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Strichartz inequalities for the Schrodinger equation
with the full Laplacian on the Heisenberg group

by

GruLiA FurioLr and ALESSANDRO VENERUSO (Genova)

Abstract. We prove Strichartz inequalities for the solution of the Schrédinger equa-
tion related to the full Laplacian on the Heisenberg group. A key point consists in es-
timating the decay in time of the L° norm of the free solution; this requires a careful
analysis due also to the non-homogeneous nature of the full Laplacian.

1. Introduction. In a recent paper ([BGX]), H. Bahouri, P. Gérard
and C.-J. Xu studied the following Cauchy problem for the wave equation on
the Heisenberg group H,, of topological dimension 2n + 1 and homogeneous
dimension N = 2n + 2:

Pu(z,t) — Au(z,t) = f(z,t) € L((0,T), L*(H,)), t >0,
(1) U(.l?, 0) = ’LLO(I‘) € Hl(Hn)7
Oyu(r,0) = uy(z) € L?(Hy,),

where A is the sub-Laplacian on H,, (to be defined in Section 2) and H'(H,,)
is the Sobolev space in H,, which is related to the sub-Laplacian operator.
Their main aim was to establish a sort of Strichartz inequalities for the solu-
tion (u, dyu) € C([0,T], H'(H,) x L?(H,,)) of (1); the results they obtained

are the following (the Besov spaces BfY(H,,) will be defined in Section 4):

TrEOREM 1 ([BGX], Théoreme 1.2). Let ug € By Y*'(H,), u; €

B{V_l/Q_l’l(Hn) (for example up,u1 € S(Hy)), f = 0 in (1) and let u
be a solution of (1). Then, for every t > 0,

Hu(t)HLoo(Hn) < Ct_1/2(HU/OHB{V—I/Q,I(Hn) + HUIHB{V_1/2_1’1(Hn))'

Moreover, there exist ug,u; € S(Hy,) such that the corresponding solution

of (1) with f =0 satisfies
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[w(t)|| oo,y = CETH2 0 fort > 1
with C' > 0.

THEOREM 2 ([BGX], Théoreme 4.1). Let r1,re € [2,00]; suppose more-
over that 01,02 € R, p1,p2 € [1,00] satisfy:

(i) 2/pi +1/r; <1/2 fori=1,2;

(ii) 1/p1 + N/r1 — o1 = N/2 - 1;

(111) 1/p2 +N/7“2 — 02 = N/2

Let rl, pl; be such that 1/r;+1/ri =1 and 1/p; +1/p; =1 fori=1,2.
Finally let w = v + w be the solution of the Cauchy problem (1) where v
1s the solution corresponding to f = 0 and w is the solution corresponding
to ug = w1 = 0. Then, for every real interval I containing 0, the following
estimates hold:

10l 21 e e,y + 1060l 1 =220 ))<o<|\uo||H1 iy + ltll e, ),

HwHLpl(Bgl 2(H ) + HathLpl (B2~ L 2( Hf”

)

A5 )
the constant C being independent of the interval 1.

Strichartz inequalities in the real setting have been proved for many dis-
persive equations (for the Schrédinger and wave equations, see for example
[Str], [GV1], [GV2] and the more recent [KT], [Tao], [Vil]); the key point for
proving them is to estimate the L°° norm of the solution of the free equation
(that is, with f = 0) at a fixed time ¢. In particular, Strichartz inequalities
are quite easy to prove for the Schrodinger equation in R™ (here L is the
Laplacian on R™):

{8tu(:1:, t) —iLu(x,t) = f(x,t) € L*((0,T), L>(R™)), t >0,
u(z,0) = up(z) € L2(R").

In fact, the kernel of the Schrodinger operator can be written explicitly and
the solution of (2) for f =0 is

(2)

u(x, t) = (4mwit) /> el 1*/(41) uo(x), =z €R" t>0.

Thus, it is natural to wonder whether such a generalization for Strichartz

inequalities, obtained for the wave equation on H,, (with the sub-Laplacian),

remains true also for the corresponding Schrodinger equation:

(3) {@u(m,t) — iAu(z,t) = f(z,1) € LY((0,T), LA(H,)), ¢>0,
u(z,0) = uo(z) € L*(Hy,,).

The answer is, surprisingly, no and an interesting counterexample was given

by H. Bahouri, P. Gérard and C.-J. Xu in [BGX] (see Section 3 below).
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Moreover, it has recently been proved by A. Sikora and J. Zienkiewicz
([SZ]) that the convolution kernel of the Schrédinger operator related to the
sub-Laplacian is not even in L*°(H,,), because at every fixed time ¢ it has
a Calderén—Zygmund type singularity localized at a particular point in H,,
(depending on t). In the same paper, the authors have found an explicit for-
mulation also for the convolution kernel related to the full Laplacian on H,,
and they have showed that the latter is indeed smooth at every time ¢ even
though it is not bounded. Another interesting difference in the behavior
of the sub-Laplacian and the full Laplacian may be found in a paper by
J. Zienkiewicz ([Ziel]) dealing with the Carleson problem about pointwise
convergence to its initial data of the solution of the free Schrodinger equa-
tion. This result has recently been improved in [Zie2].

One of the reasons why the sub-Laplacian is considered a good general-
ization to H,, for the Laplacian in R™, more than the full Laplacian, is its
homogeneity property as a differential operator, namely:

A(f(rz,r%s)) = r2Af(rz,r2s), r >0, (2,5) € Hy,.

This is not true any more for the full Laplacian and this lack of homogeneity
involves some technical difficulties.

Nevertheless, in this paper we will prove that, for the Schrodinger equa-
tion related to the full Laplacian £, which reads:

(4) {atu(:c,t) —iLu(z,t) = f(x,t) € LY((0,T), L*(H,)), t>0,
u(z,0) = uo(z) € L?(Hy,),

a decay in time for the solution of the free equation is still true, even if the
convolution kernel is not bounded (Proposition 9 and Corollary 10); we will
prove moreover that such a decay is sharp (Proposition 9 and Corollary 10)
and, as a consequence of the decay in time, we will establish new Strichartz
inequalities for the solution of the equation with external term (Theorem 11).

We would like to thank Giancarlo Mauceri for his precious help and
encouragement.

2. Notation and preliminaries. In this paper N denotes the set of
non-negative integers, Z, the set of positive integers and R* the set of
non-zero real numbers.

In this section we recall some basic facts about harmonic analysis on the
Heisenberg group. For the proofs and further information, see e.g. [BJRW],
[Far], [Gel], [Nac].

Fix n € Z4; the (2n 4+ 1)-dimensional Heisenberg group H,, is the nilpo-
tent Lie group whose underlying manifold is C" x R, with the following



160 G. Furioli and A. Veneruso

non-commutative multiplication law:
(2,8)(7,8) = (2 + 2,5+ +2Im(z, ')
where (z,2') = Z?:l zjZ}. The Lie algebra of Hy, is generated by the left-
invariant vector fields Z1,...,2,,21,...,2Z,,S, where
0 0 = 0 0 0
ija—zj—i_izj%’ Zj:8—2j_izj£’ =55
H,, is a stratified group endowed with a family of dilations {6, : » > 0}

defined by
2

or(z,8) = (rz,1r%s).
The homogeneous dimension of H,, is therefore N = 2n + 2. The sub-
Laplacian on H,, is

n
A=2) (Z;Z;+ Z,;Z;).
j=1
The full Laplacian is
L=A+S5%

The bi-invariant Haar measure on H,, coincides with the Lebesgue mea-
sure on R?"*!. The convolution f * g of two functions f,g € L'(H,) is
defined by

(frg)@) =\ flay Ngly)dy, = €H,.

As usual, we denote by S(H,) the Schwartz space of rapidly decreasing
smooth functions on H,, and by S’'(H,,) the dual space of S(H,,), i.e. the
space of tempered distributions on H,. A function f on H, is said to
be radial if the value of f(z,s) depends only on |z| and s, where |z| =
(> |2j12)'/2. We denote by S,.a(H,) and by L2 (H,), 1 < p < oo, the
spaces of radial functions in S(H,,) and in L?(H,,), respectively. The space
Ll (H,) is a commutative, closed *-subalgebra of L!'(H,). The Gelfand
spectrum X of L. (H,) can be identified, as a measure space, with the

space N x R* equipped with the Godement—Plancherel measure y defined by
2L L fmAn—1 n
V F(v) du(p) = — 1 > ( . ) | F(m, N)[A]" dA.
X m=0 R*

Let L,(ff ) be the Laguerre polynomial of type o € N and degree m € N,
given by

2 (=1)F (m+

L(r)=> ( ( >rk TeR.

m | Y
—~ k! kE+a
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The Gelfand transform of a function f € L. ;(H,) is given by
Fm ) = | f@wma(x)de, (m,\) €N xR,
Hy
where wy, » is the spherical function on H,, defined by
—1\ 1.
© s = (M) e ML)
m

By the classical properties of spherical functions

||wm’)\”Loo(Hn) = wm7,\(0, 0) = 1.
Moreover, if f € S;aa(Hy), then Af and Lf are in S;.q(H,) and

(6) Af(m, \) = —4(2m + n)|A| f(m, A)
and
(7) LF(m,\) = —(4(2m + n)|A| + A2) F(m, ).

By the Godement—Plancherel theory, the Gelfand transform extends unique-
ly to a unitary operator G : Lrad (H,,) — L2(X). We will write again f instead

of Gf. If f € L2 ,(H,,) and fe LY(X), then the following inversion formula
holds:

n—1 _ R
® 10 =2 S ("I § Fm e i
m=0 R*
r € H,.

By the spectral theorem the multiplier operators e”4 and e™* are bounded
on L%*(H,) for every t € R. Moreover, if f € L2 ,(H,), by (6) and (7) we
have

itL

(9) eﬁf(m, \) = 674it(2m+n)|/\|f(m7 )
and
(10) UL f(m, ) = e OETIINE fm, ).

The operators '*4 and £ commute with left translations, so by Schwartz’s
kernel theorem for homogeneous groups ([KVW, Theorem 3.2]) they are
given by right convolution with tempered distributions, which are called the
kernels of ¢4 and £, respectively.

The space G(S;aa(Hy,)) has been completely characterized in [BJR]. For
our purposes, it is sufficient to remark that if f € S;aq(H,) then f € L}(X),

so f can be recovered by the inversion formula (8). Moreover, for any R €

S(R) the function
F(m,\) = R((2m +n)|A|)

is in G(Saa(Hy)) (see [Hul], [Mau]).
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3. The counterexample in the sub-Laplacian case. In this section,
we would like to comment on the counterexample given in [BGX]. Let us fix
a function @ € Cg°((1,2)) and consider the Schrodinger equation (3) with
f =0 and

(11) up(z,s) = Se_i’\SQ()\)e_’“Z'Q)\" dA.

—

Thus, the initial data ug € S;aq(Hy,) satisty
R 0 if m#0, \ € R¥,
o (mv A) - .
Q) ifm=0,\eR"
as is possible to check by comparing (11) with the inversion formula (8). The

solution of the Cauchy problem can therefore be written explicitly thanks
to (8) and (9):

U(Z, S,t) — (eitA'LL())(Z, S) — Sefi)\(s+4nt)Q()\)ef)\|z‘2)\n d\
1

= up(z, s + 4nt).
Thus, for all p € [1,00] and ¢ € R, we have [|u(t)|[zrm,) = lluollzrm,)- In
particular, we have no decay in time for ||u(t)| o (g,,)- The key point in this
counterexample is that the Gelfand transform of the sub-Laplacian is indeed
linear in A. On the contrary, the Gelfand transform of the full Laplacian is
not and this will be crucial in what follows.

4. Littlewood—Paley decomposition and Besov spaces. Let R be
a non-negative, even function in C¢°((—4, —1/2) U (1/2,4)) such that
Y R@¥r)=1, 7#0.
JEL
As in [BGX], for any j € Z we define on H,, the function ¢; € S,.qa(Hy)
such that
(12) Bi(m,\) = R((2m +n)27% ).
The fact that ¢; € S,.a(Hy) is guaranteed by the remarks at the end of

Section 2. Moreover, a direct application of the inversion formula (8) gives
the following homogeneity property:

(13) pj(z,8) = 2N o (272,2% ).
Since ¢, * @y = p;Pj, the support properties of the functions $; also imply

We will write
Aif = fxgj.
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In [BGX] it is proved that for any f € L?(H,,) we have

(15) f=>_4;f inL*H,).
JEL
This decomposition is called a homogeneous Littlewood—Paley decomposition
of f (more generally, the setting where this decomposition holds is actually
the space S'(H,,) modulo polynomials, but we slide over this detail). More-
over, the Littlewood—Paley theory applies to this decomposition and we have
the following characterization of the LP(H,) spaces for f = Zjez A;f in
S'(Hy,):
felLl(H (Z|Af|> € IP(H,), 1<p< oo,
JEL
with equivalence between the two L? norms. We stress the inequality
(16) Il < D143  lemqu,y.  f € LP(Hy),
JEZL

which is an immediate consequence of (15). Both sides of (16) are allowed
to be infinite.

As in [BGX], we will also consider the functions
(17) $j =pj-1+¢;+ i+, JEL,
which satisfy the identity
(18) pj=@j*pj, JEL

We now recall the definition of a homogeneous Besov space on H,,.

DEFINITION 3. Let ¢ € R and ¢,r € [1,00]. The homogeneous Besov
space on H,,, denoted by BfY(H,,), is defined as follows:

BPI(Hy) = {f € §'(Hn) /P : {2 A |l iz € (D)}
where P is the space of polynomials on H,,.

A careful introduction to these spaces and their inhomogeneous version
may be found in [BGX] and [BG]. For our purposes, it will be enough to
recall the properties contained in the following proposition.

PROPOSITION 4 ([BGX], [Bou], [Tri]). (i) B2Y(H,), endowed with the
norm

1l geoqer,y = 12N Fllr s biez oy

is a Banach space of equivalence classes of tempered distributions; more-
over, for o < N/r it is possible to realize this space as a space of tempered

distributions by choosing the element Z]-EZ A;f in each class [f];



164 G. Furioli and A. Veneruso

(ii) the definition of BZY(H,) does not depend on the choice of the
function R in the Littlewood—Paley decomposition;

(iii) for all 0 € R and q,r € (1,00], B®Y(H,) is the dual space of
B;g’q/(Hn) where 1/¢' +1/qg=1 and 1/r' +1/r =1,
(iv) for all q € [1,00] we have

Bfll’%Hn) C Bﬁ;’q(Hn); — - == — = ==, 01 = 09;

(v) BY*(H,) = L2(H,);
(vi) S(H,) C B#(H,) if o > —N/r’;
(vii) for all 0,01, 02,q1,q2,71,72 satisfying 0 € (0,1), 0; € R, gi,r; €
(1,00), we have

(B (H,), BE ™ (Hy)l) = BYI(H,)
with

1 1-60 0 1 1-60 0
0= (1—-20)o1+ 0o, i +— +

q1 q2 1 2

5. A dispersive inequality. Our main aim, which we will achieve in
Section 6, is to establish Strichartz inequalities for the solution of the Cauchy
problem (4). From now on, we will denote by S; the operator e®*, t € R.
As for the classical Schrodinger equation (2) in R™, also in this case there
exists a unique solution u € C([0,T], L?(H,,)) of (4), which is given by the
sum u = v + w where

(19) v(t) = Sug

is the solution of (4) with f = 0 and
t

(20) w(t) =\ Siof(0)do
0

is the solution of (4) with ug = 0.

In this section we will prove a dispersive inequality for v, i.e. an estimate
for the decay in time of |[v(t)|| oo (m,,), which we will use in Section 6 to prove
our Strichartz inequalities. Moreover, we will prove that such an estimate is
sharp.

Let us begin by introducing the tools of our method; first of all, we recall
the stationary phase lemma (see e.g. [Ste, pages 332-334]) that will be the
central argument:

LEMMA 5. Suppose g € C*®([a,b]) and h € CX((a,b)), with g real-
valued. Suppose also |g®)(x)| > & for any = € [a,b], with k € Zy and § > 0.
If k =1, we also require that g' is monotonic in [a,b]. Then there exists a
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constant C' > 0, which depends only on k but not on a,b, g, h,d, such that
for every o € R*,
b b
} [e 9@ h(x) da| < Clo| /K615 \ W (2)| da.
In order to show the sharpness of our estimate, we will also need the
following

LEMMA 6. Suppose 0 < a < a < 3 < b and n € Z,. Suppose also
h € CX(R) such that h(x) = 1 for any = € [a,b]. Then there exist two
positive constants C' and L such that for any o > L and v € [a, §] we have

‘ S e_i"(IQ_QW)h(x)m" dx| > £

R Vo
Proof. Observe that

(21) Jem e =29 n(2)em de = €7 (Jy iy + Kop)
R
where
22 Jgy =" e_(1+i‘7)t2dt: n 4 —%arctana
(22) =7 ) Y 1+ o]

(see e.g. [Ste, page 335]) and
(23) Koy = S eio@=)? (h(x)x"™ — fy”e—(w—v)Q) dz.
R

By (22) there exist two positive constants Cp and Lo such that for any
o> Ly and v € [a, §] we have

Co

e

On the other hand, for o > 0, an integration by parts in (23) gives
1

(24) [ Jonl 2

_ —io(x—7)2
(25) Ka,'y ~ %0 S € v F,Y(IL‘) dx
R
where
h(z)a™ — yme~ (@07
Fy(z) = T — ifz 77,
ny" 1 if x =7.

It is straightforward to verify that F, € C!(R). Moreover, one can prove
that there exists § > 0 such that for any v € [a, ] we have F) > 0 in
[y — 9,7+ 6] and so



166 G. Furioli and A. Veneruso

(26) | (@) de = Fy(y+0) - F,(y=8) <

lz—~|<é
where C is independent of . On the other hand, for v € [a, (] it is easy to
see that

(27) | IF(2)|dz < Co

lz—|>0
where C5 is independent of . By (25)—(27) there exists C5 > 0 such that
for any o > 0 and 7 € [a, 3] we have

C3
(28) [Kopn| < -

The conclusion follows from (21), (24) and (28). =

Moreover, we will use the following properties of the Laguerre polyno-
mials (see [BGX], [EMOT]):

LEMMA 7. For any o € N there exists Co, > 0 such that for every 7 > 0
and m € N the following inequalities hold:

L) ™| < Colm +1)%, |7 (LD (1)) | < Calm + 1)

T

Finally, we will exploit the following estimates, which can be easily
proved by comparing the sums with the corresponding integrals:

LEMMA 8. Fiz n € Z4. There exists a constant C' > 0 such that for
0 <a < b we have:

(29) > @m+n)?<

meN
2m+4n>a

(30) > @m+n)2< b2

meN
2m+4+n<b

(31) > (2m+n)"! <log(Cb/a).
aggneflngb

)

2]Q

Now we can state our main proposition which concerns the Littlewood—
Paley functions ¢; defined in Section 4.

PROPOSITION 9. There exists a constant C' > 0, which depends only on
n, such that for any t > 0 and j € Z,

(32) | St HLOO(Hn) <C 9(N=2)j;—1/2

Moreover, there exist C' > 0, to > 1 and jo € Zy, which depend only on n,
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such that for any t > to and j > jo,
23+24
(33) ‘(St@j) (0, v )

Proof. In this proof we will denote by C' a positive constant which will
not necessarily be the same at each occurrence, with the convention that C'
can depend only on n.

First we prove (32). Fix ¢t > 0 and j € Z. By (10) and (12) we have

S/t\apj(m, A) = e_it(4(2m+n)|)‘|+>‘2)R((2m +n)272)).
So, for (z,s) € H,, fixed, by (8) and (5) we have

> C'9(N=2)j=1/2,

(StSO]) 2, S n+1 Z S —iAs —1t(4 2m+n)|)\|+)\2)R(<2m+n>2_2j)\)
m=0 R*

x e PP LoD 91\ [ 2[2) | A" d.
Put s’ = s/t and perform the change of variable x = (2m + n)2~%\. Then

ni

(34)  (Swp)(z8) = 3 N]Z | e ®trn@h,  (2) de
m=01/2<|z|<4

where

227 32 s’z
35 / =— —+4
(3) 00.(w) = oty + el 5
and

2% |]|2|2

(36)  hem(z) = R(z)e” 2mn L™ 1)(

2% x| |2 |z["
2m+n ) (
S0 gs'm (=) = g—s' m(x) and hy (=) = hzm(x). Therefore, by symmetry
we can consider only the integral
4
I, = S e_iQthgs’vm(m)hzvm(m) dx
1/2

and our assertion simply reads:

(37) > | < C27¥ 12,

m=0

For the sake of simplicity, from now on we will write g,,, and h,,, instead of
gs',m and h p, respectively. Moreover, we put M = 2m+n. For 1/2 <2 <4

we have
, 21+2j s
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and
. 9142j
(39) Im(2) = NV
Furthermore, by Lemma 7 one can verify (see also [BGX]) that
(40) 1Pan | oo 1 j2,47) + [l (1 2,47y < CM 2,

We now have three possible ways to estimate |I,|: the first and most
direct is

(41) [ In| < Cllhmll Lo (172,47 < CM~2,

which sums independently of j and ¢. The second, using Lemma 5 with the
second derivative (given by (39)) and estimate (40), is

(42) I, < C 272712

which does not sum. The third exploits Lemma 5 with the first derivative,
but only when this is possible, i.e. when there exists d,, > 0 such that
lg},(z)| > 0y, for any x € [1/2,4], and in this case by (40) we have

(43) I < C27%¢t7 M35, 1,

We are going to estimate Y -, || by splitting it into the sum of three
terms and by applying to every term the most convenient among the three
estimates above, after choosing a suitable d,,,. More precisely,

oo
Sl = D> Tal+ D> Ml + D>
m=0

meAq meAs meAs
where

Al ={meN:M >2%¢/%}
Ay = [m e N: M < 2571/2
and |g! (z)| > 27714 VAMT3/2 for any x € [1/2,4]},
Ay ={meN:M <29/
and |g/ (z)] < 2774 YAM 32 for some x € [1/2,4]}.
If m € A; then estimates (41) and (29) yield the desired estimate
(44) > | < C27%712,
meA;
If m € Ay then, by applying (43) with 6,, = 20~ 1¢~1/*M~3/2, we have
I| < C 27394340~ 1/2
and hence estimate (30) yields the desired estimate

(45) > | < C27%712,

meAs
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If m € Ag then estimate (42) yields
(46) S| <Cc27 2y M
meAs meAs
So we only have to prove that
(47) Y Ml<c.
meAs

In fact, once we prove (47), estimate (37) follows directly from (44)-(46).
It is not restrictive to suppose 2%27t1/2 > n, otherwise Az = (). By (38)
we can immediately verify that for 1/2 < z < 4 the inequality |g],(z)| <
21—1¢=1/401—3/2 ig satisfied if and only if
2L VA2 4 4M? + ' M 2L ANY2 — 4M2 — M
— < .

91+2] T 21+2j

So m € Aj if and only if M satisfies the following system of inequalities:
n < M < 2%t1/2,

(48) —27 1251 1/AMY2 L AMP 4+ S M) < 4,
27122~ VAMY2 —4M? — ' M) > 1/2.

By multiplying the last two inequalities by 2272 and isolating the term with
fractional exponent, we rewrite (48) in the following form:

n<M< 22jt1/2,
(49) 20t 1/ANL/2 > 802 — 28/ M — 24+25
20t VAMY2 > 8M? + 25' M + 2142,
But the first inequality implies
9dp=1/4pf1/2 < 92
and hence the solutions of (49) are also solutions of the following system:
M >0,
(50) 8M? +2s'M +17- 2% > 0,
8M? +25'M + 2% < 0.
The solutions of (50) can be found by a direct calculation. If
s > —23/21
the system (50) does not have solutions, so Az = 0. If
—V1T- 23/ < ¢ < —23/2H
the solutions of (50) are given by

5 52 _ 23125 —§ 4+ /52 —23%25
3 <M< S .
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In this case, since
—s' 4+ /52 — 23+2]
s — /52 —23+2]
by (31) we get (47). Finally, if

S/ S _ /17 . 23/2+j
the solutions of (50) are given by

<33+ 8V17,

—s' — V2 —23%2 —s' — /8?2 —17-23%2
<M<
8 8
and by
—s'+ V2 — 172312 —s' +V/s? — 2342
3 <M < 3 .

Also in this case, since
-8 — Vs — 17232
T <174 4V17

—8/+1/s/2—23+2j <1 4
=<1+ —=,
—s' + Vs — 172342 V17
by (31) we get (47). This concludes the argument.

Now we prove (33). From now on, we suppose ¢t > 1 and j € Z,. By
(34)—-(36) we have

and

923+2j¢ _ gn—1 Nj oy 224G (2)
(Ste;) <0, ol ) = 2 Z S e H,,(x)dx
m=01/2<|z|<4
where 02 2 03421,
Gm(@) = Gmraz T - G DEm T
and

o) = (" ) ) g

m (Qm + n)n+1 :

For any m € N we put

4 . —-1/2 ,
T, = S e—i22JtGm(x)Hm($) dz, K,, = S e_iQZJtGm(:c)Hm(x) dur.
1/2 —4
Thus
23+2j¢
0 [sien (027

[e.9]

> O (Dol = 3 1Kl = Y Vil = Y 1)

m=0 meB; me Ba
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where
Bi={meZ;: |G () >tV for any z € [1/2,4]},
By ={meZy : |G, (z)] <t '/* for some x € [1/2,4]}.
We will estimate separately the four terms on the right-hand side of (51).
We put again M = 2m + n.
In order to estimate |Jy| from below, we need one more hypothesis about
the function R, besides the assumptions made at the beginning of Section 4:
dn + 3 in + 2
R(r)=1 if —— < || < .
(7) ' 4(n+1)_’7—|_ n+1
This is possible by taking for example

1L—x(fr]) if 7| < (4n +3)/(4(n + 1)),
R(r) = .

x(I71) if |7| > (4n +3)/(4(n + 1))
where y is a function in C*°(R) such that x(7) =1if 7 < (4n+2)/(n+1)
and x(7) = 0if 7 > (4n+ 3)/(n + 1). In this way, if we suppose j > j; large
enough, we can apply Lemma 6 with o = 24t/n? and v = 4n/(n+1) —
n?2'=2) and we obtain
(52) | Jo| > C127 217 1/2,

In order to estimate » > |Ky,| from above we first observe that
Gl (x) <-4 forxz<0.
Thus Lemma 5 applied with £ = 1 and estimate (40) yield
| K| < C272¢7 1 M2
So
> .
(53) D K| < G270t
m=0
If m € B; then Lemma 5 applied again with k¥ = 1 and estimate (40)
yield
|| < C2720¢73/40 172,
So
(54) D |l < Ca27 34,

mebB
If m € By then Lemma 5 applied with k£ = 2 and estimate (40) yield
(55) || < C 27204712071,

We now want to estimate ) B, M —1. As in the first part of the proof, it is
straightforward to verify that m € Bs if and only if M satisfies the following
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system of inequalities:
M>n+2,
(56) (n+1)(4+t"YHM? — 25720 + (n +1)23% > 0,
(n+1)(4—t=YHM? - 23F2 M + (n 4 1)2% < 0.
If we consider only the system of the last two inequalities of (56), we find by
a direct calculation that the set of solutions may be the union of two distinct
intervals. But if we take j > jo large enough, the solutions M belonging to

one of the two intervals do not satisfy the condition M > n+ 2. So the only
solutions of (56) are given by

a(j,t) < M < B(4,t)

where
222014\ /1— (n41)2(4 4 t1/4)2-1-2))
1) = (n+ 1)(d+ -1/ ’
o 2P (14 /1 — (n+ 1)2(4 — t1/4)2-4-2))
6(Jat)_ (n+1)(4—t_1/4) ’
We get

92425
(n+1)(16 — t—1/2)
X (264 (4471 — (n+ 1)2(4 — - 1/4)2-4-2
— 4=tV 1— (n+1)2(4+ t—1/4)2-1-2)
<2V 4 /1= (n+1)2(4—t—1/4)2-4-2)
— /1= (n+1)2(4 + t=1/4)2-1-2))
< C(1 422114
since for j > jo we have
V1—(n+1)2(4—t"19274-2 — /1 — (n+ 1)2(4 + t-1/42-1-21 < C27%
as is easy to verify by multiplying and dividing by
V1= (n+1)2(4 —t=1/4)2-4-21 4\ /1 — (n + 1)2(4 + t~1/4)2-1-2j,
On the other hand

ﬂ(j)t) - Ot(j, t) =

M > a(j,t) > C2%

and hence, using the fact that the number of integer points in an interval
(a, ) is smaller than 1+ 8 — a, we obtain

(57) Yo MTt<c Y ¥ <o 4,

meBa meBa
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Then, for j > jo and t > 1, (55) and (57) yield
(58) D || < Ca(@ V712 2728/,

meE By

The constants C1, Ca, C3, Cy in (52), (53), (54) and (58) depend only
on n, as well as the integers j; and jo. Take tg > 1 such that

(59) Coty? + (Cs + Co)ty /' < €y /2
and jo > max{Jji, jo} such that
(60) Cy27%0 < /4.

Then, putting together (52), (53), (54) and (58) and using (59) and (60),
for any t > tg and j > jg we obtain

(61) | Jo| — Z | K| — Z | Ton| — Z |l > 9—2j4-1/2.

meBy meDB2
So (33) follows directly from (51) and (61). m

From Proposition 9 it is easy to obtain our sharp dispersive inequality:

COROLLARY 10. There exists a constant C > 0, which depends only
on n, such that for any t > 0 and up € S(Hy),

(62) I1Seuoll oo (rr,y < CE2 uoll 214y, .

Moreover, there exist C' > 0, to > 1 and jo € Zy, which depend only on n,
such that for any t >ty and j > jo,

(63) 1epilzoeqenny > C4 2 g2 gy -

Proof. In order to obtain (62), we apply (16), (18) and then Young’s
inequality and estimate (32) for the functions ¢;; we get

I1S¢uoll o r,y < D 147 Seuoll s a,)

jez

= > I(A;Su0) * &)l Lo (m,)
jez

= Z [(Ajuo) * (Se5) | oo (aa,)
JEZL

< 1 Ajuoll e 15635 1 poe )
jez

<OtV 2N Ajug | pa

JET

= Ct™2luol -2y, -
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In order to obtain (63), we observe that the homogeneity property (13)
implies that the L' norm of ; is invariant with respect to j. So by (14) we
have

N—-2)j
(64) ”SOJ'HB{V—QJ(H”) < C 220,

Then estimate (63) is a straightforward consequence of (33) and (64). =

6. Strichartz inequalities. We are now in a position to prove our
Strichartz inequalities. We will denote by L%.(X) the space LP((0,T), X)
and by L7(X) the space LP(I, X) for I C R.

THEOREM 11. Let ri,79 € [2,00]. Let 91,02 € R and p1, p2 € [1,00]
such that:

(a) 2/p;=1/2—1/r; fori=1,2,

() 05 = —(N —2)(1/2 = 1/r;) fori=1,2.
Let 7}, p} be such that 1/rj+1/ri =1 and 1/p;+1/p; =1 fori=1,2. Then

(65) HStUOHLgl(Bgllvz(Hn)) < CHUOHLZ(Hn)’
t

(66) |§8i-0f(o)do|

0

<C Lo
st = ||L’%2<BZ§2’2<Hn>>

where the constant C > 0 depends neither on ug, f nor on T.

Proof. Once we have obtained (32), the procedure is classical and a good
reference is, for example, the papers by Ginibre and Velo ([GV2]) or by
Ginibre ([Gin]). We will recall the main steps for the reader’s convenience.

STEP 1. Asin (17), let ¢; = @j_1+¢;j+pj41 such that Ajug = Ajug*@;
for all j € Z. The operator Sy being unitary on L?(H,,), we have

(67) 14;Stuoll L2,y = 1Qjuoll 2.y, >0, 5 € Z
Moreover, in the proof of Corollary 10 we have shown that

(68) [ A;Spuol| poe i,y < C 2N 2IV2 Ajug || pagw,y, >0, j € Z.
By interpolating (67) and (68), for » > 2 and 1/r + 1/ =1 we get

92(N-2)(1/2-1/r)j
t1/2=1/r

14 Spuol| e,y < 1Ajuoll g,y t>0,j €Z,
which for ¢ € [1, o0] yields

C
ISevoll 5 -v-2rar2-1m0 g,y < Tz 1ol gov-20r2-1m.05, )
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STEP 2. We prove (66) in the particular case 11 =19 =7, p1 =p2 =D
such that r >2,2/p=1/2—1/r and g1 = 02 = —(N —2)(1/2—-1/r). From
the Minkowski inequality and, for r > 2, the Hardy—Littlewood—Sobolev
theorem (see e.g. [Ste, page 354]), for every g € [1, oo] we obtain

t
©9) || {5i-os(o)do]

0

L%(B;(N*2)(1/2*1/T)7‘1(Hn))

! 1

< - C(N— _
C (S) (t _ 0_)1/2_1/7, Hf(U)HBSV 2)(1/2 1/’“)7‘1(Hn) dO'

Lr([0,17)
< Cllfll gy pv—2ar2=1/m.ag, -

STEP 3. With the same procedure as in Step 2, we also prove that for
any interval I C R one has

(10) || §Si-ss(o)do
I

LZ;(BT_(N_Q)(I/2_1/T>’Q(Iln))
< C /o - —1/r .
—= HfHLII? (BSV 2)(1/2-1/ ),Q(Hn))

By a standard duality argument (see for example [BGX] or [GV2]) and for
the only case ¢ = 2 as the second index in the Besov space, from (70) we
get (65) for the particular case I = R.

STEP 4. We consider for any interval I C R the bounded operator
A L}(LQ(HTL)) - L2(Hn)’ f(za S, G) = S S*O‘f(za S, (T) dO_?
I
whose adjoint (with duality in L?(H,) defined by the scalar product) is
A*: L2(H,) — L(L*(H,)), wuo(z,s) — Siug(z,s).
The composition of these two operators gives
A*A: LYLA(H,)) — L(LA(H,)), f(z,s,0) SSt_Uf(z, s,0)do,
I
and by the factorization of A*A, using the result obtained in Step 3, we
obtain the result in (66) for this operator. Unfortunately, this is not actually
the integral operator appearing in Theorem 11 because of the “retardation”
in time, following Ginibre’s notation. We can write explicitly, for f defined
on [0,7] x Hy,
t
SSthf(J) do = SXR+ (t - U)Stfaf(o-) dO’, te [07 T]a
0 I
where I is any interval containing [0,7], x is the characteristic function
and f is the continuation of f by zero over R x H,. Thanks to the fact
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that the spaces LY(B#(H,)) are stable under restriction in time (which
means that the multiplication by the characteristic function of an interval
in time is a bounded operator with norm uniformly bounded with respect
to the interval), it is possible to overcome this technical complication and
to proceed as follows.

STEP 5. Following Lemma 2.3 in [GV2], we get
(71) §stof<o> do : LR (BGPUPTYDR ML) — LF(L2(H,))
with norfn independent of T'. Therefore, by duality we also have
(72) §St_af<a> do: Lp(L*(Hy)) — Liyp(B; V=202 (1))
with nofm independent of T'.

STEP 6. Finally, remembering the “diagonal” case (69) and interpolating
in every possible way with (71) and (72) we obtain (66). =

Going back to (19) and (20), by Theorem 11 we have the following

COROLLARY 12. Under the same hypotheses as in Theorem 11, the so-
lution w of the Cauchy problem (4) satisfies the estimate

)

Felligr o2y = Cllvollzeenn + Wl gorae,

where the constant C > 0 does not depend on T.

To conclude our paper, we would like to make some remarks, especially
in comparison with the real setting.

REMARKS. 1. In the Heisenberg case, we are not faced with any limiting
case as it happens on the contrary in the real framework. This is due to
the structure of the Gelfand transform of a radial function in H,, which
involves only a one-dimensional oscillating integral and, as a consequence,
the Hardy-Littlewood—Sobolev theorem always applies.

2. Unlike the real case, the Schrodinger operator (for the full Lapla-
cian) always determines a loss of regularity, except in the L:(L?(H,)) —
LP(L*(H,)) case. However, the singular Besov spaces involved in Theo-
rem 11 are not in the scale of the Sobolev embedding for the L?(H,,) space
and therefore the result might not be simply obtained by inclusions. For the
wave operator (with the sub-Laplacian) in H,,, the analogy with the real
setting is much closer, as pointed out in [BGX]. One might wonder if the
full Laplacian wave operator in H,, would behave differently; in our opinion,
that is not the case and it will be the object of further investigation.
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