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Some seminorms on quasi *-algebras

by

CAMILLO TRAPANI (Palermo)

Abstract. Different types of seminorms on a quasi *-algebra (2, 2lg) are constructed
from a suitable family F of sesquilinear forms on 2. Two particular classes, extended
C*-seminorms and CQ*-seminorms, are studied in some detail. A necessary and sufficient
condition for the admissibility of a sesquilinear form in terms of extended C*-seminorms
on (2A,Ap) is given.

1. Introduction and basic definitions. Let 2y be a *-algebra. A
seminorm pgy on 2y is called a C*-seminorm if

po(X*X) = po(X)?, VX €.

This notion, first considered by Fell [8], has been extensively studied in the
literature [6] from several different points of view.

In [12] Yood studied in particular C*-seminorms on a *-algebra 2 that
can be defined via a family F of positive linear functionals on 2y and gave
a characterization of those defined by admissible positive linear function-
als. The importance of admissibility relies on the fact that the Gelfand-
Naimark—Segal construction based on an admissible form produces a
bounded representation.

Further generalizations have led Bhatt, Inoue and Ogi [5] to consider
unbounded C*-seminorms on a *-algebra 2y, i.e. C*-seminorms p defined
only on a *-subalgebra D(p) of 2.

In [2], unbounded C*-seminorms on partial *-algebras [1] have also been
studied with the aim of extending some results of representation theory
already known for the case of *-algebras.

The main aim of this paper is to extend Yood’s approach also to the
partial algebraic situation. Instead of general partial *-algebras, we confine
ourselves to quasi *-algebras whose partial algebraic structure is simpler. For
the reader’s convenience we recall the definition (originally due to Lassner
[9, 10)).
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Let 2 be a linear space and 2 a *-algebra contained in 2. We say that 2
is a quasi *-algebra with distinguished *-algebra 2l (or, simply, over %) if:

(i) the right and left multiplications of an element of 2 by an element
of YAy are always defined and linear;

(ii) an involution * (which extends the involution of ) is defined in 2
with the property (AB)* = B*A* whenever the multiplication is defined.

A quasi *-algebra (A, 2p) is said to have a unit I if there exists an element
I € Ao such that Al =14 = A, VA € A. A quasi *-algebra (A, %) is said to
be topological if a locally convex topology £ is defined in 2 such that (a) the
involution is continuous and the multiplications are separately continuous;
and (b) 2o is dense in A[£].

For the purposes of this paper we need to define certain particular types
of seminorms.

DEFINITION 1.1. Let (2, 2y) be a quasi *-algebra with unit I and p a
seminorm on A. We say that p is a Q*-seminorm on (2, 2g) if

(Q*1)  p(A) =p(A*), VA €

(@2 p)=1
(Q*3) for each X € 2y there exists Kx > 0 such that

p(AX) < Kxp(4), VAeA
If p is a Q*-seminorm, we can define

(1) po(X) :=max{ sup p(AX), sup p(XA)};
p(A)=1 p(A)=1

then p(X) < po(X) for every X € 2y and
P(AX) < p(A)po(X), VAeA X €A

The seminorm pg on 2y satisfies: (a) po(X™) = po(X) for every X € g
and (b) po(XY) < po(X)po(Y) for every X,Y € o, and so it is an m*-
seminorm on 2.

DEFINITION 1.2. A @*-seminorm p is called a CQ*-seminorm if pg is a
C*-seminorm on 2.

If p itself satisfies the C*-condition when restricted to 2lg, then we call
it an extended C*-seminorm on (2, 2y). More precisely,

DEFINITION 1.3. A @*-seminorm p is called an extended C*-seminorm if
(C*1)  p(X*X) =p(X)?, VX € .

We notice that if p is an extended C*-seminorm on (2, 2ly) and p is
submultiplicative, i.e.

p(AX) <p(A)p(X), VAed X e,
then po(X) = p(X) for every X € 2.
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The paper is organized as follows.

In Section 2, we show that certain families F of sesquilinear forms on a
quasi *-algebra (2,%lp) always define a quasi *-algebra (2A(F), Ao(F)) and
a Q*-seminorm pr to which a C*-seminorm on A(F°) is closely linked.
We also give conditions for pr to be an extended C*-seminorm or a CQ*-
seminorm. Moreover, we consider some examples constructed with LP-spaces
or with (partial) *-algebras of operators in Hilbert space.

In Section 3 we study the admissibility of families of sesquilinear forms
on (A, 2p) and we characterize them in terms of the extended C*-seminorms
they generate. Furthermore, we examine the C'*-seminorms generated by the
family of all sesquilinear forms that are continuous with respect to a given
seminorm ¢ on 2. In particular we give a counterexample that shows that
the starting family F of sesquilinear forms used to define these extended
C*-seminorms does not exhaust the set of all pr-continuous sesquilinear
forms even in the case of a *-algebra.

Finally, in Section 4, we examine, with analogous methods, the construc-
tion of C'Q*-seminorms starting once more from a family F of sesquilinear
forms. This study is of interest for the investigation of auxiliary norms in
CQ*-algebras [3].

2. Seminorms defined by sesquilinear forms on quasi *-algebras

DEFINITION 2.1. Let (A, %lp) be a quasi *-algebra with unit I. A positive
sesquilinear form 2 on A x A is called left-invariant if

(2) Q2(XA B)=2(A,X"B), VA Be X e,
and right-invariant if
(3) N(AX,B)=2(A,BX™), VA Be® X .

The set of all positive, left-invariant (resp. right-invariant) sesquilinear forms
is denoted by P; (resp. Pr).

Due to positivity, any {2 € P; is hermitian, i.e. 2(B,A) = (A, B) for
any A, B € 2, and satisfies the Cauchy—Schwarz inequality:

(4) [2(A,B)]> < (A, A)2(B,B), VA,Be
We notice that (2) and (4) imply that the set
N2)={AeA: 2A A) =0}

is a left quasi-ideal of 2, in the sense that if A € M(2) and X € Ay then
XA eN().
If 2 € P;, the sesquilinear form (2* defined by

2*(A,B) = Q(B*,A*), A /Beq,
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is positive and right-invariant, i.e. 2* € P,. For this reason, we will only
work with P;, since the properties of P, can be easily derived by taking *.

DEFINITION 2.2. An element {2 € P; is called admissible if for each
A € 2 there exists K4 > 0 such that

QAX,AX) < Ka2(X, X), VX e,

The set of all admissible sesquilinear forms in P; will be denoted with P}
If 2 € P, and A € 2, we can define a linear functional wé on 2y by
wh(X) = N(XAA), X e.

The equality
N(X*XAA) =N(XAXA)

implies that each w‘é is positive on 2y, and it is a state if, and only if,
2(AA) =1.
We put
Fo={wh:NeF, Ac}.

Following [12], we say that a family IC of positive linear functionals on
Ao is balanced if for each w € K and for each Y € 2y, the positive linear
functional wY defined by

WY (X) =w(Y*XY), X €,

is still an element of K.
Then it is easy to prove that F° is balanced. Indeed, one has (wi)y =
ng for each Y € 2. Then following Yood’s construction, the set

Ao(FO) = {X € Ao : sup{wH(X*X): R e F, Ac, (A A) =1} < 0}
is a *-subalgebra of 2y and
| X| 70 = (sup{wA(X*X): 2 e F, Acd, QA A) =1})?

defines a C*-seminorm on Ao(F?).
Let F C P;. For A € A, we put

pg(A) = sup (A4, A)l/z, pé(A) = sup Q(A*,A*)l/Q,
NeFs NeFs

where Fy = {2 € F : 2(I,T) = 1}. One, or even both, of these numbers
may be co. Then we set

Ar(F) ={AcA: pit(A) < 00}, AL(F) ={AcA:pk(A) < o0}
Clearly, pf;(A) = pé(A*) for each A € 2.
PRrROPOSITION 2.3. Let F C Py be a family of sesquilinear forms. Then
(i) Ar(F) is a left module over Ao(F°) and
PR(XA) < |X|popR(A), VA€ AR(F), X € Ao(F).
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(ii) 2L (F) is a right module over Ao(F°) and
PHAX) < [X|popk(A), VA€ AL(F), X € Ao(F°).

Proof. Tt is easy to check that Ag(F) is a vector space and that A* €
2 (F) if, and only if, A € Ar(F). Now let X € Ap(F°) and A € Ar(F); we
first prove that XA € Ar(F). If 2(A, A) = 0, then 2(X A, XA) = 0 for each
Q€ F,and so pr(XA) = 0. Now let 2(A, A) > 0. Put B = A/N(A, A)'/2.
Then wg is a state on 2y and belongs to Fy. Since

(XA XA) =wB(X*X)02(A, A),

it follows that 2(X A, XA)'/2 < | X |z pi(A) and so
(5) PE(XA) < |X| 50 pE(A).
In conclusion, XA € Ag(F). Taking adjoints it also follows that if A €
QlL(]:) and X € Q[o(]:), then AX € Q[L(]:) and
(6) PE(AX) < |X|ro p(A). »

Now put

UF) = Ar(F) NAL(F),  pr(A) = max{pf(A), pE(A)}.

Then 2A(F) is a *-invariant subspace of 2 but, in general, need not be a
quasi *-algebra over g(F°). Clearly, pr is a seminorm on 2A(F) satisfying
pr(A*) = pr(A) for each A € A(F) (we call it a *-invariant seminorm) but
an inequality like (5) or (6) does not hold for ps, in general.

There is, however, some special situation. If {2 € P; and X € 2y, we put
2x(A,B) := 2(AX,BX). It is easily seen that 2x € P;.

DEFINITION 2.4. Let F C P;. We say that F is strongly balanced if for
each {2 € F and each X € 2y, the following conditions are satisfied:

(i) 2x € F.
(i) If 2(X,X) = 0 for some X € Ay, then 2(AX, AX) = 0 for any
AcA

PROPOSITION 2.5. Let F be strongly balanced. Then
PE(AX) < |X|popR(4),  VAEUF), X € A(F),
PF(XA) < |X|ppE(A), VAeUF), X € A(F°).
Therefore, in this case, (A(F),Ao(F2)) is a quasi *-algebra and pr is a
Q*-seminorm on (A(F),Ao(F°)) and
pF(AX) <|X|popr(4), VA €UF), X € Ag(F).
Proof. If £2(X,X) = 0 for every {2 € F (in particular, if |X |z = 0),
then by (ii) of Definition 2.4, for every 2 € F and A € A, 2(AX,AX) =0.
Hence pit(AX) = 0.
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Let now A € A(F), X € A(FP). For each £2 € F such that 2(X, X) >0
we have
Q(AX,AX) = R(AY, AY ) (X, X)
with Y = X/02(X, X)/2. Taking the sup over F, and making use of (i) of
Definition 2.4, we get
FAX) < p3H(X) piH(A) < | X 20 pF(A)
Pr >Pr Pr > FODF . a
DEFINITION 2.6. We say that a family F C P; is well-behaved if
AF) = Ar(F) = AL(F),  pr(A) = pE(A) = pE(A).
For well-behaved families F Proposition 2.3 gives:
PROPOSITION 2.7. If F is well-behaved, then (A(F),Ao(F°)) is a quasi
*-algebra and
(7) pr(AX) < [X][ropr(A),
i.e. pr is a Q*-seminorm on (A(F),Ao(F0)).
Notice that pr(X) < |X|ro for every X € p.

We can summarize the previous discussion in the following:

THEOREM 2.8. Let (A,%o) be a quasi *-algebra and F C Py a family of
sesquilinear forms on A x A. Then:
(i) There exists a quasi *-algebra (A(F),Ao(F°)) contained in (A, Ap)
such that pr is a *-invariant seminorm on (A(F),Ao(FY)).
(ii) If F is well-behaved, then pr is a Q*-seminorm on (A(F),Ao(F?)).
(iii) If F is strongly balanced, then pr is an extended C*-seminorm on
(A(F), Ao (F°)).

Proof. We need only prove (iii). Let F be strongly balanced. Then the
set
F' = {wQ 12 e .7:}
is a balanced family of positive linear functionals on 2y in the sense of [12].
Indeed, let wp € F* and Y € g. Then, for each X € 2,
wH(X) =wo(Y*XY) = Q(Y*XY,I) = 2(XY,Y) = 2y (X,])

and 2Y € F by assumption. Since F* C F0, we get

sup wo(X*X) < oo, VX € Ag(FO).

2eFs
Then it turns out [12, Lemma 2.1] that

pF(X) = sup wQ(X*X)1/2, X e 52[@(]:0),
Qefs

is a C*-seminorm on o(F). But clearly p(X) = pr(X) for every X €
2o(FO). Therefore pr is an extended C*-seminorm on (A(F),Ao(FP)). =
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A natural question arises: when | | zo = (px)o, where (pr)g is constructed
as in (1) starting from pr? We first notice that (7) implies (p£)o(X) < |X| %,
for every X € 2o(FY). Moreover, we have the following

PROPOSITION 2.9. Let F C P; be a well-behaved family of sesquilinear
forms and (A(F),Ao(F°)) the quasi *-algebra constructed as above. The
following statements are equivalent:

(1) |X|z0 = (pF)o(X), VX € Ao(F°).
(i) (XA, XA) < (pr)o(X)202(A,A), V2 € F, X € Ao, A € A
(iii) For each 2 € F and A € A, wj is (pr)o-continuous.

If any of the previous statements holds then pr is a CQ*-seminorm on

(A(F), Ao (F7))-
Proof. (1)=-(ii). By the definition of | |zo itself it follows that
QXA XA) < (pro(X)?02(A,A), VREF, X Ay, Ac
(ii)=-(iii). We have
w3 (X)] = [2(X A, A)] < AXA,XA)20(A, A)? < (pF)o(X)2(A, A).

Thus each w3 is (pr)o-continuous.
(iii)=-(i). Assume that each wj is (ps)o-continuous. Then

W (X)] < 1wl ey (PF)o(X), VX € Ao,
where [|will(py), = sup{lwi(X)] : (pF)o(X) = 1}
By Kaplansky’s inequality, we get
Wp(X*X) < 2(A, )2 (W (XX)))* "
< (A, A7 (|0l e (PRI (X X))
For n — oo, we have
wi(X*X) < 2(A, A)(pF)o(X*X).
This implies that (ps)o(X X) | X*X |0 = |X|% for each X € Ao(FP).
Finally, for each X € g(F°) we have
(pF)0(X)? = (pF)o(X*X) = [X*X| 20 = | X[%0 = (pF)o(X)?
and the statement is proved. =
Before proceeding we give some examples.

ExXAMPLE 2.10. Let I be a compact interval on the real line and consider
the quasi *-algebra (LP(I),C(I)) where C(I) stands for the *-algebra of all
continuous functions on I and LP([I) is the usual LP-space on I. We assume
that p > 2. Let w € LP/("=2)(I) (we take 1/0 = oo) and w > 0. Then

2W(f,9) =\ f@)g(@)w(z)dz,  f,g€LP(D),

I
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defines a left (and right) invariant positive sesquilinear form on LP(I). If
w € L(I), then M) is admissible.
We put
F={0W ye PP=2(1), w >0}
It is easy to see that F is strongly balanced and that 2(*) e F, if, and only
if, |lw|j; = 1. Now, for each w € LP/?*=2)(I) such that w > 0, ||w|; = 1 and
for each ¢ € C(I) and f € LP(I) we have

2(of,6f) = | 18(2) PIf (@) Pw(z) dz < 613§ |f (2)Pw(x) da.
1 I

Thus 2(F) = C(1) and 6|0 < [|6]lc.

It is easy to see that the C*-seminorm | |zo is a norm that makes C(I)
a normed algebra [7, Ch. VII]. Therefore [11, Theorem 1.2.4], |¢|r0 = ||¢]|co
for every ¢ € C(I).

On the other hand,

A(F) = {f eL(I): sup ||f(x)w(z)dr < oo} — L(1).
lwlli=17
Therefore, the extended C*-seminorm px coincides with the L*°-norm.

EXAMPLE 2.11. Let D be a dense domain in H. As usual, L1 (D, H)
(see e.g. [1]) denotes the space of all closable operators A in H such that
D(A) = D and D(A*) D D. The equality AT = A*| defines an involution
in £+(D, ). Let

B(D) ={X € LT(D,H) : X is bounded and X : D — D, X' : D — D}.

Then B(D) is a *-algebra and (LT(D,H),B(D)) is a quasi *-algebra under
the weak multiplication:

AOBf = ABf, BOAf=DBAf, AeLY(D,H), BeB(D).

If f € D, we put
21 (A, B) = (Af, Bf).

Then each 27 is left-invariant.
Let now M be a subspace of D and let

Fu={027: feMj.
Then o(FY) = B(D) and
PEL(A) = sup QA A = Al pll,

26(Fm)s
P (A) = sup QAT AR = AT .
QE(]:M)S

Thus
A(F)={A € LT (D,H): Al o, and A*|,, are bounded}.
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The corresponding seminorm pg,, is a *-invariant seminorm but not, in
general, a Q*-seminorm. If M = D, then A(F) = Ao(F°) = B(D) and pr is
a (*-seminorm.

As in Example 2.10, when 2l is a Banach *-algebra, the situation sim-
plifies:

PROPOSITION 2.12. Assume 2y is a Banach *-algebra with unit. Then
Ao(F°) = Ao for every family F C P.

Proof. Let 2 € F. For each A € 2, the functional wj(X) = 2(XA, A)
is positive on 2y and so it is continuous. Then

wo(X*X) <wp(DIX*X[| < 204, A X|P, VX € Ao
Therefore, Ay = A(Fp). »

The following lemma, already proven in [2] for unbounded C*-seminorms
on partial *-algebras, allows the construction of a C*-algebra starting from
an extended C*-seminorm p on a quasi *-algebra (2, 2lp) at least when 2 is
p-dense in 2, by which we mean that for each A € 2 there exists a sequence
{A,} C 2y such that p(A — A,)) — 0. The proof is similar to that given in
[2] and we omit it.

PROPOSITION 2.13. Let p be an extended C*-seminorm on (A,Ap) and
assume that 2y is p-dense in 2. Denote by 2 the set of all Cauchy sequences

in A with respect to the seminorm p and define an equivalence relation in 2A
by {An} ~ {Bn} iff lim,—oo p(An, — By) = 0. Then:

(1) The quotient space §l/~ is a *-algebra under the following operations,
involution and norm:

{A " +{Bn}~” ={An + Bn}~,  MA™ = M4,
{An}{Bn}™ = {XnYn}"™,
where { Xy} and {Y,} in Aoy are such that {X,}~ = {A,}~ and {Y,}~ =
{B,}~, and
(A =A™, A = lim pl(A,)
(2) If for each A € 2 we put
A={4,}" (A=A neN), A={A:Ae},

then A is a dense *-invariant subspace of é\l/w satisfying AB = (AB)~
whenever A € .

3. Admissibility and continuity. In this section we try to character-
ize positive sesquilinear forms that are admissible. Admissibility is an impor-
tant concept since it implies the boundedness of certain *-representations
of .
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PROPOSITION 3.1. Let F C Py be strongly balanced. If A(F) =2, then
each 2 € F is admissible.

Proof. Without loss of generality we may assume that £2(I,I) = 1. Now,
suppose that the statement is false. Then there would be A € 2 such that
for each n € N we could find X,, € Ay with

Q(AXn, AXp) > nf2(Xn, Xon).

We have 2(X,,, X;,) > 0, since otherwise 2(AX,, AX,,) = 0 by (ii) of Def-
inition 2.4. Thus we can define Y,, = Xn/Q(Xn,Xn)l/Q. Then 2y, € F;
(because F is strongly balanced and 2y, (I,I) = 1). But {2y, (A, A) > n so
that A € 2(F) = 2 and this is a contradiction. m

Let ¢ be a seminorm on (2A,%y). A sesquilinear form @ is said to be
continuous with respect to ¢, or simply ¢-continuous, if there exists K > 0
such that
(8) |P(A, B)| < Kq(A)q(B), VA,Be,

or, equivalently,

B(A,A) < Kq(A)?, VAc
The infimum of all positive constants for which (8) holds will be denoted by
121l-

In what follows we assume that ¢ is a @Q*-seminorm on (2, 2y) and we
denote by C(q) the set of all g-continuous elements of P;. It is easy to see
that for each @ is in C(g), the form ®x is in C(q) for every X € 2y (but
C(q) is not necessarily strongly balanced, since (i) of Definition 2.4 may fail).
Moreover ||@x |, < |||, ¢(X)? for each @ € C(q) and X € 2.

By Theorem 2.8, 2(C(q)) is a quasi *-algebra over 2o(C(q)°). Since ¢
is a Q*-seminorm, we have o(C(q)°) = Ao. Indeed, in this case, for each
2 €C(q) and A € 2, the linear form w‘é is go-continuous (go being defined
as in (1)), since

WA)| = |2(X A, A) < Kqo(X)q(A), VX €.
This implies that
wi (X)] < wh(Mgo(X), VX € Ao,
Therefore
sup{wa(X*X): Ae A, (A, A) =1} < (X*X), VX o,

and this implies the statement.
In order to describe admissibility, we consider some special subsets of
C(q). Let
C(q) = {2 €C(q) : 12], = 2D},
C(q) = {2 €C%q) : 2x €C%q), VX € Ao}
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Let F C C%q). In this case we have
pE(A) = sup 2(A,A)? <q(4), VAe
NeFs

So A(F) = A and therefore pr is a *-invariant seminorm on 2 (but not
necessarily a Q*-seminorm).
If G is another subset of C%(g) with F C G, we have

pr(A) <pg(4), vAe

In conclusion, for each F C C%(q) we get
(9) pr(A) <peogg)(A4) < q(4), VAeA

LEMMA 3.2. If £2 € C°(q), then §2 is admissible, i.e. C°(q) C P}'.

Proof. If 2 € C%(q), then 2y € C%(q) for each X € 2. Thus ||2x]| =
2x (L, I). This implies that

Q(AX, AX) < (X, X)g(A)?, Ae,

and therefore {2 is admissible. m

From this lemma it follows that C¢(q) is strongly balanced and therefore,
by Theorem 2.8(iii), Dce(q) 1s an extended C*-seminorm. More generally, if
F C C%q) is strongly balanced then F C C¢(q), pr is an extended C*-
seminorm and
(10) pr(A) < pee(q)(A) < peogg)(A) < q(A), VA

PROPOSITION 3.3. Let 2 € P;. A necessary and sufficient condition for

2 to be admissible is that there exists an (everywhere defined) extended
C*-seminorm q on (A, ™Ao) such that 2 € C*(q).

Proof. We only need to prove the necessity. Let {2 be admissible, i.e.
2Pl Put F ={f2x : X € Ap}. Then F is strongly balanced. The admis-
sibility of 2 implies that

pE(A)? = sup (A, A)
QEFS
is finite for each A € . Thus A(F) = 2. If we define, as before,

pr(A) = max{pg_—(A),pﬁ—(A)}, Aed,
then pr is an extended C*-seminorm on (2, 2p). Clearly {2 is pz-continuous
and ||£2||p, = 2(L1I). Thus 2 € C¢(px). =

The discussion so far applies to the particular case where ¢ = pr for some
subset F of P;. In this case, each {2 € F is pr-continuous on (A(F), Ao (F°));
i.e., F C C(pr). Moreover, for each {2 € F,, we have ||{2||,, = 1. Indeed, by
the Cauchy—Schwarz inequality, for any A, B € 2(F) we have

12(A, B)|? < 2(A, A)2(B, B) < pr(A)?pr(B)>.
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Thus ||£2||,- < 1; but since £2(I, I) = 1, the equality follows. This also implies
that |||, = 2(L,1I) for each 2 € F. Thus F C C%(pr).
In particular, if F is strongly balanced, then by (10) we get

p]'—(A) = pce(p}-) (A) = pCU(p;) (A)’ VA € Qla

and by Proposition 3.3, each 2 € F is admissible on (A%(F),Ao(F?)). In
Example 3.11 it is shown that F # C¢(ps), in general.
Summarizing the previous results we have:

PROPOSITION 3.4. Let F be a strongly balanced subset of P;. Then each
2 € F is admissible on (A(F),Ao(F?)).

We now return to the general situation and look for conditions under
which C(q) = C%(q), as it happens for the sets of positive linear forms on a
*-algebra defined in an analogous way.

PROPOSITION 3.5. Let q be an extended C*-seminorm on (A, 2y) and ¢
be a g-continuous sesquilinear form on (A, Ag). Assume that Aoy is q-dense

in A, If &(I,1) =1, then
(1) B(A, B)| < q(A)q(B), VA B e
Proof. We begin by proving (11) for A, B € 2. Indeed, put
w(A)=d(A 1), Aec,.
Thus, as shown in [12],
W(A)| < g(4), VA e,
Then, for any A, B € 2y, we have
(A, B)| = |w(B*4)| < (B*A) < a(A)q(B).

Now, let A, B € 2. Then there exist sequences (A,), (By) in ™y such that
q(A—A,) — 0 and ¢(B — B,) — 0. By some simple estimates and making
use of the g-continuity of @, one can easily prove that

O(A, B) = lim &(Ay, By).
So finally
B(A,B)| = lim |04, B,)| < lim q(A.)a(By) = a(A)g(B). =
COROLLARY 3.6. Assume that (A,2p) is a normed quasi *-algebra (i.e.

a topological quasi *-algebra whose topology is defined by a norm || - ||) and
q an extended C*-seminorm on (A, %Ay) such that for some C > 0,

o(4) <A, vAes.
Then the conclusion of Proposition 3.5 holds.

Proof. 1t is sufficient to observe that, in this case, 20y is ¢-dense in 2. =»
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REMARK 3.7. We notice that the g-density of 2y in 2 is quite a strong
condition. For instance, if {A € A : ¢(A) = 0} = {0}, then ¢ is a C*-norm
on Ag. The g-density of 2y then forces A to be embedded in a C*-algebra
(its completion).

We conclude our discussion with the following

THEOREM 3.8. Let q be an extended C*-seminorm on (A,2lp) and as-
sume that Ay is g-dense in A. Then:

(i) Cg) = C(q)-

(ii) supgee(q), 2(X, X) = supgee(q), 2(X*, X7), VX € 2.

(iii) If F = C(q), then A(F) = A, Ao(F°) = Ay and
(12) ¢X)?= sup 2(X,X), VXec
2€C(q)s

Proof. (i) From Proposition 3.5, it follows that for each {2 € C(q),
[122]l = 2(L,1). Thus C(q) = C%q). But C(q) satisfies (ii) of Definition 2.4,
so finally C(q) = C%(q) = C%(q) and each 2 € C(q) is admissible.

(ii) We first show that the equality holds for X € 2y. To do this we
consider the family of linear functionals {wg : £2 € C(q)}. Then the desired
equality follows immediately from the corresponding equality for balanced
families of linear functionals, shown in [12].

To extend the equality to X € 2, we proceed as follows: the g-density
of 2p in A implies that for each X € 2 there exists a sequence {X,,} C 2y
such that ¢(X — X,,) — 0. Then, for each ¢ > 0, there exists n. € N such
that for every n > n.,

[2(X, X) = (X0, Xn)| < 2(q¢(X) +€)q(X = Xn), V0 €C(q)s,
where we have also made use of (i). This implies that
sup 2(X,X)= lim sup 2(X,,X,).
2€C(q)s oo QEC(‘])S
This easily yields the equality
sup 2(X,X)= sup (X" X"), vVXed
2eC(q)s 2eC(q)s

(iii) The equalities A(F) = 2, Ag(F?) = Ay are obvious. In order to
prove (12), we observe that if ¢ = {W € A : ¢(W) = 0}, then A/¢ is
a normed space under the norm || X + W| = ¢(X) for all X € 2 and
W € ¢. Its completion is a C*-algebra, due to the g-density of 2y in 2.

Then an argument completely analogous to that of [12, Theorem 2.5] can
be applied. =

ExAMPLE 3.9. In this example we will consider the special case A = 2,
i.e. A is a *-algebra with unit and ¢ is a C*-seminorm on 2. In this case
there is one-to-one correspondence between left-invariant positive sesqui-
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linear forms and positive linear functionals on 2. Indeed, if 2 is a left-
invariant positive sesquilinear form then

wo(A) = Q(AT), Ac,
is a positive linear functional on 2. Conversely, if w is a positive linear
functional on 2, then
Q2(A,B) =w(B*A4), A,Beq,

defines a left-invariant positive sesquilinear form on 2 x 2.

If {2 is g-continuous, then also wy, is g-continuous, in the sense that there
exists a K > 0 such that

lwo(A)| < Kq(A), VAe

If lwg||y denotes the infimum of these K’s, then [Jwo||d = [|£2]l; = £2(L,1).
Therefore C(q) = C°(q) = C°(q) (the last equality is due to the fact that
C(q) is strongly balanced).

ExAaMPLE 3.10. Let H be a Hilbert space and let 2 C B(H) be any
*-algebra of bounded operators with unit. If f € H, we put
2/(A,B) = (Af,Bf), ABe
Then each £27 is left-invariant and the set F = {27 : f € H} is strongly
balanced. In this case A(F) = Ao(FY) = A and pr(A) = || Al for A € A. The
set C(pr) consists of all sesquilinear forms @ for which there exists K > 0
such that
(A, B) < K| A | B], VA B e
This set properly contains F, in general. As seen in Example 3.9, in this
case C(pr) = C°(pF) = C*(pF) and
pr(A) =pe(A) = ||All, vAe
ExampPLE 3.11. Let A be a bounded self-adjoint operator with contin-

uous spectrum o C R and let C(0) denote the *-algebra of all continuous
functions on the compact set o with its usual sup norm || ||. Let

M={f(4):feCo)},
where f(A) is defined via the functional calculus. As is known, each f(A)
is bounded and [|f(A)|| = || f|lco- Then 9 is a C*-algebra of operators. We
take as F the family of sesquilinear forms considered in Example 3.10.
Fix Ao € 0. We define a sesquilinear form (2, by

2, (f(A), 9(A)) = f(Ma)g(Xo), f,g€Clo).

Then (2), is positive, left-invariant and bounded. Indeed,

1250 (f(A), g(A))] = [f(A0)g(Ro)] < I fllcllglloo
= A (A, f.g € Clo).
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This implies that ||2),]|, < 1. In fact, it is easy to realize that equality
holds true. We now show that it is not possible to find n € H such that

20(f(A),9(A) = (f(A)n,g(A)n), Vf.g€Clo)

Indeed, if E(-) denotes the spectral measure of A, we would have

Do (F(A),9(A)) = (f(A)n, g(A)m)
=V rVgN) dENn0) = fF(Ao)g(h),  Vf.g € C(o),

g
and this is possible only if \g is an eigenvalue of A. This example shows
that, in general, F # C¢(pF).

4. CQ*-seminorms on quasi *-algebras. Let ¢ be a Q*-seminorm
on (A,2p) and C(q) the set of all g-continuous sesquilinear forms in P;. If
F C C(q), we put F, = {2 € F:||2||4 = 1}. Define

7r(A) = max{ sup 2(A, A)Y2, sup Q2(A* A*)1/2}.

By the g-continuity of each {2 € F, we have mx(A) < ¢q(A) for every A € U,
therefore mx is an everywhere defined seminorm on 2. Obviously, 7x(A*) =
wr(A) for each A € 2; hence 7 is *-invariant. For simplicity, in what follows
we will assume that

Tr(A) = Sup QA A2 vAes

Since 2(I,I) < ||£2||4 for every £2 € F, it also follows that
7T]:(A) < p}'(A), VA € 2.

Analogously, for each 2 € F and A € 2, the positive linear functional wé
is gp-continuous, since

wi(X)] < [120lgg0(X)a(A)?, VX € Ap.
Therefore Ao (F) = Ag and | X |0 < qo(X) for every X € .
PROPOSITION 4.1. The following inequalities hold:
Tr(XA) < |X|Zomr(A), 7r(AX) < |X|%mr(4), VAeA X €.

Thus 7r is a Q*-seminorm on (A,Ap). Moreover (mx)o(X) = |X|ro for
each X € Ag. Therefore mr is a CQ*-seminorm on (A, Ap).

Proof. As in the proof of Proposition 2.8, taking into account that for
each 2 € F, A € 2 the form w} is || || ro-continuous we get, for each n € N,

QXA XA) € QA A2 (ol o (XX E), VX €.
Letting n — oo, we have
(XA XA) < |X*X|r 2(A,A).
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This in turn implies that
71']:(XA) < |X|§;Oﬂf(A), VAed X €.

From this estimate it also follows that (m£)o(X) < | X|ro for each X € 2.
To complete the proof we only need to prove the opposite inequality. For
this we observe that for 2 € F, one has

12(X A, A)| < [|2llgmr(X A)mr(A) < [|2]o(r7)o(X)mr(A)?

for each X € RAo(F) and A € 2U; therefore each w3 is (7x)o-continuous.
Then proceeding as before we can prove

wiH(X*X) = (XA, XA) < (m£)0(X*X) (A, A),
and this implies that
’X‘}-o < (71']:)0(X), VX €Up. m

In conclusion, 7z is a CQ*-seminorm on (A,2p), for any F C C(q).
The maximal such seminorm is obtained, of course, for F = C(q). So the
question arises whether m¢(,) = ¢. We do not have a complete answer to this
question. We only mention that also in simple cases very extreme situations
may occur, as the next example shows.

EXAMPLE 4.2. We consider once more the situation of Example 2.10,
i.e. the quasi *-algebra (LP(I),C(I)) with p > 2. Each sesquilinear form
QW) ¢ F is continuous with respect to the LP-norm || ||, (which we take
as the ¢ of the previous discussion). In this case, || ||, is a CQ*-norm and
one finds that 7£(f) = || f||, for every f € LP(I) and (7x)o(¢) = ||¢]|« for
every ¢ € C(I).

If 1 < p < 2, the LP-norm is still a CQ*-norm. But C(q) = {0} and so
wr(f) =0 for each f € LP(I). For the details we refer to [4].
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