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Abstract. We investigate the existence and ergodic properties of absolutely contin-
uous invariant measures for a class of piecewise monotone and convex self-maps of the
unit interval. Our assumption entails a type of average convexity which strictly general-
izes the case of individual branches being convex, as investigated by Lasota and Yorke
(1982). Along with existence, we identify tractable conditions for the invariant measure
to be unique and such that the system has exponential decay of correlations on bounded
variation functions and Bernoulli natural extension. In the case when there is more than
one invariant density we identify a dominant component over which the above properties
also hold. Of particular note in our investigation is the lack of smoothness or uniform
expansiveness assumptions on the map or its powers.

1. Introduction and statement of results. We study nonsingular
transformations 7' from the unit interval I = [0, 1] into I that are piece-
wise monotone and continuous. Specifically, there is a finite partition of I
given by 0 = ap < a1 < ... < ay = 1 and such that on each (a;_1,a;)
the restriction T; = T ) is continuous and (strictly) increasing. Since
each T; is 1-1, they have well defined inverses ¢; = Ti_]L which may be ex-
tended continuously to increasing (and hence a.e. differentiable) functions
Vi 2 [0,1] — [ai—1,a;], where ¥;(x) = a;—1 if v < infyc(q, , q0,) Ti(y); fur-

A;—1,04

thermore, ¥;(z) = a; if > supyc(q, ,q,) Ti(y). Since we are assuming
moTi_1 << m foreachi=1,..., N, we have

dmo T 1

T’ =, m-ae.
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Throughout this article m denotes the Lebesgue measure on the Borel sub-
sets B of [0, 1].

We consider the Perron-Frobenius operator P on L' = LY(I,B,m),
uniquely defined by the identity
(1.1) \Pf-gdm=\f-goTdm VfelL' gelL™.

In view of our setup we have the following pointwise representation for P,
taking g = x[o,,): for each x € [0, 1],
VPr@ydm(t) =" |  f(s)dm(s)

0 i T-_I[Om]

—Zsf i) 2L 0 e

TS FO ) dm)
0

from which it follows that Pf(z) = Zf\i L W) f(i(z)) for almost every
x € [0,1]. Our convexity assumption takes the following form:

(C)  Assume that for ¢ = 1,..., N there are measurable functions Fj :
[0,1] — [0,00) with F; = 4 m-a.e. and such that the family F;
satisfies both

(C1) for each k = 1,..., N the functions F} +. ..+ F}, are decreasing,
and
(C2) F1(0) < 1
Observe that a branch T; is convex iff its associated F; may be cho-
sen decreasing. Our assumption (C) therefore is strictly weaker than the

requirement that each branch be convex.
Under assumption (C) we may again rewrite the pointwise version of

(1.1) as
N

(1.2) Pf(x) = Fi(x)f(i(x)) VfeL.
=1

REMARK 1.1. Of course, formula (1.2) requires the following interpreta-
tion. Given f € L', any wersion of f used on the right hand side of (1.2)
will produce a version of Pf.

THEOREM 1.1. Let T be piecewise monotone and continuous on I as
above, and satisfy the convezity condition (C). Then T admits an absolutely
continuous invariant probability measure v, whose density g = dv/dm may
be chosen to be a decreasing function on I.
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REMARK 1.2. There can exist no general result proving existence of a
finite a.c.i.m. for an arbitrary piecewise C'! expanding interval map. (See [3]
where a counterexample is constructed.) Therefore, most existence results
in this class depend on additional smoothness conditions on the branches.
See, for example, [8], [2] and references cited there.

We note that no uniform continuity assumption on the derivative T" is
implied by our convexity condition (C), so our investigation is quite different
from these classical existence results.

In the shift space setting, P. Hulse [4] has identified a condition on
G-functions corresponding to our convexity condition (the terminology is
attractive G-function) and has studied the space of attractive G-measures
associated to a continuous attractive G-function. In this work, continuity
plays a crucial role.

An extensive analysis by Rychlik [11] is closer in spirit to our present
investigation, but the uniform expansiveness assumed there is replaced by
the weaker form in (C2) which only implies that the branch T3 is expanding.

Perhaps closest to our present investigation is an older result of Lasota
and Yorke [9] for piecewise convex maps where the main result proved there
should be compared to ours. There, all branches are assumed to be convex,
and the leftmost branch 7 is assumed to satisfy 77(0) > 1. Further, all
branches satisfy 77(0) = Ta(a1) = ... = Tn(an—1) = 0. The assumption of
nonsingularity is not necessary as the stronger convexity assumption implies
it. Our convexity assumption (C1) is not only weaker than that of Lasota—
Yorke, but is also more natural in the sense that, as we shall see, condition
(C1) is necessary and sufficient for the Perron—Frobenius operator P to
preserve the class of nonnegative, decreasing functions on I (Lemma 2.2). So,
our condition is invariant under taking powers of T'. Also, this observation
leads to a very simple proof of a classical variational inequality, after which
the existence of an invariant density can be deduced in the classical manner;
see for example [8]. This is discussed in §2, providing the proof of Theorem
1.1 above.

It is worth noting that if we assume only monotonicity of the branches
of T along with the convexity condition (C) then it appears that most of
our analysis fails to go through. In particular the basic result in Lemma
2.2 concerning invariance of the cone of positive decreasing functions (upon
which everything which follows depends) fails to hold.

In [9], Lasota—Yorke convex maps are shown to have the property that
there is a unique invariant probability density g and that the a.c.i.p.m.
dp = gdz is exact for T'. This is not the case for maps satisfying our weaker
convexity condition. In §4 and §5 we identify a dominant component for a
given decreasing invariant density and prove uniqueness and exactness of this
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dominant component (an interval). Also, in §4 we prove exponential decay
of correlations, the uniform expanding property and the Bernoulli property
when the dominant component is not normalized Lebesgue measure. This
restriction is equivalent to the requirement that T' be expanding at the right-
most endpoint of the dominant component, which we call condition (E), for
expanding. We note that exponential decay of correlations and the uniform
expanding property were proved for Lasota—Yorke convex maps in [5].

The remaining question of when there exists a unique a.c.i.m. for T is
discussed in §6. We identify a mixing condition (M) which ensures that there
is exactly one invariant density in BV and the resulting system (7', gdx)
is exact. Again, if the expanding condition (E) is also satisfied, then some
power of T is expanding and T is Bernoulli with respect to its unique a.c.i.m.
Furthermore, Lasota—Yorke convex maps satisfy our condition (M), but (M)
does not imply that some power of T is uniformly expanding, so this final
section identifies a proper extension of the results in [9].

Much of our argument depends on the identification of suitable invariant
cones for the operator P and the construction of norms equivalent to the
bounded-variation norm from these cones. We give a brief discussion of these
matters in §3. The reader looking for more complete background on this
method should consult R. Murray [10] where many of the omitted details
may be found.

The first author is pleased to acknowledge the hospitality of the Labora-
toire de Topologie, Université de Bourgogne during the Fall of 1996 where
first the idea to revisit the Lasota—Yorke maps from a more current point
of view was proposed.

2. Existence of an invariant density. Throughout this section T is
assumed to satisfy the conditions of Theorem 1.1.

LEMMA 2.1. Without loss of generality, we may assume that for k =
1,...,N the functions F1+. ..+ F}, are decreasing, and upper semicontinuous
on [0,1].

Proof. Every decreasing function on [0,1] can be modified on a set of
measure zero to be upper semicontinuous and decreasing. Apply this induc-
tively for £ = 1,..., N. Changing each of the functions F; on sets of measure
zero will not change the operator P. =

REMARK 2.1. The simple result above leads to a kind of uniqueness
in the pointwise representation of the Perron—Frobenius operator. Suppose
Ff(z) = N, Fi(z)f(i(x)) while Gf(z) = SN Gi(x) f(¢i(x)) for all
f € L' are two Perron—Frobenius operators with weight functions {F;},
{G;} both satisfying (C1). Suppose F'f = Gf for all f € L. If both sets of
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weight functions have upper semicontinuous sums as in the above lemma,
then F; = G; on (0, 1] since two upper semicontinuous, decreasing functions
which agree almost everywhere must be identical except possibly at zero.
Now it is a simple matter to change the definition of the F; at the single
point zero, still maintaining condition (C1) so that F; = G; on [0, 1]. We
will have a number of opportunities in the following arguments to make use
of this simple observation.
REMARK 2.2. In a similar vein, suppose ¢ € (a;_1,a;) for some i =
., N. Define
Tj(x) if 1 <j<i,
T;(x) if j =4 and x € [a;—1, (],
Tj) = T;(x) if j=i+1and x € [c, ail,
Tj_i(xz) ifi+1<j<N+I;
in other words, we split the 7th branch into two subbranches at the point c.
Then this new T with N 4 1 branches still satisfies the convexity condition

(C) and generates the same operator P, although the pointwise representa-
tion (1.2) will be changed.

Let 7 ={f:]0,1] — [0,00) | f(z) > f(y) whenever x < y} be the cone
of nonnegative, decreasing functions on I. As a further consequence of the
convexity condition (C1) we have

LEMMA 2.2. A necessary and sufficient condition for an operator of the
form

N
r) =Y Fi(x)f (@), Fi>0,
=1

to satisfy P : J — J is that the F;’s satisfy condition (C1).

Observe that T(0) =0 since if T(0)=a >0 then F;(0)=0 and condition
(C1) implies F; = 0. But then a; = Sé F(t)dt =0, which is a contradiction.

COROLLARY 2.3. The convezity condition (C) is preserved under powers
of T.

Proof of Lemma 2.2. Let f € J and =z < y. Define z; = ;(x) and
yi = ¥i(y) > x; for i =1,...,N. Then

(2.1) Pf(z) = Pf(y)

N
Y [Fi(@) f (i) = Fi(y) f (i)

1

-
Il

] =

(Fi(z) — Fi(y)) f(z:)

1

-
Il

since F; > 0 and f(z;) > f(vi).
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Define the following N-dimensional vectors:

AF = (Fy(z) - Fi(y)) € R,
f = (f(x)) € interior of positive cone of RV,

-

bj:(l,...,l,o,...70>’ j:l’___jN_
——

7 times
With this notation we rewrite (2.1) simply as
—_— o
(2.2) Pf(x) - Pf(y) > AF - .
The convexity assumption (C1) implies
—_—
(2.3) AF-b; >0, j=1,...,N.
Furthermore,
—1
(2.4) f=2 (flzj) = f(@j41)bj + f(zn)bn,
j=1

with all coefficients in this expression nonnegative since f € J. By (2.3),
(2.4), linearity in (2.2) implies Pf € J.

As for the converse, note that the inequality at (2.1) is sharp on 7, that
is, if the F; fail to satisfy the convexity assumption (C1), then there exists

an fin J with Pf & J.

If f:]0,1] — R we denote the variation of f by V;f and let BV denote
the Banach space of bounded variation functions (with norm || f||gy = Vi f+
II£1]1). As in the classical situation, we seek a variational inequality for P
in order to establish compactness of the sequence of iterates of a function
in BV. We have been unable to prove such an inequality on all of BV, but
following below is the inequality on the subcone J C BV, and this will turn
out to be sufficient for our purposes.

LEMMA 2.4. For each a satisfying F1(0) < a < 1 there exists a constant
b=b(a) < oo so that for all f € T,

ViPf<aVif+ b”f”1

Proof. We first note that there exists a weak variational inequality: there
exist positive constants A, B < oo such that

V[PfSAV]f—i-BHle VfeJ.

For f € 7,
N N
Pf(0) = Pf(1) = Fi(0)f(ai-1) = > Fi(1)f(as)
=1 =1
N
< (X FO)70 - (X FM) ) =110 = /(1)

=1 =1
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Note, by condition (C1), I' > v, and for f € J, f(1) <|f]|1, so we obtain
ViPf<IVif+ (I =y)flh

This shows we may set A = I' and B = I' — « in our first variational
inequality. It also shows that the lemma is true on the subspace of constant
functions {cl}.>0, so we may restrict our attention to J — {cl}¢>0.

Suppose the lemma is false. Then there is a number @, with F;(0) <
a < 1, and sequences 0 # f, € J, Vifn # 0, and A, > 0, lim,, A,, = oo,
satisfying

[ fnll1

Since the left hand side of (2.5) is invariant under f — cf,c¢ > 0, we may
assume V7 f, = 1 for all n. Using the weak variational inequality established
above, we have

(2.6)

=A,.

A+BanH1 —-a

The left hand side above is uniformly bounded on sets where ||f,|l1 > 0 > 0,
so we must have || f,||1 — 0. Dropping to a subsequence if necessary, we may
assume f, — 0 for m-a.e. x € I. Choose xg € (0, a;) satisfying f,,(z¢) — 0.
Let 6 > 0 be fixed, and pick ng so that fn,(xo) < . Then we have f,,(a;)
<d,i=1,...,N, fn,(0) <144, and we may make the estimate

> A, — oo.

ano(o) _ano( ) < ano < ZF fno ai— 1)

N

< Fi(0)(1+9) + (Y Fi(0)d

=2

+ (iﬂ(l))d <a

provided § was chosen sufficiently small. Thus V;Pf,, < aVyfy,,, which
contradicts the sign in (2.5). =

Proof of Theorem 1.1. Applying the previous lemma iteratively to the
constant function 1 we obtain
ViP1<b(l+a+a®+...+a* ) <b(l—a) .
Now consider the sequence g, = (1/n) Z?:_é P?1. The following properties

are now evident:

(1) gn € J and ||gn]i = §gn=1,n > 1.
(2) [|Pgn — gnll1 — 0 as n — oo since sup || P*1||s < 00.
(3) The sequence {g,} is relatively compact in L' by Helly’s Theorem.
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(4) If, in L' norm, g = limy g, for some subsequence, then g > 0,
Pg =g, and |g|1 =1.

Finally, since ¢ may be obtained as the L' limit of a sequence of decreas-
ing functions, we may, by an elementary argument, find a version of g which
is decreasing. m

3. Preliminaries about cones and norms equivalent to || - ||py.
Recall that J = {f : [0,1] — [0,00) | f is decreasing}. Given a function
fon I =1]0,1], we will simply denote Vif by Vf. We denote by BVq the
(Banach) subspace of bounded variation functions which integrate to zero.
We reserve || - || for the L! norm || - ||;. Of course for a given f € BV, there
exist f1, f?2 € J such that f = f! — f2. In fact the following is also true.

LEMMA 3.1. Given f € BV, there exist f', f?> € J such that

W) f=f=r%

(2) Vf =V + V%

(3)if f=g—he€BVand g,h € J, then Vf! < Vg and Vf> < Vh
and | f* + 1£21 < llgll + ||kll. Furthermore, if g # f' (so h # f?), then
LA+ 120 < gl + 112

Proof. For each x € I, let Tf(z) = V{ f. Define f! and f? by
Fr=3(VI+fI+f=Tp) and f2=5(Vf+|fQ)] [ —Tp),
so clearly f = f' — f2. It is easy to check that f' and f? are decreasing.
Since f1(1) = ${|f(1)| + f(1)} > 0, we have f! > 0 and similarly fZ > 0.
Thus f!, f2 € J. Also
VI + V2= £10) = f1(1) + f2(0) = (1)
=3(f(0) = fM+ V) +3(f1) = f(O)+ V) = V.
Suppose f = g — h with g, h € J. Then
Vg +Vh =Vg+[h(0) = h(1)] = Vg +[9(0) — £(0) — g(1) + f(1)]
=2Vg — f(0) + f(1).
In particular, Vf! + Vf2 = 2V f1 — £(0) + f(1) = 2Vf! — Vg + Vh. This
implies that Vf! < Vg, since Vf! + V2 = Vf < Vg + Vh. Similarly, we
have Vf2 < Vh.
To see || f1|| + |2l < |lgll + ||A]|, notice that for each = € I,
(3.1) 0<Vf—Tsx)=Vif —VEf<Vif<Vig+Vin
=g(z) —g(1) + h(z) — h(1)
and hence

V=TT = WIVF = Trl < llgll + [[R]] = g(1) — (D).
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Since [f(1)] < g(1) + h(1), it follows that
(3:2) M+ 112
- %H(Vf‘F’f(l)’+f—Tf)+S(Vf+|f(1)\ —f_Tf)]

= VIO = I1T¢ll < Nlgll+ IRl
Finally suppose ||f1|| +[|f2] = Ilg|| + ||A]|. It follows from (3.1) and (3.2)
that |f(1)] = g(1) 4+ h(1), which implies that for each = € I,
Fia) + fAz) = VI + ()] = Tp(z) = g(x) + h(z) — g(1) = h(1) + [ f(1)]
= g(x) + h(z),
ie, fl4+ f2=¢g+h.Since fl — f2=g—h,wehave g= fl and h = f2. =

DEFINITION 3.1. For a given f € BV, with f!, f? defined as above, we
will call f = f' — f? the variational decomposition of f.

Notice that J is an RT-module, i.e., if f,g € J, then f + g € J and
cf € J for any ¢ € RT. We now introduce a class of submodules (or cones)

of J.

DEFINITION 3.2. For a given K > 0, define Cx by

Ck={feBV|feJand Vf < K|f]}

From each Cx, K > 0, we may construct a vector space I'x of functions on
I via

I'x = {f € BV | there exist f!, f? € Cx

such that f = f* — f and [|f*]] = [ /||}.
On Ik define || - ||, as follows:
£l = mf{IFH | F = f1 = f2, where f', f* € Cre and [|f1] = || £}
We collect some basic facts about these objects.
LEmMA 3.2. For each K > 0, the following hold:

(1) I'k with || - || s a normed vector space. (In fact it is a Banach
space.)

(2) f € I'k if and only if f € BVy.

(3) If f = f!' — f? is the variational decomposition of f € BV, then
there exists ¢ > 0 such that f' +c¢, f2+c€Cx and ||flrx = [If* + |

(4) For a given f € BV,

min{1, K}|fll e < [[fllsv < 20K + DI f [l 1

In particular, all the norms || - ||r, are equivalent, and equivalent to || - ||Bv
on BVy.
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Proof. (1) It is an elementary check that I'x is a vector space and that
Il - || is a norm on it. Completeness follows from (2) and (4) below.

(2) If f € Ik, then by definition there exist f!, f? € Cx such that
= 7' = 72 and ||/ = 172 Since § = £ — 2] = 0, it follows that
f € BVj.

Conversely, suppose f € BV and f = f! — f? is the variational decom-
position of f. Since 0 = § f = || f1|| — || f?||, we have || f!|| = || f?|. Let

o= %max{wl,vﬁ} sy

If « < 0, then Vf! < K| f!]| and Vf2 < K| f!]| = K||f?|, so f!, f? € Ck.
Thus f € I'k. If o > 0, then it is easy to check that f! + o, f2 + o € Ck.
Since f = (fl4+a)—(f?+a) and ||f1+a| = || f2+«al], it follows that f € I'k.

(3) Let f € BVg and f = f' — f? be the variational decomposition of f.
Let a be given as above and ¢ = max{a,0}. It follows from the proof of
(2) that fl 4+ ¢, f2+c € Cx. If a < 0, i.e., ¢ = 0, then it is clear that
Ifllre = IIfH = I + ¢ (see Lemma 3.1). Now suppose ¢ = a > 0.
If f=9g—handg,h € Cxk C J, then it follows from Lemma 3.1 that
Vfl <Vgand Vf? < Vh. Thus

1 1
171 el = 11 + e = 2 max{V ', Vf?} < 2z max{Vg, Vh}

1
< o max{K|gll, KIlAll} = llgll

Since f! +¢, f? +c € Ck, it follows that || f||r = ||f* + c||. Note that there
is at most one value of ¢ which can satisfy the previous identity.

(4) Let f = f! — f? be the variational decomposition of f and let ¢ be
as in (3) so that ||f||r, = ||f! + ¢||. Assume that ¢ = o > 0 and make the
estimate

1 1 1
I+l = +ec= EmaX{Vfl,VfQ} < ?Vf < EHJCHBV

On the other hand, if ¢ = 0 and o < 0 we proceed as follows. Notice that
either f1(1) = 0 or f?(1) = 0 for otherwise we could subtract a small
multiple of the identity from both, contradicting Lemma 3.1(3). Assuming
the first case (the other is identical) we estimate

15+ el =11 < M flle SV <VE<[IflBYV

This proves the first inequality in (4). For the other inequality, by the proof
of (3) with ¢ defined as above

Iflleyv = Vf + Il = V(P +e) + V(2 +e) + I f]
< K| ff el + KNP+ el + P+ 12
<2AK + D e = 2K + D flrg. =
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REMARK 3.1. We remark that the above construction follows closely the
setup in [10], although our choice of the basic cones Ck is different, leading
to some changes in the proofs and to some of the constants in the estimates.

Using Lemma 2.4, choose a and b < oo so that F1(0) < a < 1 and
VPf <aVf+b|f| for any f € J. It inductively follows that for any given
f € J and for each m > 1,

(33) v <amvy+ 2y

LEMMA 3.3. For a given K > b/(1 —a), P preserves Cg, i.e., P maps
CK mto CK

Proof. Let K >b/(1 —a). If f € Cg, then
VPf <aVf+b|fll <aK]f+ 1 —a)K|f] = K[f] = K|[Pf],
which shows Pf € Cx.

REMARK 3.2. Let S; denote the unit sphere in L'. Each subset Cx NSy is
a convex and compact subset of L!. By Lemma 3.3 and the Markov property
for P, for all sufficiently large K each of these subsets is preserved by P. By
the Schauder—Tikhonov Theorem, P will have a fixed point in Cx NSy. This
gives another proof of the existence of a decreasing invariant probability
density, as was already derived at the end of §2.

4. Ergodic properties of an invariant measure: case I. The tech-
niques developed in the previous section will now be used to study the
question of ergodic properties. Throughout this section 7" is assumed to sat-
isfy the conditions of Theorem 1.1. For each k¥ = 1,..., N, let Fj, denote
Fr = Zle F;. From Lemma 2.1, without loss of generality, we may assume
that for each kK = 1,..., N, F; is upper semicontinuous. Also, for a given
closed interval [c,d] C [0,1] (¢ < d), we define T'[c,d] to be

Tle,d] = UT ([aj—1,a5] N (¢, d)).

Consequently, T'[c,d] is a finite union of nontrivial closed intervals. Under
this notation, the following holds.

LEMMA 4.1. For each k =0,1,..., T*[0,a1] is a closed interval contain-
ing [0,a1]. Moreover, T*[0,a1] C T**1[0,a1] so that we have an increasing
sequence of closed intervals.

Proof. The first statement is obviously true for k = 0. Suppose T*[0, a]
= [0, bg]. Choose [ > 1 such that a;—1 < by < a;. Then

TF0,a1] = T1[0,a1] U ... U Ty_q[ar—9, ;1] U Tifar_1, by,
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where each of these sets is a closed interval. If the union is not connected,
then there exists an interval (c,d) with d < sup{T'(z) | = € [0,bx]} and
Fi = 0 on (c,d) since the F; = 0 almost everywhere on this interval for
1 <4 <[ and the sum F; is upper semicontinuous. But also, there exists a
point y > d such that F;(y) > 0, which contradicts our convexity condition
(C1). So T**1[0,a4] is an interval. Now note that since T} is convex and
F1(0) < 1 we have [0,a1] C T1[0,a1], so T*+1[0,a1] D [0, a1]. Finally, since
[0,a1] C T[0, a1], it follows that for all k, T%[0,a1] € T*+1[0,ay]. =

Let 8 € (0,1] be determined by U5, 7%[0, a1] = [0, 3]. Then, by Lemma
4.1, a1 < f <1 and T[0,5] = [0, 5]. By Remark 2.2, without loss of gen-
erality, we may assume that § = ap, for some N, € {2,...,N}. Then
Fn.(z) =0 on (8,1] and for any ¢ € (0,3), T[0,c] € [0, c], which leads to
the following (see Figure 4.1).

TN

Fig. 4.1
LEMMA 4.2. For each ¢ € (0,8), T[c, 8] € [c, B].

Proof. Suppose 0 < ¢ < (8 and Te, ] C [¢, B]. Again, in view of Remark
2.2, without loss of generahty, we may assume that ¢ = as for some s,1 <
s < N,. It follows that Zl sr1 Fi(z) =0 on [0,¢), i.e., (Fy, — Fs)(xz) =0
on [0,c). Also

1 1 c
c = Pxpg(t)dt = | Fu(t) dt > [ Fu(t) dt > cFu(o),
0 0

0
which means Fs(c) < 1. Since Fy(x) = Fn,(z) on [0,c), this implies that
lim, .- Fn,(z) <1, and so Fy,(c) < 1. Thus

3
\Fv.(t)dt < (B—)Fn.(c) < B—c.
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Meanwhile,
1

Pxieg(t) dt =\ (Fn, — Fo)(t) dt
0

B-c=

B
(Fn. = Fs)(t)dt < | Fn. (1) dt.
Therefore Sf}"]v*(t) dt = 8 — ¢ and Sf Fs(t)dt = 0. Then T[0,¢] C [0,],
which is a contradiction. =

0 D Ot

LEMMA 4.3. There exists an integer v > 1 such that j_o T*[0,a;1] =

[0, 3].

Proof. Let d = max{Tj(a;) | 1 <i < N, —1} (< (). Then d > an,_1.
For, otherwise, |y, T%[0,a1] C [0,an,—1] < [0, 3], which is a contradiction.
We claim d = (3, in which case it is easy to see that there exists r > 1 such
that (J;,_, T*[0,a1] = [0,]. To prove the claim, first suppose T, (d) > d.
Then T'[d,] C [d,[] and so by Lemma 4.2, d = . If Ty, (d) < d, then
T[0,d] C [0,d], which implies d = 5. =

LEMMA 4.4. Let g € J be an invariant density for T and A = Sggdm.
Define g3 : [0,1] — Rt by

_Jglx)/A if 0<2 <8,
gﬁ(x)_{o if B<z<1.

Then gg € J is an invariant density of T, i.e., Pgg = gg.

Proof. Let g1 = gxpo,5) and g2 = g — g1. Then g1 + g2 = Pg1 + Pgo.
Since T'0, 8] C [0, 5], we have g1 > Pg;. From the fact that ||Pgi|| = ||g1]],
it follows that Pg; = g1. Thus g3 = g1/||91]1 € J is an invariant density
of T. m

REMARK 4.1. For the rest of this and the following section, we will study
the ergodic properties of (7', ggdm). In effect we will study T = T 5/, an
N,-branched convex map on [0, 5]. The Perron-Frobenius operator Pg on
LY(B) = LY([0,0)) is defined according to (1.2) using Tj3. The connection
between the two operators is

This is easily seen from the representation (1.2). Similarly, we will adopt the
notation BV(3), BVy(3), J(8) and Cx (), K > 0, to denote the function
spaces and cones on the restricted domain [0, 5]. For example it easily follows
from Lemma 3.3 that for a given K > b/(1 — a), Pg preserves Cx(f3), i.e.,

Pg maps Cx(B) into Cx ().
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Recall that the condition (C2) implies only that T} is uniformly expand-
ing on [0, a1], however, it need not be the case that T3 (or even some power
of it) must be uniformly expanding on [0, 3]. Surprisingly, if in addition, T
is assumed to be expanding at 3, then we will prove that some power of T}
is uniformly expanding. This motivates the terminology in the following:

We say T} satisfies the ezpanding condition (E) if

(E) Fn, (7)< 1.

We say (T, ) has exponential decay of correlations if there exist C' < oo
and A\ < 1 such that for any h € L'(u), f € BV(u), and for each k > 1,

|§(ho T4 dyu =Sy £ dps| < CXF[]11 ] f 1oy
We first show the following.

THEOREM 4.5. Suppose Tj satisfies the conditions in Theorem 1.1 and
the expanding condition (E). Let gz be an invariant density of Ty as defined
in Lemma 4.4. Then (T, ggdm) is exact. Moreover it has exponential decay
of correlations.

The proof of Theorem 4.5 results from a series of lemmas which will be
proved later. Similar methods may be found in the work of Bowen [1].

To simplify notation, and in view of the above correspondences, we will
generally refrain from including the subscript 8 in T and P with the un-
derlying assumption in this and the next section that the domain has been
restricted to [0, 3]

LEMMA 4.6. Let r > 1 be given as in Lemma 4.3. Let K > 0 be given
and choose s > 0 so that ¢3j(a1) < 1/K. Then:

(1) For each x < ay, there is Ao = Ao(z) > 0 such that for any f € Ck,
(P f)(@) = Aol fII-

(2) For each z < (3, there is d9 = dp(x) > 0 such that for any f € Ck,
(P f) () = doll fII-

LEMMA 4.7. Let K > b/(1 — a). Then there exist | = [(K) > 1 and
h € J(B) such that {h >0 and for any f € Cx(B), P'f — || fllh € T(B).

LEMMA 4.8. Let K > b/(1 — a). Then there exist n = n(K) > 1 and
h € J(B) such that {h >0 and for any f € Cx(B), P"f — || f|h € Cx(B).

PROPOSITION 4.9. Let K > b/(1 — a). Then there exist n = n(K) > 1
and 6 = 0(K) > 0 such that for any given f € BV(3), for each k > 1,

1P fllre < (1= 8)*)1f Il

Proof of Theorem 4.5. Fix K > b/(1 — a). It follows from Proposition
4.9 that there exist n = n(K) > 1 and 6 = §(K) > 0 such that for any given
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f € BVy(B), for each k > 1,

1P fllrye < (1= 8)*I £l

Since the right hand side converges to 0 as k — oo, the left hand side
converges to 0 as k — oo and so by Lemma 3.2(4) in || - ||gv, which implies

HP’me—>0 as k — oo.
Since P is a contraction in || - ||,
IP"f|l =0 asm — oo.

This will be enough for the exactness of the a.c.i.m. (see, for example,
[7] where the term asymptotic stability is used). In fact, let ¢ € BV(fS)
and ¢ > 0. Noticing that f = ¢ — ({¢)gs € BVo(85), we have [|[P™f|| — 0 as
m — 00, i.e., limy, oo P"¢ = ({¢)gs in Ly. Therefore, (T, gzgdm) is exact.

To prove the second statement, fix K > b/(1 — a). Notice that P is also
a contraction in || - | o . It follows from Lemma 3.2 and Proposition 4.9 that
there exist C; = C1(K) < oo and A = A(K) < 1 such that for any given
f € BVy(B), for each k > 1,

IP*fllzv < CiA*| fllBv-

Let h € L' and f € BV. Then with dy = ggdm, we have f = f—§ f du € BV

and fgg € BVy(B). Now, observe that ||]?Hoo < Vf = Vf and since gg
is positive, decreasing and integrateb to 1, we have Vgg < |[|ggloo. Put

this together to estimate V(fgg) < Vf|lgslleo + HfHongg < 2||lggllo V-
Similar reasoning leads to ||ggllcc > 1 so we have HngH < |]gﬂ|]oo||f|| <

9lloo (114 llg5llos 1) = l195]lo0 (14 1g5]lo0) |11, and therefore || fgsllmv <
(1 +llgslloc)llgsllooll fl[By- Thus for each k > 1,

§(ho ) du—{nau( fdu| = | §(ho T Fdu| = | nP*(Fgs) dm
< lInll - 1P*(Fg0)lloe < 111 11P(Fgp) v < IRICIA"I| Fysllv

<1 ICAR (1 + llgslloo) lgsllocll fllBy < CNF[IAIL- 1 f 1BV,

where C' = C1(1+/93]|s0) 98|00 < 00. Therefore (T, ggdm) has exponential
decay of correlations. m

Now in order to prove Lemma 4.6, we will use the following notations. For
each n > 1, {a " }N” denotes the partition for T7; for each ¢ = 1,..., N,
we define T , 1/1 , and Fl.(n) similarly.

Proof of Lemma 4.6. (1) Let y < 1/K. We will first show that there
exists € = £(y) > 0 such that for any f € Cg,

(4.1) fy) = ellf]]-
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In fact, define e = £(y) by

1- Ky
= —> " >0.
CTITK(—y)

Then for a given f € Ck,

f0) = fly) < f(0) = f(1) = Vf < K| fIl < K[f(0)y + f(y)(1 —y)],
which leads to

1+ K(1-y)f(y) > (1 —Ky)f(0) > (1—-Ky)fl,

ie., fy) = el fl-

Let © < a; be given. Then Fl(s)(:n) > (0 and 1/1%5) (x) < 1/)18) (a1) < 1/K.
Let Ao = Xo(z) = Fls) (m)a(zﬁ%s)(m)) > 0. It follows from (4.1) that for any
f€Ck,

N
=Zﬂ%w@%mz¢%m$%»

>F<>wﬂwwm:Mww

(2) Note that for any z < f3, Fl(r)(:n) > 0. Fix z < (. It follows from
(1) that \g = /\0(1/11 ( )) > 0 is well defined, since wy)(m) < ay. Let §p =
do(z) = F(T)( )Ao( (T)( )) > 0. From (1), for any given f € Ck,

(P f)(a zy* P (@) = B () (P F) (7 ()

zﬂ%@mwﬁmmm:%wm

Proof of Lemma 4.7. Given a function ¢ on I, for each x € (0,1), ¢(x™)
will denote lim,_,,~ ¢(t) provided the limit exists; similarly for ¢(z™). Let
r,s be given as in Lemma 4.6 and let [ =147+ s > 2.

The first guess for a choice of h would be h = || f||Px[o g for then h € J
and P'f —h = P(P"71f— Ilf1Ix[0,3)), which is decreasing on [0, 3]. However,
it is not the case that we can always choose [ large enough, independent of f
such that this function is positive on [0, 5]. A slight modification is required.

We break the analysis into three cases.

CasE 1: d = T(87) < (. By Lemma 4.6(2), o9 = do(a
is well defined. Noticing that (Pxg)(d*t) = Fn,-1(d") >
d0(Px[o,8)(d") > 0 and define h € J () by

N.-1) > 0
0, let t =

h = txj0,q) + S0P X0, * X(d,3)
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Then {h > 0. For a given f € Cx(f), let f =P f and observe

~ (PF)(@) —tlIf] ito<w<d,
(Pf = f11)(x) = § (PF)(z) — ol f|(Pxjo,)(z) ifd<z<p,
0 if <<,

It is clear that P]?— Il |l is decreasing on [0,d]. Let d < x < (3. For each
i=1,...,N, —1,

~ ~ -~

f(i(x)) > f(¥n.-1(z)) = flan,-1) = ol f]]-

Thus
N,—1

(PF=IfIR) (@) = D Fil@)[f (i) = dollf]] > 0

=1

and it is decreasing on (d, §]. Using the fact that h is continuous at d, we
conclude that P'f —||f||h > 0 is decreasing on [0, 1], i.e., P'f —||f||h € T(B).

Case 2: T(B87) = B and Px|o3 # X[o,3 Notice that there exist c,d
with ¢ < d < 3 such that (Pxjo5)(c") > (Pxjo,5)(d"). Since ¢, (dF) < 3,
it follows from Lemma 4.6(2) that 6y = do(¢on, (d7)) > 0 is well defined. Let

t = b0l(Pxp0,8)(c") = (Pxjo,g)(d7)] >0
and define h € J(53) by
h = tx[0,q + 90[Px[0,8 — (PX[0,8)(d7)]X(c,a)-

Then {h > 0. Let f € Cx(0) and f=Prtsf Letting s = doPx[o,8 (d)IIfI,
we have

~ (PF)(x) — tllf] it0<a<e,
(Pf=1flR)(x) = (Pf)(x) = doll fII(Pxop)(x) +5 ifc<az<d,
(Pf)(x) ifd<z<l.

Observe that Pf — || £l is decreasing on each of the three intervals [0, c],
(¢,d] and (d,1]. Since h is continuous at ¢ and d, we see that Pf— Ilf1lh
is decreasing on [0, 1]. Since (Pf — ||f||R)(1) = (Pf)(1) > 0, it follows that
P'f—|flhe T(B).

Case 3: T(B7) = B and Pxjog = Xp,g (and Fy,(8) < 1). Since
an,—1 < B, it follows from Lemma 4.6(2) that o9 = do(an,—1) > 0 is well
defined. Let t = (1 — Fy,(8))d0 > 0 and define h € J(B) by h = tx(o,3-
Then {h > 0. We show that for a given f € Cx(3), P'f — ||f|h € T(B).
Let f = Pr+sf. It is clear that Pf — || f |l is decreasing. Using the fact that
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Fn.(B) =1, we have
N.—1

Ny
(PHB) =Y _E@B)fwi(B) = > F(B)F(Wn.-1(8)
=1

=1

>

5

(8)f(an.-1) = (L= Fn.(8))dollf[| = £l £]-

Thus PLf — | fl|h € 7(5). =

Proof of Lemma 4.8. Let | = I(K) > 1 and h € J(f) be given as in
Lemma 4.7. Choose d > 0 so that
K—-b/(1-a)
K+b/(1—a)
Note that K > b(140)/[(1—0)(1 —a)] >b(1+9)/(1 —a). Let e=Vh >0
and A = min{d/ {h,1} > 0. Since a < 1 one may choose m > 0 so that

0<od< < 1.

K(1—-0)(1—a)—>5b(1+9)
> .
m = log, [(K+)\s)(1 “a) —b(1+9)
A simple computation shows
1 1
(4.2) 0< (K—i-)\e—b(ljj))am—l—b(lf—i_;)SK(l—cS).

Let n=m+1>1and h = P™(Ah) € J(B). For a given f € Ck (), let
¢=P"f—|fllhand ¢ = A||f||h € J. Note that

¢=P"(P'f = Alfllh) = P"(P'f = | f[h) + (1= NP (| f]|R)

from which ¢ € J, since P'f — ||f||h € J and | f|h € J. Also ||| < §| |
Thus

Il = I1P™ (P = AR = 1P £l = 1Pl = I 1l = ol = (1 = 8)II£1I-
Using (3.3) and (4.2), observe that
V(< VP™P'f)+VP"¢
< (vt =gy + (rve - =0 o)

b(l —a™ b(1l —a™
l1—a 1—a

_ KKHE— b(11+(5))am+ b(1+5)]||f||

—a 1—-a
< K1 =0)|fll < KIic]-

Clearly ((x) = 0 on (8, 1]. Therefore, ( = P"f — ”f”/h\, €Ck(f). m

< {amK +
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Proof of Proposition 4.9. Fix K > b/(1 —a). Let n = n(K) > 1 and
h € J(3) be given as in Lemma 4.8. Let § = Sh > 0. Suppose f = fl —f2 ¢
BVo(B), where f1, f? € Cx(8) and || fllrc = [f1] = | f?]| (such f', f* exist
from Lemma 3.1). It follows from Lemma 4.8 that P”fl—/\Hleh € Ck(f) and
P f2—| f?||h € Ck(B). Note that P"f = (P" f' — | f*||h) — (P" f* = f?||h)
and [[P"f1— £ Bl = P72 — 2] - Bl Thus

1P Fllre < 1P = 1M - Bl = (1= 01 = (1= 8)I| Fll -
Since P"f € BV(), it follows that

IP"(P")lIr < (1= 8)IP" flire < (1= 0)?[Ifllr-
Repeating this process, we conclude that for each & > 1, ||[P*"f|r, <

(L=0)*1flIr-

We will show some other ergodic properties of (T, ggdm) and use a no-
tation such as iy ...y, n > 1, to denote an index with iy € {1,..., N} for
each kK =1,...,n. This notation is particularly involved in the map T"; for

a given index %1 ...1%n, IZ(1 n) 4, Will denote the interval that is the domain of

T;, 0...0T;, and define
Fi(f.).in = Fy(Yiy 0.0, ) Fiy(Yig 0.0, ). Fy o (i, i

Then for almost every z,
FP, @) = @, ) @) = W 00w, ) (@),

so the Fi(f’).in form a consistent set of weights for the Perron—Frobenius
operator for T7.

Let 7 denote the set of all finite strings of indices such as i1 ...4, with
ir € {1,...,N} foreach k =1,...,n,and Zg = {i1...i, € T | 1 < i, < N,
for k=1,...,n}. Recall that 8 = ay,.

THEOREM 4.10. Suppose T satisfies the conditions in Theorem 1.1 and
the expanding condition (E). Then

(n)
P o, Wi e < 1
COROLLARY 4.11. If T satisfies the conditions in Theorem 1.1 and the
expanding condition (E), then the partition of I = [0, ] into monotonicity
intervals for T is weak-Bernoulli for (T, gsdx). The natural extension of
this system is therefore isomorphic to a Bernoulli shift.

Proof. One can easily deduce that

lim max 1/n

1E, 1Y
n—00 i1...in€Lg Leetn
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Choose a power s > 0 such that T} is uniformly expanding on [0, 5]. Com-
bining this with the exponential rate of decay in Theorem 4.5 (applied to
TE’), it is not difficult to show directly that the monotonicity partition for
TE’ is weak-Bernoulli, and by elementary argument, so is the original mono-
tonicity partition for Ts. Alternatively, the article of Rychlik [11] may be
invoked. A few comments are in order. First the assumptions in [11] may
appear to be incompatible with our convexity assumption (C), however,
note that the latter implies the weight function g (in the notation of [11])
is of bounded variation. The condition that g|g = 0 is not generally sat-
isfied by our maps, but can be obtained with a measure-zero perturba-
tion of our weight function, so the operator P in that work is identified
with our Perron—Frobenius operator (1.2). The proof of the weak-Bernoulli
property in §3 of [11] depends only on the uniform expanding condition
and the fact that the peripheral spectrum of the operator P consists of
one simple eigenvalue at 1. These follow from our Theorem 4.5 applied
to Tg. L]

REMARK 4.2. The convexity condition (C) always guarantees that

F' e <1

e 15 i lloe <

for all n large enough. This is obvious from Theorem 4.10 when Fiy, (§) < 1,
i.e., T satisfies the expanding condition (E). Suppose Fy, (5) = 1. It follows
that Pxj0,5 = X[o,3; or equivalently, Fn, = X[o,5, Which means that for
each j =1,...,N,, Fj(z) <1 for all z € [0,1]. Thus for all n > 1,

max lloo < 1.

i1.. znel

In fact, in case F, (8) = 1, we have Ty, (8) = 3, so that ¥y, (8) = 8. Thus
for each n > 1,

|| 1. Zn

11...0
11...in€1g 1.--tn

n—1 n—
max |[F"; oo > N n (8) = [] Ev. k. (8) = ] Fn.(8) =

which implies

max
i1...0n EI

|| .. anOO_l

Thus Fy,(8) < 1 if and only if some power of T is expanding on [0, []
(see [5]).

To prove Theorem 4.10, we first present two simple observations which
require the convexity only.

LEMMA 4.12. There ezists M >1 such that for all m>1, |P™1|lcc <M.
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Proof. Recall (the paragraph preceding Lemma 3.3) that there exist a €
(F1(0),1) and b < oo such that for any given f € J and for any m > 1,

m m b(1 —
vers <amvy+ 2 gy
With f =1 € J, we have Vf =0 and ||f|| :1. Thus for any m > 1,
VPmlgi.
1—-a

Since (P™1)(1) < 1, it follows that
VP™1 = (P™1)(0) — (P™1)(1) > (P™1)(0) — 1,
so that
|IP"1]|oc = (P™1)(0) < VP™1+1< % + 1.

Letting M = b/(1 — a) 4+ 1 completes the proof. =

LEMMA 4.13. Let n > 1 and Fl(ln)zn (z*) > B > 0 for some index iy .. .in
and x* € [0,1]. Then for any given p,q, 0 < p < q < n, letting xg41 =
Yiggs O Wigsa -+ -0 Ui (a) (wna = a*), we have

P, (wg1) = B/ M.

Proof. Let xp11 =, 0y, ,0...01 (2%). If 1 <p<qg<n—1,then

it immediately follows from Lemma 4.12 that
B< Y, (@) =FY, (@) FY, (2440)FIL7, (@)

i1...0n 11...0p ipt1...0q Tg41.tn

< MF"P (2,01)M,

ip+1--1q

which implies Fz’iqﬂl.?.).z’q (zg+1) > B/M?.
If p =0 or ¢ = n, then similarly we have

B<F™. (a%)< MF™P (2,41)

i1...%n Ipt1...0q

which implies that F(q P (g+1) > B/M > B/M?. u

ip+1---iq
LEMMA 4.14. Suppose the assumption in Theorem 4.10 holds. Then for
each j =1,..., Ny, there exists a(j) € N such that

a(y)

[T, < g

Proof. For j = 1, since ||Fi|lo < 1, there exists m > 1 such that
(1 F1lloo)™ < 1/(2M?). With a(1) = m, it is clear that
a(l)

H11H<Fﬂksuwwwﬂw<j%.
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Fix j, 2 < j < N. First suppose either Tj(z) < x for all z € I; =
laj—1,a4], or that Tj(z) > z for all € I;. Then either Tj(aj) < a; or
Tj(aj—1) > aj—1. It is easy to see that there exists m > 1 such that either
for any k > m,

WE(z) > %M > Tj(a;)  for all z,
or for any k > m,
K aj—1 + Tj(a;—1)
Pj(z) < <Tj(aj—1) for all ,

2
which implies in either case that for any k > m, we have F j(@bf (x)) =0 for
all z. Letting a(j) = m + 1, we get

a(j)
[Tt ], =
k=1

which completes the proof in this case.
Now assume 2 < j < N, and Tj(2*) = 2* (so ¢;(z*) = z*) for some
2* € [aj_1,a;5] (0 < z* < if such z* exists). Then

z* z* 1
(43) 2" =v;(z") = | Fi(@)de+a;-1 = | Fi(x)dz + | Fj_1(2) da
0 0 z*

2%

> S Fij(z)de > 2" F;(2"),
0
since F; = Zgzl F; is decreasing. Thus F;(2*) < 1 and hence for any > z*,
f](x) <1.

We claim that such a z* is unique. In fact, if ¥;(20) = 20, ¥;(21) = 21,
and 0 < zp < z1 < 3, then Fj(z) <1 on [z, 1] so that z; — zp = S;l) F;(t)dt
and hence Fj(x) =1 on [29, z1]. Then Fj_1(x) = 0 on |29, z1]. Thus 8 < z,
which is a contradiction.

We will show that there exist ¢ > 0 and w* < z* such that for any
y € [w*, 1], Fj(y) <1 —¢ < 1. First suppose F;(z*) < 1. The assumption
that J; is upper semicontinuous implies then that there exist ¢ > 0 and
w* < z* such that for any y € [w*, 1], Fj(y) < 1—candso Fj(y) <1-e < 1.
Next in case Fj(z*) = 1, it follows from (4.3) that Fj(z) = 1 on [0, 2*] and
Fi-1(z) = 0 on (z*,1]. Thus 8 < z*, which means z* =  and so j = N,.
Then Fy,(z) =1 on [0, ], which indicates that Fl, is increasing on [0, J].
Since Fy, () < 1, it easily follows that there exists e (= 1—F, ()) > 0 such
that for any y € [0,1], Fj(y) = Fn.(y) <1—¢ < 1. Therefore in either case,
there exist ¢ > 0 and w* < z* such that for any y € [w*, 1], Fj(y) < 1—e < 1.

Note that for any = < z*, ¢f(x) /" z* as k — oo and for any = > z*,

1/);“(9:) \, 2* as k — oo. Thus there exists m > 1 such that for any given
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k > m, for any = € [0, 1], LZJ;C(I‘) > w* and hence Fj(zbf(:v)) <1—e. Let
In(2M?3)
Ny o mEMT)
)= [m -]
By Lemma 4.12,

a(j) m a(j)
ITTA@ <[ TTmw] | T e
k=1 k=1 k=m+1
a(j)
< FU. o H 155 )0

~ k=m+1

m

1
SM(].-&)Q(]) <m | ]

We now introduce some notations and definitions.

DEFINITION 4.1. (1) For n > 3, an index 4 ...14, is said to be bowl-
shaped if there exists r, 2 < r < n — 1, for which ¢; > ¢, and

> Dy <1 < ... <

(2) For n > 1, an index 41 .. .14, is said to be increasing if i1 < ... < iy.

(3) For n > 1, an index 41 .. .14, is said to be decreasing if i1 > ... > iy.

(4) For n > 1, an index 4; ..., is said to be monotone if it is either
increasing or decreasing.

Under the notations in Lemma 4.14, let oo = Z;V:’H a(y).

LEMMA 4.15. Suppose the assumption in Theorem 4.10 holds. Let n > 1
and an index iy ...i, € Ig be given so that HFZ(ln i, lloo > 1. If for some s,t,
1 <s<t<n, asubindex is...iy is monotone, then t—s<a.

Proof. Suppose t — s > «. Since either iy < ... < 44 or iy > ... > 1y,
there exist j and 7 such that 1 < j < N, and s — 1 <r <t — a(j) and

Q1 = e = () = J-
Using Lemma 4.12 and Lemma 4.14, we obtain
1< IF, oo S IS ool R0, ool EX 720 o
, ()
< MIFCO oonr = 22| TT Fytwt ™|
~~ k=1 o
a(j)
1 1
M? — ==
Mo Ty

which is a contradiction. m
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REMARK 4.3. The proof of Lemma 4.15 directly shows that in particular
when

by =j...]
"
t—s+1

for some j € {1,...,N,}, we have t — s + 1 < a(j).
It is not difficult to show the following result.

LEMMA 4.16. For any n > 1 and for any given index i1 ...iy,, there
exists a (unique) partition of {1,...,n} such that

(1) 1=np<ni <...<ng<ngp1 =n for some k > 0;

(2) either ny =1 oriy...iy, is increasing with in,—1 < in,;
(3) for each 1 =1,...,k =1, iy, ...in,, is bowl-shaped;

(4) ing - .. in is decreasing.

DEFINITION 4.2. For a given index w = i; ...i,, n > 3, b(w) denotes the
number of bowl-shaped subindices contained in w, i.e., b(w) = max{k—1,0}
with the notation as above.

For each n > 1, define U,, to be
Un = {ir-in € o [ I1FS lloo > 1}
and let U = | J;7 | Un.

LEMMA 4.17. Suppose the assumption in Theorem 4.10 holds and that
there exists {ny}7>, for which ny — oo as k — oo and Uy, # 0. Then for
any given L > 1, there exists w € U such that b(w) > L.

Proof. We first show that there exists D > 1 for which for any n > 1
and for any given w = iy...1, € U,, there exists a (unique) partition of
{1,...,n} such that

(1) 1=np<ny <...<ng<ngy; =n for some k > 0;
(2) either ny =1 or 4y .. .1y, is increasing with i,, 1 < ip,;
(3) foreach I =1,...,k—1, iy, ...ip,, is bowl-shaped;
(4) in, - .. ip is decreasing;

(5) for each I =0,1,...,k, njy1 —ny < D.

By Lemma 4.16, it suffices to show (5). In fact, it immediately follows
from Lemma 4.15 that n1 —ng=n; — 1 < aand ng1 —np =n—ng < a,
since each corresponding index is monotone. Also, for each Il =1,... k —1,
we have nj11 —n; < a + Ny, since each index iy, ..., , consists of one
decreasing index and one strictly increasing index. Letting D = a+ N, — 1,
we obtain njy1 —n; < D foreach 1 =0,1,...,k.
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Now choose n > (L+3)D and w = iy ... iy € Uy,. Using the notations as
above, we get

k
(L+3)D<n=> (mp1—m)+1<(k+1)D+1,
=0

which implies that b(w) =k —1> L. m
REMARK 4.4. In case k > 1, it is easy to see that
b(w) >n/D — 2.
The following is true for any interval map that satisfies condition (C1).

LEMMA 4.18. Let ji...Jm, m > 3, be bowl-shaped, i.e., there exists r,
2<r<m-—1, such that j1 > jr and

1220 <Jr41 < oo < Jm-
Let zp+1 € (0,1] be given and for each s =1,...,m, let

(1) zs = Yj, 0... 00, (2mt1) = ¥y, (2s41) (25 € Ij,);
(2) As = Fj,(2541)-

Then for each s=1,...,m,
As < zs/zs41.
Moreover, if for somet € {1,...,7r — 1},
220> e == Jr < Jr4l
(such a t always exists), then

A < z/ze41 — Ay

Proof. First, note that for each s = 1,...,m, we have 2541 > 0. Then

for a fixed s, 1 < s < m,
Zs+1 Zs+1 1
2= (201) = | Fi(@)de+aj,1= | Fi(e)de+ | Fj1(x)de
0 0 Zs+1
Zs+1
> S Fj (@) dx > 2541Fj (2511) 2 2541 Fj,(25+1) = 251145,
0

which implies A < z4/z541.

To prove the second statement, observe that z¢11 € [, and 241 €
L, ., so that z;41 < 2,41, since jy11 < jr41. Noticing that ji > j,., we have
Fj, > Fj, + Fj,, which means

Fji(zt+1) = Fj(ze41) + Fj (2e41) 2 Fjo(2r41) + Fj, (2041) > Ar + Ay
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Thus similarly

Zt+1

2= Y5 (2e41) 2 S Fj(x) dx > ze1Fj, (2041) = ze41(Ar + Ap).
0

Therefore Ay < z¢/2¢41 — Ay

Proof of Theorem 4.10. Let w = 41...1, € Up, n > 3a, and choose
x* € 10, 1] so that Fl(ln)ln (z*) > 1/2. Denote the partition of {1,...,n—a(1)}
given in Lemma 4.16 by
l=np<ni<...<np<ngyp=n-—«al), k>2.
Note that b(w) < k — 14 «(1). Let 241 = 2™ and for each s =1,...,n, let

Ts =1, 0... 0 (2%) = Vi, (Tsq1).

Since 4,_q(1)41---in # 1...1 (see Remark 4.3), we have x5 > 0 for each
s=1,...,n—«a(l) + 1. Also for each | = 2,...,k, z,, > a1, since ip, >
Z‘nl—l > 1.

Fix [, 1 <1 < k —1, and consider a bowl-shaped index j;...J, =
ing -+ ingq, Where m =ngp —ng+1. Let 21 = Tpyy 11 (> 0) and for each
s=1,...,m, define z; = ¥, (2511) (= Yin o1 (Tn+s)) and As = Fj (zs11).

Under the notations in Lemma 4.18, observe that for each s =1,...,m,
(4.4) A<=

Zs+1
and

2t Zt+1 Zt
A< — — A = <1— —*Ar)—.
Zt+1 2t Zt4+1

We now show that there exists § > 0, which depends on T only, such
that

Z.
Sl A >85> 0.
Zt

First it follows from Lemma 4.13 that for each s =1,...,m,
1

As > .
—2M?

Consequently,

1 r—t
241 = App1zpqe > 00 2> A1 Ay Arzpypr 2> <2M2> Zr41

Using the notation in the proof of Lemma 4.17, we have r—t < m—2 < D—1.
Also using the fact that z,.1 € I, and j,41 > jr > 1, we get 2,41 > a1
and so

r+1

1 D—-1
Zt41 > <m) ai.
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Let 6 = (2M?)~Pa; > 0. Then

avt o (L1
2 r=\amz) Moz T

This indicates that

Atg(1—5)%,

which combined with (4.4) implies that for a fixed [, 1 <1 <k — 1,

(ni41—mg)

(m—1)
Z”l"~inl+1*1<x”l+1) _Fjl Jm—1 Zm H A < 1_6 51_{ Zs+1
Z1 In
=(1-§)—=(1-9§) —.
(-0 2 =-0)
Therefore
L (n1-1) TT o ) ( )
5 S ”Lln An (‘I ) = Filé.l.inlfl (xnl)(H Finll.T;nl+i,1(ajnl+1))F,:1k n?,I:l (.'1: )
=1
<M

H(l_ >M<M2x”l<1—6> =
=1 Tnyiq

Ty
< MQ — (1 = §)bw—al)
— al )

where we have used the fact that for each | =
inl > inl—l > 1.
This gives a contradiction if n is chosen so that
n _ In(a1/(2M?))

.k, zy, > a1, since

which would imply that

n In(a;/2M?)
bw) —a(l) > = —2—a(l) > — L
(see Remark 4.4) or equivalently

1 1
2 - _ s\b(w)—a(l) -
M ) (1—-9) < 5"

Therefore there exists L > 1 such that for any n > L, U, = 0. =

5. Ergodic properties of an invariant measure: case II. Through-
out this section T is assumed to satisfy the conditions of Theorem 1.1. As
mentioned in Remark 4.2, when Fy, () = 1, every power of the map T fails
to be expanding on [0, 3]. However it turns out that (7', ggdm) is exact.
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THEOREM 5.1. Suppose T satisfies the conditions in Theorem 1.1 and
Fn (B)=1.1If f€BV(B),f >0, and | f|| = B, then

|P"f — Xl =0 asn— oo.

Notice that the assumption Fy,(8) = 1 implies Px[o3 = Xo,5- Let
g« = Xj0,8)/8 € BV(8). Theorem 5.1 shows that (7, g«.dm) is exact (see the
proof of Theorem 4.5), so that g = g« = X|o,5/3. Combined with Theorem
4.5, this yields the following.

COROLLARY 5.2. Suppose T satisfies the conditions in Theorem 1.1.
Then gg obtained from Lemma 4.4 is a unique invariant density of T in
BV(B) and (T, ggdm) is exact.

In order to show Theorem 5.1, we establish convergence at the single
point zero, after which the full result will follow easily.

LEMMA 5.3. Let f € J(B). Then (P"f)(0) — ||f]| as n — oo.

Proof. Since we assume Px|o g = X[o,5], using Remark 2.1, we may fur-
ther assume that Fy, = 1.
For each n > 0, let C,, = (P" f)(0). Then

Cri1 = ZF (P"£)(4:(0 <ZF (P"£)(0) = Ch,

so that as n — oo, Cn . Ci for some C 2 ||f||
Let by = 0. For each k > 1, let I, = max{i | 1 <i < N,, Fj(bx—1) > 0}
and bk = ’(ﬁlk (bk—l)-
Next, we claim that for each k, lim, oo P"f(br) = lim,_—oo P™f(bo)
=C..
Once again we use (C1) for a fixed £ to find
F‘lk (bk‘fl) =1- f.lkfl(bk‘fl) > 07

while for each n > 0,

N,
(P ) (be—1) = > Filbp—) (P™£) (¥i(br-1))
=1

s
= Z Fi(bk_l)(Pnf)(¢i(bk—l))
=1
li—1
<Y Fi(be—1)(P"f)(0) + Fy (br—1) (P™ £) (1, (br-1))
=1
li—1

i=1
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Thus for each k£ > 1,
lim inf (P f)(by—1) < (1 = Fiy (bp—1))Cs + Fy, (b—1) lim inf (P" f) (b )

Noticing that lim, . (P" f)(bo) = Csx and using induction on k, we have for
each k > 0,
Cy < liminf (P"f)(bg).

n—oo

Meanwhile, fix k > 0. Since for any given n > 0, P™f is decreasing, it

follows that (P”f)(bk) (P"f)(0) = C,, which implies
limsup (P" f)(bx) < C..
n—oo

Thus for each k& > 0, lim,, oo (P" f)(bx) = Cx, as claimed.

Next, observe that for each k& > 0, b, < (3, for if not, and if k£ is chosen
to be minimal such that by = 3, then obviously [, = N, and Fy, (bp—1) > 0.
However, Fy, = 1 —Fn,_1 is increasing, so F, > 0 on [bg_1, bx] = [bk—1, 5],
contradicting ¢, = 3 on [bg_1, 3] in the convexity condition (C1).

However, we will show that
(5.1) sup{bg | k > 0} = 3,
in which case for any x € [0, 3), lim;,, oo (P" f)(z) = Cs. Aslim,, .o (P" f)(x)
=0 on (8,1], it easily follows that Cy = ||f]], i.e., limp, oo (P" f)(x) = || f]]
on [0, 8]. In particular, (P"f)(0) — ||f]| as n — oo, which completes the
proof.

To see (5.1), let r = max{ly | k > 1} and notice that I; > 2 so r > 2. If
r < N, set s = inf{T(z") | a, <z < B}, otherwise set s = 3. We want to
show that the sequence by is contained in [0, s]. If for some k, by > s, then
r < N, and var+1 3 (br) > 0. If this is not the case, i.e. Zl 1 Fi(be) =0,
then ZZ r+1 = O on [s, by] since the sum is an increasing function on [0, 7],
which in view of the convexity condition (C1) contradicts the definition of
s above. But then clearly l;,1 > r, another contradiction.

Choose m > 1 so that l,,, = r. Then b,, = ¥y, (bp—1) = ¥r(bm—1) €
[ar_1,a;]. Since 0 < by, <  and

T'[bm, B8] € [Tr-(bm), B U [s, B] C [T;(by), B] U [bm, B],
it follows from Lemma 4.2 that b,—1 = T:(bpn) < bm, ie., Tr(ar—1) <
Ty (bm) < by, < s.
Now, on [0, s], F, is increasing, so
0 < Fr(bpm—1) = F(T, (b)) < Fr(bm),

which implies l,,+1 = 7. A simple induction shows that [, = r for all
k = 0,1,... and that the sequence by, is increasing on [a,_1,a,]| for all
such k.
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Define b* = limg_.o0 byt = limy_o0 b;. Using a,—; < b* < a, and b* < s,
combined with T,.(b*) = b* yields
Tv*, p] < [T-(0%), B1 U [s, B] < [b%, B].
Finally, Lemma 4.2 implies b* = 3 and (5.1) has been verified. m
Proof of Theorem 5.1. Let f € J(B) and | f|| = . For each n > 1, let
dp, = inf{x € [0,1] | (P"f)(z) < 1}. Clearly, for any given n > 1, d,, (< )

exists, and
d

n 1
=Pt =\ P+ | Py,
0 dn,

which implies that

1 B
VIP"f = x| = V1= (P"f)()]da
dn dn
dn, dp
= | [(P"f)(a = { [P"f = xp.
0 0
Since for each n > 1, P™f is decreasing, we have
dn
1P"f = xpgll =2 § [P"f = X8| < 2d,[(P"£)(0) = 1] < 2[(P"f)(0) — 1],
0

It follows from Lemma 5.3 that [|P"f — x[o gl — 0 as n — oo.

Now suppose f € BV(3), f > 0, and || f|| = 3. Then f — 0,5 € BVo(8),
and hence there exist f1,f? € J(f) such that f — X[0,8] = f! — f2 and
1A= 1] Thus

IP" f = xpo,a1ll = IP"(f* = )l
= [(P" 1 = I Ixio,0/8) = (P2 = 1 flIx0,/5)|
<[P "B/ = xpall + 1P B2/ = xo.ml] - 1£41/8,

where the last expression converges to 0 as n — oo. Therefore || P™ f — x| )|
—0asn—00. u

6. Ergodic properties on the unit interval. Suppose T satisfies the
conditions of Theorem 1.1 and (J7; T"(0,a1] = T[0,1] (which is the case
in particular when g = 1). Corollary 5.2 indicates that g € BV obtained
from Theorem 1.1 is a unique invariant density of T and (T, gdm) is ex-
act. Furthermore, Theorem 4.5, combined with Theorem 4.10, shows that if
Fn(1) < 1, then (7, gdm) has exponential decay of correlations and some
power of T is expanding, hence Bernoulli. In this section, we will consider the
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case where Jo7; T"[0,a1] € T[0,1] (so 3 < 1) and investigate ergodic prop-
erties of (T, gdm) on the unit interval. Maps satisfying the Lasota—Yorke
convexity condition are known to have the property that the invariant prob-
ability density is unique and the unique a.c.im. is ezact for T' (cf. [9]). It
turns out that our weaker convexity condition (C) is not sufficient to im-
ply exactness, or even to guarantee uniqueness of the invariant probability
density as the following simple example shows.

EXAMPLE 6.1. Let
2x ifo<z<1/4,
T(x)=1< 2x—1/2 if1/4 <z <3/4,
2x — 1 ifx>3/4

N =

Bl w

1
2

I

Fig. 6.1

(see Figure 6.1). Lebesgue measure is preserved and 3 = 1/2. However, T'
supports infinitely many a.c.i.m. on [0, 1] with densities g1 = 2x9,1/2], g2 =
2X[1/2,1) and go = g1 + (1 —a)ga, for 0 < a < 1, so T is certainly not exact.
(However, Tp is exact, as required by the arguments in §5, and obviously
T'(1/2,1) is also exact.) Consider the nontrivial invariant interval [1/2,1]. If
it is only noticed that T[1/2,1] C [1/2,1] then T71[1/2,1] D [1/2,1], from
which it follows that the interval is invariant. This simple observation turns
out to be the key to understanding exactness, even when Lebesgue measure
is not invariant.

With this example in mind, we define our mixing condition denoted
by (M):
(M) For each d € (8,1], T[3,d] € [B,d].

REMARK 6.1. We present two conditions related to the uniqueness of
the invariant density.

(A)  Forany c¢,d,0 <c<d, we have 0 € (51 Up>p T*[c, d).
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(B) If D is a finite union of closed intervals, then either 0 € D or T'(D)
¢ D.

It can be shown directly that (A) is a necessary and sufficient condition
for T to have a unique invariant density in BV. It is clear that (A) implies
(B), which is stronger than (M). In general, neither of the converses is true.
However, it turns out that condition (M), together with the convexity con-
dition (C), does imply (A). In other words, it guarantees the uniqueness of
invariant density, and in fact the exactness also follows.

Throughout this section T is assumed to satisfy the conditions of Theo-
rem 1.1 and condition (M).

LEMMA 6.1. Let gg be the invariant density defined in Lemma 4.4. Then
938 =9-

Proof. Let g2 = gx(s,1 = g — gp- Since Pgg = gg, it follows that
Pgys = go. Suppose g2 #Z 0. Since g2 is decreasing on (3, 1], there exists
v € (B,1] such that g, ' (R\ {0}) = [8,7]. We claim that T[8,7] C [3,7],
which contradicts the mixing condition (M) and so yields g = 0, i.e., gg = g.
To prove the claim, let B = [0, 3) U (v, 1] and observe

0=\godm=\Pg-xpdm= | gdm= | gydm,
B T-1B BenT-1B
which implies that B NT-1B C {3,~}. Since T(B¢) = T[3,7] is a finite
union of nontrivial closed intervals, it follows that T'(B¢) C B¢, as we have
claimed. m

LEMMA 6.2. For a given f € BV,
[(P"f)xull =0 asn — oo.

Proof. For eachn > 1, let h,, = (1/n) Z?:_& P*1 and take a subsequence
{ng}32, so that h,, — hin | - || as ny — oo, where h € J is an invariant
density of T' (see the proof of Theorem 1.1). It follows from Lemma 6.1 that
h(z) =0 on (8,1].

Let f > 0 and f € BV. Since T[0, 3] C [0, 8], we have T~1[3,1] C [3,1]
and so

1 1
\Pfdm <\ fdm.
B B

Let M = || f]lco < 00. It inductively follows that for a given n > 1,
1 1 1
\Prtram <\ P 2fdm<...<|fdm,
B B B
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which implies

1 1n—ll 1n—ll
VPrtfam==>"{Pfdm < =Y | P fdm
B ns 03 nszOB
1n 11 1n—ll
<> (P -1)dm=Mm=> |P1dm
n n
s=0p s=0p

= M| hnx @yl < Mllhy — hl.
Since ||hp, — || — 0 as ng — oo, it follows that
(P f)x@ull =0 asn— oo.

For any given f € BV, letting f = fi — f—, where fy,f- > 0 and
f+, f— € BV, and applying the same argument to f;, f—, we have
I(P"f)xpull =0 asn—oco.
COROLLARY 6.3. Let gg be the invariant density defined in Lemma 4.4.
Then gg = g is a unique invariant density of T

Proof. Suppose ¢ € BV, (;5 >0, and P¢p = ¢. By Lemma 6.2,
1
S¢dm SPm¢dm—>0 as m — 0o,
B B
which implies ¢(z) = 0 on (3, 1], i.e., ¢ € BV(S). From Corollary 5.2, we
get ¢ = g. Therefore g = gg is a unique invariant density of 7". m

THEOREM 6.4. Suppose T satisfies the conditions in Theorem 1.1 and
condition (M). Then (T, gdm) is exact.

Proof. Let f € BV, f > 0, and ||f|| = 1. Let ¢ > 0 be given. From
Lemma 6.2, there exists m > 1 such that
(P f)x @l <e/3.
Let fz = (P™f)x[0,8 € BV(8) and A = || fs]|. Using Theorem 4.5, choose
n > m so that
1P (fs/A) — gl <&/3.
Since A =1— [[(P™f)x(3ll <1 and P is a contraction in || - [,

[1P"f =gl < | P*"™" fs — Agll + [[(A = D)gl| + [P*™ (P f — o)
<[P (fa/A) — gl + (1 = A) + [[(P™ f)x sl
<e/3+¢/3+¢/3=c¢.

Therefore (T, gdm) is exact. =

THEOREM 6.5. Suppose T’ satisfies the conditions in Theorem 1.1 and
conditions (M) and (E). If lim,_ g+ Fy,y1(7) < 1, then some power of T
s expanding, hence Bernoulli.
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Using the additional hypothesis lim,_, g+ Fiv, y1(2) < 1 and the mixing
condition (M), we modify the proof of Lemma 4.14 and obtain the following.

LEMMA 6.6. Suppose the assumption in Theorem 6.5 holds. Then for
each j =1,..., N, there exists a(j) € N such that

() . 1
[T 5@, < 57
k=1

Proof. From the proof of Lemma 4.14, it suffices to show that if N, < j <
N and Tj(z*) = 2* for some 2* € [aj_1,a;] (2* > [3), then there exist ¢ > 0
and w* < z* such that for any y € [w*, 1], Fj(y) <1 —¢ < 1. In fact, in the
case where F;(2*) < 1, similarly the fact that F; is upper semicontinuous
completes the proof of the claim. If F;(2*) = 1, then it also follows from (4.3)
that F;(z) =1 on [0, z*). Using T'[0, 3] = [0, §] and the Markov property of
P we get S(l) Fn, = Sg Fn, = [ so that Fn,(z) =1 on [0, 5]. We conclude
that (F; — Fn,)(z) = 0 on [0, 3]. Thus T[3,2*] C [B,2*]. By the mixing
condition (M), we get z* = (3 and so j = N, + 1. Note that Fy,+1(x) =0
on [0, 8] and Fy, 41 is decreasing on (3,1]. Since lim,_, g+ Fin, 11(z) < 1, it
follows that there exist ¢ > 0 and w* < z* = (3 such that for any y € [w*, 1],
Fj(y) = Fn,4+1(y) <1 —¢ < 1. We also observe that there can be at most
one fixed point in each monotonicity interval. For if a;_1 < 21 < 22 < a; are
two fixed points, then as in the proof of Lemma 4.14 we see that F; =1 on
[21, z2], from which it follows that T'[3, z2] C [, 22], contradicting (M). The
remainder of the argument follows as in Lemma 4.14. We omit the details. =

For the completion of the proof of Theorem 6.5, the rest of the arguments
in the proof of Theorem 4.10 can be applied with only a slight modification,
e.g., replacing N, and Zg with N and Z, respectively.
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