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Strong summability of Ciesielski—Fourier series
by

FERENC WEISz (Budapest)

Dedicated to Professor Zbigniew Ciesielski on his 70th birthday

Abstract. A strong summability result is proved for the Ciesielski—Fourier series of in-
tegrable functions. It is also shown that the strong maximal operator is of weak type (1,1).

1. Introduction. It was proved by Fejér [8] that the (C,1) or Fejér
means of the trigonometric Fourier series of a continuous function converge
uniformly to the function. The same problem for integrable functions was
investigated by Lebesgue [11]. He proved that every integrable function is
a.e. Fejér summable, i.e.

n—1
Y skl (@)= f@) — 0 asn— o0
k=0

for a.e. © € [—m, 7], where s f denotes the kth partial sum of the Fourier
series of f.
Strong summability, i.e. convergence of the strong means

(% :Z_: |sif(z) — f(x) ’T> 1/r

was first considered by Hardy and Littlewood [10]. They showed that these
means tend to 0 a.e. as n — oo whenever f € L, (1 < p < 00). This result
was generalized to L; functions and r = 2 by Marcinkiewicz [12] and to all
r > 0 by Zygmund [25].

For Walsh—Fourier series and for integrable functions Fejér summability
is due to Fine [9] (see also Schipp [17]), while strong summability was shown
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by Schipp [16] for r = 2 and by Rodin [15, 14] for » > 0 and for BMO means.
Recently Schipp [19] gave a nice proof for r > 0 as well as for BMO means
and characterized the points at which strong summability holds.

In this paper we consider a generalization of the Walsh system, the so
called Ciesielski systems, which can be obtained from the spline systems
of order (m, k) in the same way as the Walsh system arises from the Haar
system (see Ciesielski [5, 2, 7]). In the special case m = —1 and k = 0
we obtain the Walsh system. Recently the author [23] extended the above
result to the (C,1) means and proved that the Ciesielski-Fourier series of
any integrable function is a.e. Fejér summable.

We will generalize the strong summability result to the Ciesielski-Fourier
series of integrable functions and to 0 < r < 2. We also show that the strong
maximal operator is of weak type (1,1). The proof holds for all Ciesielski
systems, so it can also be regarded as a new proof for the Walsh system.

2. Ciesielski systems. We consider the unit interval [0,1) and the
Lebesgue measure A on it. We also use the notation |I| for the Lebesgue
measure of the set I. We briefly write L, instead of the real L,([0,1),))
space, and the norm (or quasi-norm) of this space is defined by ||f|l, :=
(8[0,1) | fIP dN)/P (0 < p < 0). The space Lpoo=1Lpoo([0,1),X) (0 <p < 0)
consists of all measurable functions f for which

1 £llp,oo == sup oA(|f| > 0)'/? < oo,
0>0

and we set Lo oo = Loo. Note that L, o is a quasi-normed space. It is easy
to see that
Lp CLpoo and | lpoo <[ -llp

for each 0 < p < .
First we define the Walsh system. Let

1 ifzel0,1/2),
r(x) = .
-1 ifzell/2,1),
extended to R by periodicity with period 1. The Rademacher system
(rn,n € N) is defined by

ro(z) :=7r(2") (x€][0,1),neN).
The Walsh functions are given by

wn(z) = [[re(x)™ (z€[0,1),neN),
k=0
where n = Y22 o 12 (0 <y < 2). It is known that w,, (t)wn,(z) = wy,(v+1)

(n € N,t,z € [0,1)), where the dyadic addition + is defined e.g. in Schipp,
Wade, Simon and Pal [21].
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Next we introduce the spline systems as in Ciesielski [5]. Denote by D
the differentiation operator and define the integration operators

t 1

Gf(t):=\fdxr Hft):=|fadx

0 t

Define the Haar system xn, n=1,2,..., by x1 := 1 and

M2 ifx e ((2k —2)27" L, (2k — 1)2777 ),
Xonak(z) = ¢ =272 if x € ((2k — 1)27"1, (2k)27 1),
0 otherwise,
forn,keN, 0 <k <2" z€]0,1).
Let m > —1 be a fixed integer. Applying the Schmidt orthonormalization
to the linearly independent functions

Lt, ... t™T Gmtly, (1), n>2,

we get the unbounded Ciesielski system or spline system (fﬁm),n > —m) of
order m. For 0 < k <m+ 1 and n > k — m define the splines

T(Lm,k) o Dk 7(Lm)’ ggm,k) — kaém)

of order (m, k). Let us normalize these functions and introduce a more uni-
fied notation,

B FImE £AmE U o 0 < k< m+ 1,
gl gk for 0 < —k < m+ 1
We get the Haar system if m = —1, k = 0 and the Franklin system if m = 0,
k = 0. The systems (hgm’k),i > |k| —m}) and (hg-m’_k),j > |k| —m}) are
biorthogonal, i.e.

_ 1 ifi=j,
(R plmhy —
J 0 ifi#j7,
where (f,g) denotes the usual scalar product S[O,l) fgdA.
It is proved in Ciesielski [3, 4, 5] that

where m > —1, |k| <m+1,k+ N<m+1l,peNandv =1,...,2".

In this paper the constants C' and g depend only on m, and the constants
() depend only on p and m, and may be different in different contexts;
q always denotes a constant for which 0 < ¢ < 1.
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If K +i <m+1 then the kernel function (see Ciesielski and Domsta [6]
and also Ciesielski [5])

n

m m,k m,—k
Fm(t,s) = Y M onl™ M (s)
j=[k|-m
satisfies
(2) |D{E™R) (2, 5)] < On gl (i =0,1).
Starting with the spline system (h,(lm’k),n > |k| — m) we define the
bounded Ciesielski system (cglm’k),n > |k| — m) in the same way as the

Walsh system arises from the Haar system, namely,
Mk = R (= k| = m,... 1),

and

S = ZA“%’Z@ (1<i<2).

As mentioned before,

(10)

=wp—1 (n>1)

is the usual Walsh system. One can show (see Schipp, Wade, Simon and P4l
[21] or Ciesielski, Simon and Sjdlin [7]) that

(3) AW — AW 9wz, (@)

2,7 7,0 v+l

The system (c%m’k)) is uniformly bounded and it is biorthogonal to (cq({”"’“))
whenever k| < m + 1.

Denote by 37(1 mk) f the nth partial sum of the Fourier series of f € L1,

l.e.

s = 3 (LM e ).

j=lk|-m
Obviously, )
s f (@) = F(ODIN (¢, ) dt,
0
where the Dirichlet kernels are defined by
DMt z) = Y PO (@) (e N, txelo,1)).
j=lk|-m

Since wj(t)wj(z) = w;(z + t), for the Walsh-Dirichlet kernels, i.e. if
m = —1, k = 0, we use also the notation DS O)(t +x). So Dyt (t+x):=
D7(1 LO) (t,z) and we can regard D,(l 1) as a function of one variable.
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3. Strong summability of Ciesielski—Fourier series. The Fejér
means and the mazimal Fejér operator of an integrable function f are given

by

n

o\ f = %Z smEf oMY= sup o)™ 1.

j=1
The author proved in [23] that if m > —1 and |k| < m + 1 then
(m,k)
(4) SUPQ)\( F>0<CIflh (fe L)

(for the Walsh system see also Schipp [17] and Weisz [22]). The Fejér summa-
bility of the Ciesielski-Fourier series of an integrable function follows from
this, i.e.,
(5) cmR o f ae asn— oo
whenever f € Ly and m > —1, |k| <m+ 1.

In this paper stronger results will be proved. We consider the strong
means

1 & 1/r
(m,k),( _ (= (m.k) ppr
SO f = (SIS A) T e
j=1
and the strong mazimal operator

S£m,k),(r)f ‘= sup Sém,k),(r)f’

n>1

where 0 < r < co. We will prove that g{mk)r) (0 < r <2)is of weak type
(1,1) and in case f € L1,

Sk (f — f(z))(z) = 0 for ae. x €[0,1) as n — oo,

which generalizes (4) and (5).

We have also shown in [23] that an””f) is bounded from the Hardy space
H, to L, if 1/2 < p < co. This is not true for the strong maximal operator
(see Schipp and Simon [20]), so in the proof of the next theorem we have to
use methods other than in [23].

In proving the weak type (1,1) inequality the following lemmas will be
used.

LEMMA 1 (Calder6n—Zygmund decomposition). If f € Ly and o > || f|1
then there exist disjoint dyadic intervals Iy, I1, ... and functions g, b such
that

(i) f=g+0,

) f
(ii) [lglleo < 05
(iii) supp b C £2, where 2 := Uk o1k
)

(iv) |21 <2[fll/e,
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v) §;, bdA =0 and §; |b|dX < 20|Ii| (k € N),
(i) llgll < £l

LEMMA 2. Suppose that V is a bounded sublinear operator from Lo, to
Lo and
(6) § vrax<cifi
[0,1)\21

for all f € Ly and dyadic intervals I which satisfy
1

(7) supp f C I, Sfd)\:O,
0

where r1 denotes the interval having the same center as I and length r|I]|
(r € N). Then the operator V is of weak type (1,1), i.e

sup oQA(|V f[ > 0) < C|flln  (f € La).
0>0

For the proofs of these lemmas see e.g. Schipp, Wade, Simon and Pal [21]
or Weisz [24]. We also need another consequence of the Calderén—Zygmund
decomposition.

LEMMA 3. For f € Ly and o > | f||1 take the Calderdn-Zygmund de-
composition f = g+b as in Lemma 1. Let 2 = Jp— o I, and r2 := Jyo o1k
(r e N). If V is a bounded sublinear operator from Lo to Loo and

| IvbPax < Coll £l
0,1)\82
then
AV I > o) < Clflh-

Proof. The boundedness of V on Lo and (ii) of Lemma 1 imply
V(@) < Vg(@)] + [Vo(x)] < Collglleo + [Vb(2)] < Coo+ [Vb(2)],
where (Y is a fixed constant. Hence
{z: V(@) > (Co+ 1)} < {z: [Vb(z)| > o}
By (iv) of Lemma 1 we have

{z €82 : [Vb(x)| > o}] < [802] <16 ——— ”f”l

On the other hand, using the assumption of the lemma, we obtain

Hz € (802)°: |[Vb(z)| > o} < é S V()] da < ¢ I ||f||1

(862)°
which finishes the proof. =

We now prove the main result of this paper.
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THEOREM 1. Ifm>—1 k| <m+1 and 0 <r <2 then

(m,k),
(8) 1850 flg < Cllflloo (F € Loo)
and B
(9) sup o A(S" I f > 0) S ClfI (f € L),
0
Proof. Set

m m,k L v—1 14
(10) GU0 (1, 5) = 2027, (s WG (t) it i <5<
(1 <wv <2#). Then, by (3), it is easy to see that

(11) St (@)

O = O ey

w,,,l(s)ru(s)G&m’k) (t,s)ds

Won4y—1(s )G’flm’k)(t,s) ds,

—

where p € Nand 1 < v < 2# (see also Schipp [18] and Ciesielski, Simon and
Sjolin [7]). Write n € N in the form n = 2" +p with 2’ > p. This implies that

2i4p
m m,k m,—k
(12) DOty = Y " g™ )
j=lkl—m
m,k) (m,k
—D( (t,x +ZC22+J) 21+J )(x)
m,k
—Déi )t,x)

+ (1D (s - upry(s + u) G (2, ) G (2, 0) ds du.
00
Let (75h)(x) := h(x+ s) be the dyadic translation operator and e; := 27771,
Schipp [19] proved that

i—1

1)1(7 21[2 1— 12 Z)Z€Jl2] Te UJP 'U)p/2+(p+1/2)1[02 7,)
=0 7=0
i—1 i—1

=3 dp1-0yg50 2 e wp — wp /24 (p 4 1/2) 1) 50,

=0 1=y
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where p < 2¢ and
1 ifj=0,...,0—1,
8]"12{1 ifj=1.
Using this and (12) we get

(13)  DU™M(t,2) = DI™M (1, 2)

11
1 . . _
-3 S S wp(s +u)ri(s + u)GEm’k) (t, S)Ggm’ ") (2, u) ds du
00
11
+ SS (p+1/2)19 9-4)(s + u)ri(s + u)GZ(.m’k) (t, S)Ggm’_k)(a;, u)dsdu
00
11i-1 i—1 ‘
+ SS Z Z Lp-1-1 91y (s + u)sjﬂ]_lnjwp(s +u)ri(s + u)
00 j=0 I=j

X GE k) (t, S)G(m’fk)(av, u) dsdu

4
!
= Z Ef};(t, .’E).
=1
Since
Simk).(r) < gmk)(2) (e N, 0 < r < 2),

it is enough to prove the theorem for r = 2. Observe that

Sim’k)’@) < 2 sup S’g\?fi’@).
NeN
Then by (13),

k),(2 2=t i 1/2
(14) S f(a) = <2N_1 T s >f<x)|2>
j=1
N-12—-1 1/2
1 m,k
- <2N— 1 |Séi+p)f( )2>
=0 p=0
N-12i-1 1 "
1 m,k 2
B <2N—1 Z’Sf(tﬂ);ur)(t,m)dt‘ )
i=0 p=0 0
4 N—-120-1 1 12
1 ® 2
<D, <2N — Hf(t)ELp(t,x) dt} )
=1 i=0 p=0 0
4
= Vnif(@)



Ciesielski—Fourier series 277

We will verify (8) and (9) for the operators
‘/*,lf ‘= sup vN,lf (l = ]-7 27 374)
N>1

Consider the case [ = 1:

N-1 ' 1 9
15 Waf@)P = gy 3 2| roDg g, at]
=0 0

It follows from the fact D;n’k) — p(mk)

hi  and from (2) that

N-1 1
4 I 2
(16)  Viaf@)P < ClfI2Y S 2§l ar) < o) fI%
=0

0
whenever f € Ly and x € [0,1), which shows (8) for V, ;.

) Now suppose that f € Ly, the support of f is a dyadic interval I and
So f=0.Set

= S ft)ydt (ze€[0,1)).

In case k < m we integrate by parts in (15) to obtain
N—-1

1
|VN,1f(33)|2 ~ 9N _ Z 2’

=0

(mvk)

2
(t, ) dt} .

1
\Ft)D
0
If x ¢ 21 then (2) implies

N-1
Vnaf())> <27V Z 25i<§ |F(t)] g%t dt>2

1=0 1

o
4 i 2
<ClfI3 Y24 (§a* el ar)
i=0 I
[e'¢) ' ]
< CIIFIRIPY 24 sl < O FIRITPlto — 2|7,

i=0

where tg denotes the center of I. In the last step we have used the inequality

(17) ST Mt < Oyle — M (M > 0,2 £ 1),
j=0
which is easy to show, or can be found in Ciesielski [4] and Weisz [24]. Thus
(18) | Viaf(@)de <CIfIlI | [to — 2 de < C| 1,
(20)° (20)°
which shows (6), and consequently the operator Vi i is of weak type (1,1)
whenever £ < m (cf. Lemma 2).
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Let the length of the dyadic interval I be 275 (K € N). If k = m + 1
and ¢ < K then it is easy to see that, for a fixed =, D(m k)(t, x) is constant

on I and so S(l) f(t)Déi )(t,x) dt = 0. If i > K then, by (2),
DG (1, )| < 27K 92ig el

Taking into account (15) we conclude that
1

N-1
Vuaf@P <027 37 22K (o)l ar)’

i=K+1 0
[o¢] ) )

< C|IFIFITPD 2b g o]
i=0

and (18) also holds in this case. Hence V. ; is of weak type (1,1) for all
|k| <m+ 1.
For the second term of (14) we have

N—-12i—1

1
Viaf@)? < C27V 3 S| [
0

=0 p=
11 )
% {wp(s Fu)ri(s +u)G"™ M (¢, )G ™ (2,0) ds dudt|
00
By (1) and (10),
- 1 2t 2t
Vv f ()]* < C2° NZ l(S’f Iy > 2
=0 0 v=1 pu=1
2t u2~? ) _ _ 9
X S S qzz‘t*”rl'qu*ﬂ_l‘ dsdu dt)
(v—1)27% (u—1)2
N-1 1 20 2t
<C —-N 21(S|f |qu2 |t—v27) 21|r u2= ’|dt>
i=0 0 v=1p=1
< CIIfIIE.
Thus (8) and (9) are shown for V; 5.
Consider the third term of (14):
—12i-1 11
19) V@ <03V 3 32 Hf BIREEE
i=0 p=0
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Suppose that f € LOO and apply (10) to get
—12¢-1 1 2t 2t
Vaaf(@)P < 027N Z N ACODID IS
1=0 p=0 0 v=1 p=1
v2~t u2~? ) _ ) _ 9
X S S Ljg.o-i)(s +w)g* =2 1% =27 ds du dt) :

(=127 (u-1)2"

Ifse[(v—1)2"%v27% and u € [(u — 1)27%, p27%), then

. 1 ifv=u,
1[0,27i)(8+ U) = {0 if v ?é .
Thus, for z € [0,1),
N-12i-1
Vnaf @) < ClIfIR2Y D > v (222@
=0 p=0 v=1
1 w27t v27t _ o A 9
% S S S qzz\t_uzwqw\z_urqu dudt)
0(v—1)2-% (v—1)2—1

N—-12t—1 2=t 2t

<O)fIE2N 3 S (ZT [ f 2 dsdu)

i=0 p=0 v=1l (v—1)2—%(v—1)2—¢

N-1 2i
, o i\ 2

< CIf22N Y 24 ( D2l )
i=0 v=1
N-1

<COlfI32N )2 < Clfl%.
i=0

Assume that f € L; satisfies (7). If £ < m then integrating by parts in
(19) we obtain

N-12—-1 1 11
Vial (@) < 027 3 S| [
i=0 p=0 0 00

; : (m,k) (m,—k) 2
X 1994y (s +u)ri(s + u) DGy (8, 5)G; (z,u)ds du dt‘

12i—1 2t u2=t

cor S (o T

=0 p=0 v=1p=1 (v—1)27% (p—1)2—*
. 7 —1 1 —1 2
X 1pg92-i)(s + w)g? 2 2 =2 s dt)

N-1 21

< C||f||12_N Z 231(222S 20 [t—v271 21|r v2~ I‘dt> )

=0 v=1 T
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Applying the inequality

[o@)

(20) D g < og il (g <r <),
k=1

we conclude that

N-1 )
(1) [Viaf@)P < O Y 24§t ar)”
1=0

1

N-1
< CIFIRITE S 2gletol < € 21Tk — to]
i=0
if ¢ 2I. The proof of (9) for Vi 3 can be finished as above.
Assume that k = m + 1. It is easy to see that X,y (k= 1,...,2%) is
Fit1-measurable, where F,, denotes the o-algebra

Foi=o{[j27",(G+1)27"):0<j < 2"}
(m,m—H) o i (m,m+1) . o
Hence h21+j (j =1,...,2") and, for a fixed s, G, (-,s) are Fiy1

measurable as well. Denote by F,, the conditional expectation operator with
respect to F,. Then

(22) Biaf=0 if270) >,

(23) B f(O] <2710 { £ ()| dx if 270FD < 1.
I
It follows from (19) that

1201 1
Vnaf(z) ’2<C2NZZPH (Eit1f) (1)

=0 p=0
1
x|
0

O ey =

Lig,2-i( s—i—u)m(s—l—u)G(m m+1)(t s)G(m T 1)(1‘ u) dsdudt’

— ; ; i —i| 9i —i 2
< C||f||%2_N Z 232(2 9t S q2 [t—v2 \q2 |z—v27Y| dt) )
i=0 v=1 I

Similarly to (21) we can see that V, 3 is of weak type (1, 1) for all |k| < m+1.
The fourth term of (14) is much more complicated. Here we have to use
another method. Obviously,

N-12i-1 1 114i-1 i—1
(24) |[Vnaf(z)?<C27V Z Z Hf(t)“z ljg-i-1 -1y (s Fu)e; 2/~
i=0 p=0 0 00 j=0 I=j

; ; (m,k) (m,—k) 2
X Te,wp(s+u)ri(s+u)Gy 7 (t, )G (x,u)dsdudt| .

There is a vector
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2t—1

(aio(x), .- a1 (2)) €RZ, S ai(@)? =1 (2 €[0,1)),
p=0

such that

201 1 114—1 -1
@) (X O Y tp (e w2
p=0 0 005=0 I=j
X Te; wp(s +u)ri(s + u)GEm’k)(t, S)Gl(m’_k) (z,u)dsdu dt‘z) 12
211 11 i—1 1—1 '
Eiwm SH 120D (s +w)e 2!

X Te,wp(s 4+ u)ri(s + WGP (¢, )G (@, ) ds du dt.

By Holder’s inequality the last expression can be written as
1 i—

1.1 1 i—1 i—1
S [S <Sf(t) Z Z 1[2—1—1,2—1)(5 + u + 6]‘)8]'712]'_17‘1‘(8 + u + 6]')
0 0 O j=0 I=j

201

x G (it s 4 )G (@ dt) ( Z aip(z)wy(s + u)) ds} du

1 11 i—1i—1
= S KS ‘ Sf(t) Z lp-t-1 (s +u+ ej)eji2 ri(s +utey)
0 00 3=0 1=j

m ) . 2 \1/2
x G (1 s 4 e;)GE™ k)(x,u)dt’ ds)
21 2 \1/2
<H Z a; p(z)w, S—G—U)‘ ds) } du.
0 p=0
By Parseval’s equality
1 201 2i—1
H aip(x wps+u’ ds—2|az,p =
0 p=0
Thus (25) can be estimated by
111 i—1 -1
L5500 3 tavay s Fu b ey
000 j=0 1=§

: , _ 2 \1/2
x 207 (s +utej )G(mk)(t,s—i—ej)GEm’ k)(x,u)dt‘ ds) du.
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Substituting this into (24) we derive

%

26) [Vnaf o <2 Y [S(i]if

i—1
D gy (s Futey)
=0 =

—1
=0 1=
j-1 (m.k) (m,—k) vz
X e 2 (s +ute;)G (8 s + €)G (x,u)dt ds) du} .
In case f € Lo apply (1) and (10) to obtain
21 #2—1'

Viaf(a >|2<0||f||22Ni[Z | (m

i—1
Lo,2-4) (s+u+ej))

=0 p=1(u-1)2-1 7=0
21
1a2i ol il i |2 /2 12
X 2‘7 lQQZZ1[(1,_1)2—-;71,2—2‘)4_6].(3)(]2 ‘t v2 ‘q2 |x p2 ‘dt‘ dS) d’U,:| .
v=1
Integrating by ¢ we can see that
N-1 2t p27? 1 -1
Vaaf@PCIfIZ2 Y S 253§ (§] D 1pamn(s+utey)
=0 p=1(p—1)2-% 0 j=0
21'
- ; a2 1/2 72
2’L — 2 k2
><2]Zl[(u—l)z—i,uz—i)irej(s)q =2 dS) du]
v=1

2t p2t 1

N-1
= oY S S f (fe e
=0

p=1(p—1)2—% 0

22
x Zl[oz J1)(8+U+631 2]1 Z Ly —1)2-i 02— z)+e]1( s)
Ji= =0 v1=1
2 1/2 12
x 21[02 )5 Fut )22 Y L, 1009ty (5 )ds) du] '
Jo= =0 vo=1

We may suppose that j» < ji. Replacing s + e;, by s we conclude that
N-1 20 p27t 1

3 i+1 —q

Vxal@)P < Ol 3 3 (e

i=0 p=1(u—1)2—i 0

i-1
X Z Ligo-i1)(s +u)2” Z L —1)2- 24 (8)
Jj1=0 v1=1
Ji ‘
X > lpgo-my(s +utej +ej,)27
J2=0
2 1/2
X Z 1[(V2—1)27i,1/227i)-i-€j1-i—ejQ( )d8> d :| *

=1
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Since for fixed i, j1, j2 the sets [(vo — 1)27%,1527") 4 €, + €, are disjoint
dyadic intervals,

N-1 20 2t 1
_ . il o—i
Vvaf@P < Clfie ™ Y2y § (fa 2
i=0 p=1(p—1)2-i 0
i—1 o2
X Y Apga-iny (s F w2 Y 1, nya-isa-(9)
j1:0 v1=1
Z S N2 g2
X Z Ligo-i2y (s +u+€j, +ej,)27 ds) du]
J2=0
N-1 2 p2 2t p2t
<Y Y ) (X
=0 p=1(u—1)271 v=1(y—1)271
i—1
. o i /2 2
3 Tpamanfs + w2 ) ]
Jj1=0
It is easy to see that for each p there exists a set S, such that

1 ifvesSj,,

(27) toa-n(stu) = {0 if v S,

where s € [(v —1)27,v27%), u € [(p— 1)27%, u2™"). Moreover, |S; | = 277
and

Sip Clu—2"7 + 1, u+27 —1].
Then

N—-1
Vvaf(@) < CfI2 N Y 2%
1=0

21 p2~t i—1 p2iI—1 p2t

AX T (E Y e Pl

p=1(p—1)2-% j=0py=p—21=341 (v—1)2—1

N-1 21
<clfp2 N Y 2 [ < apre

=0 p=1

We now prove that V. 4 is of weak type (1,1). To this end, we apply
Lemma 3. Suppose that ¢ > || f]|; and take the Calder6n—Zygmund decom-
position f = g + b as in Lemma 1. Let £2 = |J;—, I, and suppose that
x ¢ 8(2. With the help of (26) we estimate Vi 4b(x) as follows:
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1 11 i—1 i—1
|VN’4b(;c)|2 < CQ‘N Z |:S (S ’ S b(t) Z Z 1[271717271)(8 + u + ej)sj,l
0 00 7j=01

i=0 =0 l=j
) . ) . - 1/2 2
x 2 1i(s Fut e)GP (s - e,)G ) (2, ) dt‘ ds) du) .

Let f, :=b1; and 27" :=|I,,| (n € N). Then

Vv, ab()?
“1 1 1.1 oo i—1
SCQ*NZ [S(HSZ 1{7]n<]}212 -1 9-1)(s +udej)ejy
=0 0 0 0n=0 =0
x 27 (s ut e) G (1 s + o)™ k)(az,u)dt‘ ds>1/2du]2
N—-1 1 1 1 o i—1
+02_NZ [S(S‘SZ 1{77n>]}21[2 -1 9— s—i—uﬂ'—ej)sj’l
i=0 0 0 0n=0 =0

» m. . . 12 12
x 275+ ud e)) G 8,5+ )G () dt‘ as) " du]
Consider the following sets of vectors (n1,na, j1, j2):

Ji= {0 <1 Sty < J2}s 2= {0y < ey < 1 < 2}y
J3 = {0y <y < g1 < g2}, Jai= {00y < 0ny < g2 <1},
J5 = {0y <y < Jo<i1}h,  Jo:= {0 <j2 <mn, <J1},
Jr = {j1 < My < J2 < My}, Js = {1 <J2 <ty <y}
Jo = {j2 < Jj1 <nny <o}y J10 = {01 < G2 <y < g}
Jin={J2 <1 <My <My ts  J12 = {d2 < Mny < J1 < My -
Then

1 o i—1 i—1
‘ S Z fn(t) Z 1{77nSj} Z 1[271717271)(8 +u+ 6]’)5]‘,[
J=0 I=j

0n=0

, 2
x 2771 (S—|—U+€])G( k)(t,s—i-ej)GZ(-m’_k)(a:,u)dt

1 oo i—1 i—1
= § 20 ) D L <iy D lpn-rpm (st uteg)ei,
0n1=0 71=0 li=j1

X 2j1_17“z'(5 +u+ €j1)Gz(m’k) (t1,s + ejl)Gz(m’_k) (z, u) dty

1 oo i—1 i—1

X S Z fro(t2) Z 1{77n2§j2} Z 1[27127172712)(8 +u+ €3 )Ejo o

0ne2=0 72=0 la=j2
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x?21(8+u+%ﬁGmm@mS+%ﬁGm mQﬂOﬁ?

6 11 i—1 i—1
ZSS Z Z fm 31 fnz t2 Z Z 1[2 li=12-10) S+u+e,]l)€]1,ll
=1 00n1=0n2=0 J1=011=71

x 217 (s Fu + ejl)Ggm’k) (t1,s + ejl)Ggm’_k)(m, )

i-1 i—1
X Z Z Lip-ty-1 9-12) (s Futejy)ejn2? (s Futej,)
J2=01l2=j2
X Gl(m’k) (tQ, S —I— ejQ)Gl(m’_k)(:E, u)ljl dtl dtg
6
=: ZE[(S u)
=1
If we define Ej(s,u) in the same way for [ = 7,8,...,12, then we get imme-
diately
N-1 1 1 2 42
(28)  |Vwab(z)]® < ZC’Q Ny [g (HEl (s u)’ds) du }
i=0 0 0

= ZAN,l(ﬂﬂ)
=1

Observe that the cases [ = 1, 2,3 are symmetric to [ = 6,5,4 and the
cases [ = 7,8,9 are symmetric to [ = 12,11,10. Therefore it is enough
to consider [ = 1,2,3,7,8,9. Suppose first that [ = 2. If &k < m then we
integrate by parts in f5 to obtain

| Ea(s,u)|
11 (o) i—1 i—1
= m D2 I Eu(t) 3 > Tpmum1pmny(s+utesi)e
00n1=0mn2=0 J1=011=j1

x 20 yy(s Fud )G (81, 5+ e ) G (2, )

i—1 -1
X Z Z Lig-ty-1 9-12) (s Futejy)ejnn2? ri(s Futej,)

Jj2=01l2=j2

X Dt2G§m7k) (tQ, S + €j2)GZ(-m7_k) (l‘, ’LL)l{nnlgnﬂL2 <j1<ja} dtl dtQ .

Assume that u € [(u—1)27%, u27%) for some pu = 1,..., 2% Applying (1) and
(10) we conclude that



286 F. Weisz

11 o e )

[Ea(s,u)] < CNY DT [ foy (8] [Py (£2) 21[02 iy (s +u+ej)212%

00n1=0n2=0 71=0
21'
. o 2't1—1127 2% |x—p27Y|
X E 1[(1/171)2_’,1/12_1)+ej1 (s)q q
vi=1
i—1 20
§ ) i Lo, \9J2930 E ) .
X 1[032—]2)(8 + u 4+ 6]2)2 2 1[(1/2—1)2_1,V22_1)+ej2 (S)
72=0 vo=1

2'ta—1227 2% |z —p277 .
q q Ly <nmy <1 <o} A1 dt2.

By (v) of Lemma 1,
| Py (t2)] < 11, (t2) | |fo ()| dr < 20|10, |11, (t2) = 2027217, (t2).
Iny

Since the dyadic intervals I, are disjoint and 7,, < 9, in case | = 2, we
conclude

oo oo
S s (t2) 140, <o,y < 202770 1y, (1) < 20277
no=0 no=0
Hence

(29)  [Ea(s, u)l

11 oo
< Co2[{ Y 27| fy (1) !Zlog (s Fute;)2n
00n1=0 Jj1=0

. o 2ft1—1127 24w —p27Y
x ) Ly —1)2-n2-1) ey, (5)4 q

vi=1
i—1 20
= Z 1[0,2—J'2)(3 +u+e5,)2” Z 1[(1/2—1)2*1‘,1/22*1‘)4}@]-2 (s)
72=0 vo=1
q2"t2_"22’1‘q21|‘”"“‘2’2|l{nnlgjlgﬁ} dtq dts.
If k. =m +1 then
|Ea(s,u)
11 oo oo i—1 i—1
‘ “ Z fri (81) (Big1 fno) (E2) Z Z 1[241*1,2*’1)(5 +u+ej)
00n1=0n2=0 J1=011=71

x e5 2 (s Fud e )G (4, s+ e )G (@, w)
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i—1 i—1
X Z Z Lp-ta=1 915 (s Futen)epn2? (s Futeg,)
Jj2=01la=j2

» Gl(m,m-i-l)(t%s i €j2)G£m7_m_1)(xau)1{77n1 <1iny <1<} dty dts|.
Recall that GZ(.m’mH)(-,s) is Fit+1-measurable. Applying (22) and (23) we
can obtain inequality (29) in the same way as above.

Integrating by t2 in (29) we have

> i—1
(30)  |Ea(s,u)| < Cg24z'x Z 27 f ()] Z 1[07273-1)(5 Tud €j1)2j1
07n1=0 j1=0
21'
2|ty —p 278 2t |20
XD L1tz ()7 T2l e
v1=1
i—1
X Y oy (s+utep)
J2=0
2 Z 1[(112_1)271.’”2271.)4'6]'2 (3)1{%1 <n<ja} dt.
vo=1

Substituting this into (28) we get

N-1 2t 27t 11 oo
Anp@) < C2 N 325§ (T2 o)
i=0 p=1(p—1)2—i 00n=0
i—1 ' 21
X Z 1[0,2*3’1)(5+U+6j1)2]1 Z 1[(V1—1)2—i,u12—i)+ej1 (s)
j1:0 v1=1
i—1
iy 0—i| 9itl|,._,,0—i . . ;
« q2 [t—212 ‘q2 lz—p27° Z 1[0,2,]-2)(3 Fu+ej,)2”
j2=0
2 12 12
XD 1[(u2—1)2—i,u22—i)+ej2(8)1{nns;'1§j2}dtds) d“]
vo=1
N-1 2t 27t 11 oo
D SEA DS (D SERATAC]
i=0 p=1(p—1)2—i 00n=0
i—1

X Y Aga-ny(s Futej +ejp)2t
j1=0
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2i
X E :1[(1/171)2_",1/12_1')467'1487'2(S)
vi=1
i—1
2i t— 2—1' 2i+1 _ 2—1’ . -
x g2 lt=m2 T 2 g \E 1.2 (s + u)27
J2=0

1/2 2
X Z 1[(1/2—1)272',V22*i)(S)l{nnﬁjlﬁjQ} dtdS) dU] .

vo=1

It is easy to see that if s +u € [0,2772), then s + u 4 ej, +¢j, € [0,2771)
(j1 < j2). As the sets [(v1 — 1)27%,1127%) + ¢, + e, are disjoint dyadic
intervals, if

(1 = 127" 1277) Fejy +ejy = [(r2 — 1)27,10277),
then 1127% = 127" + ¢j, + ¢j,. Thus

N-1 2t p27? 11 oo
Ana(@) < Co2 ¥ 323§ ([13 27
=0 pn=1 (#_1)2*i 00n=0
i-l il ' 20
X Z 271 Z 1[072—]‘2)(8 —|— u)2” Z 1[(,/2,1)2—1'7,/22—1')(8)
71=0 72=0 vo=1

) . . ) . 1/2 2
2'|t—1v22 e, €4, | 21+1\z—u2 H o
X q 11 R2lg 1{77n§]1§]2} dt ds du| .

By (27),
N-1 2t p27? 11 oo

Analw) < C2 M Y20 | (5822 " falt)]
=0 pn=1 (#_1)2*i 00n

pt2i-92 -1

i—1 i—1
X Z 271 Z 272 Z Li—1)2-i2-1)(5)

Jj1=0 J2=0 v=p—2"J241

e 1/2 72
7 [t—v2 +e11+en\q2 lz—p2 ‘1{nn§j1§jz}dtd5> dU]

N-1 21
<o S e[S (I mino o 3o
i—0 p=1 0n=0 J1=0  j2=0
2i—j2 1 . o . - » 1/272
v Z qQ [t—(1+p)2 +e]'1+67'2|q2 |z=p2 ‘]‘{7]n§j1§j2} dt) } )
l=—2i"J241

Holder’s inequality implies
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N-1 2
Ana(z) < Co27N Z o1 [Zq2i71|x_u27i‘
(22 Mn Z 9J1 Z 92 1{77 <in<ia}

J1=0 J2=0
2t—J2 1 . L ) _ y 1202
X S|fn(t)| Z q2z‘t—(l+#)2 Z—i_e]'l‘i'ejQ|q21‘$—‘u2 " dt) i|

0 I=—2t"J241

N—-1 2t
<o Y ()
=0 p=1
2" oo i—1 i—1
X (Z PR DRED PE S RPN

pn=1n=0 71=0 j2=0
1 2i—J2 1 , . . ) )
<] YD I el gl gy )
0 I=—2i—7241
20 5o 1—1 i—1
N n ' j
< Co2” Z 2’222 NN 2R iy
i=0 pn=1n=0 71=0 Jj2=0
2i=72 1 , L ‘ ,
X S\fn(t)’ Z g2 It (27 F2 27 a2 gy
I=—2i—7241

Taking into account inequality (20), we derive

(31)  Ana(w) < Co2” szlzz i Z?ﬁ ZW Una<ji<in)

1=0  52=0
2i—J2—1
iy —ii9—j1—1i9—ja—1
« S|fn(t)| § : q2 |g—t+127 27917142792 |dt

In, I=—2t—J241
Note that x ¢ 82 and so x ¢ 81, (n € N). It is easy to show that
lz—t+1270 277 L o= > Ol — ¢,
because 1, < j1 < jo. From this it follows that

Ana(r) < Co2” N Z 2’ 22 " Z 21 Z 272 Lnn<ii<io)

Jj1=0 J2=0
x| \fn(t)\%”q”"“t' dt
In
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N-1 s i—1  J2 ]
MDD W IRCIEEY
=0 n=0 j2=041=0
< 0@2?” S 2 § Al
n=0 In
< CQZT% V1 fa®)] |2 — 22 dt.
n=0 In

Then by Lemma 1,

| sup Anp(@)de < Cod 27 { [fa®)] | |o—t| P dudt
(802)c VEN n=0 In (81,)°

< CoY” [ Ifalt)ldt < Col flh.

n=0 I,

The expression Ay, can be estimated exactly in the same way.
If we replace 1y, and 7,, and integrate over ¢; in (29), we deduce similarly
0 (30) and (31) that

1 oo 1—1
|Es(s,u)] < Co2" | > 272 £, (t2)| Y g9y (s +u+e;y)27
0no=0 71=0
2i

i—1
2i+1 _ 2—1' . .
XD Vn-nz-imeivie, (08 TN T gmi (s Hute)
vi=1 j2=0

2i
j 2t |tg—1p27 "
X2 iy 1)iamaiyie, (91672 N i<y db

vo=1

and

Ans(z) < Co2~ N Z 2222 n Z 9J1 Z 9J2 L <iv<io)

71=0 72=0
2i—J2 ] ) )
~ S |fn(t)| Z q22|1’—t+l2 Y dt.
In, [=—2i=J2+4+1

The inequality

S sup AN73(£C) dr < Collf|1
(s52)c NEN

can be shown as above for [ = 2.
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Suppose now that [ = 7. Similarly to (30) and (31) we obtain

1 oo i—1

|Er(s,u)] < Co2" {3 [fuy (t0)] D Loy (s + ut ej,)2"
0n1=0 71=0
21

_ . 28|t —v127% 20 |z—p27
X D Luron2-tmn2-i)he, (5)4 q

v1=1
i—1
e Z Lig,o-iny(s T u+€j,)
J2=0
2i
X Z 1[(u2—1)272‘,u2272‘)+ej2(5)1{j1<nn1<j2} dty

vo=1

and

oo i—1 i—1

Ang(z) < Co2™V Z 20 DY icna

=0 n=0 j1=0 72=0
2t—J2 1
i) —ijo—j1—1i9—jo—1
> S |fn(t)‘ Z q2 |e—t+127"42791— 142772 |dt
In [=—2i"J241
Obviously,
Ang(z) = An7a(z) + An72(2),

where

oo i—1 i—1

AN,?,I( = Co2” N Z 2 Z Z 21 Z 1{j1<77n<j2}

=0 n=0 j1=0 72=0
2i=J2 1
2| p—tH127 27911 {2721
< Vol Y ¢
I I=—2i=J2+41
X 1{\x—t+2—j1—1\§8-2—fz} dt
and

oo i—1 i—1

Anza(x) = Co2™N Z 2! Z Z 271 Z Lji<nn<io}

=0 n=03j1=0 72=0

2i—J2 1
i e o
X S | fn (1] Z ¢ |z—t+127 427911 f2—d2
In [=—2i—J241

X Lo tio-i—1|>8.2-2y dl-
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Therefore,

co 1—1 i—1

AN,?,l( ) < Co2™ N Z 2' Z Z 27! Z 1{j1<77n<j2}

= n=071=0 jo2=0
XV a1 Lo tiz-i-1<sa-sy dt
In
oo Mn—1 00

<Cod 322" 30 §Un(Netion-tjcsony dt

n=0 j1=0 j2:77n+1 In

and so
oo Mn—1 00
| osup Anza(e)de < Cod Y 20 Y 27 [ |fu(t)|dt < Co| f]h-
(892)c NeN n=0 j1=0 J2=nn+1 In
Since

o —t 4127 F 270 L 27BN > Cle -t 27
in Ay 72(z), we have

oo i—1

AN,?,Q( < 092_N Z 22Z Z Z 271 Z 2772 1{j1<?7n<]2}

n=0j1=0  j2=0
C2i|lx—t+4+2-71-1
X S |fn(t)|q @ + ‘1{|x_t+2*j1*1|>8‘27j2}dt-
In
We may suppose that © > t. As « & 81, (n € N), An72(z) can estimated
by the sum of the terms
oo NMn—1 i—1 i—1

Anzoi(z) = Co2™ N Z 2% Z Z Z 21 Z 27214, cn<iny L

n=0 (=0 j1=0 72=0
C2|z—t+2771~1 L )
X S ‘fn(t)‘q | |1{\m—t+2—31—1\>8-2—J2}1{x—t€[2_l,2_l"’1)} dt,
In
0o NMn—1 i—1 i—1

Anoa() = Co2™N Z 2222 Z Z 27 Z 27215, encin} L <t-1)

n=0 [=0 71=0 j2=0
C2Hx—tF2771—1
X X|fn(t)\q ‘x * ‘1{|x—t—§-2_]'1_1|>8~2‘j2}1{x—t6[2_l,2_l+1)} dt
In

and
0o NMn—1 i—1 i—1

Anzas(x) = Co2™ N Z 2% Z Z Z 271 Z 27214, cpu<iny L pn=t-1)

n=0 (=0 71=0 72=0

C2tz—t42-0171
<\ 1fa)lg |‘T e e sio-n-1j>82-12) Lo teot p-t1yy dE.
I
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It is easy to see that
0o NMn—1 i—1 i—1

Angoa(z) < Co2™V Z 2% Z Z Z 27 Z 2721 <nu<in) Liony

n=0 [=0 j51=0 j2=0

o2
X X ’fn(t”q = tl1{\x—t—i—2*11*1\>8-2*J'2}1{x—t€[2*172*l+1)} dt
In
Mm—1i—1 Jj2

S 9D W 95 9 ot

=0 72=0371=0
x S ’fn(t”qcyu tll{x—te[rl,%lﬂ)} dt

In
< Co Z 2% Z 27 | | fu ()] g1 dt
n=0 I,
< 0922% V1)) |2 — 2|2 dt.
n=0 In

This implies that

S sup An72.1(z)dx < CQZ 27 X | frn(t)] S |z —t| 2 dxdt
(S_Q)c NEN n=0 In (8In)c

< Collflh-
For An722(x) we obtain
0o Mn—11—1 i—1

Angoa(x) < Co2™N Z 2% Z Z Z 27 Z 27215 cn<in} L <t-1)

n=0 [=0 j1=0 Jj2=0

c2i-i-1
X S|fn(t)|q U Y amtio i1 >822} La—tefp-t o141y dE
In
0o NMn—11-2

<CQ2_NZQQZZ Z 2231 Z 272

n=0 [=0 j1=0 J2=nn+1

i— 1
X S ’fn( )‘q c2ne Liz_tefp-to-1+1yy dt.
In

Since ¢* < C/x,
NMn— 117-2

Anro2(z) < Co2™ NZQ’ZQ ”nZZQ%

1=0 j1=0
x S | fn(t )\1{z—te[2—l,2—l+1)} dt

Mm—1

< CQZQ 2V fa®) L omreppot oty di.

n=0 =0 In
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Integrating over =, we conclude that

o0 Mn—1
| sup Anzoa(z)de < Cod 27 > 21 | |fu(t)] dt < Col f]1-
(82)c VEN n=0 =0 I,

The term Ay 723(x) can be written as
N-1 oo Nn—1

Anzas(e) SCo2™V Y 2% % o Z 277

=0 n=0 [=0 Jo=nn+1
C2i|z—t427
X S|fn(t)|q le=t+ |1{‘m_t+271|>8,2—j2}1{1.7t€[2—l72—l+1)}dt.
In

Obviously, z —t + 27t ¢ [2_j2+3 271). Thus
o0 MNn— 1 1—1

An7os(z <092—N2222222l Z 9772

n=0 [=0 J2=nn+1

J2—3
C2t|z—t+2-¢
X Z X|fn(t)|q ot ‘1{x—t+2—le[2—s,2—s+1)}dt
s=Il+11,
N—1 00 Mn—1

<Cp27 Ny 22NN o Z 972
1=0 n=0 [=0  ja=np+1
J2—3 L
Z X ‘fn o2 1{$7t+2—l€[2—s72—s+1)} dt
s=l+11,
0o Mn—1
030 SEUD Ve

n=0 [=0 J2=nn+1

Jj2—3
X Z S |fn |1{IE t+2 l€[2 52 5+1)} dt
s=Il+1 I,
Consequently,
oo Mn—1 jo—3
| sup Avras@de<Cod>" 32 3 2 Y (lnla
(802)¢ Nen n=0 I=0  jo=mn+1 s=l+11,

oo NMn—1

<Cod Y Z 2= ( z—l)Srfn<t)|dt

n=0 [=0 jo=nn+1

o0 n'n_l

<Cod Y o, —1) S|fn<>\dt

n=0 [=0

< Co Y [0l dt < Col 1.

n=0 I,
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For | = 8 we can see that

1 oo 1—1
|Es(s,u)] < Co2" > 27| £, (41)] Y g gny(s +utejy)2”
0n1=0 71=0

22
E , o 21 -2 2 o — 27
X 1[(1/1—1)271,V1272)+6]'1 (S)q q

vi=1
i—1
X Y ljga-iay(s Futeg)
J2=0
2i
X 2-72 Z 1[(1/271)2_",1/22_i)+ej2 (8)1{j1<j2<77n1} dtl
vo=1
and
N-1 o) i—1 i—1
Ans(z) < 092_N Z 2 Z 27 Z 27 Z 2j21{j1<j2<77n}
=0 n=0 71=0 72=0
217721
i) —ijo—j1—1i9—jo—1
x (] Y etz g,
In [=—2i—J241

The right hand side can be split into the sum of

N-1 00 i—1 i—1
Anga(e) = Co27N Y 20y 27 N "ol N oi 1 oy
1=0 n=0

71=0 72=0
2i—J2 1
2! |p—tH127 2 d1 {2521
< Vi@l > ¢ | dt
In l=—21"J241

X 1ggmm—iag, jo-in-1 (%)
and

i—1 i—1

N-1 00
Anga(z) = Co2™ Z 2 Z 27" Z 21 Z 221451 <o}
=0 n=0

71=0 72=0

2i—J2 1
AP —ijo9—j1—119—jo—1
x [l S ety
I, I=—2iJ241

X 1{(8.2nn*j2 In42-91—1)c} (:L')

One can see as above that
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Mm—1
Anga(z <CQ22 nnZsz
j2=0
-1l
X Z 27 S | fn(t)] dt 1{8-2%*]’21”42*11*1}(95)
Jj1=0 In
and
[e’] Mn—172—1 )
[ sup Awsi(@)de < CoY 27 S0 S 20 [ |£,(1)] dt < Col fI].
(802)e NEN n=0  j2=05j=0 Iy
Moreover,

i—1

Anga(z) < Co2™V Z 2% ZQ " Z 2n Z Lgji<jo<na}

Jj1=0 J2=0
(AP 1
X S ’fn(t)‘qCQ [o—tn 2717 Idt 1{(8.2’7”_j21n4'r2_j1—1)0}(x)’
In

where t,, denotes the center of I,,. If we suppose again that x > ¢ then
Ang2(x) can be estimated by the sum of

N—-1 Mn—1 i—1 i—1
_N n
Angoa(x) = Co2™N ) 22222 YUY L chrend iz
i=0 n=0 =0 j1=0 J2=0
C2ilz—t, +2-71—1
X S | [ ()| qC2 =t 2 gy Ly(g-om—izr, +2-11-1)e} (T) Lfaet,e2-t 2-141)}
I
Nn—1 i—1 i—1

Angoa(x) :=Co27 " Z 2% 22 YOI i chrenad L <i-1)

=0 j1=0 j2=0
C2|z—tn 2711
X S | (8)]dC% o —t, 2771 |dt Lygam—ing, i2-1-1ye3 (@) Lot cpp-12-111)}
In

and
n—1 i—1 i—1

N-1 o]
Angas(x) :=Co2™ " Z 2% Z 27" Z Z 27 Z Ljy<jo<nn L {jr=1-1}
=0 n=0

I=0 j1=0  jo=0
C2i|lz—tn+277171
X S |fn(t)|q |z—t,+2771 |dt1{(8'2"n7j2[n—‘;-2*j1*1)°}(x)l{m—tnE[Q*lQ*“fl)}'
In

Then
Mm—1 i—1 jo—1

Axsza(a 022’22"”2222”1

=0 j2=041=0

x S |fn(t)‘qC2z‘xitn‘ dt Lz tnef2-t2-t+1))
In
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N-1 oo
<Co)y 2% 27 | fu()]q* N at
=0 n=0 I,

<Co> 27 | | fu(t)] |z — | 2 it
n=0 In
and so

sup Ang2.1(z)dr < Col|f][1.

(82)e VEN

As before, we obtain

Ang2.2(z)
NMn— 14-1 3—1

< Co2” N Z 22222 " Z Z Z 20 Liji<go<na} Lgn<i—2)

=0 j2=0351=0

i—j1—1
X S |fn(t)‘q02 " dt 1{r—tn€[2*l,2fl+1)}
In

Mm—1nn—1j2—-1

< Cp2~ NZZ’ZQ ”nz Z 227 i<t

=0 j2=0 j1=0
X S |fn(t)‘dt 1{m7tn€[2_l,2_l+1)}
In

Nn—11n—1 (G2—1)A(I-2)

< CQZZ NS> 2 L) dt g ooty
In

1=0 j2=0 71=0

—1np—1j2—1

<CQZQ " Z SN Mgy S [ dt 1y, cp-12-t41))

=0 j2=0j1=0

Mn— ]-77n_1l 2

-I-CQZQ " Z Z 22 n 1{]2>l 1} S | fu(t )|dt1{x tnE[2-1,2-1+1)}

=0 j2=0 51=0

= Ans2,21(%) + Ang2.2,2(7).
It is easy to see that

n'n_l
ANg 272,1 < C’QZ 927 Z 22! S |fn(t)| dt 1{x7tn€[2—l,2—l+1)}
=0 In
and
00 NMn—1
| sup Angopi(@)de < Cod 27 B 2\ [fu(t)ldt < Colflh.
802y VEN n=0 =0 I,
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Similarly,
n'n_l
Ang222(r) < 0922 Yy 2% (e =) S ()] dt 1y, eo-t 2141y},
1=0
which implies that
0o Mn—1
| sup Angooa(e)de<Cod Y 27" (n, —1) § | fa(t)] dt < Col|fl]r.
(82)c VEN n=0 =0
It follows easily that
N-1 NMn—1
Msaals) < Co? TS 2 3
=0 n=0
Z [ 1 Fa@lge2 et gy
Jo=l I,

X Ly(gam—izr, 12-1)e1 (@)L fart, ezt 2-1+1))
Nn—1 Nn—1 j2—2

S R 3D 3

= jo=l s=l+1

x X|fn(t)‘q02 \z—tn+2 |dtl{mfthrQ—l€[2—s72—s+1)}
In
Mn—1  nn—1 j2—2
coaV Ty en Sy ¥

2 =] s=Il+1

C i—s
X §|fn(t)‘q 2ty paieppos gy
I,
77n—1 Mn— 1 ]2 2
n !
<o S8 S o
=0 Jjo=l s=I+1 I,
X 1{x—tn-‘}-2*l€[2*5,2*5+1)}‘

Hence
nn—1 Mm—1 jo—2
supAN823 d:I:<CQ22 77"22[2 Z S|fn |dt
(82)c VEN = jo=l s=I+11,
oo Mn—1
<Co) > 2Tm(my = )2 | fu(t)] dt
n=0 1=0 I

< Collflx-
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Let us investigate the case [ = 9:

1 o i—1
|Eg(s,u)] < Co2" > 27| £, (1) Y~ gg-ny(s +u+ejy)2”
0n1=0 71=0

22
2ty —1127%| 21t [g—p2
X Z 1[(11171)2—1',1/12—")*%(S)q g
r1=1
i—1
X D g (s +uteg)
J2=0
21'
x 2% Z 1[(uz—1)2—i,u22—i)+ej2(8)1{j2<11<77n1} dir.
vo=1

Thus

N-1 [e's) i—1 i—1
Ano(z) < 092_N Z 2! Z 27 Z 2 Z 2]21{j2<j1<77n}
=0 n=0

71=0 Jj2=0
20911 . .
> S ’fn(t)‘ Z q2z|w—t+l2 Z|dt
In [=—20=J1+1

(i=D)A(n—1)

<Cp27V N712Z‘ 3 27" 2271
<oy ayam 3
1= n=

J1=0
20=91 -1 A A
% S|fn(t)| Z G le=tH2 7 gy,
In, [=—20=J1+1

The last expression can be split into the sum of

(i_l)/\(nn_l)

N—-1
Angi(x) = Co2~N Z 2! i 27 n Z 92j1
=0 n=0

j1=0
2i_j171 . .
X S|fn(t)| Z gl |dt1{8-2nn*j11n}(93)
I, [=—2t"J141

and
N—-1 ' o0 (i_l)/\(nn_l) )
Anga(r) =Co2” N Y 20y 27 " 2%
i=0 n=0 Jj1=0
2i=J1 -1 ' '
% S | ()] Z g2l l|dt1{(8‘2nn7j1[n)C}(x)~
I, I=—2t=J141



300 F. Weisz

For the first term we have

Mn—1
Angi(z) < CQZQ N2 fu(t)] dt g gmmii g,y (@)

]1:0 In

and
o0 771171

sup Angi1(z)dz < CoYy 27" Y 27 | [ £(t)] dt < Collf]|1.
(82)c VEN n=0 j1=0 I
Finally,

Anga(z) < Cp2~ NZQQZZQ "nZQJl

Jj1=0
x S\fn(t)\q |x_t| dtl{(g.gnn—jun)c}(x)

< 00> 2 | ult) o — o] 2

n=0 In
and consequently,

sup Ang2(x)dz < Co||f1-

(82)c VEN

Taking into account (28), we conclude that
| [Vaab(@)l* dz < Col 1.
(82)°

Now Lemma 3 implies that
sup oA(|Viaf| > 0) < C| |1
0>0

This completes the proof of Theorem 1. =
The next corollary follows easily by interpolation.
COROLLARY 1. If m > =1, |k|<m+1,0<r<2and 1 <p < oo then
7k b
18701y < Goliflly (f € Ly)

The weak type (1,1) inequality in Theorem 1 and the usual density
argument of Marcinkiewicz and Zygmund [13] imply

COROLLARY 2. If m > —1, |[k| < m+1 and 0 < r < 2 then f € L
implies

1 - (m.k) r Hr
<EZ’8j f(z) — f(x)] > —0 forae x€]0,1) as n — .
j=1
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