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Separation properties for self-conformal sets
by

YuaNn-LING YE (Hong Kong and Guangzhou)

Abstract. For a one-to-one self-conformal contractive system {w;}7"; on R? with
attractor K and conformality dimension «, Peres et al. showed that the open set condition
and strong open set condition are both equivalent to 0 < H*(K) < co. We give a simple
proof of this result as well as discuss some further properties related to the separation
condition.

1. Introduction. Let Uy C R? be a bounded open set. Let w; : Uy — Uy
(j = 1,...,m) be contractive maps and suppose there exists a nonempty
compact subset X C Uj such that w;(X) C X for each 1 < j < m. Then
there exists a compact subset K C X such that K = [JIL; w;(K). We
say that {w;}7., satisfies the open set condition (OSC) if there exists a

nonempty bounded open set U C Uy such that

wj(U) CU and w;i(U)Nw;j(U)=0 fori=#j.
Such a U is called a basic open set for {wj};":l. If moreover U N K # (),
then {w;}72; is said to satisfy the strong open set condition (SOSC). In [S],
Schief made use of an idea of Bandt [BG] and showed that for similitude,
the two conditions are equivalent, and furthermore they are equivalent to
0 < HY(K) < oo where « is the similarity dimension of K.

Recently, Peres, Rams, Simon and Solomyak [P] extended Schief’s the-
orem to self-conformal maps. A simple proof was also given by Lau, Rao
and the author for the equivalence of the OSC and SOSC [L]. In a private
communication, Peres asked if there is a short proof of the equivalence to
0<HY(K)<oo. In this note we answer his question affirmatively. The main
idea and some of the proofs are already in [L] and [FL]; we will modify them
to fit our purpose. In [LX] Lau and Xu considered the boundary dimension
of self-similar sets. We extend some of their results to self-conformal maps.
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For one-to-one contractive self-conformal IFS {wj};”:l, we define the

conformality dimension of the IFS to be the (positive) number « such that
the Ruelle operator Ty, : C(K) — C(K) defined by

Z!’w )| f(w;(z))

has spectral radius 1 [FL]. We let H® be the a-Hausdorff measure.

We prove Theorem 1.1 below by constructing a basic open set U which
satisfies both the SOSC and dimp(K \ U) < «. The key to the proof is
Lemma 3.4. Furthermore we remark that in the previous considerations of
self-conformality, it was additionally assumed that the open set U in the
OSC is connected (see e.g. [MU], [P]); we will see that this assumption is
redundant (Lemma 2.1 and the remark there). Our basic results are:

THEOREM 1.1. Let {fwj}m,1 be a one-to-one self-conformal contractive
IFS with {|w}(x)[}7L, satzsfymg (2.1) and the Dini condition. Then the
following are equwalent

(1) {w;}72, satisfies the OSC.
(ii) {w;}jL, satisfies the SOSC.
(i) 0 < HY(K) < o0.

THEOREM 1.2. Let {w;}]L; be as in Theorem 1.1 and satisfy the OSC.
Then there exists a basic open set U such that dimpg(K \ U) < a.

2. Preliminaries. Let {w]} " | be self-conformal on Uy (i.e. for each j
and each x € Uy, w)(z) is a self—smular matrix and [w/(-)| is continuous).
We assume that there exists a nonempty compact set X such that X C Uy,
and for each 1 < j < m, w;(X) C X, w; is one-to-one on Up and |wi(-)| is
Dini continuous on Uy with

(2.1) 0 < inf |wi(z)] < sup |wi(z)] <1 foreach 1< j<m,
zeUp zeUy

where |w(z)| := |det w}(x)|1/d is the operator norm of the matrix wj(z)
on R?. Enlarging X to Xo C Uy by taking a d-neighborhood, we can show
easily from the contractiveness of w;’s that there exists &’ such that

U wy(Xo) C Xo for any k > K
|T|=k

where J = j1...jk, 1 < j; <m, wy =wj, o...ow,,. Hence we may assume
without loss of generality that X° = X and B(K,d) C X° for some § > 0
(B(K,0) denotes the open d-neighborhood of K).
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Weset J ={J=j1...n:1<7j; <m,n € N}, and for any J € J
define

Kj;= 'LUJ(K), ry = inf |wi]($)‘7 Ry = sup \wf](:v)\
iEEUO IEUO

LEMMA 2.1. Suppose X and {w;}., are defined as above.
(i) There exists a ¢y > 1 such that

(2.2) Ry<ciry foranyJ e J,
(2.3) cl_lr[rj <rrg<ecrmry foranyl,JeJ.

(ii) There exist ca>c1 and 6 > 0 such that for x,y,z€ X with |x—y| <9,
(2.4) ;' w(2)] < [ws(z) = ws(y)l < colwy(z)|  forany J € J.

|z =yl

(iii) There exist c3 > co and ko such that for any z,y € X,
(2.5)  Jwy(z) —wi(y)| <ecsrjlz—y| forany J e T with |J| > ko.

Proof. The proof of (i) and (ii) is in [FL, Lemma 2.3]. We include the
proof of (ii) for completeness. For any = € X, there exists §, > 0 such
that B(z,d;) C Up. Since X is compact, there exists § > 0 (the Lebesgue
number) such that for any z,y € X, if |z — y| < 4, then z,y € B(z',d,) for
some ' € X. For such z,y € X, we have w;(x), w;(y) € B(y',0,) for some
y' € X. Then the self-similar property of w; implies that
(2.6) jwy(z) —ws(y)| < Rylz —yl.
On the other hand, let u () be the inverse of w; on B(y', §,/) Nw s (B(2', 6,)),
ie.,

us(z) :=w; (x) for any x € B(y,d,) Nwy(B(2',,)).
Then
R}l < |uj(x)| < r;l for any x € B(y',0,) Nwy(B(',8,)).
By the self-similar property of w(-), we deduce that B(y/, 6,/ ) w.j(B(x', 04))
is convex connected, hence similarly to (2.6), we have
ug(w(2)) = wg(ws(y)) < r5tlwy (@) —wsy)]-

Consequently, rj|z — y| < |ws(z) — ws(y)] < Rs|zr — y|. This together with
(2.2) implies (ii).

(iii) follows directly from the choice of § and (ii). m

To make use of the local connectedness of X, we take 0 < € < 2_103_15.
Then 2c3e < §, and hence by the assumption on X, we have
(2.7) B(K,c3e) C X.

For J € 7, let
GJ = U}J(B(K,E))
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Consequently, by (2.7) and (2.4), we have for any x € K,
(2.8) B(wy(z), ey ery) Cwy(B(x,e)) € B(wy(z),caery).
It follows that

(2.9) B(K],CQ_IETJ) = U B(wJ(a:),cglerJ)
zeK
CGy= U wy(B(z,¢)) C U B(wy(z), coery)
zeK reK
= B(KJ,CQETJ).

We remark that in [MU] and [P] the connectedness of X was used to
apply the mean value theorem so as to deduce (2.8) and (2.9); the above
argument shows that the local connectedness of X is sufficient. Hence we
can study separation properties without assuming the connectedness of Uy
so long as we regard the relevant sets as unions of subsets whose diameters
are less than §.

For 0 < b <1, we let

/lb = {J = j1 .. jn T gn <b < T‘jlmjn—l}‘
As in [L], our most crucial difference from [S] and [P] is the following in-

ductive way of defining an index set A(J),J € J: Let ko be as in Lemma
2.1(iii). For J with |J| = ko, we define

A(J) = {I S AdiamGJ KNGy 75 @}
Supposing A(J) is defined, for any 1 < j < m, we define A(jJ) = AU B
where
A={jl: 1€ A(J)}, B={Il€ Agiama,, 11 #jand K;NGj; #0}.

(Note that in [S], the A(J) is defined as {I € Agiama, : Kr NGy # 0}.) It is
easy to see from the construction that each I € A(J) is of type either A or
B, and K;NG; # (); also K; and K j are comparable in size by the following
lemma.

LEMMA 2.2. Suppose {w;}7", is as in Lemma 2.1. Then there exist ki

and c4 > 0 such that CZI <ryfrr < cq forall I € A(J) and J € J with
| J| > k1.

Proof. The idea is in [L, Lemma 3.1]; we modify it to fit our purpose.
Let k1 > kg be such that

min{|I|: I € A(J) and |J| > k1} > ko.
For any I € A(J) and J € J with |J| > ki, we consider two cases:
(i) If i1 # j1, by the construction of B, we have I € Agiamc,. Then
(2.10) ry <diamGy <1y ., < cr g
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where r = minj<j<m{r;}. As ¢ < 27lez'§ < 4, it follows from (2.4) that
diam Gy > cglsm. Hence
(2.11) 02_1671] <diam Gy < crry.

Also by (2.9), we have diam G ; < 2c9ery + |Ky|. Then by (2.10) and (2.5),
it follows that

(2.12) rr < diamGy < 63(26 + |K‘)7"J.
Hence (2.11) and (2.12) imply that there exists a > 0 such that
(2.13) at <ry/rr <a.

(ii) If 41 = j1, we write
J=g1- - qi et gn=g1---3Jds T=j1. . gidg1.im:i=7j1...51
where ;11 # i;41. Then by the construction of A, we see inductively that
I' € A(J") and by (2.13), a=! < ry//rp < a. Together with Lemma 2.1(i),
this implies that
(ac?)™t <rj/r; <acl.

If we let ¢4 = ac?, then the lemma follows from the conclusion of the two
cases. m

We remark that for fixed Jy € J, the construction of the set A implies
trivially that
AGI) 2 GI: T € AR}, j=1,..,m.

The key to proving the SOSC is to find Jy such that equality holds (Lem-
ma 3.4 below). In this case the set B is empty.

3. The proof of the main results. We need a few notations and
lemmas. For any two subsets E, F' in R?, we define
D(E,F)=if{lx —y|:x € E,y € F},
d(E,F)=inf{e: E C B(F,e), F C B(F,¢)}.
LEMMA 3.1 [FL, Lemma 2.8]. Let w be conformal and invertible, let D

be a Borel subset in the domain of w, and 0 < H*(D) < oo. Then we have
the following change of variable formula:

H(w(D)) = | [ (z)|* dH" ().
D

LEMMA 3.2. Let {w;}7"; be as in Theorem 1.1. Suppose 0 < H*(K)
< 0o. Then

HY K NKy;)=0 for any incomparable I,J € J.
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Proof. Since T, has spectral radius 1, by [FL, Theorem 1.1], there exists
0 < h € C(K) such that h(z) = >, |wi(z)|*h(w;z). Then

Z h(z)dH(z) > | h(z)dH(z) = | h(z) dH*(2)

Jj=1K; U’." K; K
SZ )| *h(wjz) dH(z) = > g h(z) dH (z).
=1 j=1K

(The last equality follows from Lemma 3.1.) This implies that HY(K; N Kj)
= 0 for any i # j. It follows immediately that H*(K; N K;) = 0 for any
incomparable I,J € J. u

LEMMA 3.3. Let {w;}7"; be as in Lemma 3.2. Then there exists g > 0
such that for any L € J,
[wr(:) —ws(llew) = dore  for any I, J € A(L) with I # J.

Proof. Since 0 < H*(K) < oo, there exists an open set U such that
K CU C X and
0<HYU) <HYK)+1 < 0.

Let ¢; and § be as in Lemma 2.1 and let 0 < n < 2_101_0‘. There exists an
open covering {V;}" ; of K such that

(3.1) KCV:= UVz‘QU, § :=D(K,V°) <6,
=1
(3.2) 0 < HY(K) <H(V <Z\V\a (14 n)H*(K).

For any I,J € A(L), assume Wlthout loss of generality that H*(Kj) <
HY(K ). Then for any given ¢ satisfying c¢{'n < ¢ < 1, we have

(3.3) eH*(K1) < HY(K ).
We claim that d(Ky, Kj) > §'r;. Otherwise, by (3.1) and Lemma 2.1(ii),
we have D(Kr,wr(V°)) > ¢'rr, and then K; C wy(V). Hence by (3.3) and
Lemma 3.2, we have
(1+e)H* (K1) < H*(Kp) + HY(Ky) = H* (K1 U Ky) < H*(wi(V)).
This together with (3.2) implies that
erfHY(K) < eHY (K1) < HY(wr(V\ K)) < (c1r)“HY(V \ K)
< (arp)*nH*(K).
(The first and third inequalities follow from Lemmas 3.1 and 2.1(i).) Then

e < cf'n, which contradicts the choice of ¢. The claim is proved, and the
lemma follows. =
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LEMMA 3.4. Let {w;}72, be asin Lemma3.2. Theny := sup|y|>y, fA(L)
< oo. If Jo € J is such that |Jo| > k1 and $A(Jo) = 7, then
(3.4) AL Jo) ={1J : J € A(Jp)} forall I € J.

Proof. Let cs3, ¢4 and dg be the constants given in Lemmas 2.1, 2.2 and
3.3 respectively. Let 6’ = (3czcs) 1dp. We can find a finite set Z C K
whose ¢’-neighborhood contains K. For any L € J with |L| > k; and for
all different I,J € A(L), by Lemma 3.3, there exists x € K such that

|lwr(x) —wy(z)| > dorr. For that = there exists z € Z such that |z — z| < ¢';
then by (2.5) and the choice of k1 (see the proof of Lemma 2.2), we have

lwr(z) —wr(2)] < Lorr and  |wy(z) — wy(z)| < $00rL.

It follows that for any different I, J € A(L), there exists some z € Z such
that

(3.5) lwr(z) —wy(z)| > %507“,;.
For each z € Z, set
P.(L)={I € A(L) : 3J € A(L) such that (3.5) holds}.
Hence (3.5) implies that
A(L) = | P.L).
2€Z
To prove sup|z|>y, §4(L) < oo, we observe that for each z € Z, the sets
{B(wi(2),%60rr) : I € P.(L)}

are disjoint by (3.5) and are contained in B(Gp,diam K; + %5071) by the
definition of A(L). By Lemma 2.1(iii) and Lemma 2.2, there exist ¢ > 0 (in-
dependent of L) and = € K such that B(GL, diam K7+ %507“,;) C B(z,crr).
By a simple volume argument, we deduce that there exists an ¢ (independent
of L) such that max,cz §P,(L) < ¢. Then

FA(L) < 87 - maxtP.(L) < £ 2.
ze
We conclude that v = sup)z>y, #4(L) < co. Hence there exists Jy such that

|Jo| > k1 and §A(Jo) = 7.
To prove (3.4), we have remarked after the definition of A(J) that

AGJo) 2451 : T € A(Jo)}y,  j=1,...,m.

On the other hand, the choice of Jy implies that §{IJ : J € A(Jy)} = 7.
Thus the definition of v implies that §4(/Jy) =~ also and (3.4) follows. =

Proof of Theorem 1.1. Tt is obvious that (ii) implies (i). That (i) implies
(iii) is shown in [MU] and [FL]. We have to prove (iii)=-(ii). The proof needs
only a small modification of [S] and is the same as in [L]; we include it here
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for completeness. Let Jy € J be as in Lemma 3.4. For any fixed 1 <[ <m
and J = j1...j, € J with j1 # [, we consider the family

K = {KL L e AdiamGJJO with [; = l}

where [ is the first element of the multiple index L. Then K; is a cover of K.
Since ji # 1, (3.4) implies that L ¢ A(JJp). Then by the construction of
B, K1, NGy, = 0. Hence by (2.9), we have D(K 1, K;j,) > ¢; 'eryy,, which
implies

(3.6) D(K;, Kyj,) > ¢y eryy, for l # ji.
Now we let G* = w;(B(K,2 ¢, %)) and
JeJg

We claim that the U satisfies the condition of the SOSC. Indeed, U is a
bounded open set, U N K # () and

w;(U) = U wi(Gyy,) = U G]JJO
Jeg Jeg
Now we prove that

For otherwise, there are I, J such that GJ; 5 OG; Jis 7 (). We assume 7,1, >

Tj.7.J,- Let y be in the intersection; then there exist y; € K15, and y2 € K1y,

such that .

1 c, €
d(y,y1) < ca- =€ Tirg < 2 rirgos
2¢;5 2
1 e le
d(y,y2) < ca-z=€-1jjp < 2 1,
2¢;5 2

Then d(y1,y2) < cglsriuo. Hence
D(K;1 4, Kj) < 02_1673”0,
which contradicts (3.6). This completes the proof. =
LemMA 3.5 [FL, Theorem 2.9]. Let {w;}72; be as in Theorem 1.1 and

satisfy the OSC. Let v = H%| k. Then v is an invariant measure for Ty, i.e.,
Trv =v.

Proof of Theorem 1.2. By assumption and Theorem 1.1, we have 0 <
HY(K) < oo. We recall the proof of Theorem 1.1 and let U be as constructed
there. To prove dimy (K \U) < a, let p = H*(K)~"H®. Then by Lemma 3.5,
w4 is an invariant probability measure of T,, i.e.,

(37) p=> (1w (a)"m) 0wy
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Let k :=|Jp|. Then by Lemmas 2.1 and 3.1, we have

(3.8) WK gy) > 7o

for any L € 7,

(3.9) WKL) = HO(K) ™ |wl (wm)|*|wly, (2)|* dH (x)
K

> rirg, > ¢ “rg,u(Kr).

For any integer n, let

n—1

U.=J U G

=0 |J|=kt
Then U,, CU. Let
J(n)={j1- Jkn 1 < ji <mi,
£n={L=l1...lknEj(n):lkg+1...lkg+k7éjo V0§€<n}.
For any J with 0 < |J| = k€ < kn, we deduce from K = (Ji_, w;(K) that
(3.10) Kjj =wyj(K)= U Kz
|J'[=k(n—1)—|J|
Then

n—1 n—1
311) KN\UCK\U,=K\|J |J @ncx\U U Kin

(=0 |J|=kt (=0 |J|=kt
n—1

— C
(=0 |J|=kt |J'|=k(n—1)—|J| LeL,

We need to estimate the value of H*((Jpc,, Kr). For this we will prove
inductively that

(3.12) Z w(Kp) < (1 —cy%rg,)" for any n.
LeLl,

Indeed, by Lemma 3.2, we have u(K; N Ky) = 0 for any I,J € L, with
I # J. This together with (3.8) implies that

> k) =p( U Ki) =1-plKn) <1- 65,
Lely L#Jy
|L|=k

Assume that

3 (L) < (1 - g™
LeLl,
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Since Z\J\:k w(Kpy) = p(Kp), we have

SoonE) = D> wKL) = Y wKrg)

LELyi1 LeLn |J|=k LeLy,
= > w(Kr) = Y w(Krg)
< D p(EL) =, Y p(KL) by (3.9)
LeLly, LeL,
= (1—c;%r9) D w(Kr) < (1—ey®rf)(1— e )"
Lel,
= (1—erorG),

Let 0y, := max{diam K, : L € £,,} and r = min;<j<m,{r;}. Take

log(1 — ¢ )

fr=a- klogr

Then 3 < a. Set ¢4 = (c3diam K)P. Then for large n, we have

H? (K \U) <Hﬁ< U KL> < Y (diamKp)’ by (3.11)

LeLl, LeLl,
< Z (carp diam K) B=cy Z T =4 Z ’I“g_aT% by (2.5)
LeLn LeLn LeL,
< ey (r"’f@**a) 3 M(KL)> < ey (PO (1 = rorg ) < ey by (3.12).
LeLl,

Since lim,, o0 0, = 0, we obtain HA(K \ U) < ¢4 < 00, hence dimy (K \ U)
<G =

COROLLARY 3.6. Let {w;}}]; be as in Theorem 1.2. Then
dimg(w;(K) Nw;(K)) <a  fori# j.

Proof. Let Jy and ( be as in the proof of Theorem 1.2. Using (3.12),
we can show similarly to [LX, Theorem 1.6] that dimpy(w;(K) N w;(K))
<fB<am

THEOREM 3.7. Let {w;}7", be as in Theorem 1.2. If there is a basic
open set U such that U\ UL, w;(U U) # 0, then dimyg K < d.

Proof. Suppose that dimy K = d. Since {w;}7"; satisfies the OSC, we
know from [FL, Theorem 2.7] that Ty has spectral radlus 1,i.e., a = d. Since
U\ UjL, w;(U) is an open subset of R?, the proof will be ﬁnished if we can
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show that He(U \ UjL, w;(U)) = 0. For this, let

(3.13) V=U\Jwi(T
j=1
We claim that
(3.14) wiV)Nwy;(V)=0 VI, JeJ, I#J.

In fact, for I, J comparable, we have J = [1y. Since U is a basic open set,
we have

(3.15) wi(U)cU and w;(U)Nw;j(U)=0, Vi#j.
Therefore wy, (V) C UL, w;(U), and thus wg, (V) NV = (. Hence
wr(V)Nws(V) Cwr(VNnw,(V)) = 0.

If I, J are incomparable, let I =iy ...4p, J=ji...j; and r=min{k : i #ji }.
Define Iy =iy ...43,—1. By (3.13) and (3.15), we have

wi(V) Nwy (V) € wry(wi, (U) Nw;, (U)) = 0.

This completes the proof of the claim.
By (3. 14) and Lemma 3.1, we have

(3.16) ZS > wh(@)|* dH(x) Z > HAwy(V

n=1V |J|=n n=1|J|=n

_ Hd( U wJ(V)) < HYU) < oo
JeJg
On the other hand, for any fixed yp € K and any z € X, by Lemma 2.1(i),

—d d d
c1 “lwi(yo)l” < [wi(@)]".

Y W)t < Y @)tz e X

|7|=n |7|=n
Since a = d, it follows from [FL, Theorem 1.1] that
lim Z lw’;(:)|* = h(-) uniformly on K
|J|=n
where 0 < h € C(K) is the 1-eigenfunction of the Ruelle operator T;. Then
e By HV) = e tim § S ()| (a)
V [ J|=n
< hmlnfx Z lw'y(z)|¢ dH (z).
V| J|=n
By (3.16), the right side is 0, hence H4(V) = H(U \ Uiz, w;(U))=0. =

Hence
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COROLLARY 3.8. Let {w;}7, be as in Theorem 1.1. If a = d and
HAUK) > 0, then K° # () and dimp 0K < d.

Proof. Let U be the basic open set constructed in the proof of Theo-
rem 1.1. By assumption and Theorem 3.7, we have Hd(U\UT:1 w;(U)) =0.
Then

U= Jw@)
Jj=1

By the uniqueness of the invariant set K, we have K = U, and then K° D
U # (. In view of the proof of Theorem 1.2, we have

dimy 0K < dlmH(K\U) <d =
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