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On the number of minimal pairs of compact
convex sets that are not translates of one another

by

J. GrRzyBowsKI and R. URBANSKI (Poznan)

Abstract. Let [A, B] be the family of pairs of compact convex sets equivalent to
(A, B). We prove that the cardinality of the set of minimal pairs in [A, B] that are not
translates of one another is either 1 or greater than Rg.

Let X = (X, 7) be a topological vector space over the field R. Let (X))
be the family of all nonempty compact convex subsets of X. For any A, B C
X the Minkowski sum is defined by A+ B = {a+b|a € Aandb € B}. For
(A,B),(C,D) € K2(X),let (A, B) ~ (C, D) ifand only if A+D = B+C. Let
[A, B] be the equivalence class of (A, B) in K2(X)/~. For (A, B),(C,D) €
K2(X) let (A,B) < (C,D) if and only if (4,B) ~ (C,D), A C C and
B C D. Let m[A, B] be the family of all elements of [A, B] that are minimal
with respect to the ordering <. Let AV B be the convex hull of AU B. For
A, B,C € K?(X), we have the Pinsker formula AVB+C = (A+C)V(B+C).

Minimal pairs of compact convex sets play an important role in quasi-
differential calculus [5]-[7]. Minimal pairs were studied in numerous papers
([1]-14], [8]-[14], [17], and others).

Let (A, B) € K*(X) and n4, g be the number of minimal pairs in m[A, B]
that are not translates of one another. If X = R! or R? then n A,B is always
1 ([8], [15]). In [13], there is an example of A, B € K(R?3) such that na p is
the continuum.

In December 2000, Professor S. Rolewicz posed the problem whether
na,p can be finite and greater than 1. The following theorem implies a
negative answer to this problem.

THEOREM. Let (A1, B1), (Ag, Ba) be two equivalent minimal pairs of
compact convez sets such that (Ag, Ba) is not a translate of (A1, By). Then
there exists an uncountable family (Ayx, By), A € A, of minimal pairs that
are equivalent to (A1, B1) and no (Ay, By) is a translate of (A, Bu), A # p.
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Proof. Assume that {(A, +x,B, +z) | n € N, z € X} is the family of
all minimal pairs equivalent to (Aj, B1) and (Ag, Bs). Let

ks = min{k € N | Ja € (0,1/2], 3z € X such that
(A + @, Bp + ) < (adr + (1 — a)Az,aB1 + (1 — a)Ba)}.
If k3 =1 then
aAdi+(1—a)A1+z=A1+2 Cad; + (1 —a)As.
By the order law of cancellation [16]
(I1-a)A1+2C(1—a)Ay andso A1+% C As.
In a similar way we prove that
By +—— CB,.
Since (Ag, B2) is minimal,

xT T
A+ ——=A4, B+ -——=D08o.
l—« 11—«

This contradicts the assumption of our theorem. Therefore, k3 # 1. In a

similar way we prove that ks # 2. Thus k3 > 2. We can assume that a; €
(0,1/2] and

(Akg, Bis) < (1 A1 + (1 — a1)A2, a0 B1 + (1 — a1)Ba).

Set k1 = 1, ko = 2. Assume that (Ag,, Bk, ), ..., (Ag,, Br,) are minimal
pairs such that k1 < ... < ky,

k; = min{k € N | 3 € (0,1/2], 3z € X such that

(Ap + 2, By + ) < (adp,_, + (1 — a)Ap,_,,aBy,_, + (1 — ) By,_,)}
and

(Ag;, By,) < (02A, , + (1 —a;-2)Ay, |, 0 2By, , + (1 —0a;_2)By, ;)
fori=3,...,n. Let
kn+1 = min{k € N | 3o € (0,1/2], 3z € X such that
(Ap+z,Bp + ) < (0dg, , + (1 —a)Ayg,,aBy, , + (1 —a)By,)}-
Of course, kp11 # kn—1, kn. Define
Y =01 — i1 (1 —apo(l—a))...), di=1,...,n—2.

Notice that v/"** € (0,1/2] and
(A 42, Biy g +2) < (8T Ay + 0= Ay 2 By +(1— ) By, ).

Therefore,

n+1

kn+1 > ky,.
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We can assume that a,,—1 € (0,1/2] and
(Akpyr> Bryy) < (an—1Ap,_ +(1—an-1)Ag,, an-1By,_, +(1—an_1)By,).

In this way we can choose 1nﬁnite sequences (), C (0,1/2] and (ky,)p, such
that k1 < ko < RN

kn, = min{k € N|Ja € (0,1/2], 3z € X such that
(Ag +z, B, + ) < (O‘Akn72 +(1- O[)Akn717aBkn72 +(1- O‘)Bkn71)}’

n+4+17?

and
(Ag,.> Br,) < (an—2Ak, _, + (1 —an—2)Ap, 1, an 2Bk, ,+(1—an_2)By,_,)

for all n > 3. Notice that (A, V Ay, ., Bk, V B, ) is equivalent to (A1, By)
for n € N (see [12]). The sequences (A, V Ag,,,)n and (B, V By, )n are
decreasing. Thus the pair (C, D) with

[ee) oo
C = ﬂ (Akn \/ Akn+1)’ D = ﬂ (Bk'n \/ Bkn-{»l)
n=1 n=1
is equivalent to (A1, By) (see [12]). There exists a minimal pair (A, B) <
(C,D) (see [11]). Let
71”2 =a; 1€N, '=a;(1-9%), ,neN, n>i+3.
Then

Notice that

1
’YZ+2 Ynog = —Qp_2 - Qp_1, n > 3,
+1 _ +1 .
%n - = —ai(’yﬁ_l - 7?4-1)7 n>1+3.

Then

ntl n = (—l)n_l_iai e Qp—1.

Vi T
Since o, € (0,1/2] for all n, the sequence (7}'), converges to some 7; €
(0,1/2], (i), is decreasing and (v;t?"*1), is increasing. Therefore,
Akn \% Akn+1 ( Ak + (1 - % )Ak1+l) ( ?+1Aki + (1 - %‘nJrl)Akiﬂ)
= ( /Ak + (1 - ”)Ak1+l (7/ - 7/)"4’%‘)
V(Y Ak + (=) Ak + (0 =) Ak
= ’Y/Ak + (1 - Il)AkH—l (7 - /)(Akz \ Aki+1)
for all 4,n € N, where n > i + 2, v = min(y} ,fy,f“) 7" = max(y} ,’yf“)
In the last equality we have applied the Pinsker formula (see [14]). We can
assume that 0 € Ay, N Ay, ,. Then

Akn V Ay

i

ni1 © ViAki + ( '72)‘41614-1 + |’7n+1 ’Y’?‘(Aki \ Aki+1)’
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Hence
(e.]
CcC m (’VZA/ﬁ + (1 - ’Yi)Ak,-+1 + IV;H_I - %n|(Am \% Aki+1))
n=i+2
o0
= %‘Aki + (1 - ’yi)Aki+l + m |717'1+1 - PYZLKA]% \4 Aki+1)

n=i+2
= %Ak, + (1 — %) Ak, (see [12, Lemma 3.10]).

In this way we prove that

(A,B) < (7iAk, + (1 — %) Akypys YiBry + (1 — i) Biyyy)-

We know that A = A,,, + z, B = B,,, +x for some m € N, x € X. According
to the definition of k;10 we have m > k;yo for all ¢ € N, which leads to a
contradiction with our assumption. =
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