus T(C) C Ey(Ball(l,))
so that T'(C) is a p-compact set in Y.

Next, let S € IT,,(Y,Z) and T € W,(X,Y). Then thereis a y = {y,} €
1y (Y) such that T'(Ball(X)) C Ey(Ball(l,/)). Since S € II,(Y, Z), we get z =
{Syn} € 15(Z) so that ST(Ball(X)) C E,(Ball(ly)) and ST € K,(X, Z).
Finally

Fp(ST) < lz[l}; < mp(S)[ly [l
Taking infimum over y we conclude that x,(ST) < m,(S)w,(T).
REMARK. Recall that completely continuous operators map weakly

compact sets into compact sets. Thus p-summing operators may be thought
of as being “p-completely continuous” for p > 1.

Now we consider some special cases of the operator ideals discussed.

PROPOSITION 5.5. Let X be any Banach space. Then

(a) Iy(ly,X) C Ey(X) C Ni(lyy, X), p> 1.

(b) US(X, lp) C ES(X) C Np(X,1p), p> 1.

Here ES(X) = {(Ex+)« : x* € I3(X*)}, where (Ex+). denotes the preadjoint
Of Ex* .

Proof. (a) Let p > 1 and T € II,(ly, X). Since {e,} € [;'(ly), we have
{Ten} € [(X). Put Te, = x, for all n. Then T' = Ex, so that II(ly, X) C
Ep(X). Next, let x € [3(X). Then (Ex)* = IMx(Ex)«, where A = ([|z,]]) €
lp and X = {Tp,} with T, = ||z, || 'z, for all n. Thus (Ex)* € N,y(X*,1,) so
that E,(X) C N (L, X).

(b) Let p> 1. If T € HS(X, lp), then T € II,(l,y, X*). Thus as in (a),
there is an x* € [3(X™) such that 7" = Ex~ and it follows that HS(X, l,) C
ES(X). Finally, let x* € I5(X*). Then trivially, (Ex+)« € Np(X,1,). Thus
ES(X) C Np(X, 1p).

REMARK. (i) Let T' € II,(l,y, X) and find x € [}(X) such that T'= Ex.
Then it is easy to see that my(T) > ||Ix|[|; > US(T).

(ii) Again if T € HS(X, lp) and if T' = (Ex+ ). for some x* € [;(X™), we
can show that WS(T) > x|l = v(T).

(iii) It follows from the definition that F,(X) C K,(ly,X) for p > 1.

(iv) It follows from the above propositions that

(a) Np(ly,X) C Kg(ly,X) C Hy(ly, X) C By(X) C Nyi(ly, X) for
p=1L

(b) NA(X,1p) C Kp(X,lp) C IIH(X,1,) C EY(X) C Ny(X,1,) C
K3(X,1p) C I,(X,1,) for p > 1.

(¢) NIy, X) C Kp(ly, X) C I3 (ly, X) for p > 1.
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(v) Putting X = [, in (iv)(a) and X = [,y in (iv)(b), we obtain Ny (l,/, ;)
= Ng(lp”lp) = Kp(lp”lp) = Kg(lp”lp) = Hp(lp”lp) = Hg(lp”lp) = Ep(lp)
= EJ(ly) (isometrically) for p > 1.

6. Approximation on p-compact sets. Following Grothendieck [5],
a Banach space X is said to have the approzimation property (for short,
a.p.) if the identity operator can be approximated uniformly on compact
sets by finite rank operators. Equivalently, a Banach space has the a.p. if
and only if the identity operator is in the closure of the finite rank opera-
tors in the locally convex topology of uniform convergence on compact sets.
The question whether every Banach space has the a.p., raised in 1956 by
Grothendieck himself, was solved by Enflo [4] in 1973 by producing a sepa-
rable Banach space that fails the a.p. This was followed by several authors
giving simpler constructions of Banach spaces without the a.p. For instance,
Davie [1, 2] gave a probabilistic construction. A comprehensive exposition
of this problem and its solutions can be found in the book of Lindenstrauss
and Tzafriri [6].

From this section onwards, we study weaker forms of approximating
the identity operator by finite rank operators. We start with the following
definition.

DEFINITION 6.1. A Banach space X is said to have the p-approzrimation
property (for short, p-a.p.), for p > 1, if for every p-compact set K in X and
every € > 0, there is a finite rank operator T' € B(X) such that | Tz —z| < ¢
for all x € K.

Let X and Y be Banach spaces and 1 < p < oo. Let 7, denote the topol-
ogy in B(X,Y) of uniform convergence on p-compact sets in X. Since finite
sets are p-compact, 7, is a locally convex topology generated by seminorms
of the form

1Tl = sup{[|Tz[| : z € K}, T € B(X,Y),

where K varies over all p-compact sets in X. Let x = {z,,} € [}(X). Then
K = Ex(Ball(ly)) is a p-compact set in X and we have

|IT||x = sup{||Ty| : y € Ex(Ball(i,y))}
= | Biren | = I{T2a}ly, T € B(X,Y).

Write [[(T'zn) ) = [|T||x for all x = {z,} € [}(X) and T € B(X,Y).
Then the family {|- ||x : x € [;,(X)} of seminorms generates the topology 7.
Moreover, we note that X has the p-a.p. if and only if given x € l;(X ) and
e > 0, there is an S € F(X) such that ||[S — I||x <e.

The following result is immediate.
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PROPOSITION 6.2. Let 1 < p < oo. Then for a Banach space X the
following statements are equivalent:

(a) X has the p-approzimation property.
(b) For any Banach space Y the set F(Y,X) (respectively, F(X,Y)) of
nite rank operators is T,-dense in B(Y, X) (respectively, B(X,Y)).
P

The classical approximation property for a Banach space X is equivalent
to the density of the finite rank operators in the ideal K (Y, X) of compact
operators for every Banach space Y in the operator norm. For p-a.p. we
have the following surprising result.

THEOREM 6.3. Let 1 < p < oo. Then a Banach space X has the p-
approzimation property if and only if for every Banach space Y, F(Y, X) is
wp-dense in K,(Y,X).

Proof. First assume that X has the p-a.p. Let Y be a Banach space,
T € Kp(Y,X) and € > 0. Then there is an x € I5(X) such that T'(Ball(Y"))
C Ex(Ball(l,y)). Since X has the p-a.p., there is an S € F(X) such that
IS — Il|x <e.Put S; = ST. Then S; € F(Y, X) and we have

(S1 —=T)(Ball(Y)) = (S = I)T'(Ball(Y)) C (S — I)Ex(Ball(l,y))
= E{su,—z,} (Ball(ly)).
Thus wp(S1 = T) < [{Szn — 2}y = |9 = I]x < € so that F(Y, X) is
wp-dense in K, (Y, X).

For the converse, suppose that for any Banach space Y, F(Y, X) be
wp-dense in K, (Y, X). Then the proof that X has the p-a.p. is a variation of
the proof of the implication (v)=-(i) in [6, Theorem 1.e.4]. We only need to
mention the following. Let x = {z,,} € [;(X) and K = Ex(Ball(l,/)). We can
choose t, > 0 for all n such that ¢, — co asn — oo and Y oo ; th|z, [P < co.
Put 2, = t,r, and U = E,(Ball(ly)), where z = {2,,} € [}(X). Then U is
a compact convex set symmetric with respect to origin, which is also a
p-compact set.

REMARK. In the above result one expects that w, could be replaced
by kp. In this regard it would be desirable to introduce some other type of
approximation property of Banach spaces. However, our definition (of the
p-approximation property) exhibits the following beautiful behavior in Ba-
nach spaces. (Nevertheless, we consider two other notions of p-approximation
properties, one due to P. D. Saphar and the other due to O. I. Reinov, in
the next section.)

THEOREM 6.4. Every Banach space has the 2-approximation property
(and thus the p-approximation property if 1 < p < 2).

In order to prove this result we need the following lemma.
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LEMMA 6.5. Let X be a Banach space, H a Hilbert space, K a com-
pact set in H and S € B(H,X). Then the identity operator on X can be
approzimated uniformly on S(K) by finite rank operators.

Proof. Without loss of generality, we may assume that S has zero null
space. Indeed, we can replace H by H' = H/N(S), K by K' = {x + N(S) :
xz € K} and S by the induced map S’ € B(H', X).

Now, fix € > 0. Let P be a finite rank operator on H with ||Px —z| < e
for all x € K. Since N(S) = {0}, the set of functionals ¢ on X defined by
o(x) = Y(Sz) where ¢ € X*, is dense in H*; so we can find a finite rank
operator T € B(X, H) such that |P — T'S|| < € and it follows that

|ITSx —z|| < (1+ M)e forallze K,

where M = sup{||z|| : x € K}. Consequently, ||STy —y|| < (1+ M)||S||e for
all y € S(K).

Proof of Theorem 6.4. Let X be a Banach space, x = {z,} = §(X)
and € > 0. We can find A = (\,;) € ¢p and z = {z,} € I5(X) such that
An > 0 and z,, = Az, for all n. Consider E, € Ey(X) C B(lz, X) and put
Ky = Mx(Ball(lz)). Then Kj is a compact set in l3. Thus by Lemma 6.5,
thereisan S € F(X) such that ||(S—1)y| < eforally € E,(Mx(Ball(l2))) =
E«(Ball(l2)). It follows that ||.S — I||x < ¢, so that X has the 2-a.p.

REMARK. The above result is optimal in the sense that for every p > 2
there is a Banach space that fails the p-a.p. To this end we need the following
probabilistic construction due to Davie [1, 2].

LEMMA 6.6. There ezists an infinite matriv A = (anm);o,—1 of scalars
in which for each n, anm = 0 for all but finitely many indices m, such that

(i) Zzozl (maxl§m<oo |anm|)r < 00 fOT‘ every v > 2/37

(i) A% =0,

(iii) trace A # 0.

It is interesting to note that Grothendieck [5, Remark I.14] observed that
if an infinite matrix 4 = (anm)fjm:l satisfies lim,, oo Gnm = 0 for all n,
Yoo (maxi<meoo |anm])2/3 < oo and A% = 0, then trace A = 0. A proof
of this is indicated in [6, Remark 1, p. 90]. Another proof was obtained by
Reinov [10].

THEOREM 6.7. Let p > 2. Then there is a Banach space that fails the
p-a.p.

Proof. Put r = p(p + 1)~! so that r > 2/3. In Lemma 6.6 put a, =
MaX]<m<oo |anm| for all n. Then (ay) € l,. Thus we can find (\,) € {1 and

(bn) € 1, such that A, > 0 and a,, = Apb, for all n. Put by, = A tap, for
all n,m € N. Then for each n, by, = 0 for all but finitely many indices m.
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Put z, = (bpm)5o_;. Let E be the closed linear span of {x,} in ¢y and let
fn = Anen|g for all n, where {e,} is the standard unit vector basis of ;.
Then {z,} € [,(E) and {f,} € li(E*). Note that

i Jn(Zm)Tn = < i )‘nbmnbnk>k = /\r_nl< i amnank>k =0
n=1 n=1 n=1

for all m, so that Y o> | fn(2)x, =0 for all € E. However, > >° | fn(zy) =
oo Anbnn = D07 ann # 0. Now, it follows from the next result that E
fails the p-a.p.

PROPOSITION 6.8. Let X be a Banach space and let 1 < p < oco. If X
has the p-approzimation property then for every choice of {x,} € I5(X) and
{fu} € B(X*) with Y207 | fu(x)z, =0 for all x € X, we have Y o2 | fal(xn)
=0.

Proof. Let X have the p-a.p. Let {z,} € [}(X) and {f,} € I§(X™) be
such that Y 2 | fn(x)x, = 0 for all x € X. Then by linearity > | fn(Szy)
=0 for all S € F(X). Now for each € > 0 there is an S € F(X) such that
[{Szn, — zn}lly < e. Thus

= ( Y falSzn = 20)| < I{fud {520 = 2n}lloo
n=1
< H{FudRI{Szn — 2}y < ell{fa}i-

Since € > 0 is arbitrary, we obtain y > fn(2n) = 0.

7. Connections with p-approximation properties of Saphar and
Reinov. Grothendieck [5] proved that a Banach space X has the a.p. if and
only if for every Banach space Y (equivalently, for Y = X)), the natural map
from Y* @, X into B(Y, X) is one-to-one. Weaker forms of the a.p. were
defined by restricting the above maps to certain subspaces of the projective
tensor product. For instance, let g, for p > 1 be the projective tensor norm
of Saphar [11] and let Y* (§>ng be the completion of the tensor product of Y*
and X under this norm. If 1/p+1/p’ = 1, then (Y* ®4, X)* = II,,(X,Y ™).
Now, Saphar’s p-approximation property (for short, Saphar’s p-a.p.) defined
in [12] is equivalent to the following: A Banach space X has Saphar’s p-a.p.
if and only if the natural map from Y* égp, X into B(Y, X) is one-to-one. In
the same direction Reinov [9] also studied a p-approximation property (for
short, Refnov’s p-a.p.) for 0 < p < oo. Consider the subspace (Y*®,X), of
Y*®x X consisting of elements >_°° | f, ® x, with {f,} C Y* and {z,} C X
satisfying > o7, (|| full - |z ||)P < co. Then a Banach space X is said to have
Reinov’s p-a.p. if for every Banach space Y, the natural map from (Y*®,X),
into B(Y, X)) is one-to-one.
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In Proposition 6.8, we essentially used the fact that || - ||c < [/ - ||} [on

Ly (X) (C loo(X))]. This fact motivates us to further weaken the definition
of the p-approximation property.

DEerFINITION 7.1. Let 1 < p < g < 0o. We say that a Banach space X
has the (q, p)-approximation property (for short, (q,p)-a.p.) if given {z,} €
LX) ({xn} € cj(X) if p=o00) and € > 0 there is an S € F(X) such that
[{Szn — zn}lly <e.

NOTE. (1) (00, 00)-a.p. = a.p. (= co-a.p.).

(2) p-a.p. = (o0, p)-a.p.
(3) (¢,p)-a.p. = (t,s)-ap. if 1 <s<p<qg<t<oo.

Let X and Y be Banach spaces and 1 < p < ¢ < oo. For x = {z,,} €
LX) (x € c§(X) if p=00), we define

ITllgx = [{Tzn}llg, T € B(X,Y).

The family {|| - ||gx} of seminorms defines a locally convex topology on
B(X,Y) which is denoted by 7, . It is routine to verify the following result.

PROPOSITION 7.2. Let 1 < p < g < oo. Then for any Banach space X
the following statements are equivalent:

(a) X has the (q,p)-approximation property.
(b) For any Banach space Y, F(X,Y) (respectively, F(Y,X)) is Tqp-
dense in B(X,Y) (respectively, B(Y, X)).

LEMMA 7.3. Let 1 < p < qg < o0 and let X and Y be Banach spaces.
Then the 74 ,-continuous linear functionals on B(X,Y) are precisely those
of the form

(1) $(T) = gn(Tzy), T€BX,Y),
n=1

where {z,} € [;(X) and {gn} € I;,(Y™).
Proof. Let x = {zn} € [}(X) and {g,} € I},(Y™). Then

oo oo
> 1ga(Tza) <D lgnll - 1Tnll < {gn 5 I{Tzn} I
n=1 n=1

= {gn} g Tllgx, T € BX,Y).

Thus ¢ given by (}) is 74 p-continuous.
Conversely, let ¢ be a 7, p-continuous linear functional on B(X,Y"). Then
there is an x = {z,} € [;(X) and M > 0 such that

[¢(T)] < M[|T|jgx, T €B(X,Y).
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Define Sx : B(X,Y) — [5(Y) by Sx(T) = {Tx,}, T € B(X,Y). Then
Sx € B(B(X,Y),[3(Y)) and consequently we obtain a bounded linear func-
tional ¢ on Sx(B(X,Y)) C [5(Y) given by ¥(Sx(T)) = ¢(T), T € B(X,Y).
Extending ¢ to I;(Y), by the Hahn-Banach theorem, we obtain {g,} €
(V") 2 (15(Y))" with §(T) = 9(Sx(T)) = ({gn}, {Tn}) = S22, ga(Tn)
forall T € B(X,Y).

REMARK. A T7y,-continuous linear functional on B(X,Y) is given by
(1) where {2} C X, {ga} € Y* and 332, (Jan - |ga)* < oo where
1/s =1/p+1/q . Thus the 7, -topological dual of B(X,Y) is identical with
Too,r-topological dual where 1/r =1/p —1/q.

THEOREM 7.4. Let 1 < p < g < oo0. Then a Banach space X has the
(g, p)-approzimation property if and only if for every choice of {x,} €
I, and {fn} € I5(X™) with 3207, fo(¥)xn =0 for all x € X, we have
> et fulan) = 0.

Proof. Duplicating the proof of Proposition 6.8, we obtain the necessary
part.

Conversely, assume that for {z,} € [}(X) and {f.} € [, (X*) with
Yoo fa(@)z, =0 for all z € X, we have Y 2 | fn(zy) = 0. We shall prove
that F'(X) is 74 p-dense in B(X). Let ¢ be a 7)-continuous linear functional
on B(X) vanishing on F(X). There are {z,} € [;(X) and {f,} € ly(X")
such that o(T) = > 02| fo(Txy) for all T € B(X). Thus > 7| fo(Szn) =0
if § € F(X). In particular,

P fa@)wn) = fal(f @ 2)2n) =0, z€ X, [ X",
n=1 n=1

so that 7, fn(x)z, = 0for all z € X and consequently > >° | fn(2)Tz, =
0 for all z € X and T' € B(X). Now it follows from the hypothesis that
HT) =07 fn(Tzy) =0, T € B(X), so that F'(X) is 74 p-dense in B(X).
Hence by Proposition 7.2, X has the (g¢, p)-a.p.

COROLLARY 7.5. A Banach space X has the (g, p)-approximation prop-
erty if and only if it has the (oo, r)-approxzimation property where 1/r =
1/p—1/q, if and only if it has Reinov’s v(r + 1)~ -approzvimation property.

The following theorem can be found in [9] (in Reinov’s terminology).
THEOREM 7.6. Every Banach space has the (00, 2)-approzimation prop-

erty. For each p > 2 there is a Banach space which fails the (0o, p)-approxi-
mation property.

Proof. Since p-a.p. implies (oo, p)-a.p., it follows from Theorem 6.4 that
every Banach space has the (0o,2)-a.p. Now, for given p > 2 the proof of
Theorem 6.7 shows that the Banach space E fails the (oo, p)-a.p.
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REMARK. Since a.p. = (00, 00)-a.p., we see that a Banach space X has
the a.p. if and only if it has the (p,p)-a.p. for all p > 1. Duplicating the
proof of Theorem 6.3, we conclude that if X has the a.p., then for all p > 1,
F(Y,X) is kp-dense in K,(X,Y) for any Banach space Y (we expect that
the converse is true as well).

We propose to call 7, the topology of g-convergence on p-compact sets.
This notion may be further explored in another direction to meet the notion
of Saphar’s p-a.p.

Let X and Y be Banach spaces and 1 < p < ¢ < oo. Let 04, denote
the topology on II,(X,Y") of g-convergence on weakly p-compact sets of X,
which is defined as follows: Let K be a weakly p-compact set in X and
T € I,(X,Y). Then there is an x € [;/(X) such that K C Ex(Ball(l,/)), so
that T'(K) is a p-compact set in Y. We define

T % =sup{||Tz| : x € K}, T elIl,(X,Y).
Restricting to K = Ex(Ball(ly)) and x € [)(X) as before, we may define

ITIX = ITI% = [[{Tzn}l), and may generalize this idea to obtain semi-
norms || - |7k on I1,(X,Y) where

TG = KT zn g, T € (X, Y).

The family {|| - [|j'x : x € [j(X)} of seminorms determines the locally con-
vex topology o4, on II,(X,Y). It is now routine to verify that the o -
continuous linear functionals on I7,(X,Y’) are precisely those of the form

S(T) =) gn(Tzn), {zn} € LX), {gn} € Ly (Y).
n=1

Finally, we introduce the following weak topology version of Defini-
tion 7.1.

DEFINITION 7.7. Let 1 < p < ¢ < co. A Banach space is said to have the
weak (q, p)-approximation property (for short, weak (g, p)-a.p.) if for every
Banach space Y, x = {z,} € [,/(X), ¢ > 0 and T € II,(X,Y) there is an
S € F(X,Y) such that ||S — Ty, <e.

NOTE. (1) For 1 < s < p < q <t < o0, weak (q,p)-a.p. = weak
(t,s)-a.p.

(2) Weak (p,p)-a.p. = Saphar’s p-a.p., for all p > 1 [12].

(3) It was also shown in [12] that every Banach space has Saphar’s 2-a.p.

(4) Since a.p. = Saphar’s p-a.p., we conclude that a.p. = weak (g, p)-a.p.
forall 1 <p<gq<oo.

Lastly, we record the following theorem for the sake of completeness.

THEOREM 7.8. Let X be a Banach space and 1 < p < q < 0o. Then the
following statements are equivalent:
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(a) X has the weak (q, p)-approxzimation property.

(b) For every Banach space Y, F(X,Y) is 04p-dense in B(X,Y).

(c) For every Banach space Y, and every choice of {xn} € [J(X) and
{gn} € L(Y™) with 3707, f(zn)gn = 0 for all f € X*, we have
Yool 1 gn(Txy) =0 for all T € II(X,Y).

Acknowledgements. The authors are indebted to Eve Oja for indicat-
ing the connection between the p-approximation property considered in this
paper and that studied by O. I. Reinov.
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