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Decomposition systems for function spaces
by

G. Kyriazis (Nicosia)

Abstract. Let © := {6{ : e € E, I € D} be a decomposition system for Ly(RY)
indexed over D, the set of dyadic cubes in Rd, and a finite set E, and let © := {6} :
e € E, I € D} be the corresponding dual functionals. That is, for every f € Lg(Rd),

f= ZeGE ZIGD (f, 5?)0? We study sufficient conditions on O, O so that they constitute
a decomposition system for Triebel-Lizorkin and Besov spaces. Moreover, these conditions
allow us to characterize the membership of a distribution f in these spaces by the size of

the coefficients (f, 5?), e € E, I € D. Typical examples of such decomposition systems
are various wavelet-type unconditional bases for Lg(Rd), and more general systems such
as affine frames.

1. Introduction. Let E be a finite set and D be the family of dyadic
cubes in R%. Given a decomposition system © := {09 : e € E, I € D},
for Ly(R%) with dual functionals © := {5? ce € E, I € D} our goal is to
study sufficient conditions on ©, O so that they constitute a decomposition
system for the homogeneous Triebel-Lizorkin and Besov spaces. That is,
every distribution f in the above spaces can be expressed in the form

F=2 D (.00
ecEIeD

Moreover, we are interested in characterizing the membership of a distribu-
tion f in the Triebel-Lizorkin and Besov spaces by the size of the coefficients
(f,05), e € E, I € D. Typical examples of such systems are various uncon-
ditional bases for La(R9) such as the biorthogonal wavelet bases, the bases
constructed in [Pet] or even the affine frames of Ly(R%).

To describe our results we first introduce the standard multi-index no-

tation. For © = (1,...,74) € RY and o = (a1,...,0q) € N (N :=
{n:n>0}d>1), welet |z| == Vai+.. . 423 2% = 2. .25,

la| == a1 + ...+ ag ol = ail...agl, and (1)@ = 9ll() /9 .. 925
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Also for every x € R we use [z] for the greatest integer which is less than or
equal to x.

We denote by S := S(R?) the Schwartz space of infinitely differentiable,
rapidly decreasing functions on R% and by S’ := S’(R?) its dual, the space
of tempered distributions. For every k € N we define

Sk == Sp(RY) := {7] eS: Sn(:c)a:a dx =0, |a| < k:},

and we identify the dual space of S with &’/Py, the space of equivalence
classes of distributions modulo polynomials of degree < k.
Similarly, we use the notation

Sy = SOO(Rd) = {n €S Sn(w)xo‘ dx =0, Va € Nd},

and we denote by S’'/P the space of equivalence classes of distributions
modulo polynomials.

For any m € Z, k € Z%, the dyadic cube I, € D is defined by I, 1, :=
27 (k + [0,1)4). If I = I, we use z; for its “lower-left” vertex 27"k,
and |I| for its volume. Also by D,,, m € Z, we denote the collection of all
cubes I € D of sidelength ¢(I) = 27™. We use (f,n) for the standard inner
product S f77 of two functions, when this makes sense, and the same notation
is employed for the action of a distribution f € S’ on7 € S.

Also we denote the Fourier transform of an integrable function f by

7€) = | f@)e e da.
Rd
By duality the Fourier transform is extended to S'.

Let now B := {66,5§ :e € E, I € D}, be a family of functions on R?
which satisfies the following assumptions:

A. B forms a decomposition system for Ls(RY), i.e., for every f €

Ly (RY),
f = Z Z<f7§?>9§7

e€E IeD
in the sense of Ly(R%).

B1l. Foreveryee E, I € D,

—Me
e\ (a — —|la r—x
K%ﬂ>@)§CIIUQ'M<L+LHBﬂ> . el <re,

(1.1)

— M~
ney (o —1/2— | r—xr ©
@) @) < ol (1 EER) o <,

where Mg, Mg > 0.



Decomposition systems for function spaces 135

B2. Foreveryee€ E, I € D,

S 07 (r)dz =0, |af<rg-1,

Rd
(1.2)

S 2°05(x)dz =0, |a| <re—1.
R4
By varying the smoothness and decay parameters rg,rg and Mg, Mg
one can prove that B forms a decomposition system for a host of distribu-
tion spaces such as L, := L,(R?%) (1 < p < o0), H, := H,(R%) (0 <p < 1),
the potential spaces Hj, s > 0, 1 < p < oo, or the more general homoge-
neous Triebel-Lizorkin and Besov spaces Fpsq and B;q. Moreover, the size
of a distribution f measured in the (quasi)norms of these spaces can be
determined by (quasi)norms applied to the sequence of coefficients (f, §f>,
e € E, I € D. We recall (see [T]) that for 1 < p < o0, F]?Q ~ L,, while
f0r0<p§1,F£2%Hp. Also, for s > 0, 1 < p < o0, .p2%H;,and
for integer values of s, F;Q ~ W, the Sobolev space equipped with its
seminorm (here ~ means that the spaces have equivalent (quasi)norms—see
below).
In particular, we shall prove (Theorem 4.1) that if rg, rg and Mg, Mg
are sufficiently large (depending on the parameters s € R, 0 < p < oo, and
0 < g < ), then for every f € Flfq,

(1.3) F=Y"a5(h05,  as(f) = (f.65),
ecE IeD

where the convergence is considered in the distributional sense (and in the
sense of F; when q # 00). Moreover, the following characterization holds:

(1.4) 171y ~ S| (S asnin) |,

ecE  IeD P

)

where X7 := |I|7'/?x is the characteristic function of I normalized in Lo.
Here we have adopted the notation A =~ B which means that there exist
constants Cp,Cy > 0 such that C1 A < B < (C3A. The equivalence constants
Cy and Cy in (1.4) depend on d, p, ¢, and s. On other occasions, the reader
will have to consult the text to understand the parameters on which the
equivalence constants depend on. Throughout the paper, the constants are
denoted by C and they may vary at every occurrence.

Similarly (for suitable rg,rg and Mg, M g) we shall prove (Theorem 4.2)
that for every f € B;q, s € R, 0 < p, g < oo, the representation (1.3) holds
in the distributional sense (and in the sense of B;’q when p, g # 00). Also
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(1.5) 115, = Z(Z( 3 (|I‘—S/d+1/p—1/2’a?(f)|)p)Q/1’>1/q

eceE meZ I€D,,

with the usual modifications when ¢ = co or p = oo.

However, in the literature people are often interested in obtaining uncon-
ditional bases, rather than simple decomposition systems for various func-
tion spaces. In particular, biorthogonal wavelet bases have gained great pop-
ularity over the last decade. This is primarily due to their applications in
many fields such as statistics [Do|, image processing [DJKP], Fourier and
functional analysis. One of the main features of the wavelet bases, which to
some degree explains their popularity, is that, similarly to (1.4) and (1.5),
they frequently lead to simple characterizations of various spaces whose
membership is expressed in terms of (quasi)norms applied to the sequence
of coefficients with respect to the basis. Thus, we would like to develop a
parallel theory for extending an unconditional basis of Lo(R?) to an uncon-
ditional basis for the Triebel-Lizorkin and Besov spaces as well.

This comes at no significant cost in our setting. We only need to replace
assumption A above with the following one:

A’. (i) With 0 denoting the Kronecker delta,
<5?793l> :6I,J56,6/7 I,J e D, G,GIGE‘
(ii) For every f € Lo(R9),

~ ~ 1/2
PSS e ~ (X )
ecE IeD ecEIeD

Technically speaking, these systems will be bases for the Triebel-Lizorkin
and Besov spaces provided that p, g # oo, since the convergence of the corre-
sponding series then takes place in the (quasi)norm of the space in question.
However, with a slight abuse of the terminology we use the word bases even if
p or q is 0o, where the convergence is considered only in distributional sense.
We recall that the characterizations of L, H, and the potential spaces in
terms of orthogonal wavelet bases have been established by Meyer [M]; we
also refer the reader to [HW] for a complete account of these cases. On
the other hand Besov spaces with respect to orthogonal wavelets have been
studied in [M], and in [B], [K] for various subcases of the indices and under
different assumptions. Characterizations, though, for the general Triebel—
Lizorkin spaces can been found in [FJW] only in the special case of Meyer’s
orthogonal wavelets which belong in S and their Fourier transform vanishes
in a neighborhood of the origin.

In contrast, as a consequence of our results we establish the wavelet char-
acterizations of homogeneous Triebel-Lizorkin (Proposition 4.1) and Besov
spaces (Proposition 4.2) in terms of general biorthogonal wavelets for the full
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range of the indices s, p, g. One of the advantages of this approach is that it
allows us to disassociate the conditions imposed on the wavelet set ¥ from
the ones imposed on their dual set ¥ (see definitions below) and thus the
various regularity and decay conditions of one family do not affect the other.

We also mention that in certain applications, such as image processing,
people are interested in unconditional bases for Ly(R%) that are indexed not
by the set D of all dyadic cubes, but by Dy :=J,,~ Dm, the set of dyadic
cubes with sidelength < 1.

It turns out that these bases are tailor-made for the characterization of
the inhomogeneous Triebel-Lizorkin and Besov spaces Fj,,, B,,. A brief but
comprehensive analysis of these results is presented in §5 solely within the
framework of biorthogonal wavelet bases, for notational reasons.

In dealing with homogeneous spaces, an important point that one needs
to be careful about is the meaning of the decomposition formula (1.3). This
is a rather delicate issue, and it turns out that the convergence as well as the
equality in (1.3) take place in the topology of S’/Py, where k € N depends
on the space under consideration. To address this one needs to take a closer
look at Calderén’s reproducing formula. A complete account of these results
is presented in §2 and in Appendix I.

Recapitulating, our primary goal in this paper is to present a general
method for extending decomposition systems of Lo(R?), which due to the
geometric structure of this space are easier to construct, to decomposition
systems for both scales of Triebel-Lizorkin and Besov spaces. For this, our
main tool will be the ¢-transform (see (2.16) below) and the powerful ma-
chinery developed in [FJ2].

1.1. Biorthogonal wavelets. Biorthogonal wavelet bases were introduced
by Cohen, Daubechies and Feauveau [CDF]. Their construction begins with
two univariate scaling functions ¢ and @ whose shifts are in duality:

(o(- = k), @(- — k) =0y, kK €Z

Associated to each of the scaling functions are mother wavelets ¢ and 1;
These functions can be used to generate a basis for Ly(R%) as follows. We
define 0 := ¢, @ZO =@, ' :=1) and @Zl = 1; Let Ey denote the collection
of all vertices of the unit cube [0,1]% and E := Ey\ {0} (0 = (0,...,0)). For
each vertex e = (ey,...,eq) € Epy, we define the multivariate functions

1/}6(1’1, . ,:cd) = ’(ﬁel (xl) e ¢6d(xd),
Vo(21, ..., wq) =0 (1) . . O (2q).

Following the wavelet literature, for every I € D we also define

(16)  8() = !II1/2¢6<%>7 V5(-) = ]I|1/2¢e<-€—(lx)l>.
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(A word of caution: this notation will be used only for specific functions
such as the wavelets and in the ¢-transform (see (2.16) below) and not
necessarily for general functions as the ones in the sets © and O considered
earlier.)

Then the collection of functions

W= {$,¢5: 1€ D, ec E}
constitutes a Riesz basis for La(R?) with
(05, 05) = 01,.70c.er-
In particular, for every f € La(RY),

(1.7) F=Y D" ws=> > ()

ecEIED e€EIeD
where

(1.8) S =00, () = (f05),
and in addition

19) Wl = (XN~ (S lsmr) "™

ecE IeD ecE IeD
If o = ¢ then {¢§ : I € D, e € E} constitutes an orthonormal basis for
Lo (RY).
Alternatively, one can construct biorthogonal bases indexed by the set
FEy and the dyadic cubes in D, namely

WO = {w?qu? I e DO}U{wi'[Z? L e D+7 €€ E}
In this case for instance, for every f € Ly(R%) we have
(1.10) F=Y"WNe+>] D &,
I€Dg e€EIeDy
where ¢§(f) :== (f, 1;§>, e € Ep, and

A1) e ~ (X @ROR) "+ (2% Eor) "

I€Dg ecEIeD,
Standard assumptions on the sets

(1.12) W= {y:ec By}, W:={y°:ec Ey}
include:
Bl. ¥ C C™*(R%), ¥ C C"#(RY), ry,ry € N4, and for e € By,
(@) (@) < CA+|z)~™M, o] <rg,
() (@) < C(L+ =)™, ol <7y,
where My, Mg > 0.

(1.13)
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B2'. Fore € F,
S r*p(r)dr =0, |af <rg—1,
d
(1.14) S
S z*Y(x)de =0, |aof<ry—1.
R4

For instance, starting with Meyer’s univariate scaling function and wave-
let (see [M]) one obtains an orthonormal basis of functions from Ss, which
satisfy B1’-B2’ for any selection of the parameters ry and My.

We note that 1/0(z) = ¢(z1) . .. p(zq), ¥0(z) = 3(z1) . .. (xq), and from
B1/,

(@) (@) < O+ )™M, o] < 1o,

(1.15) ~
(@) N (@) <C+|z)~M, ol <rg,

(no zero moments are required).

If W, ¥ satisfies B1'-B2’ then from (1.6) it becomes clear that the bior-
thogonal family W satisfies assumptions B1-B2, while A’ is inherited by
W from its construction. Therefore, for appropriate smoothness and decay
parameters 7y, rg and My, Mg, we see that W forms an unconditional basis
for the homogeneous Triebel-Lizorkin and Besov spaces F;q and B;q.

1.2. Outline of the paper. In §2 we give the definitions of the homo-
geneous Triebel-Lizorkin and Besov spaces and we also give a complete
account of the topology of &'/Py, k € N. In §3 we study the boundedness
of matrix operators on the sequence spaces fgq and bgq (see definitions be-
low). This type of problems have been studied, in the case of f—spaces, by
Frazier and Jawerth [FJ2] who used duality arguments; here instead we
use a straightforward approach and our assumptions are tailor-made for our
results. In §4 we prove the main results regarding the homogeneous spaces
while the results on the inhomogeneous spaces are briefly presented in §5.
Finally, in Appendix I we present some results related to Calderén’s repro-
ducing formula, while in Appendix II we have included some useful lemmas
which will be used throughout the paper.

2. Triebel-Lizorkin and Besov spaces. Let ¢ € S be such that the
family of functions ¢, (-) := 294¢(2"-), v € Z, has the following properties:
(i) supp &, C {2771 < ¢ < 271},

(2.1) (ii) [0 (©)| < c2, pezd,

)
(iii) > |e(&)F =1, €eR?\{0}.

VEZL
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For s e R, 0 < p < 00, 0 < ¢ < 00, the homogeneous Triebel-Lizorkin
space Fy, is defined to be the set of all f € S’/P such that

(2.2 £, = | (S lo, e spr) ", <0

VEZ

(with the usual modification for ¢ = o0).

In a similar vein, for s € R, 0 < p,q < 0o, the homogeneous Besov space
By, is defined to be the set of all f € S'/P such that

/
(23) 171, = (@60 7l,)7) " < .

veZ

Although the above definitions are independent of ¢ (different ¢’s give
rise to equivalent (quasi)norms), the fact that {ggy}l,eN is a partition of unity,
in the sense of (2.1)(iii), is of paramount importance in the definition of these
spaces and will play a critical role in what follows. For instance in the case
of Lo(R?), applying the inverse Fourier transform we can easily deduce from
(2.1)(iii) that

(2'4) Zgﬁu*ﬁbu*f:f

VEZ

(¢ (x) := ¢, (—x)) in the sense of Ly(RF). (2.4) is the so-called Calderén’s
reproducing formula. Trying to explore its meaning in the various function
spaces that we shall consider it is natural to ask whether the series ) ., ¢,
¢y * [ is meaningful at least in the distributional sense. It turns out that if
f € 8’ then the sum ) 7 gb,, x ¢, * f provides no difficulty since it converges
in the sense of S’. To see this, using the continuity of the Fourier transform
on & and applying the regularity theorem to f € &', we find that there
exists r € N such that for every n € S,

Ml <c >V Ierae)lde

|a|<r R4

From this estimate it follows easily that > -, (b * by % )N, )| < 00 (see
[Pee, p. 52]). -

However, the lower part of the series in (2.4), namely >, by * by * f,
in general, does not converge in 8’ and then one is forced to consider its
convergence in the space 8’ /P. The following instructive example illustrates
this fact:

ExamMpPLE. We let fs, s > 0, be the univariate distribution in (S(R))’
defined by
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( ) ,

5 7
Let also 6 € S(R) be such that 6 =1 for €] < 2, and 6 =0 for |€] > 4. From
Parseval’s formula we get

Z@V*qsy*fs,wzzswg =Y 5/2” ¢ = oo,

v<0 v<0 0 v<0 0

(2.5) (for 1) S () dé + | n e S(R).
0 s

where {¢,}, is the univariate version of (2.1). This demonstrates that the
series Y, dv * ¢y * fs does not converge in (S(R))’. A moment’s reflection

reveals however that if we consider the action of > V<0 5,, * ¢ * fs on the
subspace

So(R) := {n € SR) : {n(x)dz = o},

then we can get around the singularity at the origin by using the estimate
7€) < Cl¢] (m(0) = 0). In other words, if we consider fs as an element of
the topological dual of Sp(R) instead of S(R), then ), by * by * f5 defines
a distribution in (Sp(R))" and it is easily seen that ZV€Z<$V * ¢y ok fs,m) =
(fs,m) for every n € Sp(R), that is,

(26) Z 51/ * ¢V * fs = fs in (‘SU(R))/

vEZ

Using the Hahn-Banach theorem, we can extend ), ., gg,,*qb,,* fs from Sp(R)
to a bounded linear functional on S(R), say g € (S(R))’, such that g|s, &) =
fslso(r)- The question that arises naturally is whether fs coincides with g as
elements of (S(R))’. To address this, we shall construct such an extension g.
For this we note that the convergence of the series ) ., 5,, * ¢, * fs in
(So(R))" is equivalent to the existence of constants Cy and C' such that

(2.7) tim (3 bouxfitCn) = fo4C
v=—N

N—oo

in the sense of (S(R))’. Thus, we can set

N—oo

gi= Jim (32 GorburfitOx).
v=—N

One way of proving (2.7) (see also Lemma 6.2) is to define

v >0,

0,
T { _<|¢V|2f350>7 v <0,

C
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where 6 is the test function defined above. If n € S(R), then

lim Z ¢V*¢V*fs+cl/, >

N—>oo

V——N

S (Tl "
o 1,7 oo
| P B
= lim (€) d€ + c,(0) + (&) d¢
NWENQ & (CAR I )
0 1 0o 0o | 2
= i 3 P o) —gopae+ 3 § 2 g ae
v=—N0 v=0 1
1, ~ ~ 00 ~
= IO ey § 1) e — (o = 1,
0 1

where in the fifth equality we used Lebesgue’s convergence theorem. This
proves that

[e.9]

(238) dim Y (byx by fot ) = fi,
v=—N

and setting Cy = ZSZ_N ¢, we get

(2.9) g:= A}EP@( i $V*¢u*fs+CN) = f1.

v=—N

However, fs — f1 vanishes on Sp(R), and in particular from (2.5) it follows
that for every n € S(R),

(fs = F1,7) = = In(s)7(0),
ie.,
(2.10) fi = fs +1n(s).
Putting together (2.9) and (2.10) we get
(2.11) g=fs+1In(s) in (S(R))".
Another way of writing (2.11) is
(2.12) Y Guxduxfi=Ff in(SR))/Po.

VEZ
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We note that (2.6) and (2.12) are equivalent formulations (see Lemma 6.2
for more details) and in this sense we write (Sp(R))" = (S(R))'/Po. »

Since it is possible to construct similar examples with singularity of
higher order at the origin, one is naturally led to the space S and for
a general f € S’ one has to consider the convergence of Y ¢, * ¢, x f in the
sense of (Soo)’. Using the continuity of the Fourier transform on S it is easy
to see that S, becomes a complete locally convex space (in the topology
inherited from §). It turns out (see [FJW]) that for every f € &,

Zau*@/*f:f in (S)"-
VEZ
A finer analysis, though, can be given in the cases where a distribution is
in the class of Triebel-Lizorkin or Besov spaces. Let us assume that f € F,
s€R,0<p<oo, 0<q< oo (an identical analysis holds for the Besov

spaces as well). Then, as was noted by Peetre [Pee] (see also [FJ2]), for every
a e N9,

160 * 6w 1)1 < ClED 11l # fllzo < C27UTIP Gy, 5 f1,,

where the second inequality follows from well known estimates on analytic
functions (see [T, p. 22]). It follows that if |a| > s—d/p (Ja| = 0 for d/p > s)
then

S 10 60 % H @z < Csup2léy * flin, < Cllf I

V<0 v<0 Pa

which implies that the series ZVEZ(JS,, s ¢, % f)(@) converges in S’ (if s —d/p
€ Nand 0 < ¢ <1 in the B;q—case, or 0 < p,qg <1in the F;q—case, we can
take |a| = s—d/p). Employing now Lemma 6.2, for k := max{[s—d/p], -1},
we can find polynomials Py € Py (P—-1 := {0}) such that the series

N—oo

gim tim (Y Gvdy e+ Py)
v=—N

~

converges in §’. On the other hand we see that supp(g— f) = {0}, i.e., there
exists a polynomial P € P such that

(2.13) g=f+P inS.

In other words

(2.14) d durdyxf=f inS/P.
VEZ

However, if we identify the equivalence class f + P with its representative

g then the elements of Flfq, B;, can be regarded as equivalence classes of

distributions modulo polynomials in Pj. Therefore, we may assume that
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Es., B, C 8'/Py, (S'/P-1 := &'). Under this assumption for every n € Sy

we define B

(2.15) (f.n) =D (v * by * f,m),
VEZ

ie.,

f:qu,,*gb,,*f in §'/Pg.

VEZ

It is an interesting question, given f € F7 , to determine the degree of
the polynomial P in (2.13). It turns out (see Proposition 6.3) that if f is of
polynomial growth, that is, if

J @I+ le) @D de < o0, k=1,
Rd
then indeed P € Py. Since {|f(z)|(1 + |z|)~¢dz < C’HfHLp, p > 1, this
observation in particular identifies a distribution f € L, Fp2, 1 <p<oo,
with its representative ) ., qgl, *x ¢y x f.
More generally, in Proposition 6.3 we show that if f € S’ satisfies
[(fml<C sup sup (1 + |z]) (@), mnes,
|| <N zeR4
for some k, N € N, then
Zgﬁu*d)u*f:f inS,/Pk-
VEL
This is for instance the case if f € Hy,, 0 < p < 1 (with £k = 0, N >
dl/p—-1)). .

The spaces F,, and B, have been studied extensively, as we already
mentioned, by Frazier and Jawerth in [FJ1], [FJ2]. Using techniques rem-
iniscent of the Shannon sampling theorem, it was shown in [FJ1] that for
every f € S8,

Sy x by x (@)= > (fondi(x), xR
IeD,

where ¢y(-) := [I|7Y2¢((- — 1) /0(I)). Tt follows that every distribution f €
F3, (or B,,) can be represented in the form

(2.16) F=YY (foner=> (f.én0r,

veZ IeD, leD

where the outer summation is considered in the sense of §’/Py with k :=
max{[s — d/p|, —1}. This is the so-called ¢-transform identity.
Moreover, the coefficients

SI(f)::<fa¢I>7 IED,
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in (2.16) contain all the necessary information to determine whether a distri-
bution belongs in the class of Triebel-Lizorkin or Besov spaces. In particular,
it was established in [FJ2] that if s € R, 0 < p < 0o and 0 < g < oo then

(2.17) 6165, = | (S ssoln)

IeD

)

where as before Y7 := |I|~1/2x;.
Similarly if s € R and 0 < p,q < oo (see [FJ1]) then

(2.18) HfHB;q ~ <Z< Z (‘I‘—s/d+(1/p—1/2)’31<f)‘)p>‘I/p)1/q.

meZ I€Dy,

3. Bounded operators on sequence spaces. In order to prove that
a decomposition system for Lo(R?) constitutes a decomposition system for

the spaces Fj, and B,,, we will use the boundedness of operators on the

corresponding sequence spaces f3

Pq
of questions, regarding the fpsq spaces, have been thoroughly studied in [FJ2].
In particular, a proof of Proposition 3.1, based on duality arguments, can be
found in [FJ2]. Nevertheless, for the sake of completeness we present here a
straightforward approach.

We start by recalling the definition of the f;’q and qu spaces.

and B;q. As already mentioned, this type

(a) For se R, 0 < p < o0, and 0 < ¢ < o0, fgq is defined to be the space
of all sequences h := (hy)rep such that

Il o= [ (S am-repuatn) |, <o
IeD

(b) For s € R and 0 < p,q < oo, l};q is defined to be the space of all
sequences h := (hy)rep such that

Ikl = (> (X2 (,Irs/dﬂ/pfl/zm],)p)q/p>1/q e

meZ 1€D,,

Since the family B = {0?,5? : 1 € D, e € E} forms a decomposition
system for Ly(R?), for every I € D we have
¢I:ZZa€(Iv‘])037 ae(Iﬂ]) = <¢I753>'
eckb JeD
Similarly from (2.16), for every e € E, I € D we have
05 => ac(I, D)oy, ac(l,J):=(07,61).
JebD

In essence our results are based on the fact that the transpose of the
transformation matrices of one decomposition system with respect to the
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other,
A= (ae(I,J))15ep, Ae:=(ac(l,J))1eD;
are very close to the identity matrix, and thus, as we shall prove, are bounded
on fy, and by, for appropriate range of the indices s, p,q.
In order to measure the size of the entries of the matrices :&e, A, ecFE,
we shall need the following lemma:

LEMMA 3.1. Let I,J € D with |J| < |I|. Assume moreover that ny,01
are functions on R? such that for some r > 1 and M > d+r,

(3.1) | 2*ns(2)dz =0, |af<r -1,
]Rd
32) te)] < clap 2 (1 )
(@) —1/2—|al/d o — 2\ Y
(33) 100 @)| <l 1 Et) L el
Then 42 y
0\ lzr — g\~
ol <e(gg) (14

Proof. We refer the reader to [FJ2]. m

REMARK 3.1. In the absence of zero moments, that is, if |J| < |I] and

M
< -1/2( ¢ |z — 2]
e)] < clap 2 (1 )

-M
0 <oz (14 E ,
e < I~ (14 F
with M > d, using arguments similar to the proof of the previous lemma it
is easy to show that

/2 o\ -M
(3-4) 1(0r,m.)] < C<%> (1 + %) _

REMARK 3.2. It is obvious from the above lemma that the size of
|{(0r,m7)|, when |J| < |I], depends on the smoothness of §; and the zero
moments of 77, while in the case where |.J| > |I| the requirements on 01,7
have to be interchanged. For this reason for the rest of the section we shall
assume that for some r1,79 € N and M > d+ max{ry,r2}, (01)1ep, (n1)1eD
are families of functions on R? satisfying

(3.5) S Or(x)z®dx =0, |af <mr —1,
R4
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—M
(3.6) re§“><m>rscn-“2-a/d(1+’x "”') el <,

(1)
(3.7) S nr(z)x®der =0, |of<re—1,
R4
() 1/2—a/d |z — ] M
38 b@l< o (i Tl T e <n,

where (3.5) and (3.7) are void when r; =0 or ro = 0.

Assuming that r1, 7o and M are sufficiently large we shall prove that the
infinite matrix

(3.9) A = ((01,m))1,5eD
gives rise to a bounded operator on the f and b spaces.

PROPOSITION 3.1. Let (0r)rep, (n1)rep be families of functions satis-
fying (3.5)—(3.8) for some ri,r2 € N and M > d + max{ry,re}. Let also
0 <p<oo, 0<qg<oo s€RandJ = d/min{l,p,q}. If 11 > s,
ro > J —d—s and M > J then the matriz A in (3.9) defines a bounded
operator on f]jq.

Proof. For A to be bounded on f;fq it is sufficient to prove that

A ;. = sup |Ah|; < oo.
qu qu

—>f5
Pl gy <1

Let a(I,J) := (01,n7). Then for every h € fpsq,
(Ah)r = a(I,J)hy,

JeD

where the series is absolutely convergent (see proof below). It follows that

(310) anly, = [(S 01 and) |
IeD

P

<[(X (e 3 tacr. ) i) )",

IeD
< C(o1 + 02),

o= (S (e S i),

1€D 1<)

o= | (S (17 X totr il naln) )"

IeD [J|>|1]

where
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To estimate o1, from Lemma 3.1 (or Remark 3.1 for ro = 0), if |J| < |1
then

ro+d/2 T — -M
(3.11) la(I,.0)] < c(%) (1 + %) .

Let A\; := |[I|7°/4%; and 0 < t < min{1,p,q} be such that M > d/t and
ro > d(1/t — 1) — s. Using Lemmas 7.1 and 7.2 we obtain

[(J)>r2+d/2< |$]—$J’>_M >q>1/q
=¢ 20 1+ L) A
o1 < ‘(IZ@;(JZSI:”(UI) + o) \hlAr .
(n—m)(r2+d/2) 2y — 2y \ M a\1/q

e (ZZ<Z2 2 Z<1+€7> |hJ|AI>>

nezZIleD, “m>n JEDm (I) Ly
<C (Z Z <Z 9(n—m)(ra+d/2— d/t)M ( Z |hJ|XJ) M (x )>q>1/q

neZIeD, m>n JEDm L,
=C o(n—m)(rat+d—d/t+s) p o) (2) a\ 1/q

(X (3 ma)e))",

/
<C ( (Mt( S i) @) )| < clny,
IeDy, P

where in the last inequality we used (7.1) (¢t < min{1,p, q}).
When |J| > |I|, by interchanging the roles of 7y and #; in Lemma 3.1
(or in Remark 3.1 for r; = 0), we have

o)\ xr — g\ M
3.12 I < — 1+ — .
sy eealsc(gy) (10
Employing Lemmas 7.2 and 7.1 gives

=l () ) )

7> 1| Lp
_ C 2(m TL 7‘1+d/2) 1 |ZL‘] ZL'J| h )\ ! 1/q
=C(2 2 (X 2\ Sl
n€Z IeD,, “m<n JEDm, Ly

Z Z (Z2m n)(ri+d/2) p r (Z IhJ!xJ) Ml ))Q)l/q

n€Z IleD, m<n

(
= (S (> 2 (“‘S)Mt(%: hyias)@)")
(>

<C
LP

n€Z m<n Lp

(3 ) )’ )", =y,

IeD,
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where in the fourth inequality we used the inequality r; > s. Employing the
two estimates for o1 and o2 in (3.10) yields the result. =

Turning now our attention to the Besov spaces we have the following:

PROPOSITION 3.2. Let (01)rep, (n1)1ep be families of functions satis-
fying (3.5)—(3.8) for some r1,r2 € N and M > d + max{ry,ra}. Assume
moreover that 0 < p,q < o0, s € R and J := d/min{l,p}. If r1 > s,
ro >J —d—s and M > J then the matriz A in (3.9) defines a bounded
operator on qu.

Proof. We shall treat only the cases where 0 < p,q < 0o; when p = oo
or ¢ = oo the result follows similarly. We need to prove that

(3'13) HAHl};q_ﬁ};q

= sup ||Ah|\l~)zq<oo.

”i’gqfl
Let a(I,J) := (6;,ns) and h € bfgq. To simplify our notation we define
~v:i=s/d—(1/p—1/2) and hy := |J|"Vh;. Since (Ah); = 3 ,cp a(l, J)hy,

lanl;, =3 (3 ariamr)”

meZ I€Dy,

< (X (S wta i) )" < ot + o).

meZ I€D,, JeD
with

(Z<Z ( Z (|J1/11)"|a(1, J)HhJD )q/p>1/q

meZ I€Dy |J|<|I]
= (X (X tanmia ia))")
mEZ I1€Dy |J|>|I]

CASEl: 1 < p < co. For oy using (3.11) (or (3.4) for 7o = 0), Minkowski’s
inequality and Lemmas 7.2 and 7.4 we get

P (X (XX iy ac o))

meZ I1€Dy,, n>m JeD,

< Z < Z <Z Z (1J1/|1) ’Y+r2/d+1/2< |x1€(I)ggJ\> mﬂ)ﬁ)q/p

meZ €Dy, “'n>m JeED,
< C Z <Z (m—n)(dy+ra+d/2)
meZ n>m

(S(5 () w7
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<C Z (Z Q(m—")(d"1+7’2—d/2+d/p)< Z |ﬁJ|p> 1/p>q

meZ n>m JeD,
<C’Z(Z ’I| s/d+(1/p—1/2) |h |) >(I/P
meZ 1€Dy,

since dy+re —d/2+d/p=ro+s>0.
Similarly, using (3.12) (or (3.4) for r1 = 0), Minkowski’s inequality and
Lemma 7.5 we obtain

< (X (X X (e i)

meZ I€eD,, n<m JeD,

: Z<Z <Z > (/e 1/2< |3«“I£(J;w!) |hJ|>p>q/P

meZ ~eD,, ‘n<mJjeD,

<C Z <Z o(m—n)(dy—r1—d/2)

meZ n<m

(5 (5 05w
<C Z (Z 2(m*n)(d“/*7“1*d/2+d/p)< Z mJ‘p) 1/p>q

mEL n<m JED,
< CZ( Z (|T|=3/ 4+ /p=1/2) |y |y )q/P
meZ 1€Dy,

where in the last inequality we applied Lemma 7.2 (dy —r1 —d/2 +d/p =
s—r1 < 0). Putting the estimates for oy and o9 together we find that (3.13)
holds for 1 < p < o0.

CASE II: p < 1. Similarly to the previous case,

Z(Z Z Z 2m n)(re+d/2+~d)p (1+| E(I$J|> |hJ|p>f1/P

meZ “JeED, n>m I€D,, )

<C Z ( Z Z 2(m—n)(7"2+d/2+'yd)p’7lj|p) a/p

meZ JeDnpn>m

=C Z (Z Q(m—n)(rg—i-s—d(l/p—l))p Z |}~LJ’p)Q/;D

meZ n>m JeD,
<CZ(Z m s/d+(1/p—1/2) |h ’) )Q/p
meZ I€Dy,

where in the last inequality we used the inequality ro > J — d — s.
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Finally, from Lemmas 7.2 and 7.3,

;<C (n—m)(r1+d/2—~d)p lzr — 2y M~ ) a/p
EEEPPIPIpIP I L) Il

meZ \n<m JeD, IED,,

<C Z <Z Z 2(n—m)(r1+d/2—fyd)p2(m—n)d’%J‘p> a/p

meZ n<<m JeD,

-cYy < 3 glnmminsp 3 %‘p)q/p

meZ n<m JeDn,
<o (3 )
meZ I€Dy,

This concludes the proof of (3.13). m

4. Main results. In this section we shall establish our main charac-
terizations of the Triebel-Lizorkin and Besov spaces. We recall from the
introduction that S_; := S and that §'/P_; := §".

THEOREM 4.1. Let s e R, 0 < p < o0, 0< q < o0, J :=d/min{l,p,q}
and k = max{[s—d/p], —1}. Let also 6, 5?, I €D, ecE, be adecomposition
system for Ly(R?) satisfying (1.1) and (1.2) for some rg,r & € N with rg
> 8, Tg >j d—s and Mg, Mg > max{J, d—}—r@,d—l—T@} Then, for
every f ek

pa’
(4.1) F=>"ag(Hes,  where @i (f) = (f,67),
ecE IeD
in the sense of S’/ Py (and in FS for q # o00). Moreover,
(4.2) 1Nz, = DM@, -

ecE

Adapting the above theorem to the case of biorthogonal wavelet bases
for La(R?) we immediately get

PROPOSITION 4.1. Let seR, 0<p<oo, 0<qg<o0, J:=d/min{l,p,q}
and k = max{[s — d/p], —1}. Let also W, ¥ be dual wavelet sets for Ly(R?)
satisfying (1.13) and (1.14) for some ry,rg € Ny with ry > s, ru:, >J—d—s
and My, Mg > max{J,d+ry,d+rg}. Then, for every f € F,
unique coefficients

pqy there exist

(4.3) () == (f,05), ecE, IeD,
such that
(4.4) F=Y) (s

ecE IeD
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in the sense of 8'/Px (and in FS for q # 00). Moreover,
(45) 1Fllz, ~ S NGl
eck
As far as the Besov spaces are concerned we shall prove:
THEOREM 4.2. Let s € R, 0 < p,q < o0, J := d/min{l,p} and k =
max{[s—d/p],—1}. Let also 05,05, I € D, e € E, be a decomposition system

Jor Ly(R?) satisfying (1.1) and (1.2) for some ro,rg € N with rg > s,
re > J —d—s and Mg, Mg > max{J,d + re,d +rg}. Then, for every

f e pq’

F=Y0"a5(007,  where a(f) = (f,65),

ecE IeD
in the sense of S8'/Py (and in BS for p,q # ). Moreover,
(4.6) 11, = D G@E ()1l -

ecE

Applying this theorem to biorthogonal wavelet bases we get

PROPOSITION 4.2. Let s € R, 0 < p,q < o0, J := d/min{l,p} and k =
max{[s — d/p], —1}. Let also ¥, ¥ be dual wavelet sets for Lo(RY) satisfying
(1.13) and (1.14) for some ry,r; € Ny with rg > s, 75 > J —d — s and
My, Mg > max{J,d + rg,d + rg}. Then, for every f € B;’q, there exist
unique coefficients ¢§(f), e € E, I € D, given by (4.3) such that

F=Y0) s

e€EIED
in the sense of 8'/Py (and in BS for p,q # ). Moreover,
(4.7) 1N, =~ D N1l
ecE

For the proofs of Theorems 4.1, 4.2, we shall need the following lemmas:

LEMMA 4.1. Let s e R,0 < p < 00,0 < ¢ <00, J :=d/min{l,p, q} and
k = max{[s — d/p|, — 1}. If (01)1ep satisfies (3.5)—(3.6) for some ri,ro € N
withry > J —d—s, ro > s and M > max{J,d+ri,d+ra}, then for every
d:= (dp) € ;q the series ;. difr converges in S'/Py, (and in Flfq for
q # o0) and

(4.8) H ]%;dlel‘ .

Pq

< Cldly,

Proof. Let n € Si. Employing Lemma 3.1 (or Remark 3.1 for k = —1 or
r1 = 0), we find that for |I| > 1,
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—(k+1+d/2) [T
(4.9) [0, m)| < CI) 1+ oD :

while for |I| <1,
(4.10) (01, m)| < CUDF2 (L A+ [ag) ™™
Then

| dntorm| < 3 1dil 1orm+ 3 il 161, m)] =5 01 + 0.

IeD 17|>1 l1|<1
Using the fact that |d;| < C|I|*/#+Y/2=1/P for every I € D, we get

o <C Z |I‘s/d+1/271/p7(k+1)/d71/2(1 + ‘(L’[|/€(I))7M
[7|>1

<Oy TR N (1 4 g /(1) M

m>0 I1€Dy,
—k—1—d
<C Z gm(s /p) ~ 0,
m>0

because k+1 > s —d/p.
To estimate o9 we will use the maximal operator M; defined by

M) = (suplQl ™ sl an) "
Sx Q

where the sup is taken over all cubes @) (containing z) with sides parallel
to the axes, and t is selected so that 0 < ¢ < min{1,p,q}, M > d/t, and
r1 > d/t —d—s. Using Lemma 7.1 from Appendix IT we infer that for every
2 in the unit cube Iy,

oy = C > I dg| (14 )M

=<1
<C Z 9—m(ri+d/2) Z ‘dI’(l + |:E[|)7M
m>0 IeDy,
<C Z 9—m (r1+d/2— d/t ( Z ’dI|XI)
m>0 I1€Dy,

We let A; := |I|~%/4=1/2x;. Since 1 > d/t —d — s, for © € Iy we have

oo <CZ2 w(rit+s+d— d/t ( Z ’dl|>\1)

m>0 I1€Dy,

<camu( ¥ )i <o (3 )"

1€Dm €Dy,
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Taking the L,(Ip) norm and using the maximal inequality (7.1) we get

or <0 (S ({3 arir))) |

Thus, the series f = ZleD dIHI converges in 8’/ Py.
It remains to prove (4.8). If ¢(1, J) := (01, ¢s), from the above we find

spi=s5(f) = (f.0s) = _di{0r. ;)= drc(I,J), JeD.

IeD IeD

<0l < oo
»(Io) pa

In other words if ¢ := (sy) and C := (c¢({, J))r,7ep, We have
s=C"d.
By Proposition 3.1, CT is bounded on f;q. Therefore, using (2.17), we have
1711z, ~lisly,, = I1C7dl;, < Cldllz,

Finally we note that once (4.8) has been established it follows that for g # oo
the series ZleD dr0r converges in the sense of F? | since its tail Z\I|2N drfr
converges strongly to 0 as N — 0o.

LEMMA 4.2. Let s € R, 0 < p,q < oo, J = d/min{l,p} and k =
max{[s — d/p|, —1}. If (01)1ep satisfies (3.5)—(3.6) for some r1,r2 € N with
rn>J—d—s,r0>5s and M > max{J,d+ ri,d + ro}, then for every
d:= (dp) € qu the series > ;cp difr converges in S’ /Py (and in Bf,q for
p,q # o0) and

. < is -
(4.11) | ;)dIHIHB;q < Clldl;,.

PQ’

Proof. The proof of (4.11) is identical to the one of (4.8) since under
our assumptions the matrix CT is bounded on 15f)q. Therefore, we need only
establish that the series ) 1ep d1f1 converges in S'/Py. For this, we note
that for every n € Sk,

S o m] < 3 il 10 m I+ 3 ldil [0r,m)] =5 o1 + 0
IeD [7]>1 [I1<1

Since d € b;q, we have |d;| < C|I|¥/*1/2=1/r T ¢ D, and the proof of

Lemma 4.1 shows immediately that o; < oo.
For o2, we will consider two cases.

CASE I: 0 < p < 1. We have

o2 < ) M2 dg| (1 + fag )T
j1I<1

< Z 9—m(ri+s+d—d/p) Z ]I|_S/d_1/2+1/p|d1|
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C/d 1/p
< sup (3 (11142 ag ) < O]y, < o0
mZL 1eDy,

where we used 11 > J —d — s and 3 |2;] < (3 |2;/P)/P, 0 <p < 1.
CAsSE II: p > 1. From Holder’s inequality and
ST (tjuh)y™M<o2m, m>0,M>d,

IeD,,
we obtain
oy = IR dg| (1 + [ ]) "M
<1
1/p / 1/1’/
< o2t (S ) (3D (1 ) M)
m>0 IeDy, IeD,,
<oy 2—m(r1+d/2—d/p’)< 3 |dl|p)l/p
m=>0 IeD,,
_ oY gt 1si=vz+1se g 0) Y < ol
=02 > (11 di)") " < Cldly,, < oo,
m>0 IeD,,

where 1/p’ := 1 — 1/p. This concludes the proof of the lemma. =

REMARK 4.1. Assuming that (d;);ep and (07)rep satisfy the assump-
tions of Lemma 4.1 (or Lemma 4.2), it is obvious from its proof that the
series ) ;. p dr{f1,m) converges not only for n € Sy, k := max{[s—d/p|, -1},
but for any function 1 which has k zero moments and satisfies

1 (@) < C(L+ 2™, Jal <
(with 71, M as in Lemma 4.1 or Lemma 4.2). Therefore if f := ;. d;0r
we may define
<f777> = Zdl<91777>
1eD

REMARK 4.2. When s —d/p € N and 0 < p,q < 1 it can be shown that
the series ;. drfr in Lemma 4.1 converges in 8’ /Py, with k = s —d/p—1
and as a consequence the same holds for the series in Theorem 4.1 and
the wavelet series in Proposition 4.1. A similar result holds, in the case
of Besov spaces, regarding the convergence of the corresponding series in
Lemma 4.2, Theorem 4.2 and the wavelet series in Proposition 4.2, under
the assumptions that s —d/p € Nand 0 < ¢ < 1.

For every e € E we recall from §3 the matrices
(4.12) A, = (@ (I,))15ep, where a.(I,J) = (¢1,65),
(4.13) A, = (ac(I,J))15ep, where ac(I,J) = (07, ¢7).
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COROLLARY 4.1. Let 9?,5?, 1 € D, e € E, satisfy the assumptions of
Theorem 4.1 (or Theorem 4.2). Then

(4.14) br=">_> (61,0505 €D,

ecE JeD
where the convergence is in S', as well as in Fy, (resp. B;q) for p,q # <.

Proof. Since B is a decomposition system for Lo(R?), (4.14) holds im-
mediately in the Lo sense and consequently in the distributional sense. To
show that the convergence of the series also holds in the sense of F or B
spaces, it is sufficient by Lemmata 4.1, 4 2 to show that for each I € D
and e € E the sequence (a.(I,J))s is in (or bf,q). For this we define the

pa
sequence 6! := (§7.7) by
1, I=J,
01,7 =
0, I#J.

Then (ac(,J))s = AT§!. By Proposition 3.1 (or 3.2), AeT is bounded on
qu (or bpq) and consequently (a.(I,J))s € qu (resp. € bs Q)™

Proof of Theorem 4.1. We are going to establish that for every f € F,

(4.15) F=Y (16965

eeE JeD
(4.16) Il =D li@ Dl -
ecl
From (2.16) and Corollary 4.1 we get

(4.17) F=si(Por=>Y_3 " si(f)ac, )05

P‘l’

IeD IeDecE JeD

= Z Z Z S] ae I J 0]
ecE JeD IeD

=D 03 D (e en,09)05 =Y D (£.65)65
ecE JeD IeD ecE JeD

where all identities above are considered in the distributional sense. To
justify the third equality, we note that the assumptions of the theorem
guarantee that for every e € F the matrix AZ is bounded on fp,. Since

S = (s1(f))1 € fpq» the sequence (d7) := (Xosep lae(L, J)| [sr(f)]) s belongs
in fgq. Finally, for every n € S with k := max{[s — d/p|,—1}, as in the
proof of Lemma 4.1 we have

> 1dg] n)| < oo,

JeD
which allows us to interchange the order of the summations.
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Next, we will prove the norm equivalence (4.16). From (4.17) we get
(4.18) sr(f) =D D (£09(05,00) =D Y ac(J.D)ay(f), 1€ D.
e€cE JeD e€cE JeD
Setting ae := (a§(f))r we can rewrite (4.18) in the form
¢ = Z AZEG.
eck

Similarly

ag(f) = ac(JD)ss(f), I€D,eck,
JeD

l.e.7
- ~T
a:e —A.e §, eEE

Since by Proposition 3.1, AZ, AT e € E, are bounded on .zfq it follows that
T~ T~ ~
sl = |- Ala|, <o IATaly, <CY lal),
" e€E Tia ecE " "

eelk
— AT . .
=Y ATy, < Cllsly
ecF

This concludes the proof of the theorem. m

Proof of Theorem 4.2. The proof is identical to that of Theorem 4.1,
one only needs to change f;, to by, and use Proposition 3.2 and Lemma 4.2
instead of Proposition 3.1 and Lemma 4.1. »

5. Inhomogeneous spaces. As we already stated in the introduction,
the results of the previous section hold for the inhomogeneous Triebel—
Lizorkin and Besov spaces as well. For notational reasons we present them
here only within the framework of the biorthogonal wavelet bases Wy de-
scribed in the introduction. Since the proofs of these results are identical
to the ones already given, we restrict ourselves to highlighting the only dif-
ference in the assumptions on the wavelet sets W and Wy, namely the fact
that the wavelets 42,10 do not satisfy the zero moments condition B2’.

For the definition of these spaces we start with the family of functions
¢, v € Z, which satisfies (2.1)(i), (ii) and we define a function ¢ € S such
that supp® C {¢ : |¢| < 2} and

(5.1) B2+ o (&) = 1.
v>1

ForseR, 0 <p< oo, 0<q< oo, the inhomogeneous Triebel-Lizorkin
space Fy, is defined to be the set of all f € S’ such that
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62 Wleg =1l + [ (S ko s 507) ) <o

v>1

(with the usual modification for ¢ = 00).
Similarly for s € R, 0 < p,q < oo, the inhomogeneous Besov space B,
is defined to be the set of all f € S’ such that

1/
653) sy, = 1 * @l + (@00 flz,)0) < oo

v>1

From (5.1) one can prove that for every f € S,

f=0xbxf+> dyxoyxf

v>1
in the sense of 8’ (®(z) := &(—x)). Also, similarly to (2.16),
(5.4) F=> {Lo0P1+ > (f,é1)1.
|7|=1 [I|<1

Let us now define the sequence ¢ := (31)IeD+ with

e - <f7¢1>7 |I‘:17
=)= { (f,é1), || <1.

It turns out that f € Fj if and only if ¢ € f,
h —(h1)1€D+ands€R O<p<oo 0<q< oo,

Il o= (3 - maizn) |, <.

IeD4

where for any sequence

In particular it was shown in [FJ2] that

(5:5) 1f11Eg, = lsll g,

Similarly, membership in B, s € R, 0 < p,q < oo, can be determined
by the size of the sequence ¢ measured in the (quasi)norm |- [|s defined by

/
Il = (32 (32 i) ) 1 <
m>0 T€Dm

In other words (see [FJ1]),
(5.6) 1£1l5, = llslleg, -

We are now ready to state the main results of the section:

PROPOSITION 5.1. Let seR, 0<p<oo, 0<qg<o0, J:=d/min{l,p,q}.
Let also W, W be dual wavelet sets for Ly(R?) which satisfy (1.13) and (1.14)
for some ry,rg € Ny withrg > s, r5 > J —d—s and My, Mg > max{J,



Decomposition systems for function spaces 159

d+ry,d+rg}. Then, for every f € Fy,, there exist unique coefficients

P>
(57) Cl(f) = <f7¢[>7 66E07 I€D+?
such that
(5.8) F=Y N+ D (s
IeDy ecEIcDy

in the sense of S’ (and in Fj, for q # oo). Moreover,

1/
(5.9) 1, =~ (0 @A)+ ST UG,

IeDg eceE

PROPOSITION 5.2. Let s € R, 0 < p,q < 00, J := d/min{1,p}. Let also
W, W be dual wavelet sets for Lo(RY) which satisfy (1.13) and (1.14) for some
ry,ry € Ny with rg > s, r5; > J —d — s and My, Mg > max{J,d + ry,
d+rg}. Then, for every f € By, there exist unique coefficients ci(f),
e € Ey, I € D4, given by (5.7) such that
(5.10) F=2Wwl +)] > G

IeDy ecEIeD,

in the sense of S’ (and in B, for p,q # o). Moreover,

610 s~ (X @BOF) "+ 1@y,

S eck
Since the family
Wo = {9,499 : I € Do} U {45, ¥§: I € D, e € E},
forms an unconditional basis for La(R%), for every I € Dy we have
Pr= ) ao(l, )W+ > aell, )5,
JEDy e€E JeD,
and similarly for |I| < 1,
ér=> ao(l,NVI+>_ Y ac(l, )y,
Je€Dy c€E JeDy
where for e € F,

a1 T) = { (@105, [l=1, 7] <1,
(@r.05). <1 [J1<1,
while _
@109, 1l=117]=1,
Go(1,J) = § (61, 09), |11 <117 =1,
0, I <1, |J] <1
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Similarly, using (5.4), for every e € Ey, I € D, we have

Ui= Y acl, NP+ Y ac(l,))dy,

|J|=1 |J|<1
where for e € E,

e d), |I|<1, |J| =1,
wtt, )= { B I

(Wi, o0), <1, [J] <1,
and

W, @), [I1=1,1J]=1,

ao(L,J) =S (42, 6s), |I|=1,|J] <1,

0, Il <1, |J]| <1.

Similarly to Propositions 4.1, 4.2, we note that the proofs of both proposi-
tions above are based on the fact that the transposes of the transformation
matrices

Ac = (ac(I,))r5ep,, Ac:=(ac(l,J))rsep,., €€ Ep,

are bounded on f7, and by, for the range of the indices s,p, ¢ given above.
To prove this, one has essentially to establish the inhomogeneous versions of
Propositions 3.1, 3.2. Going a step further, we note that in order to estimate
the size of the entries of the above matrices one uses Lemma 3.1 and the only
point of possible concern is that wo,wo and @ do not have any vanishing
moments. However, we recall (see Remark 3.2) that the size of |(01,71)|
when |J| < |I| depends on the zero moments of 7; and the smoothness
of f;. Taking a closer look at the above matrices we see that, indeed, all
three functions ¥9, 90 and & are indexed only by Dy and thus will play the
role of 67, except for <w?, @) or (Py, w9> with I, J € Dg, in which case one
has to use Remark 3.1.

6. Appendix I: Calderén’s formula. Our goal is to shed some light
on the reproduction formula (2.4). For € S it is not hard to see that

(6.1) Z by * ¢y xn(z) =n(x), xR

VEZ
Indeed, since 1,7 € Li(R?%), by Fourier inversion, for every € R? and
N,K >0,

m | S duxan @) - ()

NE—ool | L
< m [(1- Y B©F)aeld=o.
T Ra _N<v<K

where the last equality holds by Lebesgue’s convergence theorem.
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LEMMA 6.1. Suppose that n € S with k > —1 (S—1 := S). Then there
exists a constant C' such that

(6.2) >y x by x (@) < C(L+ [o) @D g e RY
VEL
Proof. Use the fact that if v > 0 then
(6.3) |G * by xn(x)] < C277 (1 + |27,z eRY,
while for v <0,
(6.4) |6 % ¢y * ()] < C2VEHHD (1 4 ov|a)™™ g e RY,

for any M > 0. We leave the details to the reader and we refer to [FJW,
Appendix III] for the proof of the continuous version of this lemma. m

PROPOSITION 6.1. Let k > —1 and f € S8’ be such that

[ 1@+ J2)) @D dz < oo
Then . B
S duxurf=f

VvEZL
in the sense of (Sk)'.

Proof. Let n € Sk. Since (5,, x ¢y x f,n)y = (f, 5,, % ¢, * 1) we need to
establish that

65 lm §f@u@ - Y Gy nle)ds=0.
’ Rd _N<u<K
From (6.1),
( V f@n@) - > $V*¢y*n(a:)da:’
R4 —N<v<K
< J @I X + 30 a0 ) de
Rd v<—N v>K
— Sd%gjvx(x) dz,

where gn i (z) i= (14 |2)) U, - n + 3,0 k)00 * b x1(2)|. Moreover,
from (6.2), i 0
vl o (@) =0
Applying Lebesgue’s convergence theorem yields the result. =
For each n € § and k, N € N we define
prn(n) = sup sup (1 + |z])* ) (2)].
|| <N zeRd

A useful consequence of Proposition 6.1 is the following:
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PROPOSITION 6.2. Let k, N € N and suppose that f € S’ is such that

Then N
Z Gu * Qbu * f = f
VEZ

in the sense of (Sk)'.
Proof. Let

:i=1-— Z | |-

v>0
Since 3, ey [¢v(§)] =1, £ # 0,
F=F*+Y duxousf= fi+fo
v>0
From our discussion in §2 we know that
Y burdurfo=Y durdyxfo=fr In&.
VEZ v>—1
Thus, it is sufficient to show that
durdrfi=f  in(Sk).
VEZ

However (6.6) implies that f; is of polynomial growth and in particular
|f1(z)] < Clz|* (see [R, p. 179]). The statement now follows immediately
from Proposition 6.1. =

For the next lemma it is useful to observe that an equivalent definition
for Sg, k € N, is given by

Sk :={neS:7(0) =0, |a] <k}.
(This follows from the identity {z%n(x) dz = z7(0) = (—i)~1*l7(*)(0).)
LEMMA 6.2. Let f € S' and k > —1. Then the following are equivalent:
() Zye @ * b * f = g in (k).
(ii) There exist polynomials Py, P € Py such that
Nninooyijvay*@*ﬁpjv =g+P inS.

(iii) For every a € N? with |a| > k, the series Y., _ (Qy * ¢y x )@
converges in S’.

Proof. Since for k = —1 the result is trivial we assume that k € N.
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(i)=(ii). Let § € S be such that § = 1 for |¢| < 2 and 6 = 0 for |¢] > 4.
For v > 0 we set P, = 0 while for v < 0 we define

(—i)lel

(6.7) Po(a)= Y capa”, where cap = ——— (|6, () F(€),£°0(9)).
Jim ViN@V # Gy * [+ Po)
= ZO@ # Gy x frm) + lim iN@V # Gy f+ P,
= s

There is no difficulty to prove that the first sum converges absolutely (see
§2). As far as the second sum is concerned, from the identity fl®)(-) =

((=iz)*f)"(:) we get
(P,,n) = Z Caw(—1) 71 7()(0).
|o|<k

It follows that
0

]\}gnoo Z <$V*¢V*f+Pmn>

v=—N

0

Z ({|6w[*F, 7 + (Pu,m))

0 _
- J&EHOOV:ZN«WJ? 00) + > can(=i) " 7(0))

o] <k
0 . N R &'Oé
= > (BOFTE. A0 @O - X Saon)
v=-N lal<k
0
= lim > (6 (OPF(©).8(6) = Y _{dy * v * fLw),
v=—N v<0

where ©(&) = 5(5)(17({) - Z‘a|<k(£°‘/a!)ﬁ(°‘)(0)). Since w € Sy we immedi-
ately see that the last sum above is finite. Thus

N—oo

hi= lim ( i Gu by f+ Py),
v=—N

where Py = 23:_ ~ Po, defines a distribution in S’. We claim that h — g
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€ Pyi. To see this we note that if |a| > k and 7 € S then n(®) € S;. Also
supp(h — g) = {0}, i.e., h — g is a polynomial which in addition vanishes
on S. Finally, since
((h=9) @) = (=1)*Wh = f,9@) =0
there exists P € Py such that h = g + P.
(ii)=(i). This direction is trivial.
(i)=(iil). Let n € S and |a| > k. Since n(®) € Sy,

j£:<($?ﬂ<¢y*<f)@07n>:: «_lﬂa|§£:<$?ﬂ<¢V*<fvn(a»

VEZL vEZL
= (—1)*Ng,n @) = (g'@) p).

(ili)=(i). We know that )" ¢y % ¢y f converges in &', thus it remains

to be shown that ) bu*pyx f € (Sk)'. Let n € S. Then 7(®(0) = 0 for
|a| < k and from Taylor’s expansion of 7 around 0 we have

1

) = Z Sﬁ (t)thdt = > £gs(9),

18l1= k+1 |8]=k+1

where gg(€) = (1/8Y) §, 7D (t&)t* dt. Tt follows that

> P0(9)gs(¢)

|8|=k+1

By inverting the Fourier transforms we get 6 x n = Z|,8|=k+1 n(ﬁﬁ), where
ng == (—i)1%10 % g5 € S. Thus,

Z(au*@/*fﬂﬁ:Z<§gu*¢y*f79*n>

v<0 v<0
ST S x = £
|8]=k-+1 <0
Z Z ‘5| ¢V*¢V f) 777ﬂ>
|8|=k+1v<0

Since ZU§0<(ZZ’ x ¢y % )P (|B] = k 4 1) converges in ', this shows that
> <0 ¢y * ¢y, * f defines an element of (S;)’.

Combining Propositions 6.1, 6.2 and Lemma 6.2 we immediately get

PROPOSITION 6.3. If f € 8’ satisfies the assumptions of either Proposi-
tion 6.1 or 6.2, then
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(i) There exist polynomials Py, P € Py such that

. e _ . /
ngnoo(_ZNqsy*@*erPN)_erP inS'.
(ii) For every a € N® with |a| > k, Zugo(@ s ¢y % )@ converges in S'.

7. Appendix II: inequalities. Let f be a locally integrable function.
The maximal operator M;, t > 0, is defined by

M f)(w) = (sup Q7 § 171 y)
ox Q

where the supremum is taken over all cubes with sides parallel to the axes.
It is well known (see [FS]) that if 0 < p < 00,0 < ¢ <oo,and 0 <t <
min{p, ¢} then for any sequence (f;);cz of functions,

(7.1) H(%Mt(fj)qy/qlh §C’H(%|fj|q)l/qh

LEMMA 7.1. Let 0 <t <1 and M > d/t. For any m € Z, any sequence
{hs}sep,, of complex numbers, and x € I € D, we have

lzr — 2] -
Z [l <1 + max{f(f),g(J)}>

JeDm,
< Cmax{(11/17)Y 00 (3 Ihalxs ) (@),
JED,

P

Proof. Without loss of generality we assume that xz; = 0.

Case I: [I] <27 We let 6 := M/d — 1/t > 0, and for each j € Ny
we define 2; := {J € D,, : 2771 < 2™|z;| < 27}, while 2y := {J € D,,
2Mxy| < 1}. If x € I then

> |1+ 2™ ))” Z D sl 2y )M

JEDm j=0 Jef2;

_Oi > g2 M = 022 JA=I04 N |
Jj=0 Je2;

Jesf;

< C'sup 2799/t Z |hy| < C(sup2 jd Z |hJ|t)
720 Jeg; JEef;

_ C(sup 2—jd2mds ( Z |hJ|XJ)t>1/t

320 JEQj



166 G. Kyriazis

N1/t
SC(sup U Tl UJelgj 7 JS (Z !hJ\XJ> >

=0 Usea, J J€2;
<OM( Y [hilxs ) @),
JeEDm

CASE II: |I| > 27™4, Assume that £(I) = 27", n < m. For j € N} we
define 2; = {J € Dy, : 271 < 2"|z;| < 27}, while 2y := {J € D,,
2"z 7| < 1}. Then for every = € I we have

> (|1 42" g))” Z > sl + 2 )M

JEDm §=0 JEL;
SOS S - E I S g
j=0 JERQ, JER,
< C'sup 2774/t Z |hl <C<sup2 Jd Z \hJ\t)
320 JEQ; =z JER;

_ C<S‘up27jd2md8 < Z ’hJ|XJ>t>1/t

320 Jeg;

) N1/t
< CQ(mfn)d/t <Supm S ( Z ’h]|XJ> >
[S207] J

3=0 Usea, 7 J€%
< CQ(m—n)d/tMt( Z “h]‘XJ) (x> .
JED,

We leave the proof of the following Hardy-type elementary inequality to
the reader.

LEMMA 7.2. Let 0 >0 and 0 < g < 00. If an, by > 0, n € Z, satisfy
0<b, < Y 2m g,

m<n

(>w) e C(Z )Uq,

neZ
LEMMA 7.3. Let m,n € Z withm >n. If J € D, and M > d then

Z 1+ ler — 2| o < O9(m—n)d
((J) B '

I€Dy,

then
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Proof. We have

Z 1+ ’1'1 - x]‘ -M _ 2(m—n)M Z(2m—n + |2mxj _j|)—M
o) :

IeD,, jezd

If we now use the fact that for every o > 1 and M > d,

D (e+1ih)™M < oM,
jez?

the result follows. =

LEMMA 7.4. Let M > d, 1 < p < o0 and m,n € Z with m < n. If
(dy)jep, is a sequence of complex numbers then

(55 (5 (o) )" o)™

JeD,y,

where 1/p+1/p' = 1.

Proof. We note that for every I, A € D,,,, and J € D,, with J C A,

[za — 1] s — 1]
L <Cl1+ )

Also for every I € Dy, Dy = {A: A =1+ 35/27™, j € Z%}. Using these
two facts we find

(2 (% sy )
:< > < > <1+%>_M’dﬂ>p>1/p

1€eD,, “A€D,, JED,
JCA
M 1/
(2 (3 2 (+Fm) w))”
I1eD,, “A€Dy, JED, )
JCA
/
—o( (a2 )"
I€Dw jezd JED,
JCI+j/2m
/
<seSas (S (2 )"
jezd I1€Dy, JED,

JCI4j/2m
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<car i S (Y S )

jezd IeDy, JEDy
JCI+j/2m

< catma (57 ja,m)"”,
JeDy,
where we used Minkowski’s and Holder’s inequalities. m

In a similar vein we have (we leave the proof to the reader):

LEMMA 7.5. Let M > d, 1 < p < oo and m,n € Z with m > n. If
(dy)jep, is a sequence of complex numbers then

(3 (5 (e25) "))

< CQ(m*")d/P< Z ’dJ‘p) l/p_

JeDy,
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