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Multiplier operators on product spaces
by

HunG VIET LE (Weatherford, OK)

Abstract. The author proves the boundedness for a class of multiplier operators on
product spaces. This extends a result obtained by Lung-Kee Chen in 1994.

1. Introduction. Fourier analysis and HP-theory on product domains
have recently been developed by many authors (for more detailed and com-
plete treatment of these matters, the reader may consult e.g. S.-Y. Chang
and R. Fefferman [2] and R. Fefferman [4]).

In 1987, Robert Fefferman gave a powerful theorem (see [4]), which ef-
fectively helps us study the boundedness of linear operators on the product
spaces HP(R™ xR"2). Thanks to this theorem, it suffices to check the bound-
edness of the linear operators acting on HP rectangle atoms, even though
such atoms are not dense in the product domains (see counterexample of
L. Carleson [1]). For convenience, we state Fefferman’s theorem below:

THEOREM 1 (see [4]). Let T be a bounded linear operator on L*(R™ x
R”™2). Suppose that if a is an HP(R™ x R"2) rectangle atom (0 < p < 1)
supported on R, then

S |T(a)P(x1,22) dxydxe < Cr=°  forallr > 2
CRT.

and some fixed o > 0, where °R,. denotes the complement of the r-fold
enlargement of R. Then T is a bounded operator from HP(R™ x R™2) to
LP(R™ x R™2).

Based on Fefferman’s Theorem and some ideas from [6], Lung-Kee Chen
proved the following theorem.

THEOREM 2 (see [3]). Let k= |n1(1/p—1/2)] +1, 1= [n2(1/p—1/2)]
+1, 0 < p < 1. Suppose m € C*(R™) x CY(R") and

0208m(¢,m)| < CICI7n| =171 for |al <k, 8] <.
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Then the multiplier operator Ty, defined on the Fourier transform side by
T f(Csm) = m(C,m) f(C,m), maps HI(R™ xR"?) boundedly to L?(R"™ xR"?)
forp<q<2.

REMARKS. (a) R. Fefferman and K. C. Lin [5] have obtained the above
result for the case p = 1 under a weaker hypothesis:
J [ 10e08m(¢.m)?d¢dn < Csy 2ot sy 200
51<|C] <251 s2<|n|<2s2

(b) It is worth to mention the theorem below, obtained by A. Nilsson [8].

THEOREM 3 (see [8]). Assume that m € C*(R™\ {0}) and
V>0 ileloom(Q)Pd¢ < 20@-0/a ez,
Aj lal<k
where k is the least integer > n(2 — q)/(2q), 1 < ¢ <2, and A; = {( €
R™ : 2771 < |n| < 291} Then the convolution by K = m maps H'(R™) to
L1(R™).
The purpose of this note is to obtain the same result as in Theorem 2,
but with a different hypothesis.
THEOREM 4. Let m be a bounded function in C*(R™) x C!(R"2), where
k=|ni(1/p—1/2)]+1, [=[n2(1/p—1/2)]+1, 0<p<1l
Suppose that
VoD D> 2il2dlogar ¢y m(¢,m))I* d¢ dn

AixA; |a|<k [BI<I ) o 2ilul 20|
niton |u v
< C2mMQn219 24711,

where A; = {¢ € R™ : 28 < [¢] < 2771} and a similar definition for A;,

sup { § 32 127700 mic,m)) 2 dn} < Comsizl,
CER™ A, i<

and
sup { S Z ‘Qi\a|ag<cum(<7n)>‘2dc} SCQ””Q%‘M_
neRn”2 A Jal<k

~

Then the linear operator T defined by ff((,n) = m(¢,n)f(¢,n) maps
HI(R™ x R™) boundedly to LI(R™ x R™) for p < q < 2.

Proof. Throughout the proof, C' denotes a constant which is not neces-
sarily the same each time it appears. The proof is an application of Theo-
rem 1, and the idea of the proof is closely related to that of [3].

Let a(z,y) denote an HP(R™ x R™) (0 < p < 1) rectangle atom such
that
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(a) a(z,y) is supported on a rectangle R = I x J, where I and J are
cubes in R™ and R™2 respectively,

(b) llallzz < RYV2ZVP = |I[V/2=4 e | gt /2=1/e,

(¢) §,z%a(z,y)dx =0 for all y € J and |a| < k, and

(d) §, 9y a(z,y)dy =0 for all z € I and |3] <1,
where k£ and [ are defined in Theorem 4.

By Theorem 1, it suffices to show that

S T (a)|P(x1,22) dxy dxe < Cr?  for all r > 2,
R,

and some fixed o > 0. R

Let ¢ be a smooth function on R such that ¢(¢) has compact support
{teR:1/2<[t| <2} and 3 ., ¢(277t]) = 1 for all £ # 0.

Let my; be defined by mi;(¢,n) = m(¢,n)(27¢)(277|n|) and let
Tz]f(Can) = ml](Can)f(Can) = (KU * f)/\(Can) It is clear that Tf =
Zi,j T f-

By Leibniz’s formula and the hypothesis of Theorem 4, we have

W § >0 D 2029agag ¢y miy (¢, m)I* d¢ dn

la|<k |B]<! ' o 4
< 0271112712322z\u|22g\y|7
2) sup { § 3 1271707 (7 m, (¢, )P dny < C2mdg¥,
CER™ M gnz |g1<y
(3) sup { S Z |2i|a\a&1(gumi(c7n))’2 dC} < 02n1i22i|u|?
MER™ D pni |al<k

where m; (¢, 1) = >;czmii(C,n) and mi(C,m) = >_ ;07 mij (€, ).
We now partition °R,. into three regions:
Cva“ = {(C777) : C € CI’I’a ne J2}7
‘RE={(¢,n):¢C€l,nec].}, °R®=°R,\ (‘RLU°R?).
We may assume that the center of the rectangle R = I x J is at the origin

(0,0) € R™ x R™. We then write

(4) E]’CL(ZU, y) = S K’L (':E - mlvy - y’)a(:p’,y’) dml dy/
IxJ

— § {Kole-oy-v)
IxJ

1. X
- ) Ky —y)(=a) }a(w’,y’)dm’dy’

|a\§)\171
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1

=)\ Z i' S S(l—t))‘lflagKij(:U—t:U’,y—y')

al
la|=x1  IxJO
x (—x)*a(z’,y") dt dz’ dy’

1

a2 a8 ] a- o et - ey - )

la|=x;  0IxJ

— Z — 6686“ (@ — tx’,y)(—y’)ﬁ}(—m')aa(x’,y') dy' dx’ dt

|BI<Az2— 1
11
= A9 Z Z /6'{ S SS t)>\1—1 (1 — 3))\2—1
=, & \ﬁ\ Ao IxJ00

x (—2)*(—=y)PO00 K, (x — ta',y — sy )a(a',y) ds dt da’ dy’}

where 0 < Ay <k and 0 < Ay <.

Notice that if Ay = 0 or A2 = 0, then we do not subtract the Taylor
polynomials appearing in (4) above.

The integral on the right-hand side of (4) is dominated by
(5) S |(=2")*( ’)Bafaﬁf(ij@ —tz' y — sy')a(2',y')| ds dt dz' dy’
X

1

O ey
O ey =

J

11
< H(IHL2{ISJ §§| 68680‘ Kij(x —ta',y — sy')|* ds dt dz’ dy/ } v
X

S ’I‘l/2*1/p+>\1/n1 ’J‘1/271/p+>\2/n2

11 s
X{ | SS\853§Kij($—tfﬁl,y—sy’)\stdtdx’dy’}
IxJO0O0

|I|1/2 1/p+>\1/n1|J|1/2 1/p+>\2/n2L (SC y)

We now estimate ., |Lqj(z,y)|P dz dy. By Holder’s inequality, we have

6) | |1Lij(z,y)|Pdedy
CRS

r

= | {A@) 2B (y) PP HA@) 2 B(y) 2 Lij (2,y)}? dx dy
¢R3

r
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_ _ _ .\ (2=p)/2
g{ S A(z)kp/ (=) B(y))~tp/ (2 p)}
CR3

r

p/2
X { | A@)*B@)!|Lij(@.y)? dv dy} .
cR%
Here A(x) =1+ 2207D|2|2 and B(y) = 1+ 2207V |y|2. Observe that

(2-p)/2
(7) { | Aw) /P B(y)~ /D) gy dy}
CR’Z,’:‘
< Cgfikpgfjlp’[’fkp/nﬁ(%p)/?‘J‘flp/n2+(27p)/2T.fkpflp+(n1+nz)(27p)/2

Meanwhile,
J A@)*B)'|Lij(x,y) [ da dy
CR?
_ S (1+22(i71)‘x’2)k(1+22(j71)’y‘2)l
CR?
11
X { X S S |858§‘Kij(x —ta',y — sy')|? ds dt da’ dy’} dz dy.
IxJ 00
Since (2/,y") € I x J, (x,y) € °R3, and 0 < s,t < 1, we have
|z — ta']
< g el < 2

Similarly, |y| < 2|y — sy’|. Therefore, the above integral is dominated by

®) | (1 +2%w—ta’ )P (14 27y — sy )
CR;’E
11
S H ]8’880‘1(” (z —ta',y — sy")|* ds dt da’ dy’ }dfvdy
IxJ00

11
<11 1 @+ —wP)a+ 2%y —sy?)
00 IxJR"™ xR™2

x |00 09 Kij(x — ta',y — sy')|* dw dy da’ dy’ ds dt

11
=T0 T a2y 2y
00 IxJR™ xR"2

X |85 02 Kij(z,y)|? dz dy dx’ dy’ ds dt
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<1 | (2% (1 + 2%y )0 05 Ky (2, )| da dy
R™1 xR"2

k! .
= ilul w2
RV <Zm'2 x|>
I! v|, v a
Z = ohk! 27171y ’2>|8581Kij($,y)|2 dx dy

R71 xR"2 N |u|<k
X (
lv|<i

<oy > ey alos Ky (x, y) P da dy

|ul<E |v|<IR™ xR™2

=cll-10 > > | fellarar((0gal ki) (¢, m)}? d¢ dn

lu|<Ek |v|<IR™ xR"2
=Cll-1al§ D0 Y RMMagan (o nmi; (¢ )| A dn
R™1 xR™2 |u|<k |v|<I

Here the last inequality follows from (1), and the last equality from |a| = A\;
and || = A2 (see (4)). Combining inequalities (6)—(8) yields
9§ 1Li )P dwdy < Ol kvl i=tofnagint /20—

°R} « 99P(n2/24+X2—1) .~ kp—Ip+(n1+n2)(2-p) /2
Consequently, if we combine (4)—(9), we have

(10) | [Tial dzdy
CR3

< O[T e R R L (0, )| VP da dy
< C’|I’P/2+>\1p/n1fkp/n1 |J|p/2+/\2P/n2*lp/n2
% 2—z‘p(k—n1/2—>\1)2—jp(l—n2/2—)\2)T__kp_lp+(nl+n2)(2_p)/2'

Now if we set Ay = 0 = Xg; Ay = k and Ay = 0; Ay = 0 and Ay = [; and
A1 =k, A2 = in inequality (10), we obtain

(11) | ITyaPdedy < Cr—te-trtnin)(@-n/2)

" x min{|I|P/2~kp/na| J|p/2=tp/n2 g =ip(k—n1/2)9=jp(l=n2/2)
mp/2|J|p/2—lp/n2 9ipn1 /2 2—jp(l—n2/2)’
|I’p/2—kp/n1 ’J|P/22—ip(k—n1/2)2jpn2/27

mp/2 ‘J‘p/22ipn1/22jpnz/2}_
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We now consider SCRQ |T;;al? dx dy. Let Tja =), T;ja. Observe that

Tya(¢,n) = m(Cn)d2 7 [nl)a(¢, m) = K;(C.n)a(¢,n).

We write
(12) S ‘ Z Tija .
°R2 i

< | B(y) " [B(y)"2(T;al)? dz dy

dx dy = S |T;alP dx dy
CR,?‘

CR%
S{ | Bly)~/CP) dwdy}(2_p)/2{ | B(y)’!Tjalzdmdy}m,
cR2 cR2

where again B(y) = 1 + 220~ |y|2. It is clear that

(2-p)/2
(13) { | By P dvdy}
CR2

r

< C|I|@P)/2 | g|~tp/nat(@=p)/29=jlppn2(2=p) /2=1p

For the estimate of .., B(y)!|Tja|? dz dy, we write

Tja(z,y) = K;j xa(x,y) = S Ki(z — 2,y —y)a(z',y") da’ dy’

IxJ
- [ K-y
IxJ
— Z ﬁaﬂK (:1:—x’,y)(—y’)ﬁ}a(m',y’)da:'dy’
[B]<A2—1
] 1
=2 Z 3 S S(1—5))‘2_185Kj(:6—x',y—sy’)(—y')ﬁa(:ﬁ’,y’)dsd:c’dy’.
1B]=X2 " IxJ0
Thus

1

(14) | B |Tyal?dzdy = | By)'|r2 > %S | @—sr!

°R2 cR2 IBl=A> T 0IxJ

2

X 85Kj(:1: — 2’y — sy ) (—=y)Pala,y) da’ dy' ds| dxdy
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<oy |

|B]=A2 °R2

2
S (—y")P 85Kj (x — 2,y — sy )a(z',y') dx’ dy ds‘ dx dy
X

ey {§ Bw[{liey

IBI=X2  |y|>r|J|V/"2 /2
1/2 2
> dy’ ds} dy}

(by Minkowski’s inequality for integrals)

Zj{ | @Hgy&yw

A2 fylzrl |2 /2

2
x | ‘ VUK (x — o',y — sy)a(a’, y/)da
el < 1[/m1 /2 1

18]
< (5 15Ky sy a (P ac) ' ds) ay)
R71

(here @) means the Fourier Transform of a with respect to the first variable,

and a similar definition for 85 KJ(D)

<clpee 3L ']

B1=A2 Iy\zrlJ\l/”Z/Q

O ey

I (
J
x a“J<<,yv|2dc)l/zdy'ds}Qdy}

<cppeet Y B
0J

1BI=Az2 |y|>r|J |/ 2 /2

107K ¢y~ )
Rn1

S aﬂK(l) ¢,y )
R”1

x aM (¢, y")* d¢ dy’ ds dy
1

—opPemt ST ] 1B KD (- sy)

[Bl=Xz2 |y|>r|J|t/n2/2 0 JR™

x a(¢,y) 2 d¢ dy’ ds dy

1
< C,J,Z)\z/anrl Z S S S S 1+227\y—sy’\2)l/2
1B1=A2 |y|=r|J[1/m2/2 0 J

X 65[(3('1)@; y— sy )a (¢, y)? d¢ dy’ ds dy
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i /\1
<clgprmtt 37§ a2 ol K (Cy)
|B]=X2 J R71 R72
x @ (¢ y)|* dy dcdy'.
But

(15) | 1@+ 2¥ ) oK (C oy dy
R72

<C >yl KD (¢ y) P dy

R"2 |v|<I
=C | > 2ar(mP K (¢.n))2 dny
R™2 |v|<I

=C § 30 o my (¢, dn,

R"2 |v|<1

Combining (14) and (15), we have
S B()'|T;a)? dx dy

cR%
< clgPe/rett Y Ty Y R my (¢ dn
18]=A2 J R™M R"2 |p|<I
x [a ¢,y d¢ dy'
< Ol o2 @ (¢ y)P A dy'
18l=A2 J RM
< C|J|2/\2/n2+12n2j22j/\2||a||%2'
The next to last inequality follows from (2). So
p/2 , _
(16) { S B(y)l]Tja\Q dxdy} < C‘J‘A2P/n2+p/22]n2p/22j>\2pHauliz'
cRg
Combining (12), (13), and (16) yields

(17) S |Tjal? dx dy
cR2
’ < C|J| e/ natp/2Ehop/n2 g —ip(I=na/24X2) pna((2-p) /2)~lp
If we set Ao =0 and A2 =1 in (17), we have

18) | [TyalP dzdy
CR2

r

< Orn2(@-p)/2)=lp min{mp/%lp/nz 9 ip(l=n2/2) | J[P/2 g9Pn2/21
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Observe that if we let T;a = Zj T;ja, where
Tya(C,n) = m(C.m)d(27 |¢))al¢, n) = Ki(¢,m)a(¢,n)

S ‘%:Tija

cR1

T

and write

P
dr dy = S |T;a|P dzx dy,

CRT

then by symmetry, we obtain

(19) | |Tial? dudy
CR;’[«
< Orm(2=p)/2)=kp min{’[‘17/2*’617/711Q*z‘p(k*nl/?)7 ’]‘p/22i1m1/2}.

Finally, there exist ig,jo € Z such that 2%°~1 < |[|}/™1 < 2% and 2/0~1 <
|J|}/m2 < 270, Because k = |n1(1/p—1/2)] +1and [ = [na(1/p—1/2)| +1,
there is a ¢ > 0 such that

o <min{kp —n1(2 —p)/2, lp —na2(2 —p)/2}.
Thus inequalities (11), (18), and (19) respectively become
(20) S |TijalP dx dy < COr—2° min{zf(iﬂo)(kp*mp/?) 2~ (G+jo)(lp—n2p/2)

CR?\
9(i+io)nip/2 2—(j+jo)(lp—n2p/2)7 9—(i+i0)(kp—n1p/2) 2(]’-&-]‘0)?1217/27

9(itio)nip/2 9(i+io)nap/2y

21) | [TyalP dzdy < Cr™7 min{2=UH0)tp=nap/2) - oltio)nap/2),
cR2

(22) S |Tya|P dody < Cr—° min{zf(iJrio)(kp*mp/?)7 2(i+io)n1p/2}.
cR1

T

Consequently, for 0 < p < 1 we have

S |Tal? dedy = X |Tal? dx dy + S |Tal? de dy + S |Tal? dx dy

°R, °R3 °R2 Ry
< Z S |Tz‘ja|pd$dy+z S Tjal” dz dy
ij ©°R3 J °R2
+Z S |T;alP dx dy
i <Rl
SCT—Gv

where the last inequality follows from (20)—(22). The proof is finished.
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