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Some new spaces of Besov and Triebel-Lizorkin type
on homogeneous spaces

by

YONGSHENG HAN (Auburn, AL) and DACHUN YANG (Beijing)

Abstract. New norms for some distributions on spaces of homogeneous type which
include some fractals are introduced. Using inhomogeneous discrete Calderén reproduc-
ing formulae and the Plancherel-Pdlya inequalities on spaces of homogeneous type, the
authors prove that these norms give a new characterization for the Besov and Triebel—
Lizorkin spaces with p, ¢ > 1 and can be used to introduce new inhomogeneous Besov and
Triebel-Lizorkin spaces with p,q < 1 on spaces of homogeneous type. Moreover, atomic
decompositions of these new spaces are also obtained. All the results of this paper are new
even for R”.

1. Introduction. Spaces of homogeneous type introduced by Coifman
and Weiss in [2] include the Euclidean space, the n-torus in R”, the C*°
compact Riemannian manifolds, the boundaries of Lipschitz domains and,
in particular, the Lipschitz manifolds introduced recently by Triebel in [19]
and the d-sets in R™. It has been proved by Triebel in [17] that the d-sets in
R™ include various kinds of fractals; see also [18].

The homogeneous Besov and Triebel-Lizorkin spaces on spaces of ho-
mogeneous type have been studied in [12] and [7]. In [9], the inhomogeneous
Besov and Triebel-Lizorkin spaces on spaces of homogeneous type were
introduced by use of the generalized Littlewood—Paley g-functions when
p,q > 1. In [10], the inhomogeneous Triebel-Lizorkin spaces were gener-
alized to the cases where 0 < pg < p < 1 < ¢ < oo via the generalized
Littlewood—Paley S-functions. The main purpose of this paper is to gen-
eralize the inhomogeneous Besov and Triebel-Lizorkin spaces on spaces of
homogeneous type to the case where p,q < 1. To do this, we first introduce
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new norms for distributions on spaces of homogeneous type. Using the inho-
mogeneous Calderén reproducing formulas ([11]) and the Plancherel-Pélya
inequalities ([4]) on spaces of homogeneous type, we prove that these new
norms are equivalent to those introduced in [9]. Thus, these norms give
a new characterization for the inhomogeneous Besov and Triebel-Lizorkin
spaces developed in [9]. Moreover, using these norms, we introduce new in-
homogeneous Besov and Triebel-Lizorkin spaces for the case where p,q < 1.
We also introduce a new inhomogeneous generalized Littlewood—-Paley g-
function on spaces of homogeneous type and show that the LP(X) norms
of this g-function and of the inhomogeneous Littlewood—Paley S-function
introduced in [10] are equivalent. As a consequence, this gives a new charac-
terization of Triebel-Lizorkin spaces ([10]). Finally, atomic decompositions
of these spaces are obtained. As a simple application, one can easily see that
when one regards a Lipschitz manifold as in [19] as a space of homogeneous
type, the Besov and Triebel-Lizorkin spaces defined here are the same as
those defined by Triebel in [19] via a completely different approach. More
applications of these new Besov and Triebel-Lizorkin spaces will be given
elsewhere; see [13] and [20]. All results of this paper are new even for R™.

The organization of this paper is as follows. We state all the main results
in the remaining part of this section, and all the proofs will be given in
Section 2. Some remarks will be given in Section 3.

Before stating the main results, we first recall the necessary definitions
and notation for spaces of homogeneous type.

A quasi-metric p on a set X is a function g : X x X — [0, 00) satisfying

(i) o(z,y) = 0 if and only if = = y;

(i) e(z,y) = o(y, x) for all 7,y € X;
(iii) there exists a constant A € [1, 00) such that for all z,y,z € X,

o(z,y) < Alo(z, 2) + o(z,y)]-
Any quasi-metric defines a topology, for which the balls
B(z,r)={y € X : oly,z) <r}

for all z € X and all r > 0 form a basis.

In what follows, we set diam X = sup{o(z,y) : z,y € X}. We also
make the following conventions. We write f ~ g if there is a constant C' > 0
independent of the main parameters such that C~'g < f < Cg. Throughout
the paper, we will denote by C' a positive constant which is independent of
the main parameters, but it may vary from line to line. Constants with
subscripts, such as C7, do not change in different occurrences. We denote
N U {0} simply by Z; and for any ¢ € [1, 00|, we denote by ¢ its conjugate
index, namely, 1/g+1/¢' = 1. If A is a set, we denote by y 4 the characteristic
function of A.
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DEFINITION 1 ([13]). Let d > 0 and 0 < 0 < 1. A space of homogeneous
type, (X, 0, 1t)d,0, is a set X together with a quasi-metric ¢ and a nonnegative
Borel regular measure g on X such that suppu = X and there exists a
constant Cy > 0 such that for all 0 < 7 < diam X and all z,2’,y € X,

(1) u(Bl, 7)) ~ 7,
(1.2) lo(z,y) — o(z',y)| < Coolz,2")’[o(x, y) + o(a, y)] .

A space of homogeneous type defined above is a variant of a space of
homogeneous type introduced by Coifman and Weiss in [2]. In [14], Macias
and Segovia have proved that one can replace the quasi-metric g of any space
of homogeneous type in the sense of Coifman and Weiss by another quasi-
metric @ which yields the same topology and (X, g, i) is as in Definition 1
with d = 1.

DEFINITION 2 ([8]). Fix v > 0 and § > § > 0. A function f defined on
X is said to be a test function of type (zo,r,3,7) with g € X and r > 0 if
f satisfies the following conditions:

(1) [f(z)] < O(r T Q(HS,CIJO))HV;

fr-’y

B
r+o(x, fEO)) (r + oz, o))
1
< — .
for o(z,y) < 57lr + o(z, z0)]
If f is a test function of type (zo,7,3,7), we write f € G(xo,7,03,7),

and the norm of f in G(zo,r,3,7) is defined by | fllg(zrs,) = Inf{C :
(i) and (ii) hold}.

Now fix g € X and let G(53,v) = G(xo, 1, 3,7). It is easy to see that
g(l'l,r,,B,’)/) - g(/87’y)

with equivalent norms for all ;1 € X and r > 0. Furthermore, it is easy to
check that G(3,~) is a Banach space. Also, let (G(3,7))" be the dual space
of all continuous linear functionals on G(8,7).

We denote by (h, f) the natural pairing of h € (G(5,v))" and f € G(8,7).
Clearly, for all h € (G(3,7))’, (h, f) is well defined for all f € G(zo,r,3,7)
with g € X and r > 0.

It is well known that even when X = R"™, G([31,) is not dense in G(82, )
if 81 > (2, which will bring us some inconvenience. To overcome this defect,
in what follows, we let &(ﬂ,'y) be the completion of the space G(0,60) in
G(B,v) when 0 < 3,7 < 0. (The authors thank Professor Hans Triebel for
suggesting this idea.)

(i) 17(x) — £(y) < c( o(,y)
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DEFINITION 3 ([8]). A sequence {Sj}32, of linear operators is said to
be an approzimation to the identity of order € € (0, 0] if there exists C; > 0
such that for all kK € Z; and all x,2',y, ¥’ € X, the kernel Si(x,y) of Sy is
a function from X x X into C satisfying
2—k6

2 F + o(x, y)) =

) / 2, 2 € 9—ke
(ii) [Sk(x,y) — Sk(a’,y)| < Cy (251 Q("I?’y)> (2F + o(x,y))d+e

(i) [Sk(z, )| < C

for o(z,2") < i 27" + o(z,));
/ € —ke
(1) | Sk (2, y) = Sk(z,¢)] < Cl(2kgf’;é:n) y ) (2~ 2@ z,y))tte

‘ -

(
51 27"+ oz y));

N

)
for o(y,y') <
(IV) |[Sk(xa y) - Sk(l‘a y,)] - [Sk(x,a y) Sk( lvy/)]

|
olz,x) \°( olyy) \° ke
=G <2"“ + 9(%1/)) <2‘k + o(z, y)) (27F + o(x, y))dte

1 k / Lok

_ < .
for o(z,a") < 57 (27" + e(x,y)) and oy, y') < 57 (27" + oz, y));
SSkmydu =1;
X
SS’kxyd,u =1.

REMARK 1. Coifman’s construction in [3] yields an approximation to
the identity of order 6 such that Si(x,y) has a compact support when one
variable is fixed, namely, there is a constant Cs > 0 such that for all k € Z,

We need the following construction of Christ [1], which provides an ana-
logue of the grid of Euclidean dyadic cubes on spaces of homogeneous type.

LEMMA 1. Let X be a space of homogeneous type. Then there exist a
collection

(QFCc X :keZy,acly)

of open subsets, where Ij, is some (possibly finite) index set, and constants

0 €(0,1) and C3,C4 > 0 such that
(1) p(X\ U, QF) =0 for each fized k and Q% N Qg =0 if a # S;
(ii) for any a, B,k,l with | > k, either Qlﬁ c QF or Qlﬂ Nk =0,
(iii) for each (k,a) and each | < k there is a unique 3 such that Q C Qlﬁ,
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(iv) diam(QF) < C30";
(v) each QF contains some ball B(zE,C46%), where 2% € X.

In fact, we can think of Q¥ as being a dyadic cube with diameter roughly
6% and centered at z%. In what follows, we always suppose § = 1/2. See [12]
for how to remove this restriction. Also, in the following, for k € Z and
T € I, we will denote by Qlﬁ’y, v =1,...,N(k,7), the set of all cubes
Qﬁ,ﬂ C QF, where j is a fixed large positive integer. Denote by yf’” a point
in Q’ﬁ"’. For another fixed large positive integer j, k € Z, and 7 € I, we
will denote by C_Qﬁ’”, v=1,...,N(k,7), the set of all cubes Qi,ﬂ C Q% and
by 7" a point in Q. For any dyadic cube Q and any f € Ll (X), we set

1

mq(f) = m ngf(x) du(z).

Now we introduce B, (X) and Fj (X) norms for all f € (é(ﬁ,’y))’ with
0<B,y<@.

DEFINITION 4. Let —f < s < . Suppose that {S;}?°, is an approxi-
mation to the identity of order 0, Ep = Sy — Si_1 for kK € N, Ey = Sy and
{QQ’V 7 €Iy, v=1,...,N(0,7)} with a fixed large j are dyadic cubes
as above. For 0 < p,q < oo and all f € (é(ﬁ,’y))’ with |s] < f < 6 and
0 <y < 0, define

N(0,7) 1/p
175,00 = { 20 22 m@)mgor (1Eo(1)P}
Tely v=1
> /
R IED e}
k=1

and for 0 < p < 00,0 < g < 00,

N(0,7) 1/p
Flegyon = { 3 3 w@)meon(1Eo(£)

Tely v=1

S

k=1

LP(X)
Here, for k € Z and any suitable f,
Ey(f)(x) = | Ex(z,y)f(y) duy).

X

We now introduce new inhomogeneous generalized Littlewood—Paley g-
functions.
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DEFINITION 5. Let s € (—6,60) and ¢q € (0,00). Let {E}}72, and
{Q% :rely,v=1,...,N(0,7)}

with a fixed large j be as in Definition 4. The inhomogeneous generalized
Littlewood—Paley g-function is defined by

N(O’T o0 l/q
=5 3 eI geet) +{ S ED@I7)
T€lp v=1 k=1

for f € (G(B,7)) with |s| < 8< 6 and 0 < v < 6.
Let us now state the main theorems of this paper.

THEOREM 1. Let s € (—0,0). Let {Si}72, and {Pi}32, be two approz-
imations to the identity of order 0 as in Definition 3, Er = Sip — Sip_1
and Dy = P, — P,_1 for k € N, and Ey = Sy and Dy = FPy. Then, if
max(d/(d+0),d/(d+0+s)) < p < 0o and 0 < q < oo, for all f € (G(B,7))"
with |s| < 8 <6 and 0 <y < 6, we have

{Z Z (@) (1 Eo(f) } {22’“]5{ Mo (x ]q}l/q

rely v=1
~{X Z me (DD} +{ S ID Dl 7}
T€lp v=1 k=1

If max(d/(d+ 0),d/(d+ 60+ s)) < p,q and p < oo, ¢ < 00, then for all
f€(G(B,7)) with |s| < B <6 and 0 <y < 6, we have

N(0,7)

oD llreo ~ {33 w@2)mepe (Dol £

S}
=1

Theorem 1 shows that Definition 4 is independent of the choices of large
positive integers j and approximations to the identity. The following theorem
shows that the norms defined by Definition 4 give new characterizations for
the Besov spaces B, (X) and Triebel-Lizorkin spaces F, (X) developed in
[9] and [10].

Lr(X)

THEOREM 2. Let s € (—0,0) and {E}}7°, be as in Theorem 1. Then,
forall f € (é(ﬂ,’y))’ with |s| < <6 and 0 <y <0,
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N(0,7)

13) {3 3 w@)mg(EHIP) "+
Telyp v=1
~{

when 1 < p,q < oo; while when 1 < p < oo and 1 < g < o0,

(1.4) oo ~ [{ S 2lEnp1} |

k=0
If max(d/(d+ 0),d/(d+6+s)) <p < oo and 1 < g < oo, then for all
F€(G(8,7)) with |s| < <0 and 0 < v < 6,

(1.5) 1560 (Dllzrixy ~ lgg (Dl Lex)

where a € (0,00) and the generalized Littlewood—Paley function S; ,(f) is
defined by

SaN@={> | 2REEG I )}
k=0 {y: o(z,y)<a2~F}
The following theorem shows that the norms given by Definition 4 are

also independent of the choices of the distribution spaces (&(ﬁ ,7))". In what
follows, we let a4 = max(a,0) for any a € R.

/
2 B n) )}

1/q

M T

25 B )l o))}

o
[en]

Lr(X)

1/q

THEOREM 3. Let s € (—6,0).

(i) If max(d/(d+6),d/(d+0+s)) <p < 00,0 < g < oo, f € (G(61,m))
with max(0, 54, —s+d(1/p—1)4) < p1 < 0,0 <y <8 and | fllp;, (x) < oo,
then f € (é(ﬁg,vz))’ with max(0,s4,—s + d(1/p —1)4) < B2 < (1 and
0<y2 <M.

(i) If max(d/(d + 0),d/(d+ 60 + s)) < p,q and p < o0, ¢ < o0, f €
(G(B1,m))" with max(0,s4,—s +d(1/p—1)4) < 1 < 0,0 < v <0 and
1f1lps,(x) < o0, then f € (G(B2,72))" with max(0, sy, —s +d(1/p—1)4) <
P2 < B and 0 <2 <.

We are now ready to introduce the spaces Bp (X) and Fj (X) with
pqg < L

DEFINITION 6. Let s € (—6,0) and {E}}72, be as in Definition 4.

(i) The inhomogeneous Besov space B, (X) for max(d/(d+ ),
d/(d+0+s)) <p<ooand 0 < g < oo is the collection of all f € (é(ﬁ,'y))’
with any given 3 and ~ satisfying max(0, sy, —s+d(1/p—1)1) < f < 0 and
d(1/p —1)4+ <~ <0 such that | fl|ps (x) < oc.
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(ii) The inhomogeneous Triebel-Lizorkin space F,,(X) for max(d/(d+0),
d/(d+ 6+ s)) < p < oo and max(d/(d + 0),d/(d+ 6 + s)) < ¢ < ©
is the collection of all f € (é(ﬁ,’y))’ with any given 3 and v satisfying
max(0,s4,—s+d(1/p—1)4) < f <60 and d(1/p—1)4+ <~ < 6 such that
11l cx) < oo

REMARK 2. The restrictions s; < f < # and d(1/p— 1) < v < 0
guarantee that G(83,v) C B,,(X) N F,,(X) for s, p and ¢ as in Definition 6
(see Lemma 2.1 in [21] for the proof); while the restrictions max(0, —s +
d(l1/p—1);) < 8 < 6 and 0 < v < 6 guarantee that the definitions of
the spaces B, (X) and F, (X) are independent of the choices of 3 and
v satisfying these conditions by Theorem 3. Thus, if § and ~ are as in
Definition 6, then

G(B.7) CG(B,7) C Bsy(X) NF5(X), B, (X)UES(X)C(G(8,7),

for s, p and ¢ as in Definition 6.

To give atomic characterizations of the spaces B, (X) and Fj (X), as
in the case X = R" (see [6]), we need certain inhomogeneous spaces of se-
quences indexed by “dyadic cubes” {Qf—’y ck€Zy, 7€, v=1,...,N(k,7)}
= J in X, which will characterize the coefficients in the decompositions
of distributions in By (X) and Fj, (X) in terms of smooth atoms, blocks,
molecules and units. For — < s < # and 0 < p,q < oo, we let by (X) be
the collection of sequences A = {A\g}gey such that

N(k,T)
q/py1/q
H)‘Hbgq( {Z [Z Z zksp ka 1/p— 1/2’)\ b P } } < 0.
k=0 t€l; v=1

Let f,,(X) be the collection of sequences A = {\q}qey such that

N(k,T)

ks ku —-1/2

1Al s, x _H{ZZ 3 @@k A kV\XQM)} (LP(X)@O.

k=0T1€l, v=0
The following smooth blocks and atoms were introduced in [9].
DEFINITION 7. Fix j € N and a collection of open subsets,
Q> . kez,, recly,v=1,..., Nk, 1)},

satisfying the conditions as above. A function a defined on X is said to

Qr
be a v-smooth atom for Q%" if
(i) supp agrw C B(y®" 3AC527%), where y*" is the center of QF";
(i) [ agx () du(z) = 0:
(i) lagr. (2)] < (@) 71/ and

|agrs (@) = ags ()| < p(@F") "2/ dg(, ).
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A function a . defined on X is said to be a y-smooth block for Q’ﬁ’” if
a, kv satisfies only (i) and (iii) above.

THEOREM 4. Lets € (—0,0), j € N large enough and a collection {Qf"j :
k€eZy, Ty, v=1,...,N(k,7)} of open subsets satisfy the conditions as
above.

(i) If max(d/(d+ 0),d/(d+60+s)) <p <o0,0<qg<o0and f €
(G(8,7))' N B3, (X) with max(0, s, —s+d(1/p—1)+)<B<0 and d(1/p — 1)+
< v < 0, then there exist a sequence X = {)\QI:,U}QI:,VEJ, e-smooth blocks agov
form € Iy and v = 1,...,N(0,7), and e-smooth atoms gk for k € N,
Te€l, andv=1,...,N(k,7), € € (|s],0], such that

N(k,7)

o) FEY Y Y A

k=0 TGIk v=1

with convergence both in the norm of B, (X) and in (é(ﬁ,’y))’ when
max(p,q) < oo, and only in (é(ﬁ,*y))’ when max(p, q) = oo, and
(1.7) IAllgs, ) < CllfllBs, (x)-

(iio) If max(d/(d+ 0),d/(d+ 60 + s)) < p,q and p < o0, ¢ < o0, and
fe(G(8,7)) N Fyy(X) with max(0,s4,—s +d(1/p—1);) <3< 6 and

d(1/p—1)4 <7 <¥,

then there exist a sequence A = {AQ/:,V}Q;:,VEJ, e-smooth blocks agov for
T€lyandv=1,...,N(0,7), and e-smooth atoms Qg fork e N, €I

andv =1,...,N(k,7), € € (|s],0], such that (1.6) holds with convergence
both in the norm of Fy (X) and in (G(3,7)) when q¢ < oo, and only in

(G(B,7))" when q = oo, and
(1.8) I 5,000 < Cllf Mg, (x)-

The converse of Theorem 4 also holds. In fact, we have a general result.
To state it, we recall the definition of smooth molecules and units in [9].

DEFINITION 8. Fix j € N and a collection of open subsets,
{Q?JV ke Z+7 TE Ik’7 V= 17"'>N(k77—)}7

satisfying the conditions as above. A function u defined on X is said to

QrY
be a (3, )-smooth molecule for a dyadic cube Qﬁ’” if

() §y ugpe (@) du(z) = 0;
(i) Jugre ()] < p(@QF")72(1 4 25o(a, yr™)) ~(HH);
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(i) [uges (@) = g ()] < (@) /2P g(, ')

1 1
x { k kvyyd T Eo(ol 2KV \\d }’
(1+2%o(z,y77)) 7 (14 2Fo(2!,yr ™)) 7

where y” is the center of Q.

A function Ugkv defined on X is said to be a (8,7)-smooth unit for a

dyadic cube Q¥ if u, ... satisfies only (ii) and (iii) above.

Q
THEOREM 5. Let s € (—0,0), Ugow forrelyandv=1,...,N(0,7) be
a (B,)-smooth unit, and Uk fort el andv=1,...,N(k,T) be a (3,7)-
smooth molecule with s; < < 6, max(d(1/p —1)4,—s+d(1/p—1)4) <
v < 0 for the spaces by, (X), and
max(d(1/min(p, q) — 1)1, —s + d(1/min(p,q) —1)4) <~ <0
for the spaces f5,(X).

(i) If max(d/(d+0),d/(d+0+s)) <p < o0,0< g <00 and\ € by, (X),
then
N(k,T)

(1.9) F=2200 2 Agurtgus

k=0T€l, v=1
holds both in the norm of B, (X) and in (&(51,71))' with
max(0,s4,—s+d(l/p—1)1) < p1 <0

/

and 0 < 1 < 6 when max(p,q) < oo, and only in (é(ﬁl,’}q)) when

max(p, q) = oo, and
(1.10) 1l Bs,x) < CliMbs, x)-

(ii) If max(d/(d + 60),d/(d+ 0+ s)) < p,q and p < o0, ¢ < 00, and
A € [p (X)), then (1.9) holds both in the norm of F, (X) and in (G(51,71))’
with max(0,s4,—s+d(1/p—1)4) < 1 <6 and 0 < vy < 8§ when g < oo,
and only in (G(P1,71))" when ¢ = 0o, and

(1.11) 1f 15, x) < CllA g5, (0)-

2. Proofs. The basic tools we will use are the following inhomogeneous
Calderén reproducing formulae ([11]) and the Plancherel-Pdlya inequalities
([4])-

LEMMA 2 ([11]). Suppose that {EL}32, is as in Theorem 1. Then there
exist functions EQQ,U, FQQ,U, T€lypandv =1,...,N(0,7), Ex(x,y) and
Fi(z,y), k €N, such that for any fized Y e QM. keN, rel, andv €
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{1,...,N(k,7)} and all f € (G(B1,m)) with0< By <0 and 0 < v1 < 0,

(2.1) => Z (Q¥"ym o (Eo(f)) Egor ()
Telp v=1
N(k,T)

+ Z D> W@ EL(f) (E) Ex(x, yb")

k= 1T€Ik v=1

ST W@ B W) Byl ),

where the series converge in (é’(ﬁi,fy{))’ for B1 < By <6 and v < 1 < 6;
Ey(z,y), k € N, satisfies conditions (i) and (ii) of Definition 3 with € €
(0,0), and
| Ex(z,y) du(z) = | Ex(x,y) duly) = 0;
X X
Fip(z,y),k € N, satisfies conditions (i) and (iii) of Definition 3 with ¢ €
(0,0), and
\ Fi(x,y) du(z) = | Fi(x,y) du(y) = 0;
X X
diam(Q?-’V) ~270 fort€ly,v=1,...,N(0,7), and some j € N; EQQ,V(QU)
fort€lyandv=1,...,N(0,7) satisfies
(i) SX EQQ»“(m) dp(r) =1,
(ii) for any given € € (0,0), there is a constant C > 0 such that
1

E ov(z) <C
(@)l < (1+ o(z,y))dte

forallx € X and y € Qg”’ and

(iii) \EQQ,,(;C)_E .(2)| <c< o(z, 2) ) 1

L+o(z,y)) (1+o(z,y))i+e

forall xz,z € X and all y € QY satisfying o(x, z) < ﬁ(l + o(z,y)); and

ﬁQO,V(l') satisfies the same conditions as EQo,y(:c), and

Fopr(£) = § Fgor (0) f () dp(y).

X
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Moreover, j can be any fized large positive integer and the constant C' in (ii)
and (iii) is independent of j.

LEMMA 3 ([4]). Let s € (—0,0). Let {Sp}32, and {P;}72, be two ap-
proximations to the identity of order 6 as in Definition 3, Ep = S — Sk_1
and Dy = Py — Py_q for k € N, and Eg = Sy and Dy = Py. Then there
is a constant Cs > 0 such that for all f € (&(ﬁ,’y))’ with |s| < f < 0 and
0<y<,

N(0,7)
22 {3 w@mgn (Do}
T€lp v=1
ks Nk ,W a/py1/q
{Z? (3 Z (@) sup D))"}
Tel, v=1 zeQr”
N(0,7) o 1/p
<Cs{ 3 D @ )lmepr (BN |
rely v=1
e Nk,7) by a/py1/q
+o{ Y2 (S > w@ iggywk(f)(z)up) }
k=1 rel), v=1 260,
when max(d/(d+0),d/(d+0+s)) <p <oo and 0 < g < 00, and
N(0,7) 1p
23) {33 w@)lmge- (Do}
T€ly v=1
HES S bt}
k=1tel, v=1 zeQ7

N(OJ-) —01/ 1/])
<Cs{ > > W@ )mgor (BN |
rely v=1

]Vkr

cal(5 5 e g

k= 1T€Ik v=1

LP(X)

when max(d/(d + 0),d/(d + 60 + s)) < p,q and p < o0, ¢ < oo, where
diam(Q?-’V) ~ 277, diam(@?’y) ~ 279, j and j are two fized large positive
integers, the constant Cs depends only on j when p < 1, and it is independent
of j and j when 1 < p < oo in (2.2) and 1 < p < oo in (2.3).
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Proof of Theorem 1. The proof is based on the fact that for all k € N,
N(k,T)

2 2 He)| ISEVIEw)(z)ups||Ek<f>||§p(x>

7€l v=1

<> Z (QEN)[ sup |Ex(f)(2)[]F

Tel, v=1 ZEQE—’V
and for all x € X,
N(k,T)

Y > [ inf |E(f)()xgee (@) < [Be(f)(2)]

Tel v=1 ZEQT

<> Z sup_ [ B4(f) ()Xo ()

Tel, v=1 ZEQT

Applying Lemma 3 yields Theorem 1.

To prove Theorem 2, we need the following lemma which can be found
in [6, pp. 147-148] for R™ and [12, pp. 93] for spaces of homogeneous type.

LEMMA 4. Let 0 <r <1, k,n € Zy withn < k, and for any dyadic cube
QY
|fpor ()] < (1+2"0(z,y7)) 47,

where yf’” is any point in Qlﬁ’y and v > d(1/r —1). Then

N(k,
Z Z ’)‘Qﬁﬂ ’sz;,u($)| < ¢olk=md/r

7€l v=1
N(k,T) 1/r
< MDD D gl g )@)]

7€l v=1

where C' is independent of x, k and n, and M is the Hardy—Littlewood mazx-
1mal operator on X.

Proof of Theorem 2. We first show (1.3). Since 1 < p < oo, by the Holder
inequality we have

N(0,7) 1/p
4 {33 wQ¥) imgu(1Eo(H))}

rely v=1

<{X pSREY, NP =)} < IED oo
7€l

VlQ
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which shows that the left-hand side is dominated by the right-hand side
n (1.3).
To establish the converse, we only need to show that for f € (é (B,7)
with [s| < 8 <0 and 0 <y <6,
N(0,7)

25 1Bl ={ X X | IBO@ruw} "

Telyp v=1 Q

N(0,7) ”
< { > u@)| sgg)y ’Eo(f)(z)]]f’}
Tely v=1 2eQY
N7
9> Z (@)mg (E(PDP )
Tely v=1

o SR IEDImeor}

k=1

To prove the last inequality in (2.5), by the first expression in (2.1) of
Lemma 2 we have

26)  sup |Eo(f)(o)
2€Q7"

0,7")
< X D mQE gy (Es(DI) sup [Eo(Egou)(2)]

’T/EIO =1 ZGQ?’V
kl /
k/ l k/, / ~ k)
+ Z > Z B (£) )| sup |Eo(Ew)(z ")
k'=17'€l}, = 2eQd”
= G1 + Go,

where B L B L
Eo(Bw) (205" = | Byl 2) B (0,05) da(a).
X
By a proof similar to those of (1.6) in [9] and (3.9) in [8], we can verify

1
(2.7) sup |Eo(E0.)(2)] < C RN ZAN T
seghe A (14 oy, yp” ) e
and for k£’ € N,
~ ! / ! 1
(2.8) sup |Eo(Ep)(z,y5")| < C27F g
reoh T (1+ (", g )T+

where &’ can be any positive number in (0, ). In what follows, we will choose
e’ € (0,0) such that |s| <&’
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From (2. 7) and the Holder inequality, it follows that

(2.9) {Z Z (Q)[C4] }/p

TGIQ v=1
N(0,7)
{Z S Q) (Z S QY imgo (1Ea(P)I
T€lp v=1 T'ely v'=1 T
1 1 p/p' 1/19
X N d+ /> |:S 0,v d+e! dﬂ(y>:| }
(1+ oy ,yT e ) Ly L+ oy, y))

(35 e P— ”
<c W@ i o (Bo( NP i o)}
T'ely v'=1 QT/ X<1+Q(x’y2; )>d+6

N(O,T’) 0 , 1/p
<o{ X X n@)mgos (BN}
’7”6[0 v/'=1
while from (2.8) and the Hélder inequality, it follows that
N(0,7) 1/p
(2.10) {Z 3 (@Gl }
T€lpy v=1
k,/ l
<o $ Y e[S ¥ Y e
rely v=1 k=1 rely V=
1
< B ()5 )P - ]
(1+ o(y2", y"))d+e
[Z y S 1 p/p'\ 1/p
27 mep 0 ,du(y)] }
= (L+o(y",y))4+e
k/ /
{22 Flevrnte 3 Z QLB (£ )P
k'=1 ’T'Efk/ v'=1

S 1 ( ) 1/1’
X — du(z }
3 (L4 o(z,yl"))dre

k,/ /

<ol o]y Z B ey

k'=1 T'el, =

<cf Z[z’f’suEkmumm]q}” !

k'=1
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where we chose 1,2 > 0 such that ¢’ = ¢1 + 2 and €1 > ||, and we used

the arbitrariness of y]:,/’l/ in the last step, while in the second-to-last step,
we used the following well-known inequality: for ¢ € (0,1] and a; € C,

t

(2.11) (Y lasl) <> lasl"
j J

Now (2.9) and (2.10) yield (2.5). This shows (1.3).

To verify (1.4), using the estimate of (2.4), we can first easily see that
the left-hand side of (1.4) is dominated by its right-hand side. To establish
the converse, by (2.5), we only need to show that for f € (é(ﬁ,’y))’ with
|s] < B <@and 0 <~y <0,

N(0,7) 1/p
@12) {3 D w@) sup IEo(f)(Z)Hp}
Telp v=1 ZEQT’U
<[5 @B
relyp v=1

> 1/q

A Srmnm} ..

rel{esmnie} Y,

To prove (2.12), we control SUp, 0 |Eo(f)(z)] by G1 4+ G2 as in (2.6).

By Lemma 4, (2.8) and the Fefferman—Stein vector-valued maximal function
inequality in [5], we estimate the term related to G2 by

N(0,7) 1/p
(2.13) {Z 3 (@Gl }
Telyp v=1
N(0,7) N(K' ) »
SC{SZZXQOV [ZZ 22“”)IE()(’“ )|
X rely v=1 kK'=17'el, v'=1
1 pd 1/p
X (1—|—Q($,yffl’l/1))d+€l:| H(CC)}
< CH i 9=k (¢'+s+d—d/r)
k=1
N(¥,7) ; o 1
( [‘r%]:k/ VZ_l 25 B () ()l XQf;"’,D LP(X)

kl /

<el{(X ([ ¥ > 2 A g )

k=1 el v=1

LP(X)



Spaces of Besov and Triebel-Lizorkin type 83

k,/l

<ol 5 S )

k'=17'el, v'=1

LP(X)

<c|{ f)[2k’S|Ek/<f><y’:?’”'>Hq}l/q\

Lr(X)’

where we chose r € (0, 1) such that r» > d/(d + s+ €’), and in the last step

we used the arbitrariness of y’:,/’l'/. Now, (2.10) and (2.13) prove (2.12). This
shows (1.4).

From the smooth molecule and unit characterization of the spaces Fj,, (X)
when d/(d+6) <p < oo and 1 < g < oo (see Theorems 2.1 and 2.2 in [10]),
and Theorems 4 and 5 below, it is easy to see that (1.5) holds.

This finishes the proof of Theorem 2.

From the proof of Theorem 1 in [4] (see also the proofs of (2.5) and (2.12)
above), we can easily deduce the following lemma which is Remark 1 in [4].

LEMMA 5. With the notation as in Lemma 2,

(53w g

relp v=1

{szsq(z 3 w@ s 1B < sy o

rel, v=1 zeQkv
when max(d/(d+9) d/(d+60+s)) <p<ooand0 < q<oo, and

(53 w@ g pr)”

Tely v=1

ey S e s IR Igeol} |

k=171€l}, v=1
when max(d/(d+6),d/(d+6+s)) <p,q and p < 00, ¢ < 0.

Proof of Theorem 3. Suppose [ € (é(ﬂl,’yl))’ and h € G(0,0). B

Lemma 2, we have

< s
oy < Ol 00

(214) (fh)= ) Z (QY") Fgor () § mepu(Eo(w,-)h(x) dp()

Tely v=1 X

+ ZZ Z (QY)Fu(F) (W) (Ex(-, g5, )

k=171€l, v=1
= Ki + Ks.



84 Y. S. Han and D. C. Yang

We first verify that for 7 € Iy and v = 1,..., N(0,7),

(215) | § mooe (Eoa, )h(x) du(x)
X

1

< CHhHg ,32 72 ll’lf
Yy

e (1+ o(y, zo))d+r2’

and forke Nyt €[y andv=1,...,N(k,7),

1
2.16 Ey(- < C27kB2|p inf
( ) ’< k'(7 >’ H Hg ﬁQ Y2 yelgﬁ’y (1+Q(y,(l?0))d+72’

where C is independent of n.
To prove (2.15), we have

o (Bo(w,))h() du()|

v

§ Bo(e,)h(e) du(a)|
yeQd”

1
< Cllhllg(8s72) sup | = dp(x)
YEQT" {x: o(x,y)<Ch} <1 + Q(% xo)) -

< C”hng(ﬁmw)

1

X su%) |:X{y:9(y,xo)§2AC’1}(y) + X{y: Q(y,xo)>2AC'1}(y) (
yEQTW

1
< Clhlos1 % (T e
< CllMlg(onnm) inf | .
yeqd (1+ o(y, o))
That is, (2.15) holds.
For (2.16), we have

(B, y) h)| = ) V Ex(z. 45 [h(x) - hy)] du(e)
X

kB Q(:Ca yﬁvV)ﬁ2
< 0272 h)lg(g, 1) | e C—
{z: o(w,yk")<3C12-F} ey %0
1

(1+ o(y=", wo)) =+

—k
< C272 ||k g3,

< C2—kﬁ2”h” inf ‘
922 ok (1 oy, o)) 402

Thus, (2.16) also holds.

1+ o(y, zg))4+72

dp(z)
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Let us now prove (i) of Theorem 3. By Lemma 5, the Holder inequality,
(2.11), (2.15) and (2.16), we obtain

55 W@ Fge ] pet

TE[() v= 1
1/p
0,v
(217)  |K1| < Cllhllg(ssmm) [2:}: Q% ]FOA)H
relyp v=1
1 ; /v
|} T e oy HW)]
L <p<oo,
< CHfHBzS)q(X)”hHQ(ﬁz’YQ);
and
- v ] 1P
S S w@rRneEr] per
k=1 rel, v=1
N(k,r) 1p
k3 kzl k,v
ol <l | 22 [ X 30 M@ 6E)Y]
k=1 Tel, v=1
1 1/p
d
><|:A§( (1—|—Q(y,{1}0))(d+72)p/ lu’(y):| )
<p<
(2.18) . 1 <p<oo,
Z 9—k[B2+s—d(1/p=1)]9ks
k=1

1/p
<[> Z (@Q)IF(NWENIP) T p <1,
Tel, v=1
< Clhllg(Ba,00) =
2—k(ﬂg+5)2ks

NE

B
Il

1

XSS w@ R, 1202,

. 7€l v=1
< O35, 00 1 llg(ss

where we used 2 > max(0,s4,—s + d(1/p — 1);) and the arbitrariness
of Y&,
From (2.14)-(2.16), it follows that for all h € G(6,0),

(2.19) (£ 1] < ClL g, oo Il g )
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Suppose now h € é(ﬂg, v2). We choose hy, € G(0,0) for all n € N such that

th - hHg(ﬁQ,’m) —0
as n — 0o. The estimate of (2.19) shows that for all n,m € N,

(s hn = han)| < Cll || B3, ) 1P = Pl (82,12

which shows lim,, . (f, hy,) exists and the limit is independent of the choice
of hy,. Therefore, we define

By (2.19), for all h € 6(62,72),
[ < Cllf B, ) 17 llg(82,72) -

Thus, f € (&(,82, 7v2))’. This finishes the proof of (i) of Theorem 3.
The proof of (ii) can be obtained by using the fact that

1Flms o ) < Ol 0
see Proposition 2.3.2/2 in [15]. This finishes the proof of Theorem 3.

The key to the proof of Theorem 4 is also the discrete Calderén repro-
ducing formulae.

Proof of Theorem 4. Let f € B, (X)N (é(ﬁ,’y))’ with s, p, ¢, 8 and ~
as in Theorem 4. Let {S}}72, be an approximation to the identity of order
0 with compact support as in Remark 1. Let E, = S — Si_1 for £ € N and
Ey = Sp. For this {Ek}zo 0 by Lemma 2, we have

(220) =D Z (QY")F o (f)mpor (Eol(x, )
rely v=1
N(k,T)

+ ZZ 3 Q) E(F) () Exlx, y=),

k=171el, v=1

where all the other notation is as in Lemma 2, yf’” is the center of Qﬁ’”,
and (2.20) holds in (G(#,v)) with 8 < ' < 6 and v < 7 < 6. Let
Aguw = Q) 2 F o (f) and

g (2) = (@) o g (Bof, )
for 7 € Ip and v =1,...,N(0,7), while A e = = w(QEY2FL(f)(yFY) and

T

agrn (@) = p(QF") 2 Byl )
for k € N, 7 € I and v = 1,...,N(k,7). Then it is easy to check that
agor(z) for 7 € Iy and v = 1,...,N(0,7) is an e-smooth block for QY
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and an,u(:r) forke N, 7€ Iyand N=1,...,N(k,7) is an e-smooth atom

for Q’ﬁ”’, multiplied with a normalizing constant. Moreover, by Lemma 5,
we have

Moo < {33 w@) ()

T€ly v=1
+C{22ksq{z Z Qk;u |Fk ) ];;,,,)’p}q/p}l/q
7€l v=1
N(0,7) 1/p
<ol 3 3 w@)mane(1Eo(HN}
T€lp v=1
cel S (S g i)
k=1 el v=1

< C|[flBs,x)

That is, (1.7) holds. By (1.7) and the same argument as in Theorem 3, we

can show that (2.20) also holds in (é(ﬁ, 7v))". To see that the series in (2.20)
converge in the norm of B, (X) if max(p, ¢) < oo, without loss of generality,
we may suppose I, = N for all k € Z,. For L € N, we then define

L N(0,7)
=y QYY) o (f)mgon (Bol,-)
=1 v=1
L L
+ kzz

17=1 v=

N(k,7)
1 Q) Ep(f) () By (2, ™).
1

Then it is easy to see that for all L € N,

o0 N(O’T

f(x) = > D @) Fgen(fmgoe (Eo(x, )
T=L+1 v=1
N(k,7)

Y Y @R Byl )

k=L+17eN v=1

+Z > Z (@) Fi(£) (W) En(x, yb").

k=171=L+1 v=1

For all L € N, by using the definition of the norm || - || B3 (X) and a similar
argument to that of Theorem 1 in [4], we can show that
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(221)  |If = felibs,x

o0 NDT)

<ol 3% w@Epenir}”
T=L+1 v=1
cel S (Y @l s 1RGN
k=L+1 reN v=1 Z€QE”
o N(k7) ~ a/py1/q
+ {szsq( 3 Z @) swp |F(NEIP)""}
k=1 r=L+1 v=1 ZeQrY

Now, since f € By, (X), for any § > 0, by Lemma 5 we can choose L € N
such that if L > Lq, then

(2.22) H, + Hy < §/3.

For L > Ly, we write

> ~ 1
o mzcf Y (XY we s 1RGEF))
k=L1+1 reN v=1 2€QFY
o N7 ~ a/py1/q
+C{22’“‘I( S w@ s (B 7)"
k=1 r=L+1 v=l1 ZEQR”
il o Nk a/py1/q
<afsro{d ot (SN w@inl [sup ()= )
k=1 7=L+1 v=1

Since f € B, (X), by Lemma 5 again, we can choose Ly > L; such that if
L > Loy, then

oo N(k,7)
(2.24) {Zz’mq( S w@) s (BNEP)TY <o
r=L+1 v=1 zeQy

Combining (2.21)—(2.24), we conclude that if L > Lo, then

If = fellps, (x) <.

That is, f, converges to f in the norm of B, (X) if max(p,q) < oo. This
verifies ( ).

To prove (ii), by Lemma 5, we obtain
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/
A0 <c{ 3 5 U B ney”

T€lp v=1

00 N(k,T) N »
+O[{3D 3 IR WE ) g1} |

k=1 TEIk v=1

sC{ZZ (@) (PN}

relp v=1

o> Z 2 inf B gsel} ]

k=1T1el, v=1
< Ol llrg,(x)

Lr(X)

LP(X)

Thus, (1.8) holds. By Proposition 2.3 in [18] and (i), we can easily see that
(2.34) holds in (é(ﬂ,’y))’ also in this case. By Lemma 3 and an argument
similar to that in Theorem 1 and Lemma 5, similarly to the case of the
spaces B, (X), we can show that (2.20) converges in the norm of F (X)
when ¢ < co. This finishes the proof of Theorem 4.

Proof of Theorem 5. Let {EL}32, be as in Lemma 2. We first verify
(1.10). The following estimates are, respectively, (2.14) and (2.15) in [9]:
For k,k' € Z, k<K, 7 €y and v =1,... N(K' 1),

(225 |Bulugur)@)

1
(1+25o(, yl ™))+
and for k, k' € Zy, k> kK, 7" € I}y and vV =1,... ., N(K', '),

<C,u(Qk/ ’) 1/22—(k/—k)(d+'y)

)

(226)  |Bi(uge)(@)] < Cu(@py") 1227108 1 Qkfg(xl, T
By (2.25), (2.11) and the Holder inequality, we have
N(0,7) \/p
@21) {3 3 w@¥)imger (1B}
relp v=1

N(0,7) N ")

<C{Z Z (Q7") [Z Z Z k, ' )~ 1/29= K (d+7)

’TEIO v=1 07’6[/ v'=1

. 1 1/10
< Agu| b R VVd ] }
o 2eQP” (L4 o,y "))+
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N(07

T) 0
{Z Y u(QQ’”)[Z o Khr+d(1-1/p)lp
k'=0

TGIQ v=1
Nk ")

X D D Q) )P

1 1/p
X Hlf L :| } 9 p < ]-’
2€Q¥” (1+ o(z,y " ))d+vp

N(0,7)

PIDIICED
Tely v=1
N(k/ /)
{22 SRS DR Rl W)l
T'ely v'=1
1
x inf o }
zeQ?” (1 + o(z,y,, "))+
[i . /S 1 p/p'y 1/p
<[ S ok 0 R
=0 3 (L4 o(s”, y))i
oo
{ 3 o Kbt /p telpghtsr
k'=0
kl /
[Z Z k’ ! l/p 1/2|)\ k, ,’)p]}l/p’ p <1,
T'el, v'=1
o0
{Z 2—k’(81+5)p2k’5p
k'=0
N 1/p
[ XX @y g} <<
T'el, v'=1

< Cl[ Ao, x)

where we used the fact that

v > max(d(l/p —1)4,—s+d(1/p—1)4)

and we chose €1 > 0 and €2 > 0 such that vy =e1 + €9 and 1 > —s.
In what follows, for k € N, we let
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k/ l

fk— E E E )\ k/ U k/ ’y
k= k)TGIk/ =
kl /

B > S

kK'=07'el, v'=1
From (2.25), (2.11) and the Holder inequality, it follows that

(2.28) {22’“‘”(2 3 e it i)

el v=1
N(k,r)

{22k5q<2 Z (QF)

k=1 Tel, v=1

N(k/ /)

[Z 3 Z V') =1/29(K—k)d+)

k'=kTt'el,

1 P\ 4/py 1/4q
X |>‘Qk’,u’| 1H£ k K v \\d :| ) }
o zeh (142 Q(a:,yT,’ )+
(e.) [o.¢]

{ 3 gkt [ Y o -1/

k=1 k'=k
Nk/l

XD D W@ G

T Elk/ v'=1

1 q/py 1/q
! ! d ) < ]"

<C { Z 2k(5+d+’¥)q( Z Z Qk Nz

TEIk v=1

k/l

PR >

’TEI/ v'=1

! / p
k l/p 1/2|>\le /|>

1
x inf T ]
eeQb” (1+ 2Fp(x,y, " ))d+y
. 1 p/P'\ 4/p\ 1/4
e ] )}
{Z S (1+ 2k ( Y oy))dE 20
\ 1 S p S 007
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{ i { i o(k—k")[y+s+d(1-1/p)lpgk’sp
k=1 K=k
N k o 1/p-1 a/py1/q
DIED IR T S R
T'el, v'=1
<C
{Z [Z o(k—K")(e1+s5)poh’sp
k=1 k=
N(K' 7'
% Z Z k N )L/p= 1/2’)\ “ ,’)p}q/p}l/q’ | < p< oo,
L T'el V=1

< Cl[Albs, (x)

where we chose €1 > 0 and €3 > 0 such that v = &7 +e2 and e; > —s, and
we used the fact that v > max(d(1/p — 1)+, —s+d(1/p—1)4).
By (2.26), (2.11) and the Holder inequality, we obtain

N(k,T)

e {23 3 we lgi,ylEuf’“)(x)1P)Q/p}1/q

Tel, v=1
N(k/ /

<C{Z2’“‘I(Z Z Q%) {Z Z Z k’ \=1/29=(k=k")8

Tel, v=1 E'=071'el, v'=1

‘ 1 P\ 4/py 1/q
X gl Inf ¥ oz ) ] > }
©zebr (142K o(w,y " ))dty

{ i [ S 2tk Dpgk'sp
N(K' ")

1yt _ a/py1/q
x 3 (@2 T p<,

!

N
Ry a/py1/q
X3S @ e | 1<p <o,

!

< Cl[Mlbs, x)
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where we chose €1 > 0 and g9 > 0 such that 8 =1 +¢e9 and €1 > s, and we
also used the fact that > sy and v > d(1/p —1)4.

Combining (2.27)—(2.29), we obtain (1.10). Using (1.10), we can show
that the series in (1.9) converge in the norm of B, (X) if max(p,q) < oo,
and in (é(ﬁl,'yl))’ with (1 and ~v; as in Theorem 5, as in the proof of
Theorem 3. We leave the details to the reader. This finishes the proof of (i).

Let us now prove (ii). We only verify (1.11). By (2.25), (2.11), Lemma 4
and the Fefferman—Stein vector-valued maximal function inequality in [5],
we obtain

N(0,7)

230) {33 w@)mge(EHIP}

Telyp v=1
N(0,7) Nk, m")

{SZ 2 Yo [Z 2 Z Q)2 d+)

XTGIO v=1 07’61/ v'=1

1 1/p

P
1ot Y dﬂ xr }
& ’(1 + oz, Y ))d”} )

< CH Z 2—k’(d+’y—d/r+s)2k/s

X |\

k'=0
N
x (m L;k Vz_l %@ g 'DTXQ’T“?’”/DU Lr(x)
(5
k'=0
N . q/ry1/q
[ (Z Z Q)2 '“/”'” Xk /)} } }LP(X)
rely v=1

< ClA g5, x5
where we chose r € (0, 1] such that 0 < r < min(1, p, q) and
v >max(d(1/r — 1)y, —s+d(1/r —1)4).

From (2.25), (2.11), Lemma 4 and the Fefferman-Stein vector-valued max-
imal function inequality in [5], it follows that
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(2.31) H{ZZ Z 2’% int 1B )IxQE,V]q}l/q‘

k=171€l}, v=1

§CH{ZQ’“S‘12 Z [Z 3 Z Qb )~1/29= (K —k)(d+)

7€l v=1 =kr'el,; v'=1

Lr(X)

1 1/q
X ’)\ k! vt ’XkaV k' :| }
Q. (14 QkQ(-,yTﬁV ))d+v

L7(X)
<c||{ i [ i o (K —k)(d—d/r+5) gh's
k=1 k'=k
J—
< (M {; Zl QY VA gt ) g /])”’"}q}”q(m)
ey
col{5 2
Nk ) )
{ < ; Z_ k’ / 1/2|)\ y o X /)}q/ }I/Q‘LP(X)
T'EDL,

< Cl|Allfs,(x)

where we chose r € (0, 1] as in (2.30); while by (2.26), we also have

N(k,7)

e (X X 0w B @)

k=17el, v=1

LP(X)

N(K' ")

coffzex s [z SIS SCHESRE R

Tel, v=1 =07'el, v'=1

1 1/q
X ’)\ k! ! ’X k,v — :| }
Q" Qr (1 + 2 o(-, yl_:l,l' ))d+v

LP(X)
k—1

< CH{ i [ o= (k—k") (B—s) o'
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oo
{2
k=0
N )

(X Z Q) g xg )|}

T'El, =
< Cll Al g5,
where we chose again r € (0,1) as in (2.30) and we also used the fact that

B > si. Now, (2.30)—(2.32) yield (1.11).
This finishes the proof of Theorem 5.

LP(X)

3. Some remarks. First, we point out that on R", (1.3) and (1.4) with
a special choice of Fj, are true even when p < 1. In fact, in this case, we can
take Eo(f)(x) = (¢ * f)(z) and Ex(f)(z) = (¥ * f)(x) for k € N, where ¢
and 1 are Schwartz functions, supp ¢ C {z € R" : |z| < 2}, |$(z)| > C > 0
for all |z| <1,

supp ¥ (z) C {z € R":1/2 < || < 2},

1P(z)| > C > 0 for all 3/5 < |z| < 5/3, and ¥y (z) = ¥(27*2) for k € N
(see [15]). Let D be the set of all dyadic cubes with side length 277. By the
following well-known Plancherel-Pélya inequality on R™:

> IQ!Sggl ¢* )" < Cllg* fll7x)

QeD
for all p € (0,00) (see [15]), we can deduce

P
> 11|17 § 16 % 1)) dto)|
QeD Q
<O (QIsup|(6+ NP < Clléx fx,
QeD zE

From this and other inequalities in the proof of Theorem 2, it follows that
(1.3) and (1.4) are also true on R™ when p, ¢ < 1 with these special operators.

We also remark that if s € (0,0) and ugky forall k € Zy, 7 € Iy and
v=1,...,N(k,7) are smooth units, then Theorem 5 still holds, which can
be seen from its proof. From this fact and Theorem 6.6 of [19], we can see
that if X is a Lipschitz manifold, then the spaces B, (X) and F,, (X) are
the same as those defined in [19] by a completely different approach; see [19]
for the details.

Finally, we remark that (1.5) can be proved without using Theorems 4
and 5 of this paper and Theorems 2.1 and 2.2 of [10]. One can prove (1.5) by
applying Lemma 4, Theorem 2.1 of [10], the Fefferman—Stein vector-valued
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maximal function inequality of [5] and the definition of the spaces F}; (X)
in terms of the Littlewood-Paley S-function; see also [4] and [7].
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