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Littlewood—Paley—Stein functions on
complete Riemannian manifolds for 1 <p <2

by

THIERRY COULHON (Pontoise),
XuUAN THINH DuonG (North Ryde, NSW)
and X1ANG DoNG L1 (Oxford)

Abstract. We study the weak type (1,1) and the LP-boundedness, 1 < p < 2, of
the so-called vertical (i.e. involving space derivatives) Littlewood-Paley—Stein functions G
and H respectively associated with the Poisson semigroup and the heat semigroup on a
complete Riemannian manifold M. Without any assumption on M, we observe that G
and H are bounded in L?, 1 < p < 2. We also consider modified Littlewood—Paley—Stein
functions that take into account the positivity of the bottom of the spectrum. Assuming
that M satisfies the doubling volume property and an optimal on-diagonal heat kernel
estimate, we prove that G and H (as well as the corresponding horizontal functions, i.e.
involving time derivatives) are of weak type (1,1). Finally, we apply our methods to
divergence form operators on arbitrary domains of R™.

1. Introduction

1.1. Background. It is well known (cf. e.g. [37]) that the horizontal
Littlewood-Paley g-function defined, for f € C§°(R"), by

2 91/2
dt}

and the vertical Littlewood—Paley G-function defined by

6N = [ [Uve /A sypal]

0

are bounded in LP(R") for all 1 < p < oo, i.e., for such p, there exists C,
such that
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lg(Hlp +1G(Np < Coll Fllps Vf € C5Z(R™).

For p = 1, the operators g and G are of weak type (1,1). In classical harmonic
analysis, the Littlewood—Paley functions play an important role in the study
of non-tangential convergence of Fatou type and the boundedness of Riesz
transforms and multipliers (cf. [37]-[39]).

In [38], Stein extended the LP-boundedness for 1 < p < oo of the
Littlewood—Paley G-function to the context of compact Lie groups for 1 <
p < oo, and the LP-boundedness for 1 < p < oo of the Littlewood—Paley
g-function to a general setting of symmetric Markov semigroups. For the
latter aspect, see also [31] and the references therein.

The above facts have been subsequently generalised further. One direc-
tion is the Littlewood—Paley theory on Coifman—Weiss’s spaces of homoge-
neous type; for this, we refer to Han and Sawyer [26]. Another direction is
the study of the Littlewood—Paley functions on (non-compact) complete Rie-
mannian manifolds, in connection with the study of Riesz transforms: some
results have been obtained by N. Lohoué (]29], [30]) for Cartan-Hadamard
manifolds and non-amenable Lie groups, and by Chen Jie-Cheng [11] for Rie-
mannian manifolds with non-negative Ricci curvature. Note that the work
of Bakry ([7]-[9]) on Riesz transforms on manifolds whose Ricci curvature
is non-negative or bounded below relies on a Littlewood—Paley theory of a
slightly different kind. Let us also mention the related works [36], [41], [35].

The first two authors of the present article have proved in [14] that the
Riesz transform is of weak type (1, 1) and bounded in L? for 1 < p < 2 on any
complete Riemannian manifold satisfying the doubling volume property and
an on-diagonal optimal heat kernel estimate. One of the aims of this paper
is to study the weak type (1,1) of the Littlewood—Paley—Stein functions
under the same assumptions. The LP-boundedness of these functions for
1 < p <2 can be treated directly, and without assumptions, via a classical
argument due to Stein. These estimates can be improved substantially, as
in [29], in the case where the bottom of the spectrum of the manifold is
positive. In the case p = 1, we have to use, as in [14], the recent singular
integral theory developed by Duong and McIntosh in [20] and Grigor’yan’s
weighted estimates of the space derivatives of the heat kernel on complete
Riemannian manifolds ([24]). Finally, we apply our methods to the case of
second order operators in divergence form on arbitrary domains of R".

As was already observed in [14] for Riesz transforms, the case p > 2 is of
a completely different nature and requires much stronger assumptions (see
[16], [17], [28]).

1.2. Notation, definitions. Let M be a complete non-compact Rieman-
nian manifold, d be the geodesic distance on M, and p be the Riemannian
measure. Denote by B(z,r) the geodesic ball of center x € M and radius
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> 0 and by V(x,r) its Riemannian volume u(B(z,7)). One says that
M, pi) has the doubling volume property if there exists C' > 0 such that

V(z,2r) < CV(x,r), Vxe M, r>0.

Let A be the (non-negative) Laplace—Beltrami operator on M, et he

the heat semigroup, and p:(z,y) be the heat kernel on M. Let e~tVA be the
Poisson semigroup on M.

For f € C§°(M), define the (so-called vertical) Littlewood—Paley-Stein
G-function and H-function by

61w = ([ uve V3 syear)

8 Owg

HiP@) = (| Ive2s@rar) ",
0

as well as the (so-called horizontal) Littlewood—Paley—Stein g-function and
h-function by

00 » 1/2_ oo 9 » 2 1/2
9= { VA s a) —{§4m B at
T e—tA 2 /2: 1.0 —tA ? 12
0 ={ A rw irg {S‘m f@) } -

Let R be a sublinear operator, defined on C5°(M), with values in mea-
surable functions on M. We shall say that R is bounded on LP(M, ), for
some p € [1,00], if there exists C} such that

IR(Nlp < Cpllfllp,  Vf € g™ (M),
and that it is of weak type (1,1) if there exists C' such that

p{z € M; [R(f)(2)] = A} < C[[f[1/A
for every f € C§°(M) and A > 0.

1.3. Some basic facts and remarks. (i) As we already mentioned, g and
h are always bounded on LP(M), 1 < p < oo; this even holds in a general
symmetric Markov semigroup setting (see [38], [31]).

(ii) The function G is pointwise dominated by H. Indeed, recall the sub-
ordination formula

(1.1) wa_ 1 S ~hAemuy 12 gy,
N3
0
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One can write

G(f)(w) = | t|Ve ™2 f(a) dt
0
< % Ogt(?: \Ve_%Af(ac)\e_“u_l/2 du>2 dt,
and, since
S e "y V2 du < 00,
0
we have
Scoot oo| e A f () 2e a2 du) dt
(4 )
=C S ( S t]Ve_Z%uAf(ac)\Qdt)e‘“u_l/2 du
0 0

= S ( S Ve "2 f(x) |2dv>e_“u1/2du:C'HQ(f)(x).
0
(iii) The L2—b0undedness of H is obvious. In fact, up to a multiplicative
constant, H is an isometry of L2(M); the same is true for G.

PRrRoOPOSITION 1.1.

IH(F)ll2 = % Ifles Vf € LX),

Proof. Since ||V £z = ||AY2f||2, we have

IHAIE = { Ve 2 Fl3dt = S |AY2e 2 £ |13 dt.
0 0
On the other hand,

o (e}

S HAl/Qe_tAfH%dt _ S< tAf e—tAf dt = S < _tAf, e—tAf> dt
0

0 0
100

:_58

0

This finishes the proof.

_ _ _ o 1
A, ety db =~ e ATIRlE = 51113

92|Q>

Thanks to the Marcinkiewicz interpolation theorem, it follows from
Proposition 1.1 that the weak type (1,1) of G or H implies the boundedness
of the same operator on LP(M), 1 <p < 2.
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(iv) Let p € ]1,00[ and ¢ its conjugate exponent. Then it is easy to see
by duality that
IHNp < Cllfllp,  Vf € LP(M),
implies
Ifllqg < CIH) g, VS € LUM).

The same phenomenon holds for G.

1.4. Statement of the results on manifolds

THEOREM 1.2. Let M be a complete Riemannian manifold. Then H and
G are bounded on LP(M) for every 1 < p < 2.

One can make Theorem 1.2 more precise when the bottom of the spec-
trum of M is positive. Following [29], define, for a € R,

Ha()w) = { | e Ive gy

0
THEOREM 1.3. Assume that the bottom of the spectrum of M 1is positive,

i.e. )

gy 1913

recen) | fII3
Then for every 1 < p < 2 and every a < 2A\1(p — 1), Hq is bounded on

LP(M); more precisely there exists Cp x, o only depending on p, A\i and a
such that

Ha(H)llp < Cprrall fllps  Vf € LP(M).

THEOREM 1.4. Let M be a complete Riemannian manifold satisfying the
doubling volume property and such that

pi(z,z) < _C
S V(@ Ve
for some C" >0 and all x € M, t > 0. Then H, G, h and g are of weak
type (1,1).
REMARK. The above two assumptions on M, namely the doubling vol-
ume property and the on-diagonal heat kernel upper estimate, are known to

be together equivalent to a more geometric condition, the so-called relative
Faber-Krahn inequality (see [23, Prop. 5.2]).

(1.2)

1.5. Ezamples, comparison with known results. We have not found The-
orem 1.2 in the literature, but it is probably known, and implicit for instance
n [29], that Stein’s argument works on manifolds, at least for G (see also
[8], where a version of this argument appears). Note that Stein’s argument
can also be used in an infinite-dimensional context (see [40], [13]).
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If one replaces G by 5 , Where

G ={ [ VAve 3 piwyrar ™,

0

then the LP-boundedness of Q~, for 1 < p < oo, follows from probabilistic
Littlewood—Paley theory (see [32], [33]; a slightly stronger inequality is even
true when p > 2). Lucien Chevalier ([12]) explained to us that in the case
1 < p < 2 this also follows from Stein’s argument.

Theorem 1.3 should be considered as a partial generalisation of the re-
sults in [29] for Cartan-Hadamard manifolds with a positive bottom of the
spectrum and of the corresponding ones in [30] for non-amenable Lie groups
endowed with a family of Hormander vector fields, since our method also
works in this setting. Our assumptions are much weaker, and our proof much
simpler. In [29], [30], the function under consideration is rather

Gal f)() = { | teat!V€_t\/Zf(x)|2dt}l/2.

0

Stein’s argument also works for this function, and yields a statement anal-
ogous to Theorem 1.3, with the parameter range a < 2v/A1(p — 1), which is
slightly worse than the range in [29], [30]: @ < 4v/A1(p — 1)/p. On the other
hand, recall that, in their more restrictive settings, [29], [30] also yield some
results for p > 2.

Theorem 1.4 is our main result. It contains the case of manifolds with
non-negative Ricci curvature, which was treated in [11] (see also [8] for re-
lated results), but it covers a much larger class of manifolds: e.g. manifolds
with doubling volume property and suitable Poincaré inequalities (including
Lie groups with polynomial volume growth and manifolds that are roughly
isometric to a manifold with non-negative Ricci curvature), cocompact cov-
ering manifolds with polynomial volume growth. For details we refer to [14].
On the other hand, recall that, in his particular case, [11] is also able to
treat the case p > 2.

If one assumes in addition a pointwise upper bound for the gradient of
the heat kernel, then the conclusion of Theorem 1.4 follows from [3]. If one
assumes Poincaré inequalities, one can obtain an H? theory, 0 < p < 1
(see [34]). Under even stronger assumptions, one can also treat the case
where 2 < p < oo ([16], [17], [28]).

An analogue of Theorem 1.4 should hold when instead of (1.2), M sat-
isfies so-called subgaussian estimates (see [10]).

Theorems 1.2-1.4 could be formulated in an abstract diffusion semigroup
setting (see [14, p. 1153]).
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2. The case 1 < p < 2. In this section, we prove Theorems 1.2 and 1.3.

2.1. Boundedness of LPS functions. In this section we will follow Stein’s
approach in [38] to prove Theorem 1.2. We recall the Hardy-Littlewood
maximal inequality for semigroups ([38, p. 73]).

LEMMA 2.1. Let T; be a symmetric submarkovian semigroup on some
measure space (X,u). For a suitable function f on X, define f*(x) =
supyso |T1f(x)], x € X. Then for every 1 < p < oo, there exists Cp such that

1 5lp < Cpllfllp, Vf € LP(X, ).

Proof of Theorem 1.2. According to Section 1.3(ii), we need only con-
sider H. Let f € C§°(M), and set u(z,t) = e~*2 f(z). One can assume that
f is non-negative and not identically zero, and then by standard estimates
u is smooth and positive everywhere. For any 1 < p < 2, we have

(% + A) uP(z,t) = puP~(z, 1) (% + A)u(m,t)
— plp — V2, 1)V, 1)
= —p(p— D2 (z,0)[Vu(z, 1),

which yields

1 0

Vu(z,t)]? = — w2 P(z,t <—+A>up x,t),

Vule. ) =~ it (e t) g+ 4w
therefore

H(f)(x) = | [Vu(z, )P dt = —Cp | > P(x,t) <% + A> uP(x,t) dt
0 0
< Cpsupu? Pz, t)J (z),
t>0

where

J(z) = —og: <% + A) uP(z,t) dt.

One may write, applying the Holder inequality with exponents 2/(2 — p)
and 2/p,

§ H2(f)(@) dp(w) < Cp § supul® PP (2, 1) I (@) dpa(x)
M M t>0

<G, [A%?iﬁ’ P (x, 1) du(x)} e [AgJ(x) du(x)}

p/2

_ p/2
< GG § J(@) du@)]”
M
where in the last step we have used Lemma 2.1.
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On the other hand,

S J(x)dp(z) = — S (— —i—A)up(x,t) dt dp(zx)
M 0

= { (@, 0)du(e) = |If]1,
M

since {,, AuP(z,t) du(z) = 0. Hence

IHAllp < Col ISP L1572 < Cll £l
This finishes the proof.

2.2. Manifolds with a positive A\1. This section is inspired by [29], where
N. Lohoué introduced a new class of Littlewood—Paley functions on Cartan—
Hadamard manifolds (i.e., complete and simply connected Riemannian man-
ifolds with non-positive curvature) that took into account the positivity of

the bottom of the spectrum.

Let A1 > 0 be the bottom of the spectrum of A on L?(M), i.e., the norm

of e7¥4 on L2(M) is e **. Recall the definition

Ha($)w) = { § eive 2P}

0

The case p = 2 in Theorem 1.3 is nothing but a variation on Section 1.3(iii).

PROPOSITION 2.2. For any a < 2\, there exists C such that
IHa(Hll2 < ClIfll2s  Vf € L2(M).
Proof. Since ||V £z = ||AY2f]|,

[e.9]

IHa()IIE = § e[ Ve 2 F(13 at

0
oo

§ e lle mmAs|E_y) AV 24 f |5 dt
0

< S e(e= (=Mt AL/2g =t 1|12 gy
0
< Capinllf113,
as soon as 7 € ]0,1[ is chosen so that
a <2\ (1—n),
which is possible if a < 2A;. The proof is complete.

IN
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Proof of Theorem 1.3. Let f € C§°(M) be non-negative and not identi-
cally zero, and u(z,t) = e~** f(z). Then, as above,

Vu(z, 6)]? = —]ﬁ W2 (2, 1) <% + A)W, 1.
Let -
0
Jo(x) = — eat<— + A) uP(z,t) dt.
(2
One has
HA(f)(z) < Cpsupu?P(x,t)Ju ().
>0
It follows that
/2
[ #2(H(@) du(e) < CIAE?2] | o) du(a)]
M M
Now write
S Jo(z)dp(z) = — e <% + A) uP(x,t) dt dp(z)
M

AN
S
N
/3
8
=
L
=
E
_|_
S
ey
e
®

g
N
<
—~
8
~
~—
=
=
—~
8
~—
U
~

[e.9]

= /15 +a § el r | dt
0

o0
—tA
<UfIs(1+a § ete 2 s, dt).
0
Now by definition ||e*?||2_.o = e~**. On the other hand, e 74 is a symmet-
ric submarkovian semigroup, therefore [|e=*4|;; < 1. By the Riesz-Thorin
interpolation theorem, for any 1 < p < 2, we have
—tA —tA 10 || ,—tA (0
le™  lp—p < lle™ ||i_>1||e “l2-2
where 6 € (0,1) is taken so that 1/p=60/2+ (1 —-60)/1,ie,0=2(p—1)/p.
Hence ||e7t2||h_, < e72M =Dt This implies that, if a < 2(p — 1)Aq,
[ee] [ee] 1
at|| ,—tA|p dt < (a—2(p—1)A1)t dt = ——— —
[S)e ”6 Hp—»p — [S)e 2(])—1)/\1—0,
is finite. The claim follows.
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3. The case p = 1. In this section, we prove Theorem 1.4.
3.1. A criterion of weak type (1,1). The following statement is the main
technical tool in [14]. It will be instrumental in the proof of Theorem 1.4.

PROPOSITION 3.1. Let M be a complete Riemannian manifold, with
Riemannian measure p, satisfying the doubling volume property and the
heat kernel upper bound

I
V(z, /1)

for some C > 0 and all x € M, t > 0. Let R : L*(M) — L*(M) be a
bounded sublinear operator. Assume that there exists a kernel ki(z,y) > 0
such that

IRI(I— e~ f](2)| < § ke, 9)| £ ()] disly),
M

(3'3) pt(ll?,x) <

YVt >0, f € CO(M), for a.e. x € M.
If
(3.4) sup S kt(z,y) du(z) < oo,
VEMD )2 v
then R is of weak type (1,1).
3.2. Weighted estimates of derivatives of the heat kernel. In the next

two sections, we shall work under the assumptions of Theorem 1.4. Our first
lemma is standard; for a proof, see [14, Lemma 2.1].

LeEMmMA 3.2. For all v > 0,
S e~ (@y)/s du(zr) < C,V(y, Vs)e M Yy e M, st > 0.
d(zy)>vt

Our next lemma is a simple consequence of [24, Lemma 3.2] and our
assumption on the heat kernel. Recall that assumption (3.3), together with
the doubling volume property, self-improves to

efadQ(:p,y)/s
V(y,v/s)
for any a €]0,1/4[ (cf. [25, Thm. 1.1]).

(3.5) ps(z,y) < Cqy Ve e M, s >0,

LeEMMA 3.3. For € > 0 small enough,

S |V$Amp5(a:, y)|265d2(fvay)/5 du(CC) < BL efst/s7
d(zy)> Vi sV (y,V/s)

Yy e M, s,t > 0.
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Sketch of proof. Set
Eo(y,s) = | Ips(, ) PN dpu(a),

M
S (Vo Aoy, y) P> 0/ dpy(z).

It follows from [24, Corollary 1.3] that, for e < 1/4,

C
(36) E3(y7 S) < 8_33 EO(y7 8/2)
Now (3.5) together with Lemma 3.2 easily implies that
Ce
Eo(y,s) < ————, VYyeM,s>0
RS
(see [14, Lemma 2.2]). It then follows from (3.6) and doubling that
Ce
E <+, VYyeM s>0.
3(y78> = ng(ya\/g)a Yy ;S

Now write
| 1Valaps(e, )2 @0/ dpu(z) < Bs(y, s)e /"
d(z,y) >Vt
The lemma follows.

3.3. Weak type (1,1) of H and G. One has

HI(— ) 1)) = (] V(e = 02 pa) P as)

0

= <OSO‘ S Vaps(z,y) — Vapsit(x,y)) f(y) du(y)rds)l/g
0 M

1/2

IN

M 0

§(§19ap000) ~ Vapessta )P ds) 5@ dutw).

47

According to Proposition 3.1, it is enough to prove the existence of C' > 0

such that

o 1/2
(3.7) I (V19ups(w) = Vepenila,y)Pds) " du(x) < €
d(zy)>vE 0
forally e M, t > 0.
Set

(e}

A=A = § (11Vauley) ~ Vaperla)ds) duta),

d(zy)>vt O
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and, for k£ € N,
(k+1)t 12
A=Ayt = | (] IVepswy) = Vapess(o,y)Pds) " dp(a).
d(zy)>ve Kt
For k > 1, write

(k+1)t . 12
A = S ( S ’v:cps (337 y) — Vapstt (:C, y)|2€26d (@y)/kt ds)
d(zy)>vt Kt
% e*EdQ(m,y)/kt du(l’)
(k+1)t ) /2
< < S S |v:cps (.T, y) - v:cps—I—t(CUv y)‘2625d (@y)/kt ds dﬂ($)>
Mkt
> ( S e—?edQ(x,y)/k;t d,u(:l?))lﬂ
d(z,y) >Vt
According to Lemma 3.2, we have
| e e M du(e) < CV(y, Vi),
d(zy) >Vt
therefore
(3.8) Ak < Cv BkV(y, \/H)
with
(k+1)t
By = Bk(y, t) = S S ’vzps(xa y) - Vzps+t($v y)|2625d2(:c,y)/kt ds d,u(:r)
Mkt
Since

0 0
%Vrpu(%y) = Vx%pu(% y) = _VmAwpu(xay)7

one may write

(k+1)t s+t 9
Bo={ | | § Vedupa(a,y)du| @0 ds dy(a)
Mkt s
(k+1)¢ s+t
< § 5 (8] IVadapu(e,y) 2 du) @0/ s du()
Mkt s

(k+1)t s+t
=t § (] VoAbl ) PO dy(2)) duds.
kt S M
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49

In the above expression, v € [s,s + t], and s € [kt,(k + 1)t], thus u €

[kt, (k + 2)t], and

e2sd2(x,y)/kt < 625(k—&—2)(12(x,y)/lmL < 665d2(m,y)/u.

Hence
(k+1)t s+t
2
Bp <t S S < S V2 Agpu(, y)|2e5od @u)/u du(az)) duds.
kt s M

Now, according to Lemma 3.3, for ¢ > 0 small enough,

C
Ve Arpu(z,y 206ed*(@y)/u )y (g <
§ IVa2aputo) @) <

This yields

(k4+1)t s+t du (k+1)t ds

B, < Ct —ds§0t2 —_———
' A éﬁW%ﬁD i SV (y, V)

1
< C't3—,
= RDPV (g, VRE)
therefore, by (3.8),
AL < CK™32 |k >1.
Let us now turn to the case k = 0. Write
t

1/2
Ap < < S S [Vaps(z,y) — Vapstt(z, y)‘2€25d2(:c,y)/t ds dlu’(x))
d(z,y) >Vt 0
1/2
% ( S 672€d2(m,y)/t dH(CU)) / '
d(z,y)> V't
Lemma 3.2 yields

S 6_25d2(1’,y)/t dﬂ(x) < CEV(% \/E)’

d(z,y)>V1t
therefore
(39) Ao < CV BV (y, V),
with
‘ 2
By= | (IVaps(@,y) = Vapore(a, ) P=CE0/ ds dp(e).
0
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Following the above argument, one obtains
t s+t
By<t| | ( | IVelapu(e,y)Peted du(m)) duds.
08 dzy)>Vi

Lemma 3.3 now gives, for € small enough,

S |VzAxpu(:C,y)|2645d2(50,y)/u du(ZL‘) < 3# e—ct/u7
d(z,y)>Vt u V(ya \/E)

hence
L s+t —ct/u

B, < Ct§ S mduds
B C t s+t E 3V(y,ﬂ)
T 2V(y, \/E)S S (U> V(y,u)

0 s
Using doubling, one sees easily that the quantity

is uniformly bounded from above. Thus

!
B(I)SL

V(y, V1)’

and it follows from (3.9) that Ag is uniformly bounded.

Finally, since
A < Z Akn
k>0
the estimate (3.7), and therefore the weak type (1,1) of H, is proved. Ac-
cording to Section 1.3(ii), G also has weak type (1,1).

et/ du ds.

3.4. Weak type (1,1) of h and g. It is well known ([19, Thm. 4], [25,
Cor. 3.3]) that (3.5), together with the doubling volume property, implies,
for every m € N* and « € ]0,1/4],

m

0 m e—ad2(a},y)/s
310) [ gmn(e)| = 1420 (o) < Cone

sV (y,v/s)’
Ve,y € M, s > 0.

By applying Lemma 3.2, one then easily obtains the following.
LEMMA 3.4. For m € N* and € > 0 small enough,

[ A7) D dp(a) < 5 Com et
Py STV (y, /5)

Yy e M, s,t > 0.
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2 1/2
ds) .

Let us start by studying h. Write

0

(A — e H02) £ ()

bl = 1) = ( 1o

0

According to Proposition 3.1, it is enough to prove

o0 1/2
(3.11) S ( S | Apps(x,y) — Appore(z,y)|? ds) du(z) < C.
d(@y)>vi 0
Set, for k € N,
(k+1)t )
/2
a=alyt)= | (] slp@y) — Al y)Pds) " du(a)

d(z,y)>vt Kt

The same calculations as in Section 3.3 show that, for £ > 1,

(3.12) ar, < CVbV (y, Vkt),

where
(k+1)t
b = br(y,t) = S S 8| Azps(,y) — Aupsit(z, y)|2625d2(x,y)/kt ds dp(z)
Mkt
(k+1)t s+t 9
= S S s‘ S Alp,(z,y) du‘ e2ed* @)/t g du(x)
Mkt s
(k+1)t s+t
< §§ st ] 1A%(e,y) P du) @D ds dpu()
M Kkt s
(k+1)t s+t
=t | 5§ (§142u(e,y) P @0/ du(z)) duds
kt s M
(k+1)t  sit
<t § s | (§ 1A% y) P00 du(a) ) duds.
kt s M

Thus, using Lemma 3.4 for m = 2 and ¢ = 0, we get

(k+1)t s+t du (k+1)t s
b < Ct S ———ds < Ct? —_——F—
’ i §uwa¢@ ;sww¢a
< C't? !

and
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One estimates ag in a similar way, using Lemma 3.4 for ¢ > 0, and one can
conclude that h has weak type (1,1).
Now for g. Consider

R(f) @) = | £lae VA f ()2 at.
0
Using (1.1), one can write

- COSO ( t3|Ae’4uAf(:c)]2dt) 12 gy
0
= SCOSO (oSOU\Ae_”Af(x)F dv> e "3/ du
0 0
= C'h*(f)(2).

Finally it is well known that g < go (see [38, p. 59]), thus the proof of
Theorem 1.4 is complete.

4. Divergence form operators on bad domains of R™. In this
section, we consider a divergence form operator acting on a bad domain as
in [21].

Let 2 be the Euclidean space R" or a domain of R"™. In the latter case, no
smoothness condition is assumed on the boundary of {2 unless it is implied
by other assumptions. Consequently, {2 may not satisfy the doubling volume
property, hence it is not necessarily a space of homogeneous type. However,
we can always find a subset X of R” such that X contains {2 and X satisfies
the doubling volume property. One such space X is R” itself, but for our
purpose, we will keep X as small as possible (see assumption (i) below).

Let @ be the sesquilinear form on the product space V' x V', where V is
a dense subspace of the Sobolev space Hy = W3 (2), given by

Qfg) = | Y ay(@) 2L % gy

Ox; Or;
2 i ¢ o

for f,g € V, and a;; are bounded, measurable, complex-valued coefficients
which satisfy

]%mZaw CZCJ\<C§ReZaU QC]

7.]
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for some constant C, for all { € C", x € 2. We also assume the uniformly
elliptic conditions

S|¢)? < §R6Zaij($)<izj < k[¢[?
i,J
for x € £2 and ¢ € C™, where § and k are positive constants.
Let A be the divergence form operator associated with the form @ in
the sense that A is the operator in L2(§2) with largest domain D(A) which
satisfies

(Af,g9) =Q(f,9)

for all f € D(A) and all test functions g € V. Different choices of the space V'
give the operator A different corresponding boundary value conditions when
2 is a domain in R". For example, when V is Wol’Q(Q) and W12($2), this
corresponds to the Dirichlet boundary conditions and Neumann boundary
conditions, respectively.

The operator A generates a bounded holomorphic semigroup e *4,
larg z| < w for some p < 7/2. See [27, Chapter 9].

We aim to prove the LP-boundedness of the Littlewood—Paley—Stein
function associated with A for 1 < p < 2 under the assumptions that A has
heat kernel bounds and the LPS function is bounded on L?. More specifi-
cally, we assume the following;:

(i) The analytic semigroup e *4 generated by A has kernel p;(z,y) with
Gaussian upper bounds, that is,

|pt(1“a y)‘ < Cht(x’ y)
for all t > 0, and all z,y € {2, with h(x,y) defined on X x X by
1 2
ht<x7y> = e_a‘x_w /t7
|Bx (2, V)]
where C and « are positive constants.

(ii) The LPS function associated with A is bounded on L?(2), i.e. the
operator

) = { § veagar)

0
satisfies

[H(Pll2 < Clifll2 - VF € D(A).

(iii) The space V, the domain of the sesquilinear form, is invariant under
multiplication by bounded functions with bounded, continuous first deriva-
tives. This condition is satisfied by Dirichlet, Neumann and mixed boundary
conditions.
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REMARK. (a) In assumption (i), Bx means the ball in X where 2 C
X C R™ as explained above, and |Bx]| its Lebesgue measure. It is also suf-
ficient to assume that A satisfies a Poisson type heat kernel upper bound
instead of (i), i.e. the exponential decay is replaced by a fast enough poly-
nomial decay. The proof of the main result of this section then needs only a
minor modification.

(b) Assumption (ii) is satisfied if the generalised Riesz transform asso-
ciated with A is bounded on L?(£2), i.e. |[VA™Y2||3_5 < C. This holds if
and only if the domain D(AY2) C V with |V f|j2 < C||AY2f]|y for every
fe D(AI/Q). In this case, V in the LPS function can be replaced by A'/2,
and the resulting square function norm is equivalent to the L?-norm on 2
as a consequence of the fact that the operator A is maximal accretive, hence
has a bounded holomorphic functional calculus on L?(2).

(c) The main problem of this case is that {2 no longer satisfies the dou-
bling volume property, hence it is not a space of homogeneous type, and
the usual Calderén—Zygmund operator theory is not directly applicable. We
overcome this problem by using the results in [20].

Condition (i) implies that the semigroup e~*4 has estimates on time
derivatives of its kernels. More specifically, we have the following lemma.

LEMMA 4.1. Let Ty be a uniformly bounded analytic semigroup on L*(12)
and assume that Ty, t > 0, has a kernel p(x,y) satisfying

Ipe(w, y)| < e~elTvlP/t g e 0t > 0.

¢
| Bx (w, V1)
Then the time derivatives %Tt, k € N, have kernels g—;pt which satisfy
oF C
}wpt(%y)} u emolT=yP/t T yp y e 2> 0.

< =, 9
~ t*[Bx(z, V1)|
For a proof, see [21]. See also [15, Section 2.1], [22] and their references
for detalils.
dk

It follows from boundedness of the operators We*tA = AFe~'4 on the

L?-space that the heat kernels p;(-,y) and their time derivatives %pt(‘, Y)
belong to the domain of the operator A.

Lemma 2 in [21] shows that the space derivative of p;(z,y) satisfies a
weighted L2-estimate. In that proof, if we replace the heat kernel p;(x,y) by
its time derivative %pt(-,y) and replace the weight wy(x,y) by the weight
eflz=yl* for sufficiently small e, then we obtain the estimate in Lemma 3.3
above with the divergence form operator A in place of the Laplace—Beltrami
operator. By repeating the proof of Theorem 1.4, we obtain the follow-
ing.
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THEOREM 4.2. Under the above assumptions (i)—(iii), the operator

o0 1/2
H(f)={ § Vet f12at
0
is of weak type (1,1). Hence it can be extended to a bounded operator on
LP(§2) for 1 <p < 2.

NOTES. (a) Assumption (i) on heat kernel bounds is satisfied by large
classes of divergence form operators on R" or a domain of R™. In the case
of Dirichlet boundary conditions, we can have Gaussian heat kernel bounds
without any conditions on smoothness of the boundary of {2. In the case
of Neumann boundary conditions, one needs the domain 2 to have the
extension property to ensure heat kernel bounds even with the Laplacian.
For example, see [18], [1] for divergence form operators with real coefficients,
and [5], [2] for certain operators with complex coefficients.

(b) Let A be a second order divergence form elliptic operator with
bounded, complex coefficients. It has been shown recently in [4] for A acting
on the Euclidean space R", and in [6] for A acting on a strongly Lipschitz
domain, that

IVflla < CIlAY2flla,  Vf € D(A).

As in Remark (b) of this section, this implies that assumption (ii) is satisfied
for these operators.
(c) Under assumptions (i) and (iii), the (horizontal) operator

) = th}m

is of weak type (1, 1). In this case, the analogue of assumption (ii) is satisfied
as a consequence of A being maximal accretive (see Remark (b) of this
section). The proof is then along the lines of Section 3.4.

(d) As in the case of manifolds, one can also consider vertical and hori-
zontal Littlewood—Paley—Stein functions defined with the help of the Poisson

0 _ia
¢

|t

i ’
0

semigroup e_t‘/‘z; the results are similar.

Acknowledgements. The first author thanks Lucien Chevalier for use-
ful conversations.
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