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The topological entropy versus level sets for interval maps
by

Jozer BoBok (Praha)

Abstract. We answer affirmatively Coven’s question [PC]: Suppose f: I — I is a
continuous function of the interval such that every point has at least two preimages. Is it
true that the topological entropy of f is greater than or equal to log 27

0. Introduction. The aim of this paper is to estimate the topological
entropy of an interval map knowing the cardinalities of its level sets.

The topological entropy as a numerical measure for the complexity of
a dynamical system is deeply studied in various contexts. One direction of
possible research concerns the connection between entropy and level sets for
a continuous (differentiable) map. Several interesting results have already
been found—see for instance [Bo], [Ly], [MP], [MS]. However, many ques-
tions remain open even for interval maps. Our goal is to show one very
particular result (Theorem 3.3), the proof of which is neither immediate nor
easy. The solution is based on known strong results (Theorems 1.1 and 1.3)
concerning the topological entropy and symbolic dynamics. We suppose that
our proof can partially explain some difficulties that we meet when similar
questions are considered in other topological dynamics.

Let I = [a,b] be a closed real interval and let Lo(I) be the set of all
continuous functions mapping I into itself that satisfy the condition

(1) Vy eI card f~'(y) > 2.
We show the following.

THEOREM 3.3. The topological entropy of f € Lao(I) is greater than or
equal to log 2.

The problem of entropy of maps from Ly (I) has been stated by E. M.
Coven in [PC]. The idea why the entropy of any map f from Lo(I) should
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be at least log 2 is not difficult and is based on a natural approach described
below.

DEFINITION 0.1. Let (X, p) be a compact metric space, f: X — X be

continuous and Sy, S7 C X be closed. We say that the sets Sy, S1 create a
2-horseshoe if f(Sp) N f(S1) D SoUS; and Sy N Sy = 0.

As an easy consequence of the definition of topological entropy we obtain
the following [DGS].

PROPOSITION 0.2. Let (X, 0) be a compact metric space, and f: X — X
be continuous. If the sets Sp, S1 C X create a 2-horseshoe then the topological
entropy of f is greater than or equal to log 2.

Now, for f € Lo(I) define the set Sy, resp. Si, as the closure of the
minima, resp. maxima, of f~!(y), y € I. Then f(So) = f(S1) = I. If
SoNS1 = 0 then in accordance with Definition 0.1 the sets Sy, S; create a 2-
horseshoe, hence by Proposition 0.2, ent(f) > log 2. In general, for f € Ly(I)
the intersection Sy N S7 can be finite or even countable—we show this in
Lemmas 2.1 and 2.2. Thus, the sets Sy, .51 sometimes create an “almost”
2-horseshoe and one can assume the bound log 2 again.

However, Sg N S7 can contain the whole trajectory, hence all itineraries
of one point taken with respect to Sp, S1 give all 0-1 unilateral sequences.
Then the corresponding shift map has entropy log 2. At the same time it is
not clear what is the entropy of f in this case. As the reader will see, the
detailed analysis shows that there are sufficiently many points with different
trajectories giving entropy log 2 that are far from the intersection Sp N 5.

The conclusion of Theorem 3.3 is rather delicate. One can easily find an
interval map of zero entropy that does not satisfy (1) exactly for one point
from I. Moreover, it is easy to see that a result analogous to our theorem
does not hold for continuous circle maps.

The paper is organized as follows:

In Section 1 we give some basic notation, definitions and known results—
Theorems 1.1 and 1.3.

Section 2 is devoted to the lemmas used throughout the paper.

In Section 3 we prove the key Lemma 3.1, Corollary 3.2 and Theorem 3.3.

1. Definitions and known results. We denote by N the set of positive
integers.

We work with some topological dynamics (X,T), where X is a compact
metric space and T: X — X is a continuous map. (X,T) is minimal if for
each * € X the set {T%(z): i € N} is dense in X. A subset M of X is
T-invariant if T(M) C M. We say that M C X is minimal (in X) if M is
closed, T-invariant and (M, T|M) is minimal.
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Let ¢ be a metric on the space X. For the notion of topological entropy we
use Bowen’s definition [DGS]. A set E C X is (n,¢)-separated (with respect
to T) if, whenever z,y € E,  # y then maxo<;<,—1 o(T(z), T (y)) > €.

For a compact set K C X we denote by s(n,e, K) the largest cardinality
of any (n,e)-separated subset of K. Put

1
ent(T, K) = lim limsup — log s(n, e, K)
e—0+ n—oo N
and ent(7") = ent(7, X ). The quantity ent(7") is called the topological entropy
of T
A topological dynamics (Y, 5) is a factor of (X, T) if there is a continuous
surjective factor map h: X — Y such that hoT = S o h. The following
theorem can be found in [Bo].

THEOREM 1.1 ([Bo]). If (Y, S) is a factor of (X,T) then
ent(S) < ent(T) < ent(S) + sup ent(T, A1 ({y})).
yey

As usual, the w-limit set wr(x) of x € X consists of all the limit points
of {T%(z): i € N}. A point # C X is called periodic of period n € N if
T™(x) = x and T*(z) # z for 0 < k < n. The set of all periodic points is
denoted by Per(T'). A normalized Borel measure p on X is T-invariant if
w(T~YE)) = u(E) for each Borel set E C X.

Now we list several useful properties of w-limit and minimal sets. As is
well known they can be considered in any topological dynamics (X, T).

LEMMA 1.2. (i) For each x € X, the w-limit set wr(x) contains some

minimal set.
(ii) Any minimal set in X is either finite and then a periodic orbit of T,

or infinite and then uncountable.

(iii) If (X, T) is minimal and a measure p on X is T-invariant then either
X is finite and then p is atomic, or X is infinite and then u is nonatomic.
In any case supp = X.

(iv) Let M C X be minimal in X . If M is infinite then for each countable
closed set C C M and x € M,

<i<n-—-1:1T¢
fim card{0 <i<n-—1 T(.CC)GC}:

n— oo n

0.

(v) Let wp C X be an w-limit set. Then T(wr) = wr and if for some
open G we have ) # G1 = G Nwr C wr then T(GH) ¢ Gy. In particular,
p € Per(T) Nwr is not an isolated point in wr.

Proof. See [DGS] for (i)—(iii) and [BC, Lemma 3, p. 70] for (v).

Let us prove (iv). Notice that by our assumption and (ii), M is uncount-
able. Suppose to the contrary that there is an increasing sequence {k,}5%
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such that Clhn. 2)
. n» X
R
where C(n,z) = card{0 < i < n—1: T%(x) € C}. Then, using the standard
method [DGS, Prop. 2.7], we can find an atomic T-invariant measure p for
which p(C) > 0 and supp p C M—a contradiction with (ii) and (iii). =
We use the symbolic dynamics [DGS]. Consider Ny = {0,1} as a finite
space with the discrete topology, and denote by {25 the infinite product space
Hfio X;, where X; = Ny for all i. The shift map o: {25 — (2 is defined by
(0(w)); = wit1, ¢ € NU{0}. Obviously, the pair (£22,0) is a topological
dynamics.
It is well known [DGS, Prop. 16.11] that for 2 C (25 closed and o-
invariant,

—ae(0,1],

1
(2) ent(o, 2) = lim - log card 2(n),

where 2(n) = {w(n) = (wo,...,wp-1): w € N}.
The following result is known:

THEOREM 1.3 ([G]). For any positive € there is a minimal set I' in {29
such that ent(o,I") > —e + log 2.

The following easy lemma is needed in the proof of Theorem 3.3 in
Section 3. Put 2, = {w € 29: wo;t; = k for each i € NU{0}}, j, k € No,
and

(3) QM) = |J 2.
7,kEN>
LEMMA 1.4. The set 2 = 2(M(o0)) is closed o-invariant in {29 and
ent(o, £2) = 1log2.

Proof. The closedness of (2 is clear. Since o(f2) C {2, we can compute
the entropy ent (o, {2) using (2). Obviously, for each n € N and j, k € Ny we
have card £2; ,(2n) = 2", hence the conclusion follows. =

2. Basic properties of maps from Ly(I). This section is devoted
to developing preliminary results. Statements 2.1-2.3 describe some sim-
ple properties of maps satisfying (1). The main results of this section are
summarized in Lemma 2.4 and Corollary 2.5. These results show that it
is sufficient to prove Theorem 3.3 for maps from a proper subset of La(I)
(see (5)).

In what follows we use the notation
Bi(f) ={z€la,b]: f(y)>f(z),a<y<z& f(x) >

f
" By(f) ={x€la,b]: fly) < f(x), a<y<az& f(z) < [fly), = <
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and B(f) = Bi(f) U Ba(f). If there is no ambiguity we often write B;,
resp. B, instead of B;(f), resp. B(f).

For f € Ly(I) and y € I we put my, = my,(f) = min f~*(y) and M, =
M, (f) = max f~*(y). The closed sets Sy = So(f), S1 = S1(f), So1 = So1(f)
are defined as

S():{myi yEI}, Slz{MyZ yEI}, So1 = Sp N Sy.

Obviously f(So) = f(S1) = I. As stated in Definition 0.1 and Proposi-
tion 0.2, if Sp; = 0 then the sets Sy, S; create a 2-horseshoe and ent(f) >
log 2. That is why our attention is focused on the case when Sy; # 0.

An important lemma follows. For the sake of completeness we present
its proof which is not difficult but contains a rather laborious calculation.

LEMMA 2.1. Let f € Lo(I) and So1 # (0. Then:

(i) Either By or Bg is empty, hence B € {B, Ba}.
(11) So1 C B \ {CL, b}

Proof. (i) By (%) the sets By, By are closed. Suppose that By # () # Bs.

If there exists an « € By for which f(a) € (a,b) then from (x) we get
f(la, b)) C [a, f(a)] if @ < (8 for some § € Bs, and f([a,b]) C [f(«),D]
if « > [ for some § € By. But f € Lo(I) has to be surjective, hence
f(a) € {a,b} for each o € B; and by symmetry also f(3) € {a,b} for each
b € Bs.

If f(B1) = {a,b} then (x) gives Bs = () and analogously the equality
f(B2) = {a,b} implies By = (). But we assume that both sets By, By are non-
empty. Thus, it remains to check the following four cases: (1) f(B1)={a},
F(B2) = {b}; (2) £(By) = {a}, f(B2) = {a}; (3) £(B1) = {b}, F(Ba) = {b}:
(4) f(By1) = {b}, f(B2) = {a}. Using (x) the reader can verify by himself
that (1) and (4) are impossible again.

Suppose that (2) holds and write § = max By and o« = min By. From (%)
we obtain f([a, 5]) = {a} and f([e, b]) = {a}, hence § < . Since f € Lo(I)
we get card f~1(b) N (B,a) > 2, hence So; = —a contradiction. The case
(3) can be disproved similarly. We have shown that if Sp; # 0 then either
By or By is empty. This proves (i).

(ii) As we have seen in (i) if So; # () then B € {B;, Bo}. We prove the
conclusion for B = Bj.

Take ¢,d € B U{a,b} such that (¢,d) N B = (. Under additional as-
sumptions on ¢, d and u € B\ {a, b} we obtain the following implications I,
j=1,...,13

(1) e,d € B (f([c,d]) = [f(d), f(c)]) and u € (¢,d); then by (x) we get
Lo min{f(z): z €[c,u]l} < f(u) = u & S,
Iy: max{f(x): z € [u,d]} > f(u) = u¢gSi.
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bt(?) ¢c=a,d€ B (f([e,d]) = [f(d),-]) and u € [¢,d); then by (%) we
Is: max{f(x): z € [u,d]} > f(u) = u¢ 5,
I (f(u)=b&3x € (u,d): f(x)=0b) = u¢g S,
Is . ((Vx € [u,d]: f(z) < f(u))
& (3r,y € [a,u): fz) < f(u) < fly) =b)) = u & So.
(3)ce B,d=>b(f([c,d]) =, f(c)]) and u € (¢, d]; the implications are
analogous to those in (2).

(4) B=0 and u € [c = a,d = b]; if f(u) € {a,b} then from (x) we have

)
)

Is: (f(u)=a&minf (a) <u) = ugS,
Ir: (f(u) =a&max fa) >u) = ugS,
Is: (f(u)=b&minf~1(b) <u) = u¢So,
Iy: (f(u)=b&max f~1(b) >u) = udSi;

similarly we obtain
lIoy: u=a = ué¢bd,

Ii1 u:b:>u€50;
finally, if {u, f(u)} C (a,b) then

Iis : El:L’l,CEQ S (u,b]: f(])l) < f(u) < f(wg) = U € Sl,

Lis: Fzy,me € [a,u): f(z1) < f(u) < f(xz2) = u & So.
Since u € B\ {a,b} and f € Ly(I) at least one of the hypotheses given in
the implications I;, j = 1,...,13, has to be satisfied. This proves (ii) for
B = B;.
_ In the case when B = B we apply the above procedure to the map
Fo) = f(—o+a+b), e ab n

By the proof of Lemma 2.1(i) (cases (2) and (3)) we have

( )
COROLLARY. If f € Lo(I) satisfies Bi(f) # 0 # Ba(f) then either
f(la,a1]) = {a} and f([b1,b]) = {a}, or f([a,a1]) = {b} and f([b1,0]) = {b}

for some a < ay < by <b.

In the next two lemmas we describe the structure of the set B for f €
Lo (I) satistying So1(f) # 0. We know from Lemma 2.1(i) that in this case
B € {By, By}. Since the conclusion can be easily seen, we omit its proof.

LEMMA 2.2. If f € Lo(I) satisfies So1 # 0 then the closed set B can be
expressed as a union (n > 1)

{butncs U J om0,

n<g
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where b, < bt for each cardinal n, 1 < n < £; in the topology of I = [a,b],
the points a,b are not limit points of the set {bp}n<g UU, co{by,b}} and
no point by, € {by}n<g is a two-sided limit point of that set, hence R, £ are
at most countable cardinals.

REMARK. The reader should notice that a € By (a € Bs), resp. b € By
(b € By), if and only if f(a) =b (f(a) = a), resp. f(b) = a (f(b) =b). Since
f is nonincreasing on B; we have card(B; N Fix(f)) < 1.

The following lemma is an easy consequence of the fact that f is continu-
ous, B; is closed and f|Bjy, resp. f|Bs, is nonincreasing, resp. nondecreasing.

LEMMA 2.3. Let f € Lo(I) and Sp1 # 0. Then:

() If {f™(x)}>>y C B then wy(x) C B.
(ii) If wy C By is an w-limit set then either wy = {p} and p € Fix(f),
or wy is a cycle of period 2.
(ili) If wy C By is an w-limit set then wy = {p} and p € Fix(f).

Proof. Since the set B is closed, property (i) is clear.

Let us show (ii). We use repeatedly the equality f(ws) = ws and the fact
that f is nonincreasing on Bj.

We are done if cardwy = 1. Suppose that cardw; > 1 and set ¢ =
minwy < maxwy = d. Then f(c) = d, f(d) = ¢, hence we are done for
cardwy = 2. Finally, let cardw; > 2. The set wy is countable and hence
there is a point e € (¢,d) Nw;y isolated in wy. By Lemma 1.2(v), e is not
periodic. Now, define an open set G by

(e —e, fle) +e), e < f3(e) < f(e),
G = (C—E,€+€)U(f(6)—€,d+€), f2(€)<€<f(€),
(f(e) —e,e+e), fle) < f2e) <e,

(c—e, fle)+e)U(e—e,d+e), fle)<e< f?

For sufficiently small ¢ we get ) # G1 = G Nwy C wy and f
which contradicts Lemma 2.1(v). Thus, cardw; < 2.

The proof of (iii) uses the fact that f is nondecreasing on By and it is
similar to that of (ii). m

e).

(
(61) C G1,

We have seen that for f € Lo(1) if wy(x) C B then wy(z) has a simple
structure. In fact it is a periodic orbit and cardwy(x) < 2. However, the
number of different w-limit sets that are subsets of B can be infinite. In
what follows we show that for each f € Lo(I) there exists g € Lao(I) for
which ent(f) > ent(g) and B(g) contains at most two w-limit sets of g.
A precise statement is given in Lemma 2.4.

Now we introduce some useful notation. For intervals J = [a, (] C I,
K = [v,0] € I, where a < a < v < § < < b, the symbol h(J, K)
denotes a continuous nondecreasing piecewise linear map from I onto I that
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is constant on the intervals [a, o], K and [3,b]. If P = (o, 3), @ = (,0) are
pairs of real numbers we write P < Q if o < 7.

DEFINITION. Let f € Lo(I). Pairs P = (o, 3) < Q = (v,0) are neigh-
bouring if there is a factor (I,g) of (I, f) with a factor map h(J, K) such
that g € Lo([).

REMARK. For f € Lo(I) satisfying So1 # 00 # By put

() D={(f@)€Bix B f*(z) =< f(z)} U{(ab)}
If two pairs P = (o, 3) < Q = (v,6) are from D then there exists a factor
(I,g) of (I, f) with a factor map h(J, K). At the same time P, (Q need not

be neighbouring. In that case the requirement (1) is not satisfied for some
y € {h(a) = a,h(B) = b,h(y) = h(d) = ¢}, where ¢ € Fix(g) N B1(g).

The main result of this section follows.

LEMMA 2.4. For each f € Lo(I) with So1(f) # () there is a factor (I,g)
of (I, f) such that g € Lo(I) and one of the following possibilities is satisfied.

(i) Ba(g) = 0 and if wg(z) C Bi(g) then either wy(x) = {a,b} or
wg(z) = Fix(g) N B1(g).
(ii) B1(g) =0 and if wy(x) C Ba(g) then wy(z) = Fix(g) N {a, b}.

Proof. From Lemma 2.1(i), (ii) it follows that if So1(f) # 0 then B(f) €
{B1(f),B2(f)} and B(f) # 0. Without loss of generality we can assume
that By(f) # 0 and Ba(f) = 0. We show that (i) holds in this case.

Consider the set D defined in (4). Since card(B1NFix(f)) < 1, by Lemma
2.3(ii) there is nothing to prove if D = {(a,b)}. In this case we put g = f.

For (u,v) € D we can consider a uniquely determined factor (I, f;) of
(I, f) with a factor map h(J, K), where o = u, # = v and v = §. Now, put

y = max{u: (u,v) € D& fr € La(I)};
the value y exists, otherwise f would not be from Lo(I). Define
Dy =A{z>y: (z, f(x)) € D}.

If Dy = (), we can put ¢ = f;r. In the case when D; # 0, the value
z = min Dy exists, z > y and the pairs P = (y,7) < Q = (z, f(z)) from
D are neighbouring. This means that there is a factor (I, g) of (I, f) with
a factor map h(J, K), where « =y < v =2 <4 = f(z) < 8 = y. Since
Dy N (y,z) =0, the map g satisfies (i). Using the construction of g and the
Corollary before Lemma 2.2 we get Ba(g) = 0.

If Bo(f) # 0 and Bi(f) = 0 then the existence of g € Lo(I) satisfying
(ii) can be shown similarly. m

COROLLARY 2.5. Let f,g € Lo(I) be as in Lemma 2.4. Then ent(f) >
ent(g) and there is a positive integer kg = ko(g) > 2 such that for any
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x € B(g) we have g*(z) € (I \ B(g)) U (Fix(g) N B(g)) U {a,b} for some
k < ko.

Proof. We know from Lemma 2.2 that the endpoints a,b are not limit
points of B(g). Similarly, if Fix(g) N B(g) # 0 then the fixed point from this
set is not a two-sided limit point of B(g). Now, from Lemma 2.4 we can see
that for some ko > 2, the set B(g) \ ((Fix(¢) N B(g)) U {a,b}) contains at
most ko consecutive iterates of any point of B(g). m

In what follows we use the following notation:
(5) L3(I) ={g € Lo(I): g satisfies (i) or (ii) of Lemma 2.4}.

3. The proof of the main result. In this section we prove our main
result—Theorem 3.3.

As before, for f € Lo(I) we consider the closed sets So(f), S1(f), So1(f)
and also

(6) ﬂf (SoUSh).

Fix f € Lo(I) and S given by (6) If z € S then by its itinerary with
respect to Sp, S1 we mean any w € {25 such that f(x) € S,, for i € NU{0}.
For M C S we denote by 2(M) the least closed o-invariant subset of {2,
that contains all possible itineraries of points of M with respect to Sy, S1. In
particular, if M = Fix(f)NSe1 # 0 then 2(M) = (25, hence ent(o, 2(M)) =
log 2.

Let g € L3(I) (see (5)), and consider the sets Sy(g),S1(g), S01(g) and
S(g) given by (6) and the positive integer ko = ko(g) > 2 described in
Corollary 2.5. We have seen that for any = € B(g) we have g¥(x) € (I'\ B)U
(Fix(g) N B) U{a, b} for some k < k.

The key lemma follows.

LEMMA 3.1. Let g and ko > 2 be as above. If M C S, M C I is minimal
and M # Fix(g) N So1 then

(7) ent(o, 2(M)) < max (ent(g, M), kiok_gl log 2).

Proof. Put X = {(z,w): * € M & g*(z) € S, for each i € NU {0}}.
The map F' = g x o defined by F(z,w) = (g(x),o(w)) is continuous on the
compact metric space X (with respect to the product metric). Moreover,
the dynamical system (M, g), resp. (£2(M),0), is a factor of (X, F) given
by the (factor map) projection II1: X — M, resp. IIy: X — §2(M). Using
Theorem 1.1 we can see that

(8)  ent(o,2(M)) <ent(F) <ent(g, M)+ sgj\p;[ ent(F, I ({x})).
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Now we distinguish four possibilities.

I. M N B =10. Since M, B are closed we even have dist(M, B) > 0. We
know from Lemma 2.1(ii) that Sp1 C B\ {a,b}. This implies that for each
x € M we have card IT; *({z}) = 1, hence ent(F, IT; *({z})) = 0. By (8),
ent(o, 2(M)) < ent(g, M), which proves (7) in this case.

II. M C B. By Lemma 2.4 and Corollary 2.5 this is possible for M with
card M € {1,2}. Obviously, ent(g, M) = 0 and M is a periodic orbit. By
Lemma 2.1(ii) we can see that {a,b}NSy; = (). Moreover by our assumption
M +# Fix(g) N Sp1, hence we immediately obtain (M) C 2(M(o0)) for the
set £2(M(o0)) defined by (3). Since ko > 2, by Lemma 1.4 we get

ko —1
ent(o, 2(M)) < —log2 < Ok log 2.

N —
S

Thus, (7) is also true in this case.

III. M is finite, M N B # (), M\ B # (. Then as above we have
ent(g, M) = 0 and we know from Lemma 1.2(ii) that M is a periodic orbit.
Using Corollary 2.5, we can see that for each n € N and assumed kg we have

card 2(M)(n) < card M - gn(ko—1)/ko_

hence by (2), ent(o, 2(M)) < k%—;l log 2. Thus, (7) is true in this case.

IV. M is infinite, M N B # (). We know from Lemma 2.2 that B is
countable and closed, hence this is also true for M N B. Since M is infinite,
by Lemma 1.2(ii) the set M \ B is uncountable. Using (8) it is sufficient to
show that

sup ent(F, IT; 1 ({z})) = 0.

reM
Fix x € M and put C = M N B. Then, as in the proof of Lemma 1.2(iv), we
define C(n, r)=card{0 <i < n—1: ¢g'(x)€C}. If s(n,e) =s(n, e, [I; ' ({z}))
is the maximal cardinality of an (n, ¢)-separated subset of IT; ! ({z}) (with
respect to F), by Lemma 2.1(ii) we have s(n, &) < 2¢(™%) for any sufficiently
small e. It follows from Lemma 1.2(iv) that

1 1
0 < limsup —log s(n,e) < lim — log 2C () —

n—oo N n—oo n

hence ent(F, IT; *({z})) = 0.
This proves the last part and also the whole lemma. =

COROLLARY 3.2. Under the assumptions of Lemma 3.1,

ent(o, 2(M)) < max (ent(g), kok— ! log 2).
0

Proof. By the definition, ent(g, M) < ent(g). Now the assertion follows
directly from Lemma 3.1. m
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DEFINITION. Let 2 C {25 and j,k € N, j < k. We say that w(k) € 2(k)
contains w = (wo, . ..,wj—1) € {0,1}/ if for some [ € {0, ...,k —j} and each
m e {0,...,5— 1},

W(k)14m = Wm.

DEFINITION. Let f € Lo(I). We say that w = (wo,...,wj—1) € {0,1}/
is a j-itinerary of x € I if fi(z) € S,,,(f) for i € {0,...,j — 1}. We say that
a j-itinerary of x does not exist if {z,..., fI71(x)} € So(f) U S1(f).

Combining Lemma 3.1 and Corollary 3.2 with the results of Sections 1
and 2 we obtain Theorem 3.3, which is the main result of this paper.

THEOREM 3.3. Let f € Lo(I). Then the topological entropy of f is
greater than or equal to log2.

Proof. There is nothing to prove if Sp1(f) = 0. In this case So(f), S1(f)
create a 2-horseshoe and from Proposition 0.2 we obtain ent(f) > log 2.

Thus, let f € Lo(I) and Sp1(f) # 0. In order to simplify our proof
we use Lemma 2.4 and Corollary 2.5. Using those statements, instead of f
we can consider the map g € L3(I) (see (5)) such that ent(f) > ent(g).
Obviously it is sufficient to prove ent(g) > log 2.

In what follows all sets are taken with respect to g.

The relation ent(g) > log?2 is clear if Sp; = ) since in this case the sets
So, S1 create a 2-horseshoe.

Suppose to the contrary that Sp; # 0 and ent(g) < log2. From Lemma
2.1(i),(ii) we obtain ) # B € {By, Ba}. Let ko > 2 be as in Corollary 2.5.
Using Theorem 1.3 we can consider a minimal set I" in {25 such that

-1
9) ent(o, I") > max (ent(g), k‘ok log 2>.
0

As we know from Lemma 1.2(i), for each x € B there is a minimal set
M (z) in I such that M(z) C wy(x).

If we put Bs = {z € BNS: M(z) # Fix(g) N So1} (see (6) for S),
we deduce from Lemma 3.1 that (7) is true for M (z) and ent(o, 2(M(x)))

when = € Bg. Hence by the minimality of I', Lemma 1.4 and (9) (for x = oo
see (3)),

Vo € BgU{oo}: R(M(z))NI =10.

Since I' is o-invariant we even see that for each x € Bg U {00} there is
n(x) € N such that

(10) no «y € I'(m) contains w(n(x))

whenever m > n(z) and w(n(z)) € 2(M(z)(n(z)).
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Now we define an open cover {U(z)},cp of the set B in three steps:

(i) If x € B\ S and g™ () & Sy U Sy, choose U(z) in such a way that
g™ @ (U(x)) N (So U Sy) = 0.

(ii) If # € Bg then we can consider m(z) € N such that for any itinerary
w of z, w(m(z)) contains some element of 2(M (z))(n(x)); now, using the
continuity of g, choose the neighbourhood U(z) of z in such a way that for
any y € U(x) either the m(z)-itinerary does not exist, or for any itinerary
w of y, w(m(x)) contains some element of 2(M(x))(n(x)).

(iii) For € BN S such that M (z) = Fix(g) N So1 = {p} we can consider
m(x) € N and U(z) such that for any y € U(xz) either g’(y) = p for some
i < m(x), or the m(x)-itinerary does not exist, or for any itinerary w of y,
w(m(z)) contains some element of £2(M(c0))(n(c0)).

Obviously we have found the pairs U(x), m(zx), where {U(z)},cp is an
open cover of the compact set B; let {U(x1),...,U(z)} be its finite sub-
cover, and put

k* = max{m(x1),...,m(z)}.
In order to finish our proof we define the sets
Ry =5y \ (FlX(g) N 501), R =5 \ (FlX(g) N 501).

Since g(Ro) N g(R1) D Ry U Ry, for each m € N and v € I'(m) there is
x = x(vy) € Ry U Ry such that for each i € {0,1,...,m — 1} we have

(11) g'(x) € Ry, & g'(2) ¢ Fix(g) N Sor.

It is clear that the sets Tp = Rp \ Ule U(z;), Ty = Ry \ Ule U(x;) are
closed. Moreover, dist(7p,T1) = d > 0.

Suppose that for some m > k*, v € I'(m), z(y) and ¢ € {0,...
...,m — 1 — k*} we have ¢‘(z(y)) € U(x;). Then by definition of the
cover {U(x)}zep either the k*-itinerary of g*(z(v)) does not exist, or ~y
contains some element of 2(M(z;))(n(x;)), which is impossible by (11)
and (10). This implies that for any m > k*, v € I'(m) and z(y) we have
{9 (@S c Tou T

Now, estimating the topological entropy of g we have, for an ¢ < § and
each m > k*, .
s(m —1—Fk* e, 1) > card I'(m)/2"",

hence by (9) and (2), ent(g) > ent(o, I') > ent(g)—a contradiction. m
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