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The method of rotation and
Marcinkiewicz integrals on product domains

by

JIECHENG CHEN (Hangzhou), DASHAN FAN (Milwaukee, WI) and
YIMING YING (Hangzhou)

Abstract. We give some rather weak sufficient condition for L” boundedness of the
Marcinkiewicz integral operator pg; on the product spaces R" x R™ (1 < p < c0), which
improves and extends some known results.

1. Introduction. Let RN (N > 2, N =n or m) be the N-dimensional
Euclidean space and SN~! be the unit sphere in R. For nonzero z € RV,
we set ©’ = x/|z|. E. M. Stein [16] defined a higher dimensional analogue of
the Marcinkiewicz integral on RY by

00 s 1/2
o)) = (| IR %)
0
where o)
Fy(x) = X Wf(m —v) dv,

lv|<s

and 2 is a homogeneous function of degree zero whose restriction to SN—1
is in L'(SN1) and satisfies the cancellation condition

S 2(2')da’ = 0.
SN—I
It is well known that the Marcinkiewicz integral is an important special
case of the Littlewood—Paley—Stein functions and that it plays a key role
in harmonic analysis. Readers can consult [4, 5, 8, 13-17], among numerous
references, for its development and applications. In particular, it is closely
related to the singular integral operator T, introduced by Calderén and
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Zygmund [2], where

Ta(f)(x) = p.v.

S ?U(FJ}\/]) f(x—v)dv

RN
with (2 satisfying the same conditions as in vg,.

In their famous papers [2] and [3], Calderén and Zygmund proved that
the operator Ty, is bounded on LP, 1 < p < oo, provided 2 € Llog™ L.
Moreover, the size condition 2 € Llog™ L is the best possible in the sense
of Orlicz spaces (see [20]).

Recently, some authors began to study the Marcinkiewicz integral on the
product spaces R™ x R™, which is defined by

) 1/2

dtds
3
(x —u,y —v)dudv,

'
wo(f) (@, y) = (ﬂg |F2 (2, )] L
(1) “ Q' v")

£ L
Fis(z,y) = Tyt

lul<t, |v]<s
where 2 € L1(S"! x §™71) and
2 | Q@ y)d' = | Q6 y)d/ =0 ¥, y)e s xS
Sn—1 Sm—1
See [7, 10, 11, 21].
Below, we list some known results on the function ug,.

THEOREM A [21]. If 2 satisfies the cancellation condition (2) and

1
sup |2(u/, v’)]{ log + log ——
565"71,77657"71 SnlSXSSml ‘u/£’ |'U/77‘
1 1 a+1
+ log —— log f} du’ dv' < oo
[w'el = o'
where o > 0, then pg is bounded on LP(R™ x R™) for p € (%gﬁ, 2a0 + 2).

THEOREM B [9, 10]. If 2 € L(log™ L)?(S™"~! x S™~1) and satisfies the
cancellation condition (2), then pg is bounded on LP(R™xR™) for 1<p<oo.

As mentioned above, to obtain the LP boundedness of the singular in-
tegral operator T, the best size condition in the sense of the Orlicz space
norm is £2 € Llogt L. However, the Marcinkiewicz integral has weaker sin-
gularity than that of Ty, so that the size condition on {2 can be weakened. In
the one-parameter case R™, T. Walsh [18] obtained the following theorem.

TueorEM C [18]. For 2 € L(log L)Y/ (log* log* L)?>~*/"" (") and
satisfying (2), pgo is LP bounded, where p € (1,00), r = min(p,p’), 1/¢' +
1/g=1.
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REMARK. Walsh considered a slightly more general operator. But there
are no essential differences between it and the Marcinkiewicz integral.

The main purpose of this paper is to extend Walsh’s result to the product
Marcinkiewicz integral . We will prove the following theorem.

THEOREM 1. If 2 € LY(S™" ! x S™71) and satisfies the cancellation
condition (2), then

||N9(f)||p < Cp(l + ||Q||L(log+ L)2/7(log™T log™ L)8(1—2/r’>(sn71Xsmfl))Hpr,
where r = min(p,p’), 1 <p < oo, 1/p' +1/p=1.

Clearly this theorem is an improvement of Theorem C. Our proof will
combine the basic ideas used in [18] and the rotation method by Calderén
and Zygmund. But in the product case, the latter is more difficult to apply,
in particular in the case of p # 2. Also, we need some new estimates for terms
involving product kernels. We will prove the easy case p = 2 in the second
section. After giving some technical lemmas in Section 3, we will prove the
case p # 2 in the fourth section. Throughout this paper, we always use
C to denote a positive constant independent of the essential variables and
functions. It may be different at different occurrences.

2. Proof of Theorem 1 for p = 2. Define
Qu' ")

u,v) = ﬁ X|u\§1(‘u|)X\v|§1(’v|)'

(]
() = o]y

(3) p(u,v) = ¢
Then
pe(f)(@,y) = lees « [, y)lg
where @ s(u,v) = t7"s ™ p(u/t,v/s) and H = L2((RY)2,4ds) By Plan-
cherel’s formula, it is sufficient to estimate
(4) P(tx, sy) = SS Q0 0" (tx - u )b (sy - o) du’ do’
Sn—lxgm-1
for |x| = |y| = 1, where
sint +i(cost — 1)
t

P(t) = X exp(—itr) dr =
[0,1]

For the convenience of notation, we denote the Hilbert spaces L?((0 <
t < 1),dt/t) and L3((0<t<1,0<s5< 1),dtds/(ts)) by H(t < 1) and
H (t <1, s < 1) respectively; similarly, we define H(t > 1, s < 1), H(t > 1),

H(t<1,s>1), H(t>1,s>1), etc.
Now, for t <1, s < 1, by the cancellation property of {2,

]cﬁ(ta:, sy)’ﬁ(tgl,sgl) < CH“QHl
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For t > 1, s <1, by the cancellation property of {2,

|@(t$, Sy)|7?[(t>1,s§1) < ‘ SS |Q(Ul, UI)’ . |'lp(t.7? . 'LL/)| sdu’ d'l)/
S’rLleSmfl

Vo) e, o) it o) de!
Smfl Snfl

S (‘ S 12(u,0")| - [P (t - )| du

Sm=1  |gu/|<1/t

H(t>1,s<1)

dv’

IN

H(t>1)

IN

H(t>1)
T e ) et )| d
|z-u!|>1/t

= | (W) + 1)) dv.
Sm—1

) dv’
H(t>1)

Note that for the Young function &(t) = t(log(t+2))'/?, its Young conjugate
is U(t) =t (t) — ®(p1(t)) < Ctexp(t?) where p(t) = &'(t) and ¢! is
the inverse function of . Thus, by Holder’s inequality (see [22, Chapter 4]),
we have

(5) I(v') < S 102, U,)HX\Q;.uf\gl/t(t)|1/)(tx . ul)|‘7—l(t>1) du’
Snfl
<c | |e@, v)(oglz-u/ [T/ du/
Sn—l

< O ) | 1108 2 -0/ 1, (51 )

< C(||Q("v,)HL(log+ L)1/2(§n—1) + HQ(’ Ul)HLl(Sn—l))~
On the other hand,
©  HE)s |l ”/)"X\w'u'bl/t(t)\wtw )|y I

Sm—l
< ON192(-, ") | pr(sn-1y.-

Hence, we have
(7) \@(tm,sy)|ﬁ(t>175§1)

< O£l pgogr yrrasn-txgm=1y + 12l L1 (sn1xsm1))-
Similarly,
(8) \@(t:r:,sy)|ﬁ(t§17s>1)

< 20 Laogt yrrz(sn-1xsm-1) + 120 L1 (n-1x5m-1))-
Fort > 1, s> 1, we have
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9) “ Q0 V)t - u ) (sy -0 du’ do’

Sn—1y gm—1

:( S + S >( S + S )Q(u’,v’)@b(tmu’)w(sy'v’)du'dv’.

e[t o[>0y [<s Ty >t

Of the above four terms, we shall only estimate the first and the last one;
the other terms can be treated similarly. For the first term, by Holder’s
inequality, we have

1 Q ! / . ! 3 / ! !
(10) | I (Yt Yooy -yl
jou!|<t=1, Jyof[<s !
< ._(2 ! / ! !
- C} S } S | (u,v)]du H(t>1)dv H(s>1)

lyo'[<s—1 e | <t

<c| T U260 o e + 19200 ) dv|

lyv'|<s~1 H(s>1)
< C(HQHLlog+ L(Sn—1xSm—1) + HQHLI(Sn—lxs'rnfl))_
For the last term,
11 ‘ Q ’7 / tr -y ) du! do' B
( ) “ <u ! )¢< v )w(sy v ) wav H(E>1,s>1)

lz-w![>t=1, |y’ |>s~1

< AV 1)) [t ) yes w1 [0 (sy - V) rgss g -1y du’ dV

Sn—1ygm-1
< O 92| pr(gn-1xgm-1).-
Form (4)—(11), we get the assertion of Theorem 1 for p = 2, i.e.
(12) lra(Hllz < CA+ 192 Lgogt £l fll2-

3. Some basic lemmas. In this section, we shall mainly discuss some
properties of Littlewood—Paley—Stein g-functions.

3.1. Preliminary lemmas. We first recall some basic results about the
Littlewood—Paley—Stein g-function, which is defined by

9o (£)(@) = | T (F)(@)
(13) T, f o To(f)(@) = 01 f(@)seny = Ko * f(a),
Ko () = 0u(a)yepy € H = LA(RY, dt/2),

where o is an L*(R) function. We have the following known result.
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LEMMA 2 [17]. If

lolli < oo, Yo(t)dt =0, |Kq(w)s < Bla|™,
R

S |Ko(z —y) — Ko(z)|ndz < B (Vy #0),
|z|>2y|

then
lgo(Allwrr < Clloll+ B)Ifll,  Nga(Hllp < Clop) ol + B)I fllp,
where 1 <p < oo and 1/p'+1/p=1.

In the product space case, the Littlewood—Paley—Stein g-function of one
dimension is defined by

9N (,y) = ITe()) (@, 9)l5
(14) Tt f = To(f)(@,y) = s * f (2, Witsyer )2 = K * f(z,y),
Ko(2) = st 9)|myeqmy » € H = L*((R})?, dtds/(ts)),
where ¢ is an L'(R x R) function. We have

LEMMA 3. If |[s]|i < oo, ¢ is odd both in t and in s, and there exists
€ (0,1] such that

|K(2,y)|;; < Bla|~ 1Iyl g
K (x+h,y) — K(, y)|H+|K (y, 2 +h) = Ko(y,2) |7 < Blh[*e| 7y,
’K(.T}—Fh y+k)— K (x+h,y) — Kg(x,y—i-k)—i-IQ z,9)| 5
< BIh|*[k[ ||y
for all |x| > 2|h|, ly| > 2|k|, then
19:(Hllp < Cep) (sl + B fllps 1 <p < oo

This lemma can be viewed as a vector-valued generalization of bound-
edness of singular integrals on the product space R x R (see [11, 12]).

3.2. Some special g-functions. Set x(t) = x(,1)(t), take A € C°(R)
with supp(X) C [1,2] and §; A(t)dt =1, let o = x — A, and define

U(l,u’,v’)(t) _ ‘t‘n_lR/ <)\(’ . ’) “|Q(‘;:1)>(tul)’

(15) o) =R (o) 2D ) o),

] 0(-
G 15) = R (M- DA ) o ),

| . |n—1| o |m—l
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where R’ and R" are the Riesz transforms on R" and R™ respectively. Then
it is easy to see that o(#**) is odd, and ¢(**)(t,s) is odd both in ¢ and
in s.

LEMMA 4. Ty, T ..y are bounded on LP(R), and T;(u/w/) is bounded
on LP(R x R); furthermore,

1 Tollpp < Clpp),

1T, oo lpp < CoP) (1 + 2 (2", 9)),

1T vy lpp < Cop)° (1 + 27 (2, 3))),
where 1 < p < oo, 1=1,2, and

aj (k' ")
QZ(U’,U’) —  sup |07 (0 2(T))" k=12,
reR,j=0,1 (147)727J

3oL (r,5))]
Q* ! ! — ‘7’ S i Y _.
W)= S a2 its) 2

(16)

Proof. By Lemmas 2-3, it is enough to check that K,, K_g...) (i = 1,2)
satisty the conditions of Lemma 2, and K .,/ Is as in Lemma 3. We shall
check that in Subsections 3.2.1-3.2.3 below.

3.2.1. Estimates of K,. First, we note that o € L'(R), { o(t) dt = 0 and

[e'e} 2 [e’e]
dt dt
|Ko(@)[5 = | t*g(%) —<C | 72— < Cla| ™
0 2/|e]

In addition, we have

S [Ko(z —y) — Ko(2)|p dx = |y] S [Ko(zly| —y) — Ko(zly|) |0 da

|z[>2]y] |z|>2
2 1/2
dt
) dx

= (§<x—m(mgy)—«x—»<§) u
2/

|z|>2
max(1/|z—y'|,1/|z]) 1/2 dr\ 172
<c | ( | tdt> dz+C | ( (RN ) dx<C.

5
|2|>2 * min(1/[z—y'[,1/]z]) |z[>2 * |z[/2

So, K, satisfies the conditions of Lemma 2.

3.2.2. Estimates of Ko-(i,u’,v’)- We shall only consider the case ¢ = 1.
Note that o(:v'*) € LY(R), (o1 ¥)(t)dt = 0. Now, by definition of (2
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(see (16)) we have

00 2
Ky @ = § [ RO D) ()| 2
i 0 ’ t t
fe’e) 2
= x‘_2g t_lo-(lvu/vvl) <$_/> ﬂ
t t
0
—2Oo —1o*/, 1 ../ 1 _22dt PN A —1\2
<o) P ) (14 ) | S SO o)l
0

In addition, for |z| > 2|A/,

Kt on (= h) — K w0 (7)1

= (RO D2e o () - RO Do) (5o
(1 (") (20}
(!

do@Ww' ) (3 — on\ |? at\ V2
o () )
sm—%(

0 1 -3
Q27 (u' ;") (1 + —)
Thus, K ... satisfies the conditions of Lemma 2.

2 g\ 1/2
3

2 g4\ 12 )
%) < Cou el

) t

0

3.2.3. Estimates of K (! o) . By the oddness of K (/) WE can assume
x>0 and y > 0. Now, by the deﬁnltlon of 2% (see (16))

(A7) K o (2, 9) |5

RARsORCN

(R})?
<« R'R A(L-DA( 0 [)£2(-;0) fu/gv/ 2dt ds
et N s )| T
-2 —22
dtds
< 1.1 z Y * (00 0V 2
< | [t's (1+ t) (1+ ; — (27(u, V)
(RY)?

2 dtds
t3g3

1

S

5 (2°(u',))°

< Cla| 2yl ? |

-2
(+[i]) o+
(L)? '

< Cla| 2yl (2" (', )%

x
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On the other hand, for |z| > 2|h|,

(18)  |K o (z + hyy) — K o) (@, y)ﬁ;

(u’ U/) T + h Y (u’ U/) Ty 2 dtds
(S —_— = | =<’ R
t s t’s 353

IN

(RL)2
con (T +0h y\|?dtds
< |2 Dy (2 yy| aras
< |h| (Rsls)Q S ( )| B
+
-3 —22
9 x + 0h Y dtds , .. , ;.2
< nf? | <1+ - D <1+ ;> 5 (127w 0)

(RY)?
< Clh[a] =y 72 (27 (', )%
Similarly, for |y| > 2|k,
(19) K (@ +hyy) = K (@,9)lg < Clhl - 2] ly| 127 (o).
For || 2 2|h] and |y| > 2K,
(20) K wron (@ + hoy+ k) — K o (z + h,y)

— K o (@, + k) + K o (2,9)[F,

von (T +01h y+ 02k \ | dtds
< B[k DDy (L
< [h|7[K| (Rxlx)Q yS P R 545
+
20712 z|\7° y\ P dtds .,
< |h| |k| Xx 1+ ; I+ = 1565 ('Q (U,U))
(512 ] s

< ClR k|~ |yl =4 (2" (', 0"))%.

All the above estimates (17)—(20) ensure that the kernel function fi(u/,v/)
satisfies the conditions stated in Lemma 3. m

3.3. Integrability of £2*’s
LEMMA 5. We have

| 2 y)de’ < CO+ 1265 gt 1esn 1))
Sn—1

which also means that for fivedy' € S™ 1, oL’y ¢ LY(R) for almost every
z' € S"L. A similar result holds for (2.
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LEMMA 6. We have

SS Q*(l‘/a y/) dx’ dy, < C(l + ||Q||L(log+ L)Q(S”_lxsm—l))’

Sn—1y gm—1

which also means that V') € LY(RxRY) for almost every (z',y') € "1 x
Sm—1,

3.3.1. Proof of Lemma 5. For |z| <1/2,

cn(r —u)
’:C _ u‘nJrl

DR/ DI 2( ) (@) = | Dg Al 02w, y') du
R
= 0’20, y")Ipr(sn-1),

where O'(1) is a function depending only on n, o, z, 3" and satisfies |O'(1)] <
Ch,a, thus, for |s| <1/2 and j =0,1, 2,

dio(L"Y) ()

(21) 7o

< ON92(,y") g (sn-1y.-

For |z| > 4,
DR/ (|- DI -1'7"02(, ) ()

en(T —u) CnT

= | (ng - Dg |x|n+1>>\(u)u\1"9(ua y') du
Rn

= 2| MO (120, 9| 1 s,
thus, for |s| >4 and j =0,1,2,

dig(L"Y) (s) o
(22) T < s )iy,
For 1/2 <|z| < 4, let r = |z|; then
d

RO D20, ¢) (@)
i k(| .
= S_jR’<_Q(-,y’) kzzo ag)! . ‘k-i—l—n d i\igk D>($)

for j =0, 1,2, where a,(gj)’s are some constants. Let

J k
) ki1 dEA(s)
Ai(s) :E:a]ij)sk+1 —
k=0

Then \; € C°(RL) because A € C2°(R) and supp(A) C [1,2]. By integration
by parts, we have
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RO D)@
< [ SR DI f2)
4 gt
b5 SR D] Py )| ds
1/2
4
< N sy + € | R Q[ D20 9) (52 s,
1/2

thus, for 1/2 <|s| <4 and j =0,1,

dioeLr' ') (g
(23) T() < ON92(,y") g2 (sn-1y
1 4
+CY VIR (- DR, y) (s ds.
j=01/2
Combining (21)—(23), we get
(24) Q1 (@) <ON20,¢) Ly sn1y
2 4
+CY 0§ RO DR, y))(s2') | ds.
J=11/2

By Llog™ L(R") — L{ .(R™) boundedness of R’, we have
(25) I ROy D26 ) @) de < CO+ 1209 Logt isn-1))-
1/2<]z|<4

From (24)—(25), we get the assertion of the lemma m

3.3.2. Proof of Lemma 6. Let us first introduce some notations. Define
A={-1,0,1}, E; ={te R : |t| < 1/2}, BEo = {t e R : 1/2 < |t| < 4},
E; = {t € R!: |t| > 4}. Then

(26) 2°(,y) < > sup (14 [¢))FT (1 +s])* T
(1,8)€Ax A, i,j=0,1 (1:5) € By x Es
<O = Y 2y,

(1,6)€AX A, 1,j=0,1

For %, ;, noting that supp(A) C [1,2], so for (t,s) € E_1 x E_q,
we have
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IDSDyRR"(A(|- DA 0 NR2(,0)[ - [ o ['™)(, y)]
< ocnl@—u) Mul) semly—v) MpD)

R xR™

(u',v")| du dv

T ’x _ u’n—&-l ’u’n—l Y ‘y _ ,U’m-i-l ’,U‘m—l

< Crml| 2] L1 (sn-1x 5m-1)-
Hence

(27) I 1en L@ y)ldedy’ < Comll 2] o sn1xsm1)-

Sn—1y gm—1

For Qil’o, following the same idea of the proof of Lemma 5, we find that
fori=0,1,2,

IDZORR"(A(| - DA o 20, 0)] - 17" o [7™) (x, 59/)]
< [DR'R"(A(|- DAY ([0 N2, 0)] - ')z, s3/)].
where A (s) = 22:0 b/,(j)5>”’“+1*mci”“)\(s)/ds”c € C°(RL) and bg)’s are some

constants depending only on m, k, ¢. By integration by parts, we deduce that
for |a| <1,71=0,1,

IDER'R"(A( - DAV (|0 (-, 0)[ - '), s1/)]
< IDSR'R"(A(- DA (| o )92, 0)| - ['") (2,5 /2)]
4

+ VIDSRRI (- DA ([0 NQ2(-,0)[ - ') (w, sy/) | ds
1/2

< Crnn|92]| L1 (5n-1x 5m-1)

4 HIS\GE)) .
+ S D;WR,R”<>\(| |))‘ éLT ‘)Q( 70))(1‘,83/) ds,
1 |- |
while for || <1 andi=0,1,
4 .
[ IDERRA( - DATD (0 N2(,0)| - 1), sy/)| ds
1/2
4
cn(r —u)  A(Jul) 1y (i41) /
< D% . . v (.
< | |pep s e 1§2|R (FD(| 0 )2(-,0))(w, 5y/)] ds du

4
<c | | IR'OE (o 2(0)(, sy')| ds du.
lu<21/2
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By local boundedness of R”, we have

(28) SS ]Qil’o(:ﬁ’,y’ﬂdx’dy’ < Cn7m(1+|"Q”Llog+ L(sn—lem—l))-

Sn—1y gm—1

Similarly, we have

(29) W 1951y de’ dy' < Coun(1+ 11920 p1ogt psn-1x5m-1))-

Snfl XSm71
For (25, by integration by parts, we infer that for i, j = 0, 1,

[DLORR(A(| - DA 0 N2(, o) - 17" o |77 (ra”, s9/)]
Q2(-,0)

< oo (M- DA o D s ) 22
4 . Q(-,0)
+ S 5¥8§+1R/RH<)\(| DA o) W) («'/2,sy")| ds
1/2
Sl 02(-,0)
# § o torR R (A1 DN o iy ) 12
1/2
1 2(-,0
b 5] o RRY (A DA D ) ) dsar
[1/2,4]2
= I,y + 112", y) + I1I(2', ') + IV (2, 5)).
Similarly to (27), we have
(30) \ sup I(2,y) da'dy’ < Crml| 2|11 (5715 5m—1).-

gnty gm—11/2<7<4,1/2<s<4
And, similarly to (28)—(29), we obtain

(31) “ sup A’y da’ dy’
g1y gm—11/2<r<4,1/2<s<4

S On,m(l + ||‘Q||Llog+ L(Snflxsmfl)),

where A = II or II1. To estimate IV, by the local boundedness of R'R”
from L(logt L)?(R™ x R™) to L .(R™ x R™) (see [6]) and the above estima-
tion method, it is not difficult to show that
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(32) “ sup I1I(2' ) d2’ dy
Sn—1y gm—1 1/2§TS47 1/2§5§4
< ] R'R"(Aa(] - DA ( 0 )2(-, 0)) (2, ) der dy
1/2<z|<4, 1/2<]y|<4
S Cn,m(l + ||Q||L(log+ L)2(Sn71><sm71)).
Combining (30)—(32), we get

(33) I\ 120 ¢ da'dy’ < Crm(L + 120l g+ 1y2(sm-155m-1))-

Sn—1y gm—1

For (27 ;, by cancellation properties of {2, we have

IDEDIRR(A(| - DA( o N2, o)l - M o [ (@, )

< SS Do (z—u) e cm(y—v)  cmy
P\ |z =t gt )7y — ot Jymtt

R™ xR™
!/ /
AuDA(eh e, |
’u|n71’v|mfl
< Cpla] ="y 7 2] 1 01 gy
Hence,
(34) W 120 ) da’ dy < Col| 201 (571 x5m-1)

Sn—1y gm—1
Combining all the above estimation methods, we can easily prove
(35) WA@Y de’ dy' < Crn(1+ 2l 10g+ pisn-1xesm1y):
Sn—1y gm—1
where A = (27 ; or £27,.
From (26), (27)—(29), (33)—(35), we get Lemma 6 easily. =

4. Proof of Theorem 1 for 1 < p < oo. We have po(f)(z,y) =
9o (f)(z,y) where ©% is defined in (3). Without loss of generality, we sup-
pose {2 is even both in the first and in the second variable (for the odd case,
things are much easier to deal with). Now,

s, v")

N _ )

(Pt,s * f(x,y) - X S |U,’n_1”l)|m_1
R™ R™

= {1 M(@t(IU\)Qs(\UI)+At(IU\)@s(|v\)

on g |u|nfl|vlm71

+oc([ul)As([o]) + Ae(luDAs([v)) f (& = u, y — v) dudv

X|u|§t<u)X|v\§s(v)f(x —Uu,y— 'U) du dv
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= “ 20" S ot(t)os(s) flx —t'u',y — ') dt’ ds’ du dv’
Sn—1y gm—1 R2

1 o'
+ = SS Hat(l’ ’ )(t’)gs(s’)R’f(:U —t' y — §'V') dt’ ds' du’ dv’

1 1,0
+ 3 SS SS 0t (o PN NR f(a — t',y — s'v') dt’ ds' du/ do’
Sn—1y Sm—1 R2
1 ’ o
+ 1 SS SS%(Z v )(t’, SYR'R" f(x — t',y — ') dt' ds’ du dv'.
Sn—1x gm—1R2
Decompose R" = L(u') + L(u/)*, R™ = L(v') + L(v')* and f;‘/lj,,(a, b) =
f(@' +au',y' +b'), and let K, K denote the K, acting on the first and
the second variables respectively. Then
(36) I~(¢:z * f(x,y) = SS QWK K, * f;,:’;,/(a, b) du' dv’
Sn—1yx gm—1
1 /A4
+ S QK;(M/W/)KQ' * (R'f)z,jz,(a, b) du’ dv'
Sn—1y gm—1
]. 10
+ SS §K2Kg(2,u/,v') « (R//f);b/:;’(a’ b) du’ dv'
Sn—1y gm—1
1~ ’o
+ SS ZKg("/’”/) * (R’R"f);,”z,(a, b) du’ dv'.
Sn—1y gm—1
Thus, by the rotation method, Lemmas 4-6, and the boundedness of the
Riesz transform, we get

IR (Nl + IR (Nl < Crn ()1 £ lp:
IRR"(Hlp < Crn(p2)?[| £llps

furthermore,
B7) (Dl = 182 = flgll, < Com@r)* @+ 120l 10g+ £2)1f ]
Now, for 2 € L(logt L)?/9 where ¢ € (1,2], define
QL' y) = 2y ) (1 + log F|2( ) )7,

/ AN / / / 1 / / / / /
Q.2 y) = (2, y) + (S T)o (ST W 2 y)dd dy
Snflxsrnfl
1 1
_ .Q/ / / d /_ .Q/ / / d /
U(Sn_l) X z(x Y ) €z U(Sm_l) S z(x 'Y ) Yy,
Sn—l Sm—l
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where z is a complex number and o(S*) is the surface area of S*. Notice
that (2, satisfies (2) and

sw [ <0 (] 1926 y)I0+1R6 ) di' dy
RG(Z)SQ Sn—lXSm—l

By (37), for Re(2) =0, 1 < s < 2,

(38) ||Hﬂz(f)||Ls(Ranm) <C(s— 1)_8(1 + ||~QzHL(1og+ L)2)||f||L5(R"><Rm)-
By (12), for Re(z) =1,

(39) 0. (D2 < CA+ [192:0 L 1og+ L) f1]2-

But it is easy to see that

sup (1+92:( Log+ £y2)+ sup (141922 L1og+ 1) < CAFN2[| Lpog+ )y2/a)-
Re(z)=0 Re(z)=1

1 1/1 1 11 . 1 L2 1+21
—==|-=-= - — = ie. —=(1—=|]-4—==,
s 2\p ¢ 2 q) P ¢)s q2

by (38)-(39), the vector-valued interpolation of Stein for analytic families
of operators and the fact that 2 = (2;,,, we get

So, for

1 1 _8(1_2/‘1/)
W) et <c(t-1) (14 120 g 2y 1l
Replacing 2 by A2 in (40) for A > 0, we get

1 1 —8(1—2/‘1/) 1
) lualfly < 0(; - 5) (A4 1920 Lo azyyza) | £l

Let jo = [p'] + 1 and define
Ej, = {(«,y) € S x 5™ i log" [2(2, )| < 270},
Ej={(=',y) € "7t x 8™ 20 <logh |2(a', )| < 271}, 5 > o,
25 y") = Q' Y )xe, (@' y),

1
Qi y') = Q; («',y') + (8 1) (§mT) XS Q}(m’,y’) dx’ dy’
Sn—1y gm—1

1 1
T oS ) S Qi(a’,y') da’ — o(5m 1) S Q' y) dy'.
Sn—1 Sm—1
Then £2; satisfies (2) and 2 = >2° . (2;. Applying (41) to §2; with 1/q =
1/p+1/jand A = j10 we get



(42)
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2 ()llp < ZHMQ )lp

J=Jo

<C Z]B(l 20 (710 4 || I Laog* 1oyl f lIp

Jj=Jo
< CL+ 120 L1og+ £)2/p (0g+ 1og+ £ys-2/0)[|f I

which finishes the case 1 < p < 2 of Theorem 1.

For 2 < p < oo, replacing ¢ by ¢’ in the proof of (41), we can show

1 1

(1-2/q) .
[Nl <C{-—- (A7 + 1920 1 og+ carnzza M fllp-
qg p (log™ (AL))

Then, taking jo = [p]+1, 1/¢ = 1/p+1/j and A = j1°, we can also get (42)
for 2 <p<oo. nm
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