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Multiplier operators on product spaces

by

Hung Viet Le (Weatherford, OK)

Abstract. The author proves the boundedness for a class of multiplier operators on
product spaces. This extends a result obtained by Lung-Kee Chen in 1994.

1. Introduction. Fourier analysis and Hp-theory on product domains
have recently been developed by many authors (for more detailed and com-
plete treatment of these matters, the reader may consult e.g. S.-Y. Chang
and R. Fefferman [2] and R. Fefferman [4]).

In 1987, Robert Fefferman gave a powerful theorem (see [4]), which ef-
fectively helps us study the boundedness of linear operators on the product
spacesHp(Rn1×Rn2). Thanks to this theorem, it suffices to check the bound-
edness of the linear operators acting on Hp rectangle atoms, even though
such atoms are not dense in the product domains (see counterexample of
L. Carleson [1]). For convenience, we state Fefferman’s theorem below:

Theorem 1 (see [4]). Let T be a bounded linear operator on L2(Rn1 ×
Rn2). Suppose that if a is an Hp(Rn1 × Rn2) rectangle atom (0 < p ≤ 1)
supported on R, then

�

cRr

|T (a)|p(x1, x2) dx1 dx2 ≤ Cr−σ for all r ≥ 2

and some fixed σ > 0, where cRr denotes the complement of the r-fold
enlargement of R. Then T is a bounded operator from Hp(Rn1 × Rn2) to
Lp(Rn1 × Rn2).

Based on Fefferman’s Theorem and some ideas from [6], Lung-Kee Chen
proved the following theorem.

Theorem 2 (see [3]). Let k = bn1(1/p− 1/2)c+ 1, l = bn2(1/p− 1/2)c
+ 1, 0 < p ≤ 1. Suppose m ∈ Ck(Rn1)× Cl(Rn2) and

|∂αζ ∂βηm(ζ, η)| ≤ C|ζ|−|α||η|−|β| for |α| ≤ k, |β| ≤ l.
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Then the multiplier operator Tm, defined on the Fourier transform side by
T̂mf(ζ, η) = m(ζ, η)f̂(ζ, η), maps Hq(Rn1×Rn2) boundedly to Lq(Rn1×Rn2)
for p ≤ q ≤ 2.

Remarks. (a) R. Fefferman and K. C. Lin [5] have obtained the above
result for the case p = 1 under a weaker hypothesis:

�

s1<|ζ|<2s1

�

s2<|η|<2s2

|∂αζ ∂βηm(ζ, η)|2 dζ dη ≤ Cs−2|α|+n1
1 s

−2|β|+n2
2 .

(b) It is worth to mention the theorem below, obtained by A. Nilsson [8].

Theorem 3 (see [8]). Assume that m ∈ Ck(Rn \ {0}) and
�

∆j

∑

|α|≤k
|2j|α|∂αm(ζ)|2 dζ ≤ 2nj(2−q)/q, j ∈ Z,

where k is the least integer > n(2 − q)/(2q), 1 ≤ q ≤ 2, and ∆j = {ζ ∈
Rn : 2j−1 ≤ |η| ≤ 2j+1}. Then the convolution by K = m̂ maps H1(Rn) to
Lq(Rn).

The purpose of this note is to obtain the same result as in Theorem 2,
but with a different hypothesis.

Theorem 4. Let m be a bounded function in Ck(Rn1)×Cl(Rn2), where

k = bn1(1/p− 1/2)c+ 1, l = bn2(1/p− 1/2)c+ 1, 0 < p ≤ 1.

Suppose that
�

∆i×∆j

∑

|α|≤k

∑

|β|≤l
|2i|α|2j|β|∂αζ ∂βη (ζuηvm(ζ, η))|2 dζ dη

≤ C2n1i2n2j22i|u|22j|v|,

where ∆i = {ζ ∈ Rn1 : 2i ≤ |ζ| ≤ 2i+1}, and a similar definition for ∆j ,

sup
ζ∈Rn1

{ �

∆j

∑

|β|≤l
|2j|β|∂βη (ηvm(ζ, η))|2 dη

}
≤ C2n2j22j|v|,

and
sup
η∈Rn2

{ �

∆i

∑

|α|≤k
|2i|α|∂αζ (ζum(ζ, η))|2 dζ

}
≤ C2n1i22i|u|.

Then the linear operator T defined by T̂ f(ζ, η) = m(ζ, η)f̂(ζ, η) maps
Hq(Rn1 × Rn2) boundedly to Lq(Rn1 × Rn2) for p ≤ q ≤ 2.

Proof. Throughout the proof, C denotes a constant which is not neces-
sarily the same each time it appears. The proof is an application of Theo-
rem 1, and the idea of the proof is closely related to that of [3].

Let a(x, y) denote an Hp(Rn1 × Rn2) (0 < p ≤ 1) rectangle atom such
that
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(a) a(x, y) is supported on a rectangle R = I × J, where I and J are
cubes in Rn1 and Rn2 respectively,

(b) ‖a‖L2 ≤ R1/2−1/p = |I|1/2−1/p|J |1/2−1/p,
(c) �

I
xαa(x, y) dx = 0 for all y ∈ J and |α| ≤ k, and

(d) �
J
yβa(x, y) dy = 0 for all x ∈ I and |β| ≤ l,

where k and l are defined in Theorem 4.
By Theorem 1, it suffices to show that

�

cRr

|T (a)|p(x1, x2) dx1 dx2 ≤ Crσ for all r ≥ 2,

and some fixed σ > 0.
Let φ be a smooth function on R such that φ̂(t) has compact support

{t ∈ R : 1/2 ≤ |t| ≤ 2} and
∑
j∈Z φ̂(2−j |t|) = 1 for all t 6= 0.

Let mij be defined by mij(ζ, η) = m(ζ, η)φ̂(2−i|ζ|)φ̂(2−j |η|) and let
T̂ijf(ζ, η) = mij(ζ, η)f̂(ζ, η) ≡ (Kij ∗ f)∧(ζ, η). It is clear that Tf =∑
i,j Tijf .
By Leibniz’s formula and the hypothesis of Theorem 4, we have

(1)
� ∑

|α|≤k

∑

|β|≤l
|2i|α|2j|β|∂αζ ∂βη (ζuηvmij(ζ, η))|2 dζ dη

≤ C2n1i2n2j22i|u|22j|v|,

(2) sup
ζ∈Rn1

{ �

Rn2

∑

|β|≤l
|2j|β|∂βη (ηvmj(ζ, η))|2 dη

}
≤ C2n2j22j|v|,

(3) sup
η∈Rn2

{ �

Rn1

∑

|α|≤k
|2i|α|∂αζ (ζumi(ζ, η))|2 dζ

}
≤ C2n1i22i|u|,

where mj(ζ, η) =
∑
i∈Zmij(ζ, η) and mi(ζ, η) =

∑
j∈Zmij(ζ, η).

We now partition cRr into three regions:
cR1

r = {(ζ, η) : ζ ∈ cIr, η ∈ J2},
cR2

r = {(ζ, η) : ζ ∈ I2, η ∈ cJr}, cR3
r = cRr \ (cR1

r ∪ cR2
r).

We may assume that the center of the rectangle R = I × J is at the origin
(0, 0) ∈ Rn1 × Rn2 . We then write

(4) Tija(x, y) =
�

I×J
Kij(x− x′, y − y′)a(x′, y′) dx′ dy′

=
�

I×J

{
Kij(x− x′, y − y′)

−
∑

|α|≤λ1−1

1
α!
∂αxKij(x, y − y′)(−x′)α

}
a(x′, y′) dx′ dy′
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= λ1

∑

|α|=λ1

1
α!

�

I×J

1�

0

(1− t)λ1−1∂αxKij(x− tx′, y − y′)

× (−x′)αa(x′, y′) dt dx′ dy′

= λ1

∑

|α|=λ1

1
α!

1�

0

�

I×J
(1− t)λ1−1

{
∂αxKij(x− tx′, y − y′)

−
∑

|β|≤λ2−1

1
β!
∂βy ∂

α
xKij(x− tx′, y)(−y′)β

}
(−x′)αa(x′, y′) dy′ dx′ dt

= λ1λ2

∑

|α|=λ1

1
α!

∑

|β|=λ2

1
β!

{ �

I×J

1�

0

1�

0

(1− t)λ1−1 (1− s)λ2−1

× (−x′)α(−y′)β∂βy ∂αxKij(x− tx′, y − sy′)a(x′, y′) ds dt dx′ dy′
}

where 0 ≤ λ1 ≤ k and 0 ≤ λ2 ≤ l.
Notice that if λ1 = 0 or λ2 = 0, then we do not subtract the Taylor

polynomials appearing in (4) above.

The integral on the right-hand side of (4) is dominated by

(5)
�

I×J

1�

0

1�

0

|(−x′)α(−y′)β∂βy ∂αxKij(x− tx′, y − sy′)a(x′, y′)| ds dt dx′ dy′

≤ ‖a‖L2

{ �

I×J

1�

0

1�

0

|(−x′)α(−y′)β∂βy ∂αxKij(x− tx′, y − sy′)|2 ds dt dx′ dy′
}1/2

≤ |I|1/2−1/p+λ1/n1 |J |1/2−1/p+λ2/n2

×
{ �

I×J

1�

0

1�

0

|∂βy ∂αxKij(x− tx′, y − sy′)|2 ds dt dx′ dy′
}1/2

≡ |I|1/2−1/p+λ1/n1 |J |1/2−1/p+λ2/n2Lij(x, y).

We now estimate � cR3
r
|Lij(x, y)|p dx dy. By Hölder’s inequality, we have

(6)
�

cR3
r

|Lij(x, y)|pdx dy

=
�

cR3
r

{A(x)−kp/2B(y)−lp/2}{A(x)k/2B(y)l/2Lij(x, y)}p dx dy
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≤
{ �

cR3
r

A(x)−kp/(2−p)B(y)−lp/(2−p)
}(2−p)/2

×
{ �

cR3
r

A(x)kB(y)l|Lij(x, y)|2 dx dy
}p/2

.

Here A(x) = 1 + 22(i−1)|x|2 and B(y) = 1 + 22(j−1)|y|2. Observe that

(7)
{ �

cR3
r

A(x)−kp/(2−p)B(y)−lp/(2−p) dx dy
}(2−p)/2

≤ C2−ikp2−jlp|I|−kp/n1+(2−p)/2|J |−lp/n2+(2−p)/2r−kp−lp+(n1+n2)(2−p)/2

Meanwhile,
�

cR3
r

A(x)kB(y)l|Lij(x, y)|2 dx dy

=
�

cR3
r

(1 + 22(i−1)|x|2)k(1 + 22(j−1)|y|2)l

×
{ �

I×J

1�

0

1�

0

|∂βy ∂αxKij(x− tx′, y − sy′)|2 ds dt dx′ dy′
}
dx dy.

Since (x′, y′) ∈ I × J, (x, y) ∈ cR3
r, and 0 ≤ s, t ≤ 1, we have

|x| ≤ |x− tx′|
|x| − |I|1/n1/2

· |x| ≤ 2|x− tx′|.

Similarly, |y| ≤ 2|y − sy′|. Therefore, the above integral is dominated by

(8)
�

cR3
r

(1 + 22i|x− tx′|2)k(1 + 22j |y − sy′|2)l

×
{ �

I×J

1�

0

1�

0

|∂βy ∂αxKij(x− tx′, y − sy′)|2 ds dt dx′ dy′
}
dx dy

≤
1�

0

1�

0

�

I×J

�

Rn1×Rn2

(1 + 22i|x− tx′|2)k(1 + 22j |y − sy′|2)l

× |∂βy ∂αxKij(x− tx′, y − sy′)|2 dx dy dx′ dy′ ds dt

=
1�

0

1�

0

�

I×J

�

Rn1×Rn2

(1 + 22i|x|2)k(1 + 22j |y|2)l

× |∂βy ∂αxKij(x, y)|2 dx dy dx′ dy′ ds dt
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≤ |I| · |J |
�

Rn1×Rn2

(1 + 22i|x|2)k(1 + 22j |y|2)l|∂βy ∂αxKij(x, y)|2 dx dy

= |I| · |J |
�

Rn1×Rn2

( ∑

|u|≤k

k!
(k − |u|)!u!

|2i|u|xu|2
)

×
( ∑

|v|≤l

l!
(l − |v|)!v!

|2j|v|yv|2
)
|∂βy ∂αxKij(x, y)|2 dx dy

≤ C|I| · |J |
∑

|u|≤k

∑

|v|≤l

�

Rn1×Rn2

|2i|u|xu2j|v|yv∂βy ∂
α
xKij(x, y)|2 dx dy

= C|I| · |J |
∑

|u|≤k

∑

|v|≤l

�

Rn1×Rn2

{2i|u|2j|v|∂uζ ∂vη((∂αζ ∂
β
ηKij)∧(ζ, η))}2 dζ dη

= C|I| · |J |
�

Rn1×Rn2

∑

|u|≤k

∑

|v|≤l
|2i|u|2j|v|∂uζ ∂vη(ζαηβmij(ζ, η))|2 dζ dη

≤ C|I| · |J |2n1i2n2j22i|α|22j|β| = C|I| · |J |2n1i2n2j22iλ122jλ2 .

Here the last inequality follows from (1), and the last equality from |α| = λ1

and |β| = λ2 (see (4)). Combining inequalities (6)–(8) yields
�

cR3
r

|Lij(x, y)|p dx dy ≤ C|I|1−kp/n1 |J |1−lp/n22ip(n1/2+λ1−k)(9)

× 2jp(n2/2+λ2−l)r−kp−lp+(n1+n2)(2−p)/2.

Consequently, if we combine (4)–(9), we have

(10)
�

cR3
r

|Tija|p dx dy

≤ C
�
{|I|1/2−1/p+λ1/n1 |J |1/2−1/p+λ2/n2 |Lij(x, y)|}p dx dy

≤ C|I|p/2+λ1p/n1−kp/n1 |J |p/2+λ2p/n2−lp/n2

× 2−ip(k−n1/2−λ1)2−jp(l−n2/2−λ2)r−kp−lp+(n1+n2)(2−p)/2.

Now if we set λ1 = 0 = λ2; λ1 = k and λ2 = 0; λ1 = 0 and λ2 = l; and
λ1 = k, λ2 = l in inequality (10), we obtain

(11)
�

cR3
r

|Tija|pdx dy ≤ Cr−kp−lp+(n1+n2)((2−p)/2)

×min{|I|p/2−kp/n1 |J |p/2−lp/n2 2−ip(k−n1/2)2−jp(l−n2/2),

|I|p/2|J |p/2−lp/n2 2ipn1/2 2−jp(l−n2/2),

|I|p/2−kp/n1 |J |p/22−ip(k−n1/2)2jpn2/2,

|I|p/2 |J |p/22ipn1/22jpn2/2}.
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We now consider � cR2
r
|Tija|p dx dy. Let Tja =

∑
i Tija. Observe that

T̂ja(ζ, η) = m(ζ, η)φ̂(2−j |η|)â(ζ, η) ≡ K̂j(ζ, η)â(ζ, η).

We write

(12)
�

cR2
r

∣∣∣
∑

i

Tija
∣∣∣
p

dx dy =
�

cR2
r

|Tja|p dx dy

≤
�

cR2
r

B(y)−lp/2[B(y)l/2|Tja|]p dx dy

≤
{ �

cR2
r

B(y)−lp/(2−p) dx dy
}(2−p)/2{ �

cR2
r

B(y)l|Tja|2 dx dy
}p/2

,

where again B(y) = 1 + 22(j−1)|y|2. It is clear that

(13)
{ �

cR2
r

B(y)−lp/(2−p) dx dy
}(2−p)/2

≤ C|I|(2−p)/2 |J |−lp/n2+(2−p)/22−jlprn2(2−p)/2−lp.

For the estimate of � cR2
r
B(y)l|Tja|2 dx dy, we write

Tja(x, y) = Kj ∗ a(x, y) =
�

I×J
Kj(x− x′, y − y′)a(x′, y′) dx′ dy′

=
�

I×J

{
Kj(x− x′, y − y′)

−
∑

|β|≤λ2−1

1
β!
∂βyKj(x− x′, y)(−y′)β

}
a(x′, y′) dx′ dy′

= λ2

∑

|β|=λ2

1
β!

�

I×J

1�

0

(1−s)λ2−1∂βyKj(x−x′, y−sy′)(−y′)βa(x′, y′) ds dx′ dy′.

Thus

(14)
�

cR2
r

B(y)l|Tja|2 dx dy =
�

cR2
r

B(y)l
∣∣∣∣λ2

∑

|β|=λ2

1
β!

1�

0

�

I×J
(1− s)λ2−1

× ∂βyKj(x− x′, y − sy′)(−y′)βa(x′, y′) dx′ dy′ ds
∣∣∣∣
2

dx dy
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≤ C
∑

|β|=λ2

�

cR2
r

B(y)l

×
∣∣∣

1�

0

�

I×J
(−y′)β ∂βyKj(x− x′, y − sy′)a(x′, y′) dx′ dy′ ds

∣∣∣
2
dx dy

≤ C
∑

|β|=λ2

{ �

|y|≥r|J|1/n2/2

B(y)l
[ 1�

0

�

J

|(−y′)β |

×
( �

|x|≤|I|1/n1/2

∣∣∣
�

I

∂βyKj(x− x′, y − sy′)a(x′, y′)dx′
∣∣∣
2
dx
)1/2

dy′ ds
]2
dy
}

(by Minkowski’s inequality for integrals)

≤ C
∑

|β|=λ2

{ �

|y|≥r|J|1/n2/2

B(y)l
[ 1�

0

�

J

|(−y′)β |

×
( �

Rn1

| ̂∂βyK(1)
j (ζ, y − sy′)â(1)(ζ, y′)|2 dζ

)1/2
dy′ ds

]2
dy
}

(here â(1) means the Fourier Transform of a with respect to the first variable,

and a similar definition for
̂

∂βyK
(1)
j )

≤ C|J |2λ2/n2
∑

|β|=λ2

{ �

|y|≥r|J|1/n2/2

B(y)l
[ 1�

0

�

J

( �

Rn1

| ̂∂βyK(1)
j (ζ, y − sy′)

× â(1)(ζ, y′)|2 dζ
)1/2

dy′ ds
]2
dy
}

≤ C|J |2λ2/n2+1
∑

|β|=λ2

�

|y|≥r|J|1/n2/2

B(y)l
1�

0

�

J

�

Rn1

| ̂∂βyK(1)
j (ζ, y − sy′)

× â(1)(ζ, y′)|2 dζ dy′ ds dy

= C|J |2λ2/n2+1
∑

|β|=λ2

�

|y|≥r|J|1/n2/2

1�

0

�

J

�

Rn1

|B(y)l/2
̂

∂βyK
(1)
j (ζ, y − sy′)

× â(1)(ζ, y′)|2 dζ dy′ ds dy

≤ C|J |2λ2/n2+1
∑

|β|=λ2

�

|y|≥r|J|1/n2/2

1�

0

�

J

�

Rn1

|(1 + 22j |y − sy′|2)l/2

× ̂
∂βyK

(1)
j (ζ, y − sy′)â(1)(ζ, y′)|2 dζ dy′ ds dy
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≤ C|J |2λ2/n2+1
∑

|β|=λ2

�

J

�

Rn1

�

Rn2

|(1 + 22j |y|2)l
̂

∂βyK
(1)
j (ζ, y)

× â(1)(ζ, y′)|2 dy dζ dy′.
But

(15)
�

Rn2

|(1 + 22j |y|2)l
̂

∂βyK
(1)
j (ζ, y)|2 dy

≤ C
�

Rn2

∑

|v|≤l
|2j|v|yv∂βy K̂(1)

j (ζ, y)|2 dy

= C
�

Rn2

∑

|v|≤l
|2j|v|∂vη(ηβK̂j(ζ, η))|2 dη

= C
�

Rn2

∑

|v|≤l
|2j|v|∂vη(ηβmj(ζ, η))|2 dη.

Combining (14) and (15), we have
�

cR2
r

B(y)l|Tja|2 dx dy

≤ C|J |2λ2/n2+1
∑

|β|=λ2

�

J

�

Rn1

�

Rn2

∑

|v|≤l
|2j|v|∂vη(ηβmj(ζ, η))|2 dη

× |â(1)(ζ, y′)|2 dζ dy′

≤ C|J |2λ2/n2+1
∑

|β|=λ2

2n2j22j|β|
�

J

�

Rn1

|â(1)(ζ, y′)|2 dζ dy′

≤ C|J |2λ2/n2+12n2j22jλ2‖a‖2L2 .

The next to last inequality follows from (2). So

(16)
{ �

cR2
r

B(y)l|Tja|2 dx dy
}p/2

≤ C|J |λ2p/n2+p/22jn2p/22jλ2p‖a‖pL2 .

Combining (12), (13), and (16) yields

(17)
�

cR2
r

|Tja|p dx dy

≤ C|J |−lp/n2+p/2+λ2p/n22−jp(l−n2/2+λ2)rn2((2−p)/2)−lp.

If we set λ2 = 0 and λ2 = l in (17), we have

(18)
�

cR2
r

|Tja|p dx dy

≤ Crn2((2−p)/2)−lp min{|J |p/2−lp/n2 2−jp(l−n2/2), |J |p/2 2jpn2/2}.
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Observe that if we let Tia =
∑
j Tija, where

T̂ia(ζ, η) = m(ζ, η)φ̂(2−i|ζ|)â(ζ, η) ≡ K̂i(ζ, η)â(ζ, η)

and write �

cR1
r

∣∣∣
∑

j

Tija
∣∣∣
p

dx dy =
�

cR1
r

|Tia|p dx dy,

then by symmetry, we obtain

(19)
�

cR1
r

|Tia|p dx dy

≤ Crn1((2−p)/2)−kp min{|I|p/2−kp/n12−ip(k−n1/2), |I|p/22ipn1/2}.
Finally, there exist i0, j0 ∈ Z such that 2i0−1 ≤ |I|1/n1 ≤ 2i0 and 2j0−1 ≤
|J |1/n2 ≤ 2j0 . Because k = bn1(1/p− 1/2)c+ 1 and l = bn2(1/p− 1/2)c+ 1,
there is a σ > 0 such that

σ ≤ min{kp− n1(2− p)/2, lp− n2(2− p)/2}.
Thus inequalities (11), (18), and (19) respectively become

(20)
�

cR3
r

|Tija|p dx dy ≤ Cr−2σ min{2−(i+i0)(kp−n1p/2) 2−(j+j0)(lp−n2p/2),

2(i+i0)n1p/2 2−(j+j0)(lp−n2p/2), 2−(i+i0)(kp−n1p/2) 2(j+j0)n2p/2,

2(i+i0)n1p/2 2(j+j0)n2p/2}
(21)

�

cR2
r

|Tja|p dx dy ≤ Cr−σ min{2−(j+j0)(lp−n2p/2), 2(j+j0)n2p/2},

(22)
�

cR1
r

|Tia|p dx dy ≤ Cr−σ min{2−(i+i0)(kp−n1p/2), 2(i+i0)n1p/2}.

Consequently, for 0 < p ≤ 1 we have
�

cRr

|Ta|p dx dy =
�

cR3
r

|Ta|p dx dy +
�

cR2
r

|Ta|p dx dy +
�

cR1
r

|Ta|p dx dy

≤
∑

ij

�

cR3
r

|Tija|p dx dy +
∑

j

�

cR2
r

|Tja|p dx dy

+
∑

i

�

cR1
r

|Tia|p dx dy

≤ Cr−σ,
where the last inequality follows from (20)–(22). The proof is finished.
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