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Abstract. Let A(f2) denote the real analytic functions defined on an open set
2 C R™. We show that a partial differential operator P(D) with constant coefficients
is surjective on A({2) if and only if for any relatively compact open w C 2, P(D) admits
(shifted) hyperfunction elementary solutions on {2 which are real analytic on w (and if
the equation P(D)f = g, g € A(£2), may be solved on w). The latter condition is re-
dundant if the elementary solutions are defined on conv({2). This extends and improves
previous results of Andersson, Kawai, Kaneko and Zampieri. For convex (2, a different
characterization of surjective operators P(D) on A({2) was given by Hormander using a
Phragmén—Lindel6f type condition, which cannot be extended to the case of noncovex (2.
The paper is based on a surjectivity criterion for exact sequences of projective (DFS)-
spectra which improves earlier results of Braun and Vogt, and Frerick and Wengenroth.

This paper is concerned with the basic question when
(0.1) P(D) : A(£2) — A(£2) is surjective.

Here P(D) is a partial differential operator with constant coefficients, 2 C
R™ is an open set and A({2) is the space of real analytic functions on (2.

Several methods have been developed to solve this problem: The first
counterexample to (0.1) is due to Piccinini [34] who showed that the heat
equation is not surjective on A(R3) (see also the conjecture of De Giorgi and
Cattabriga [10]). Then Hormander [13] characterized (0.1) for convex sets
{2 by means of a Phragmén—Lindel6f condition valid on the complex variety
of P. Since then Hérmander’s method has been adapted by several authors
for further studies on this problem (Miwa [31], Andreotti and Nacinovich
[3], Zampieri [42], Braun [6] and the recent series of papers of Braun, Meise
and Taylor [7, 8]).
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Hoérmander’s criterion is restricted to convex sets {2 by the use of Fourier
theory. On the other hand, using hyperfunctions and so-called “good elemen-
tary solutions” for P(D), Kawai [18] was able to prove (0.1) for locally hyper-
bolic operators on special, not necessarily convex bounded open sets §2. The
assumption of boundedness was removed by Kaneko [15] (see also Kaneko
[16, 17]). Andersson [2] used a similar idea to show that locally hyperbolic
operators are surjective on A(R™).

While Kawai mainly ignored the (complicated) topology of A({2), Hor-
mander observed that the problem is intimately related to a “decomposition
with bounds” in the kernel of P(D). In the present paper we will use the
theory of Proj*-functors of Palamodov [32, 33] (see also Vogt [38]), which
is an abstract version of Hormander’s observation, to prove the following
characterization of (0.1) for general open sets {2 in the spirit of Kawai’s
work: Let B(f2) denote the hyperfunctions on (2 and for § > 0 let

As(w) 1= {f € A) | sup | £ @[0! /al < o0},

THEOREM. Let £2 C R™ be open. The following statements are equiva-
lent:

(a) P(D) : A(2) — A(£2) is surjective.
(b) (i) For any g € A(£2) and any w CC (2 there is f € A(w) such that

(0.2) P(D)f = glo-

(ii) P(D) satisfies the following condition (Bgo): for any w CC 2
there is w CC {2 with @ DD w such that for any £ € 0w and any
W CC {2 there is F' € B(W) such that

P(D)F =6 onw and F|, € Aw),
where d¢ is the point evaluation at &.
(c) P(D) satisfies (b)(i) and the following condition (Bg): for any w CC
2 there are w CC {2 and § > 0 such that for any § € 2\ there is F' € B(12)
such that
P(D)F =0¢ on {2 and F|, € As(w).

This result is part of our Main Theorem 2.1 where further equivalent
characterizations of (0.1) are given (including the important technical con-
dition (Ap)).

(Bg) is similar to the criterion for surjectivity of P(D) on nonquasi-
analytic classes of ultradifferentiable functions of Roumieu type which we
proved in Langenbruch [22] (see also Langenbruch [23, 25]).

(By;) improves the necessary condition for (0.1) from Langenbruch [24,
Theorem 1.3]. We used the latter condition to show that local hyperbolicity
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of the principal part P, of P and hyperbolicity of the localizations of P,
at 0o are necessary for (0.1) in many situations (see Langenbruch [24, 26]).
The semiglobal solvability condition (0.2) is always satisfied if {2 is con-
vex. Therefore, (0.1) is equivalent to (By) and to (Bg) if §2 is convex.
(0.2) is also redundant if the shifted elementary solutions F' are defined
on convex sets. This gives the following two sufficient criteria:
P(D) is surjective on A({2) if one of the following assumptions holds:

(i) For any w CC {2 there is w CC {2 with w CC @ such that for any
O CC 2 and any £ € 0w there is F' € B(conv(w)) such that

P(D)F =d¢ on conv(w) and FJ, € A(w).

(ii) P(D) satisfies (Brn) and for any w CC {2 and any ¢ € 02 there are
a convex neighbourhood U of 2 and F' € B(U) such that

P(D)F =0 onU and F|, € Aw).

This contains and improves the corresponding results of Andersson [2],
Kawai [18], Kaneko [15, 16] and Zampieri [42]. In particular, we get the
following result for operators with locally hyperbolic principal part P, (see
Section 2 for the definitions):

P(D) is surjective on A(§2) if for any ¢ € 32 and any © € S"~! there
is No ¢ € S™~1 such that P, is locally hyperbolic with respect to Ng, and

(C+ K((Pm)o,No,c)) N2 =10,

where K ((Pp)e, No,¢) is the local propagation cone of P, at © with respect
to N@’g.

The paper is organized as follows: In the first section, a short introduction
to the theory of the Proj*-functors of Palamodov (see Palamodov [32, 33]
and Vogt [38]) is given. We here prove a strong surjectivity criterion for exact
sequences of projective (DFS)-spectra (see Theorem 1.5) which improves
the corresponding results of Braun and Vogt [9], Frerick and Wengenroth
[11] and Wengenroth [39]: We will show that a continuous linear mapping
is surjective if the kernel spectrum satisfies property (P3) (instead of the
apparently stronger condition (P2) used in loc. cit.) and a suitable notion of
reducedness. Moreover, we obtain a priori bounds for the solutions. In our
concrete situation this implies that the following is also equivalent to the
surjectivity of P(D) on A({2) (see Theorem 2.1): for any neighbourhood V' C
C™ of {2 there is a neighbourhood W C C™ of {2 such that P(D)f = g may
be solved with f € H(W) if g € H(V). Hérmander [13] proved such a priori
Cauchy estimates for convex (2 using his Phragmén—Lindel6f principle.

In Section 2, the main result is stated in Theorem 2.1. We then prove
the above consequences and discuss their relation to the literature and some
examples. In Sections 3 and 4 we use the Grothendieck—Tillmann duality to
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show that the technical conditions (Ag) (and (Ag)) are necessary (and suf-
ficient, respectively) for (0.1). These are needed to prove the hyperfunction
criteria (Bp) and (Bg) for (0.1) in Section 5.

The author wants to thank D. Vogt (Wuppertal) and P. Domanski (Poz-
nan) for several valuable discussions concerning the subject of this paper.

1. Projective (DFS)-spectra. We start with some useful notations
and conventions: In this paper, n € N is always at least 2. The sets {2 and
w are always open in R™. We also assume that (2 is connected.

The real analytic functions on (2 are denoted by A({2). By P(D) we
always mean a partial differential operator in n variables with constant
coefficients. We are concerned with the question when

(1.1) P(D) : A(2) — A(£2) is surjective.

In this paper, we will extend real analytic functions on {2 to harmonic
functions in n+ 1 variables defined near 2 in R"*! (rather than to holomor-
phic functions defined near {2 in C"). To be precise, a point in R"*! is usually
written as (z,y) € R" x R. As usual, A = >, . (0/0xx)*+ (9/0y)* denotes
the Laplace operator on R"*!. The harmonic germs near a set S C R"+!
are denoted by Ca(S). It is clear that (1.1) holds if and only if

(1.2) P(Dg) : Ca(82 x {0}) — Ca(£2 x {0}) is surjective.

Indeed, the equivalence of (1.1) and (1.2) is obtained by means of the Cauchy
problem for A with data on £2 x {0}. Ca(§2 x {0}) is the projective limit of
the projective spectrum

C{ = (Ca(K x {0}), R}),

where { K} | k € N} is an increasing compact exhaustion of (2, that is,

o0
K, CC int(Kg41) for each £ and U Ky = .
k=1
The linking maps

RY : CA(Kj x {0}) = Ca(Ky x {0}) for j >k

are defined by restriction.

The theory of projective spectra of linear spaces and the corresponding
Projf-functors were developed by Palamodov [32, 33] (see also Vogt [38]).
We will briefly introduce the corresponding notions and facts which we need.
The reader is referred to these papers for further information.

For S ¢ R™t! let

Np(S) :={f € Ca(9) | P(D)f = 0}
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and let

N{ = (Np(Kj x {0}), R})
be the projective spectrum of kernels of P(D,). We thus have the short
sequence of projective spectra

P(D)

(1.3) 0—-NZ—-C9 = 0% —
It is called exact if for any k € N there is 5 > k such that
(1.4) P(D)Ca(Ky x {0}) D R}(Ca(kK; x {0})).

We now have the following key result, which is essentially Theorem 5.1 of
Vogt [38] in our concrete situation.

PROPOSITION 1.1. Let the sequence (1.3) of projective spectra be eract.
Then
(1.1) P(D) : A(£2) — A(£2) is surjective
if and only if Projl(N]Q) =0.

Proof. Necessity. Since (1.3) is exact, we have the exact sequence of
linear spaces

(1.5) 0 — Projf(N2) — Proj?(C2) ™2 Projo(c%)

— Proj*(N§) — Proj'(C%) — Proj'(C%) — 0
by Palamodov [32, p. 542]. We can identify Proj®(N{) with Np(£2 x {0})
(and Proj”(C%) with CA(£2x {0})). Since A(£2) (and hence C'a(£2x {0})) is
ultrabornological by Martineau [29], Theorem 3.5 of Wengenroth [39] implies
that

(1.6) Proj'(C%) = 0.

By (1.5) and (1.6) we have the exact sequence of linear spaces

0 — N (2 x {0}) — Ca(22 x {0}) “2) Ca(02 x {0}) — Proj' (N2) — 0.
Since P(D)(Ca(£2%x{0})) = Ca(£2x{0}) by the assumption and (1.2), this
implies that Proj!(N%) = 0.

Sufficiency. By (1.5) we get the exact sequence of linear spaces

0 — Proj®(N¥) — Proj°(C%) 2o Proj®(C%) — 0

since Proj'(N#) = 0 by assumption. The claim now follows by the above
identification. m

The exactness of the sequence (1.3) of spectra means that the equa-
tion P(D)f = g can be solved semiglobally in CA(2). If {2 is convex, this
semiglobal solvability easily follows from the solvability theory of (overde-
termined) systems of partial differential equations. For general open sets {2,
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however, it must be proved before Proposition 1.1 can be used (see Propo-
sition 3.3).

The reader is referred to Palamodov [32, 33| and Vogt [38] for the defi-
nition of the Proj!-functor. We do not need the definition here since we will
only use explicit criteria for the vanishing of the Proj'-functor of projec-
tive (DFS)-spectra (see Theorems 1.2 and 1.5 below). We briefly introduce
the corresponding notions and results in the form needed in this paper: Let
X = (Xk,Rf) be a projective (DFS)-spectrum, that is, a projective spec-
trum of (DFS)-spaces X}, = limind;_ X} ; with Banach spaces X}, ; and
compact inclusion mappings from X ; into Xy j11. Let By ; be the unit
ball in X}, ;. For X := limproj;_ ., Xj let RF : X — X} be the canonical
mapping.

A characterization of Proj'(X) = 0 has been obtained by Retakh [35].
We only need the necessity of a part of his criterion here:

THEOREM 1.2 (Retakh [35, Theorem 3|). Let X be a projective (DFS)-
spectrum. If Projl(X) = 0, then for any k € N there is j € N with j > k
such that

RY(X;) C R*(X) + By
In our concrete situation we have the following:
X = Nf = (Np(K}, x {0}), RF)

and
Np(Kj x {0}) := limind NBp((K}% x {0}) + Vl/j),
Jj—00

where V. := {z € R""! | 2| < €} and for open V C R"*"!, NBp(V) is the
Banach space

(1.7) NBp(V) :={f € Np(V) | f is bounded on V'}.

Our sufficient criterion for Proj*(¥) = 0 is a variant of the results of
Braun and Vogt [9], Frerick and Wengenroth [11] and Wengenroth [39] (see
Theorem 1.5 below). There are two major differences as compared with
these papers: Firstly, we will use condition (P3) defined for the spectrum
X = (X, R";) as follows:

(Ps)  Vu 3k YK 3n¥m 3N, S : R¥(Bim) C S(RIL(Br.n) + Bun).

Notice that the order of quantifiers for K and n has been changed compared
with condition (P2) which has been used in loc. cit. This weaker order of
quantifiers has apparently been overlooked, though the proofs of the corre-
sponding results from [9] needed here can be applied almost without change.
The use of (P3) is essential to obtain the sufficiency of the criterion (e)(ii)
of the Main Theorem 2.1.
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Secondly, we will use the following notion of sw-reducedness: The spec-
trum X = (X, R;C) is called stepwise reduced (sw-reduced) if

(1.8)  Vj3IL>jVJ>j, VI 3k:R,(Xp,) C R (Xs1) + Bji

The author is indebted to P. Domanski (Poznan) for suggesting this notion.

The statement in (1.8) implies that X is reduced in the sense of Braun
and Vogt ([9, p. 150]), that is,

(1.9) VN 3L VK > L : the closure of RY(Xf) in Xx contains RY (X1).

The use of sw-reducedness will give Theorem 1.5 below and thus the im-
plication (a)=-(b) in our Main Theorem 2.1. The statement in 2.1(b) is
important for the transition to the hyperfunction criterion in part (e)(ii) of
the Main Theorem 2.1.

We start with the following result translating the crucial points from
Braun and Vogt [9] to our situation:

LEMMA 1.3. Let X = (X, R;“) be reduced and satisfy (P3). Assume also
that:

(a) X satisfies the following condition (P3):
Vu 3k VK 3n Vm Ve >0 3N, S : R (Bkm) C SRy (BrN) + eBupn.

(b) Passing to a subsequence in X, for each fived d € N the following
condition (Ps3)” holds:

Y 3n Ym Ve > 0 3N, S : R (Bum) C SR 4(Bupan) + €Bu 1.
Then there is an increasing sequence n(k) € N such that for any k and
m there are N(k,m) € N and S(k,m) > 0 such that

(1.10) Ry (Bim) € S(k,m)RE LB, Nkam)) T B,

where
J
Bj = ﬂ(Rg)_l(Bz,ﬁ(l))
=1

Proof. (a) This follows from the proofs of Braun and Vogt [9, Lemmata
9 and 5].

(b) Passing to a subsequence, we may assume that (P3) holds with k =
p+ 1. This is then applied for K := p + d to obtain (P3)”.

Since (1.10) is crucial for the present paper, we include its proof here for
the convenience of the reader, though it is mainly a notational variant of the
corresponding proof of [9, Lemma 7]: We define S, N and n inductively for
k > 2, using n(k), S(k,m,e) and N(k,m,e) from (P3)" for k instead of y:
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S(k,m) == S(k,m, ey),
where g5 := 1 and ), := 1/(2(1 + S(k — 1,n(k)))) for k > 3,
N(2,m) := N(2,m,1),

Rk, m) = { N(k, N(k —1,n(k)), ex) it m < N(k=1n(k) -
N(k,m,ex) if m> N(k—1,n(k))
(1) == n(2),

n(k —1) := max(n(k), N(k — 1,n(k))) for k > 3.

The claim for k = 2 then follows from (P3)". Let k > 3 and assume that the
claim holds for k — 1. Let u € By, be given. By (P3)” we can decompose
RE~Y(u):

(1.11) Ry (u) = RS (0k—1) + up—

for some

(1.12) Vk—1 € SBiiaN(kme,) and Up_1 € By pna)-

By the induction hypothesis for m = n(k) we can decompose Rij(u):
(1.13) Ry~ (up—1) = RYZT, y(ve—2) + Tp—s

for some

rad 1
(1.14)  wp—g € epS(k = 1L,n(k)) By _1 g fe—1.00) © 3Br—14d, ¥ (k—1.0(8))

(since e,.S(k — 1,n(k)) < 1/2) and some

(1.15) Up_o € € Br_s.

Let

(1.16) We—z = Up—1 — R{T1 4(Uk—2).
Then

Wz € 1By _1n(ry + xS (k — L,n(k)) By 1 fk—1n(ky © 3Bk—17k-1)
by (1.12), (1.14) and the choice of n(k — 1). Moreover,
Ry H(uk—2) = Ry H(up—1) — REZ3 4 (Uh—2) = Tp—2 C $Br_s

by (1.13) and (1.15), since e < 1/2. Thus,
(1.17) U2 € +By_1.
By (1.11), (1.16), (1.12), (1.14) and (1.15) we get

Ry (u) = RyTq, g(0k—1) + w1 = Ry H(ve—1) + REZ L g(0h—2) + ups

€ SRlliLli(Bker,N(k,m,Ek)) + %Rllz_l(kaler,ﬁ(kfl,n(k)) + %kal

€ SRy y(Brid Nkamer) + 5B (Brm) + 5Br
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if m > N(k — 1,n(k)). This defines a decomposition
Ry (u) = Ry y(wn) + BY () + wr
and by induction we can find
(1.18) @j41 € 277 SBryaN(me) Ui+l €277 Bim,  wjp1 €277 By
such that
Rk‘—l N — Rk‘—l . Rk—l . . f P> 1
k (yy) k+d(x]+1) + Iy, <y1+1) + Wit orj=1.
Since Xk+d7N(k7m7Ek) and Xk-_l’ﬁ(k_]_) are Banach spaces, the series
(119) V= Zl‘j € 2SBk+d,N(k,m,6k) and w:= ij S Bk—l,ﬁ(k—l)
jz1 j=1

converge and we see as in [9], by (1.18), that w € By_1. Then (1.19) implies
that

Ry (u) = R y(v) +w € 28Byya Nm,ey) + Bt
This ends the induction step since we have By ,, C B N (k—1,n(k) if m <
N(k—1,n(k)). =

THEOREM 1.4. If X is a reduced projective (DFS)-spectrum with (P3),
then Proj' (%) = 0.

Proof. Since X is reduced and satisfies (P3) we have
Vj 3k VK 3n: RL(X}) C Ry (Xk) + Bjn

(use the proof of [9, Lemma 5]). Passing to a subsequence, we may thus
assume that X satisfies

(1.20) Vk 3n(k) : R (X5) C RyZ3(Xit2) + Bre1a()
and also (by Lemma 1.3 for d = 3)

(1.21) Vk,m : R (Biym) C Ri3(Xp43) + Bi-1,
where

j
ﬂ Y Buaw)-
-1

We now proceed as in the proof of [9, Theorem 8], using (1.20) and (1.21):
Ry (Xg) C RES(Xiya) + RT3 (By—1n) C RS 5 (Xit2) + Bra.
Passing to the subsequence with even indices, for any k£ we thus get
R]lz_l(Xk) - RZ—T—%(X/C-FI) + Bj-1.
This implies that Proj'(X) = 0 (see the proof of Vogt [37, Theorem 4.4]). m

We now consider the following situation: Let

(1.22) 0-x-9 ™3 .0
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be an exact sequence of projective (DFS)-spectra X = (X, Rf), 9 =
(Yk,Rf) and 3 = (Zy, Rf) Let X, Y and Z be the projective limits of X, Q)
and 3, respectively, and let T': Y — Z be the mapping defined by (T}).

THEOREM 1.5. In the situation above, let X be sw-reduced and satisfy

(P3). Then for any sequence u(j) € N there is a sequence i(j) € N such
that the following holds: If g € Z satisfies gj := R’(g) € Zj ;) for any j,
then there is f € Y such that

T(f)=g and RI(f)e Y for any j.

Proof. (a) When 1 proving Theorem 1.5 we may pass to equlvalent projec-
tive (DFS)-spectra X = (X;g7 Rk) 9 = (Y, Rk) and 3 = (Zy, Rk) defining
the projective limits X Y and Z isomorphic to X, Y and Z, respectively.

(I) Suppose the statement is proved for the spectra % 2) and 3 and the
mapping T : Y — Z corresponding to T'. Let

pi= ()i D =D and &= (2] ,);: V-9
and ' _

= (1/;i(j))j :3—3 and V¥ —(W] ) 3—>3
define the respective equivalence maps. Let pu(j) and g € Z be given such
that g; := Ri(g) € Z; u(y) for any j. By Grothendieck’s lemma (Meise and
Vogt [30, 24.33]) there is v(j) such that W]( )(R”(J)( ) =135 € ij,,(j) for
any j. Now, (g;); defines g € Z and RI(g) = gj € V(]) Choose i(j) for

v(j) by the statement for X, and 3 and then f € Y such that T(f) = g

and RJ (f ) € Y, (j) for any j. Again by Grothendieck’s lemma there is v(j)
such that

fi= sojg(j)(RA(j)(f)) €Yy foranyj.
Then (f;); defines f € Y, T(f) = g and R/(f) = f; € Y;5(j). The claim
thus holds for the spectra X, ) and 3 with 7(j) instead of u( /).

(IT) Using the continuity of the equivalence maps and Grothendieck’s
lemma as in (I), one proves that (P3) and sw-reducedness are inherited
from X by the equivalent (DFS)-spectrum X.

(b) Passing to equivalent spectra, we may assume that the following
statements (i)—(iv) hold:

(i) Tj : Y; — Z; is continuous.

Since (1.22) is an exact sequence of spectra, we may assume that

Tj(Y;) D R}y (Zjn)-
The mapping
o R Zjq1 — Yj/ker Tj
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is continuous by the closed graph theorem for (DFS)-spaces. Since Y /ker T}
is isomorphic to hmmdk ik ker (T lv; ), Grothendieck’s lemma implies

that for any k there is K such that
o R Zit1p — Y, k/ker(T |y ) is continuous.

Thus, we have
(it) Vk 3k : T5(Y;3) O Ry (Zg1m).

Since (1.22) is exact at X, X is equivalent to a spectrum of linear sub-
spaces of ( 7). Since (1.22) is exact at ), X is equivalent to the spectrum
(ker Tk,R ) (compare [38, remark before 1.3]). We may therefore assume
that

(iii) X; = ker(Tj) with the step spaces induced by Y;.

Instead of the step spaces X 1, X2, ... for X; we can also take the step
spaces 0,...,0,X;1,Xj2,... for X; (with j times the null space in front,
similarly for Y;). Then passing to a subsequence (in the second index), we
may also assume that for any j > k and any n,

(1.23) RN(Xjn) C Xpy and RE(Yjn) C Yig

(see [9, (1)]). Passing to a subsequence (in the first index), we assume that
X satisfies (P3)” for d = 2 and also (since X is sw-reduced)

(1.24) Vi, 1 3k RYH(X0) © R (X w) + Bjoipe
Now Lemma 1.3 gives
(1.25) Ry (Bim) € S(k,m)RE Y (By . Nkeam)) + B
k
C Ry Xovo 8 (em)) T Br-1,
where
J
(1.26) B; == [\(R) " (B C Bjag)-
=1
(iv) We have
(1.27) Vi1 3k s RIT(X;0) € RIH(X, 1 5) +277Bja.

Indeed, fix j and [ and choose k by (1.24). Then (1.24) and (1.26) imply
RITA(Xj0) = RIZI(RTN(XG0) € RIZH(RI N (Xjam) + Bjoi)
C Rg+1( J+1, k) + R]-i-l( J+LNG—1 k)) + Bj-2

2
C Rjﬂ( 41, 7) T Bj—2
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for k := max(k, N(j — 1,k)). Since Xjy and X, ¢ are linear spaces, this
shows (1.27).

(c) Using the reductions and results from (b), we now start to prove the
theorem: Let u(j) and g € Z be as above. By (b)(ii) there are

(1.28) fj € Jm ) such that T}(f;) = R?H(gj“) = g,

where p1(j) > p(j + 1)" can be chosen increasing and g; := R;(g). We now
prove by induction that for j > 3 there are uo(j) € N with pa(y ) > pi(j+1)

and h; € X, ou2() such that

(1.29) RIS (fi+1 + hjr) — B 2(f5 + hy) € 277 Bja.

Let hz := 0 and 52(3) = p1(4). If h; is chosen, we set F = R?_,’_l(fj_i'_]_) -
fj — hj and get F' € X; by (b)(iii) and (1.28) since h; € X;. Since fj41 €
Yit1,m(+1) and hj € X ;) we have I € X'm(j) by (1.23) since p1(j) <
1G4+ 1) < pa(j). By (1.27) we can thus find k =: po(j + 1) > pi(j + 2)
and hji1 € X1 ,(j+1) sSuch that

RJ *(F) + R +1(hj+1) €27/Bj».

This shows (1.29).
(d) For j > k > 2 we have

RE(f;+ hy)

-1
= R} o(frya + hit2) + Z Ry 5(R(fren + higr) — R+ W)
I=k12
Jj—1 j—1
€ Yk,ug(k+2) + Z 2_lRf_2(Bl_2) - Yk,ug(k+2) + ( Z 2_l>Bk
I=k12 I=k+2
-1
C Yi o (kt2) ( Z 27Z)Bk,u(k)
I=k12

by (1.23) and (1.26). Hence,

Fy := lim R (fj + hy) exists in Y}, 5y for any k,

Jj—oo

where (k) := max(u2(k + 2),v(k)). For | < k we have
R} (Fy) = lim Ri(RE(f; + hy)) = lim RY(f; + hy) = F
Jj—o0 j—00
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Thus, (Fj) defines F € limproj, Y, = Y with R*(F) = F, € Y, ) for
any k. We have T'(F') = g since h; € X; = Ker(7}) and therefore

Ty (Fr) = Jlggo Te (RS (f; + hy))

= lim RY(T;(£) = lim RY(R],,(9i41)) = 9

J]—00
by (1.28). =

Notice that condition (P3) is weaker than Vogt’s condition (P2) from [37].
The latter condition follows from the surjectivity of T: Y — Z if X, ) and
3 are projective (DFS)-spectra and if Proj!(2)) = 0 (use Vogt [37, Theorems
5.2 and 2.7]). Assuming that X is sw-reduced, Theorem 1.5 thus provides an
automatic improvement on the solutions in this situation if the surjectivity
of T is known.

We will use Theorem 1.5 in Section 4 to prove that the weak technical
condition (Ap) is sufficient for the surjectivity of P(D) on A(§2). For this
we have to check first that the sequence (1.3) of projective spectra is exact.
Several equivalent criteria for this are given in Proposition 3.3, including the
condition (Cg) which obviously follows from (Ag). Next we have to show
that the kernel spectrum N IQ is surreduced (see Proposition 4.3, which is
based on Lemma 4.2). The main point however is to prove condition (P3)
for N g , which means that we have to prove a decomposition with bounds
in N g. This decomposition is obtained in Theorem 4.5, essentially by using
a cutting off procedure, which of course leads out of N IQ , and then repairing
this defect by means of the existence result for P(D) from Theorem 4.4,
which is the analytic core of this part of our results.

2. The characterization. In this section we will state the new char-
acterization of surjective partial differential operators on A(f2) and prove
some direct applications. The proof of the Main Theorem 2.1 is postponed
to the subsequent sections. To state the theorem, we first introduce some
notation: Let

G(z,y) == —|(z, )"/ ((n — Dens)

be the canonical even elementary solution of A (see Hormander [14, Theorem
3.3.2], and recall that n+ 1 > 3). For T' € R let

U2 x{TY) :={V cR"™ |V is open and V N (R" x {T}) = 2 x {T}},
U(2) == U2 x {0}).
For § > 0 let
As(w) :={f € A(w) | sup | )]sl fal < oo}
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The hyperfunctions on {2 can be defined by
(2.1) B(2) := Ca(2 x (R\{0}))/Ca(2 x R)

(see Bengel [4] and Hormander [14, Chapter IX]). Here Ca(V) is the space
of harmonic functions on V' which are even with respect to y.

Our characterization of surjective partial differential operators on A(f2)
is contained in the following Main Theorem of this paper:

THEOREM 2.1. Let £2 C R™ be open. The following statements are equiv-
alent:

(a) P(D) : A(2) — A() is surjective.
(b) For any V € U(12) there is W € U(§2) with W C V such that

P(D)CA(W) D Ca(V)|w.

(c) P(D) satisfies the following condition (Ag): for any w CC 2 there
is W CC 2 with @ DD w such that for any © CC 2 and any £ € 0w there is
0 > 0 such that for any 0 < T < ¢ there are V € W@ x{T}) and E € CA(X)
such that

(2.2) PD)E=G(-—¢-) onX:=VU(wx]T—6T+ 3.

(d) P(D) satisfies the following condition (Ap): for any w CC {2 there
are W CC §2 and § > 0 such that for any £ € 2\w and any 0 < T < 1 there
are V. e U(2 x {T}) and E € Ca(X) such that (2.2) holds.

(e) (i) For any g € A(£2) and any w CC (2 there is f € A(w) such that

(2.3) P(D)f = glo-

(ii) P(D) satisfies the following condition (Bg): for any w CC 2
there is @ CC 2 with © DD w such that for any £ € 0w and
any @ CC (2 there is F' € B(D) such that

P(D)F =0 onw and F|, € Aw),
where ¢ is the point evaluation at .

(f) P(D) satisfies (e)(i) and the following condition (Bg): for any w CC
2 there are w CC 2 and § > 0 such that for any £ € 2\w there is F € B({2)
such that

P(D)F =0¢ on 2 and F|, € As(w).

(g) P(D) satisfies (e)(i) and the following condition: for any w CC 2
there are w CC {2 with @ D w and § > 0 such that for any 0 < 5 < 8 there
is 7y > 0 such that for any H € B(2) with H|g € Az(w) there is I € B(12)
such that

P(D)F=H on§ and F|, €A, (w).
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Condition (By,) is similar to a condition which is equivalent to the sur-
jectivity of P(D) on nonquasianalytic classes of ultradifferentiable functions
of Roumieu type (Langenbruch [22, 25, 23]).

The canonical elementary solution G of A is used in (2.2) since G pro-
vides the basic isomorphism of Ca(K) and Cx o(R"*1\ K) in the Grothen-
dieck-Tillmann duality (see (3.3)).

Condition (By;) is an improvement of the necessary condition from Lan-
genbruch [24, Theorem 1.3], where a weaker notion of (shifted) elementary
solution was used.

The condition in Theorem 2.1(g) roughly means that the equation
P(D)F = H may be solved in B({2) respecting lacunas in the analytic
singular support. This corresponds to the characterization of surjectivity of
P(D) in nonquasianalytic Gevrey classes (see Langenbruch [22, Theorem
2.1(c)]).

We already used the necessary condition from Langenbruch [24, Theorem
1.3] to show that local hyperbolicity of the principal part P, of P and hy-
perbolicity of the localizations of P, at co are necessary for the surjectivity
of P(D) on A({2) in many situations (see Langenbruch [24, 26]).

In the following discussion of the Main Theorem we will therefore con-
centrate on obtaining weak forms of sufficient (or equivalent) conditions for
surjectivity and relate these to the corresponding results in the literature.

As a first consequence, we notice that condition (e)(i) is redundant if the
shifted elementary solutions F' are defined on conv(w):

COROLLARY 2.2. P(D) is surjective on A(£2) if for any w CC 2 there
is w CC 2 with W DD w such that for any © CC 2 and any £ € W there is
F € B(conv(w)) such that

P(D)F =6¢ on conv(w) and F|, € Aw).

Proof. We show (Ag): Let w CC w; CC §2. Choose w for wy by the
assumption. For £ € 0w, choose F' € B(w;) for @y := conv(w) by the
assumption. By the definition (2.1) of hyperfunctions, F' is defined by some
Fy € CA(@y x (R\ {0})) such that for some H € D'(@; x R) we have

(24) P(D)F1 = H‘@lx(R\{O}) and AH = (5(570) on (:L)\l x R.

Moreover, Fy := 1|3, x]o,00o[ Can be extended as a harmonic function to
V U (&1 x]0, 00]) for some neighbourhood V' € #(w1). Hence there is § > 0
such that F5 can be uniquely extended to a harmonic function F3 defined
on

W= (w x ]—6,00[) U (@1 x ]0,00]).

By (2.4) there is h € CA(©1 X R) such that H = G(-—&, )+ h. Since Ah =0
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and 07 X R is convex, we may solve the overdetermined system
P(D)g=nh
Ag=0

by the fundamental principle of Ehrenpreis/Palamodov. E := F3 — g|y then
satisfies

(2.5)

ODC/JlXR

PMD)E=G(-—¢&,-) onW
by harmonic continuation. Since
wx|T—=6/2,T+6/2]CW e Uwx{T})

for 0 < T < §/2, this shows (Ap). =

COROLLARY 2.3. Let 2 be convex. Then P(D) is surjective on A({2) iff
P(D) satisfies (Bg) iff P(D) satisfies (Bg).

Proof. The necessity follows from Theorem 2.1, the sufficiency follows
from Corollary 2.3 since & can be chosen convex. =

The two main examples of convex open sets are R™ and a halfspace. We
state the respective conditions for these cases explicitly. Let

Ucs(§) ={z eR" | |z = ¢ <e} and U.:=U.(0).
EXAMPLE 2.4. P(D) is surjective on A(R™) if and only if for any j € N

there is k € N such that for any £ € R™ with |£| > k there is an elementary
solution F' € B(R™) of P(D) such that F' is real analytic on U;(&).

Proof. The stated condition directly follows from (Brr) and it implies
(Brn). So the claim is a consequence of Corollary 2.3. m

In the discussion of surjectivity of P(D) on A({2), operators with lo-
cally hyperbolic principal part P, have been studied extensively. These are
defined as follows: Let

Stli={r e R" | |z| = 1}.

DEFINITION 2.5. Py, is locally hyperbolic if for any © € S™~! there are
N € S" ! and § > 0 such that for (z,2) € R® x C,

Po,(@+xz+2zN)#0 if|(z,2)] <d and Imz # 0.

If P, is locally hyperbolic at © with respect to IV, then the localization
(Ppn)e of P, at © is hyperbolic with respect to N. Recall that (P,,)e is
defined by

(Pn)o := lim (P, (0 4 sx)s™ 1),

5—0
where s% is the term of lowest order in the expansion of (Pp,)e.
Let I'((Py)o, N) be the component of N in {z € R" | (P,)e(x) # 0}.
Then the dual cone of I'((Pp,)e, N) is called the local propagation cone for
P,, at © and is denoted by K((Py)e,N). Obviously, P, is also locally
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hyperbolic with respect to N for any © € S"1 near 6. Moreover, the
mapping © — K((Py)e,N) is locally upper semicontinuous, that is, for
any € > 0 there is § > 0 such that

(2.6) S"'NK((Pm)g N) C S"'N(K((Pn)e,N)+U.) if |0—6| <.

This means that K((Pn)g,N) is contained in a conic e-neighbourhood of

K((Pn)e,N) if |© — 6] < 4. The following basic result is due to Andersson
[1, Corollary 4.1] (use also the remark of Andersson [2, p. 2] and (2.6)).

THEOREM 2.6. Let P, be locally hyperbolic at any © € S™ ! with respect
to No € S™ 1. Then for any € > 0 there are O1,...,0;, € S" ! and a
fundamental solution F' € B(R™) for P(D) which is analytic outside a conic
e-neighbourhood of
U K((Pm)e,. No,).

i<k

Thus, if P, is locally hyperbolic, for any x € S"~! there is an elementary
solution F' € B(R") for P(D) such that

(2.7) F is real analytic in a conic e-neighbourhood I" of z.

Therefore, the criterion of Example 2.4 is satisfied if P, is locally hyperbolic,
and P(D) is thus surjective on A(R™). This is the result of Andersson [2]
who used (2.7) and some additional growth condition for F to get the result
by a decomposition of A(R™) into a finite sum of real analytic functions
decaying sufficiently fast. In some sense, Example 2.4 thus turns the part
(2.7) of the sufficient criterion of Andersson into a characterization. Notice
that for n > 4 there are operators which are surjective on A(R™) though P,
is not locally hyperbolic (Hérmander [13]).

We now discuss the case of halfspaces: For 0 # n € R", k € |0, 0] and
e €R let

H(W)a,k; = {‘T € Uk | <$a77> > 6}7

where H(n) := H(n)o,0c is the halfspace defined by 7.
EXAMPLE 2.7. P(D) is surjective on A(H(n)) if and only if P(D) sat-
isfies (Bgn) (or (Bg»)) and for any € > 0 there is 6 < 0 such that for any

k € N there is an elementary solution F' € B(H (1)) of P(D) such that F
is real analytic on H(n). /.-

Proof. “=" P(D) is surjective on A(R") by Hérmander [13], hence (Bgn)
holds by Theorem 2.1, and Theorem 2.1 also implies (Bg;)). The second

condition now follows from (Bgy))-

“«<" By Corollary 2.3 we have to show (Bg,). Let w CC H(n). By
(Bgrn) there is C' > 0 such that for any £ € OUc and any k € N there is
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F € B(Uy) such that
P(D)F =d¢ onU, and F|, € A(w).
Choose 0 < € <1 such that
(2.8) Hy1je DD w+{z € Uc | (z,n) =0} = w+ Uc
and then choose 0 < § < ¢ and F € B(H(n)_sp) for k € N by the assump-

tion. For € Uc we set & := 6n + z and Fe = F(-—€). Then Fy is defined
on H(n)ok-c:

P(D)Fs=6¢ on Hyp_c and F|, € A(w)
by (2.8). This proves (B ) for w := H(n)sc. =

Condition (Bgn) cannot be omitted in Example 2.7, since it does not
follow from the second condition. Indeed, the canonical elementary solution
of the heat operator P(D) := 3., 4 8]2- — Oy, vanishes on H(e,), so the sec-
ond condition in Example 2.7 is clearly satisfied, but P(D) is not surjective
on A(R™) for n > 3.

We now come to a sufficient criterion in the spirit of the results of Kawai
[18], Kaneko [15-17] and Zampieri [42], involving only a condition for the
boundary points of 2.

THEOREM 2.8. P(D) is surjective on A($2) if P(D) satisfies (Bgn) and

if for any ¢ € 082 and any w CC (2 there are a convex neighbourhood U of
2 and Fr € B(U) such that

P(D)F=06; onU and Fel, € Aw).
If §2 is bounded, condition (Bgrn) can be omitted.

Proof. We check the condition of Corollary 2.2. Fix w CC 2. By Theo-
rem 2.1, P(D) satisfies (Bgn ), hence there is C' > 0 such that for any ¢ € OU¢
there is F' € B(R") such that P(D)F = 6¢ and F|,, € A(w). Therefore, the
condition of Corollary 2.2 must be checked only for those points £ € 2NU ¢
which are near the boundary. But for these, suitable hyperfunctions are
provided by small shifts of F for ¢ € 92 from the assumption. =

COROLLARY 2.9. P(D) is surjective on A(§2) if for any ¢ € 02 and any
O € S ! there is Noy¢ € S™=1 such that Py, is locally hyperbolic at © with
respect to Ng ¢ and
(2.9) (€ + K((Pn)e: Neoc)) N2 =0.

Proof. Since Py, is locally hyperbolic, P(D) satisfies (Bgrn) by (2.7). Fix
w CC N and ¢ € dw. By (2.9) we may choose a conic neighbourhood I of
Uecgn-1 K((Pm)o, No,¢) such that

(2.10) C+I)Nw=0.
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By Theorem 2.6 there is an elementary solution ' € B(R") for P(D) such

that F is real analytic on R™ \ I', hence F := F(- — () is real analytic on w
by (2.10). Thus P(D)A(f2) = A(Q) by Theorem 2.8. =

The first results in the direction of Corollary 2.9 are due to Kawai [18].
For bounded {2, the result is due to Kaneko [16] (see also Kaneko [17]) using
the approach of Kawali.

For convex {2, Corollary 2.9 was proved by Zampieri [42] using Hérman-
der’s approach. For nonconvex 2, a different proof was given by Zampieri
[43, Theorem 2.1] in the special case where P, decomposes into an elliptic
and a hyperbolic factor.

The case of unbounded (2 was considered by Kaneko [15] using Fourier
hyperfunctions. Additionally to the pointwise condition (2.9) he needed cer-
tain extra assumptions including boundary points at oo, i.e. points in the
closure of 02 in the directional compactification D™ of R™ (see Kaneko [16,
Section 3]). These assumptions are redundant, since we only need shifted
elementary solutions which are real analytic on w CC {2 (and not on {2), so
(2.6) and Theorem 2.6 are sufficient in our approach.

As an easy example we now consider operators of real principal type. Re-
call that P(D) is an operator of principal type if P, is real and if grad P,,(0)
# 0 whenever 0 # 0 € R" and P,,(0) = 0. The set of bicharacteristic direc-
tions is then defined by

BD(P) := {£{ € R" | £ = grad P,,(0) for some 0 # 6 € R" with P, () = 0}.
Notice that operators of real principal type are locally hyperbolic with local
propagation cones
K((Pn)g, grad Pp,(0)) = £[0, co[ grad Py, ().

bize) = 7 + &R is called a bicharacteristic line if x € R™ and £ € BD(P).

ExAMPLE 2.10. Let P(D) be an operator of real principal type. Then
P(D) is surjective on A({2) if any bicharacteristic line b, ¢) issuing from
x € 012 intersects {2 in an interval.

Proof. The statement is obvious from Corollary 2.9 and the remarks
above. m

The example improves on the corresponding results of Kawai [18, The-
orem 3.1] and Kaneko [15, 16]. The example includes many classical oper-
ators, e.g. the wave equation P(D) := 92 — Z?:_ll 8]2, the ultrahyperbolic
operator P(D) = 02 4+ 93 — 93 — 07 (for n = 4) and Zeylon’s operator
P(D) =S, 89,

In fact, our results improve on those of Kaneko [15] already in the case
of two variables, where we obtain the following characterization of Zampieri
[41, 43] (for bounded open sets see Kawai [18, Theorem 5.7]):
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COROLLARY 2.11. The following are equivalent for an open set 2 C R?:

(a) P(D) is surjective on A(S2).
(b) Every characteristic line intersects {2 in an interval.

Proof. (a)=(b). Since P(D) is surjective on A(f2), {2 is P-convex for
supports by Zampieri [40]. Hence, (b) follows from Hérmander [14, Theorem
10.8.3].

(b)=(a). Since n = 2, any P, is locally hyperbolic, and the notions of a
characteristic line and of the union of the positive and negative propagation
cones coincide. Hence, the assumptions of Corollary 2.9 are satisfied by (b),
and P(D) is surjective on A({2) by that corollary. =

In a remark on p. 345 of [15], Kaneko noticed that the results of that
paper are not sufficient to show that the operator P(D) = D; is surjective
on A(R) for 2 := {z € R? | z1 < —23}, while this result clearly follows
from Corollary 2.11 (or integration).

At the end of his paper [16], Kaneko conjectured that condition (2.9)
was also necessary for surjectivity of P(D) on A({2) if 2 is bounded. The
following example shows that this is not true:

EXAMPLE 2.12. For ¢ € R let y(t) := (cos(t),sin(t)). Let £2 be the spiral
in R? defined by the disjoint (!) union

2= JO®/2,2[xJt - 1,t+1])
teR
and let N
Q2:={reN]0<ax3<10}.
Then P(D) := D3 is surjective on A(f2) though (2.9) is not satisfied.

Proof. The latter statement is obvious (consider ¢ = (1,0,1/2)). To
prove surjectivity, we set
3
g(z) =1 S f(z1,22,6)dE  for xz € 2 and f € A(S2),
te
where t,, is the unique real number such that « € v(t;)]1/2,2[x |t —1,t,+1][.
Then g is defined and real analytic on 2 and D3g = f. =

Example 2.12 also shows that the existence of elementary solutions de-
fined on conv(w) as in Corollary 2.2 rather than on & as in (Bp) is also
not necessary for surjectivity. In fact, let (1,0,1/2),(1,0,27) € w CC {2
and let £ := (1,0,1 —¢) € @ CC 2. Then conv(w) contains a column
C := B.(1, ) [1/2 27] for large W. Let F' € B(conv(w)) be as in Corollary
2.2. Then F is a hyperfunction zerosolution of D3 on C'\ {¢}, hence locally

constant with respect to xs. Since F' is real analytic near (1,0,1/2) and



Surjective partial differential operators 73

(1,0,27), F is real analytic on U \ {£} for a neighbourhood U of £. Sub-
tracting the usual shifted elementary solution E := (g 1) ® X[1—¢,00] W€ S€€
in the same way that E is real analytic near £ (except at &), a contradiction.

The methods and results from this paper are used in Langenbruch [27]
to show several inheritance properties for surjectivity of partial differential
operators on spaces of real analytic functions. We show that surjectivity is
inherited similarly to the case of operators on C°*°-functions. More precisely,
if P(D) is surjective on A({2;) for any j € J then P(D) is surjective on A({2)

for .
2=(N)
jeJ
and
Q= limjinfOQj
={£eR" |3 >0:B.(&) C {2 for all but finitely many j}.

Also, if P(D) is surjective on A(f2), then P(D) is surjective on A(f2.) for
any € > 0, where
Q. :={¢ € 2| dist(§,002) > e}

As the main result of [27], we obtain

THEOREM 2.13. P(D) is surjective on A(R™) if P(D) is surjective on
A(02) for some 2 # 0.

For convex {2, this is one of the main results of Héormander [13], while
the question had been open for general (2.

As already mentioned in the introduction, the heat equation was the
first example of a nonsurjective partial differential operator on A(R™) (for
n > 3). By Theorem 2.13 we obtain the following improvement of this
classical result:

EXAMPLE 2.14. Let n>3 and let P, (x) 322?:1 8]2 for some 1 <k <n.

Then there is no open set {2 C R™ such that P(D) is surjective on A({2).

Of course, this example also applies to the Schrodinger equation.

3. Necessity. In this section, we consider condition (Ap) defined as
follows: For any w CC {2 there are w CC {2 and § > 0 such that for any
§e€2\wandany 0 <T <1 there are V € U(£2 x {T'}) and E¢ € Ca(W),
W:=VU(wx|T—=46T+0[), such that

P(D)Ee = G(- =&, -)lw-
Clearly, (Ap) is stronger than (Ag) from the Main Theorem 2.1 and we

will show in this section that (Ag) holds if P(D) is surjective on A(£2) (see
Theorem 3.4).
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To this end, we will first discuss the operator P(D) on CA(Q) for a com-
pact set @ C R™"!. We introduce the Grothendieck duality and condition
(C2) which is equivalent to the exactness of the sequence (1.3) of spectra.
Since (Cg) is clearly weaker than (Ag), it can also be used in the sufficiency
proof in the next section. The section ends with the proof of the necessity
of (An).

It is clear from the remarks in Section 1 that we will have to consider
the operator

P(D): Ca(Q) — Ca(Q)

for compact nonconvex sets Q C R"*!. We start with some corresponding
auxiliary results. Since the Laplacian is elliptic, C'A (R™"1) is dense in CA(Q)
for any compact set Q C R"*! such that

(3.1) R™*1\ @ does not have a bounded component

(see e.g. Hormander [14, Corollary 10.5.3]). If L C @ is compact and also
satisfies (3.1), we can thus identify Cx(L)" with a subset of Ca(Q)’. This
identification will be frequently used.

To solve the equation P(D)f = g for g € Ca(Q) by means of the Hahn—
Banach theorem (see Remark 3.1 below) we need an appropriate represen-
tation for Ca(Q)y,. This is provided by the Grothendieck—Tillmann duality
(which is also the reason why we have to use the canonical elementary so-
lution G of A in (Ag) since G defines the canonical isomorphism in the

duality): For Q C R™"! compact let
Cao(R™1\ Q) = {f € CaR™\ Q)| lim f(&) = 0}

endowed with the topology of C(R" ™1\ Q). Then Ca o(R"1\ Q) is a Fréchet
space. Furthermore,

(3.2) C(V '\ Q) also induces the topology of Cao(R™\ Q)
if V' is an open neighbourhood of Q). Let
(1) (@, y) = wu(2,y) = (pusy, G(s —a,t —y))  for p € Ca(Q)y,
Then we have the topological isomorphisms
(3.3)  x:Ca(Q) = CapR™\ Q) = CA(R™\ Q)/Ca(R™)

by the Grothendieck—Tillmann duality (Grothendieck [12, Theorem 4], Man-
tovani and Spagnolo [28], Tillmann [36, Satz 6]).
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A first application of (3.3) is contained in the following remark, which
will be frequently used. For compact sets Q C L € R**! let

Rff : Ca(L) — Ca(Q)
be the canonical mapping defined by restriction.
REMARK 3.1. Let Q C L C R™™ be compact sets satisfying (3.1). Then
P(D)Ca(Q) > R (Ca(L))

if there is a neighbourhood V' of L such that for any compact set J C V \ L
there is a bounded set B C Ca(Q) such that for any u € Ca(Q)’,

(3.4) sup |uy(z,y)| < Csup [(P(=D)p, f)l.
(z,y)ed feB

Proof. The mapping P(—D) : CA(Q) — Ca(Q)" is injective by (3.4)

and (3.3). Moreover,
T:='RY0 P(-D)~': H := P(—~D)CA(Q) — Ca(L)’

is continuous by (3.4) and (3.2) if H is endowed with the topology of C»(Q)'.

Indeed,

UT(P(~D)p) = Uplrn+1\L-
For g € Ca(L), the mapping
th—)Ca P(_D),U/'_)Q’ng%
is therefore continuous and can be extended to h € CA(Q)” = CA(Q) by the
Hahn-Banach theorem since CA(Q) is a (DFS)-space and hence reflexive.
Then P(D)h = R%(g) since
(1, P(D)h) = (P(=D)p, h) = h(P(=D)p) = (1, g)  for p € Ca(Q)". w
A standard estimate for u, is provided by the following basic

REMARK 3.2. Let Q C R"! be compact with (3.1). For any compact set
L C R\ conv(Q) there is a bounded set B C Ca(Q) such that for any
p € CARM™Y with P(—D)p € CA(Q)" we have € Ca(conv(Q)) and

sup |uy(z,y)| < Csup [(P(=D)u, f)].
(z,y)EL feB

Proof. (a) By assumption, p € Ca(J)" for some compact convex set
J C R™! For w € R*! let

Vip := {2z € R"™ | (z,w) > 0}.
Since V,, is convex, there is E,, € Ca(Vy,) such that P(D)E,, = G|y, (asin
(2.5)). For z € R™™! with (z,w) sufficiently small we get
(3:5) up(2) = (py, G(1 = 2)) = {pi, P(D) Ew (1) = 2))
= (P(=D)p, Ew(n = 2)) = vu(2).
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Then v, defines a harmonic function on
Wae(w) = {z € R™ | (z,0) < c(w)},
where ¢(w) := inf{(w,n) | n € Q}. By the identity theorem, u, can thus be

extended as a harmonic function on R"™!\ conv(Q), i.e. u € Ca(conv(Q));,

by (3.3).
(b) For each compact convex set L € R,
P(D) : Ca(L) — CAa(L) is surjective.

Since Ca(L) is a (DFS)-space, this implies that P(—D) : Ca(L);, — Ca(L)j,
is a topological isomorphism onto its range. The claim now follows from (3.3)
since CA(Q);, is continuously embedded in Ca(conv(Q)),. =

The exactness of the sequence (1.3) of spectra can now be characterized
as follows: For a compact set K C 2 let RE : CA(£2 x R) — Ca(K) be the
canonical mapping defined by restriction. Let I(d) := |—0, d] for § > 0.

ProproSITION 3.3. The following are equivalent:
(a) For any compact set K C {2,
P(D)CA(K x {0}) D RE(CA(22 x R)).

(b) The following condition (Cg) holds: for any w CC {2 there are & CC
2 and § > 0 such that for any § € 2\w thereis E¢ € CA(W), W := wxI(9),
such that
(3.6) P(D)Ee = G(- =&, -)lw-

(¢) The following condition (Cg) holds: for any w CC {2 there isw CC {2
with w CC @ such that for any § € 0w there are ¢ > 0 and E¢ € Ca(W),
W :=w x I(0¢), satisfying (3.6).

(d) For any compact set K C (2 there is a compact set J C §2 with
K C J such that

P(D)CA(K x {0}) D R¥(Ca(J x {0})).
(e) The sequence (1.3) of projective spectra is exact.

Proof. The statements in (d) and (e) are equivalent by the definition
(1.4). Similarly, (d) clearly implies (a).

(a)=(b). For K :=w the mapping

T :=P(D) "o R : CA(2 x R) — Ca(K x {0})/ker P(D)

is defined by (a) and continuous by the closed graph theorem. The lat-
ter space is a (DFS)-space with step spaces Yy := BCA((K + Uyj) X
I(1/k))/ker P(D) of bounded harmonic functions. Thus, there is k¥ € N
by Grothendieck’s lemma (Meise and Vogt [30, 24.33]) such that

T :Ca(£2 x R) — Y} is continuous.
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Also, there are C,¢ > 0 and w; CC {2 that
TNy, <€ sap  [f(z,y)| for f € Ca(f2xR).

.’ﬂeu.)1,‘y|<c
Since CA(2 x R) is dense in Ca(@; x I(c)) by (3.1),
extended to a continuous mapping 7' : Ca(wy x I(c)) — Yj which also
satisfies

T can be uniquely

P(D)g = f’wx[(l/k)

if T(f) = = [g] € Yi. This shows (b) for @ DD Wy since then G(- —§,-) €
Ca(@y x I(c)) if £ € @.

(c)=(d). By Remark 3.1, we have to estimate w, suitably for u €
Ca(Kx{0})". By Remark 3.2 for any compact set L C R""1\ (conv(K)x{0})
there is a bounded set By C Ca(K x {0}) such that

(3.7) sup |uy(-,y)| < C sup [(P(=D)p, ).
m,y)eL fEBl
Choose € > 0 such that w1 := K + U. CC §2. Choose w DD wy for w;y by
(c) and set J := w. We may assume that X := w + U, CC (2. For £ € dw
choose ¢ < € and E¢ € Ca(w1 x I(d¢)) by (Cg). For (z,y) € Us, x I(0¢) we
then get
u(x + & y) = (s, Gls —x = &1 —y))
< ( )Es(s—wvt—y»

Choose &1,...,&) € 0w such that W := Ung U(;Ej (&) D Ow and let § :=
min(de,, ..., 0¢,)/2. Then

(3.8) sup  |uy(z,y)| < sup [(P(=D)u, ),
(z,y)EW XI(9) feB

where

B := {Efj('_x_gjv'_y) |]§>\7 |y| <9, |l‘—£j’ S55;‘}
is bounded in CA(K x {0}) since K + U5£j CC wi. The claim in (d) follows
from (3.7) and (3.8) by Remark 3.1. =

We now come to the main result of this section.

THEOREM 3.4. Let P(D): A(£2) — A(2) be surjective. Then P(D) sat-
isfies (Ap).

Proof. (i) Since P(D) is surjective on A({2), P(D) satisfies (Cg) and
the sequence (1.3) of projective spectra is exact by Proposition 3.3. By
Proposition 1.1 we therefore know that Proj* NIQ = 0.
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(ii) Let {Kj | £ € N} be an increasing compact exhaustion of (2. Then
Nf = (Xi, R¥) = (Np(K}), RY) is a projective (DFS)-spectrum with

X, = limdind Xpd = limdind NBp(Kk + Vi/4)

(see (1.7)). For w CC 2 choose K} DD w. Theorem 1.2 of Retakh implies
that there is 7 > k such that

(3.9)  Rj(Np(K; x {0})) C R*(Np(£2 x {0})) + NBp(Kj + Vi/;).

Let K; CC wy CC {2 and choose @ CC 2 and § > 0 for w; by (Cp,). For
€€ 2\ wand T >0 the equation

(3.10) P(D)F =G(- —¢,)

thus has solutions f € Ca(wy x I(9)) by (Cp) and fr € Ca(£2 x {T'}) since
P(D) is surjective on A(f2). Set

9:=f— fr € Np(K; x {T}).

By (3.9) there are V € U(£2 x {T'}), g1 € Np(V), g2 € NBp(w x |T — 1/,
T+ 1/j]) and 0 < v < &1 := min(d,1/5)/2 such that ¢ = g1 — g2 on
wx |T —~,T+ 7] (since w C Kj). We may assume that fr € Ca(V)
and w X [T — v, T+~ =VN(wxR). For T < é1, fr+g1 € Ca(V)
and f+ g2 € Ca(w X |T — 01,T 4 61]) then coincide on V N (w x [T — 41,
T +61]) = w x |T —~,T + 7[. They thus define a solution E of (3.10) on
V U (w x |T — 81, T + d1[). This proves (Ag). =

We will show at the end of Section 4 that (Ag) is equivalent to the
surjectivity of P(D) on A({2).

Notice that the choice of § in (Ap,) is uniform as in condition (Bg) from
Theorem 2.1. However, since T > 0 in (Ag), the functions F¢ coming from

(Ag) are not hyperfunctions (in contrast to the elementary solutions F
from (Bg)).

4. Sufficiency. In this section we will consider condition (Ap) from
Theorem 2.1(c), i.e.: for any w CC {2 there is w CC 2 with w CC w such
that for any @ CC {2 and any £ € 0w there is § > 0 such that for any 0 < 7' <
0 there are V e (@ x {T}) and E € CA(W), W :=V U (w x]T —6,T+4]),
such that

P(D)E =G(- =&, )lw-

At the end of this section we will prove a first characterization of the sur-
jectivity of P(D) on A(f2) including condition (Ag) and part of the Main
Theorem 2.1 (see Theorem 4.6). The main tool in the proof of Theorem
4.6 will be Theorem 1.5, so this section is largely devoted to verifying the
assumptions of that theorem in our concrete situation.
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Our first aim is to prove that the spectrum N JQ is sw-reduced (see Propo-
sition 4.3 below). For this, we need two auxiliary results:

LEMMA 4.1. Let P(D) satisfy (Ag).

(a) The sequence (1.3) of projective spectra is exact.
(b) 2 is P-convex for supports.

Proof. (a) Condition (Ap) clearly implies (Cp) from Proposition 3.3.
Hence, the claim follows from Proposition 3.3.
(b) This follows from (a) by Zampieri [40, Theorem 1]. =

LEMMA 4.2. Let {2 be P-convex for supports and let P(D) be nonelliptic.
For any w CC 2 there is @ CC §2 such that for any pu € CA(R"™) the
following holds: If v := P(—=D)u € Ca(w x R) and if there are § > 0 and a
neighbourhood Z of Ow such that u, can be extended as a harmonic function
from above to Z x |—d,00] (and from below to Z x |—o0,d], respectively),
then p € Ca(w x R)'.

Proof. The proof relies on the theory of distributional and formal bound-
ary values of harmonic functions (see e.g. Langenbruch [20, 21)).

(i) By hypothesis we may assume that u,, is defined on V' := Z x (R\ {0})
and that u,|y can be extended as a distribution (again denoted by u,) to
Z x R such that

(4.1) Auy = go ® 0y + g1 ® 0y0y, on Z x R,
where

(4.2) gj € A(Z) and P(—D)gj=0 on Z for j=0,1,
since we may assume that

(4.3) P(=D)uy, =u, € CA(R" \w)U Z) x R).

(ii) We first cut off u, appropriately: Choose ¢ € C*°(R"™) such that
¢ = 1 on a neighbourhood U of R" \ w and ¢ = 0 near w \ Z. Since A is
elliptic, we can choose w € D'((wU Z) x R) such that

(4.4) Aw = (pg0) ® dy + (pg1) ® 0,0, on (wUZ) xR.

Then u, —w € Ca(((wU Z) N U) x R) and therefore there are a compact
set @ C R"! and v € CA(R"!\ Q) such that

(4.5) v—1u, € CA(UxR) and v—we Ca((wUZ)xR).
By (3.3) we may assume that
(4.6) v=uy for some A € CA(R" 1Y,

(iii) Let F : H(C™)? — CA(R™1!) be the canonical isomorphism defined
via the solution of the Cauchy problem for A with data on R™ x {0}. Then

(0, (fo, f1)) :== (N, F'(fo, f1))



80 M. Langenbruch

defines o = (0o, 01) € (H(C")")? and
(4.7)  P(=D)oj = P(=D)(¢g;) =: gj € Cg"(w\U) for j=0,1
by (4.2)—(4.6). By Fourier transformation and Malgrange’s lemma (Horman-
der [14, Lemma 7.3.3]) we thus have o; € C§°(R").
With A := (g ® &, + 01 ® 9,8,) € CA(R"1) we therefore get

(A F(fo, 1)) = (o, (fo, f1)) = (N F(fo, 1)) for any (fo, 1) € H(C™)?,

that is, A = A, and by (4.6), v can be extended to R"*! as a distribution
(denoted by v again) such that

(4.8) Av = g ® 0y + 01 @ Oyby.
This implies by (4.1) and (4.5) that
(4.9) 0j = gj is real analytic on ZNU.

(iv) oj is real analytic on U. Indeed, choose & € C*°(R") such that
@ =1 on a neighbourhood X of U \ Z and & = 0 near w \ U. Let H be a
distributional elementary solution for P(—D). For z € X and a € Nfj we
then get

(4.10)  o\”(x) = ®(2)o\" (x) = (H * P(~D)(®0"))(x)

= > (Hx (PO(=D)of" D'®))(w)(~1)"I/bL,
0<|b|<m

(P(-D)o{")® = 5\ = 0

by (4.7) and the choice of ¢. The claim follows from (4.9) and (4.10), since
suppgrad® C ZnNU.

(v) Since 2 is P-convex and P is nonelliptic, R"*!\ 2 does not have a
bounded component. Since p; has compact support, we thus conclude from
(iv) that supp o; C £2. Since {2 is P-convex and supp P(—D)p; = suppg; C
w, there is w CC 2 such that suppg; C w. This proves the lemma by
(4.5)—(4.8). =

PROPOSITION 4.3. Let P(D) satisfy (Agp).

(a) For any w CC 2 there is W CC {2 with w CC w such that for
any @ CC §2 with © CC @ there is § > 0 such that for any 0 < T < [3,
Np(w x I(7))|wx1(r) i contained in the closure of Np(W X I(T))|ux1(r) in
Np(w x I(1)).

(b) N is sw-reduced.

Proof. (a) (I) Let P(D) be elliptic and let
CrU):={feC™U)| P(D)f =0}
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Then there is C > 0 such that for any ¢ > 0,
(4.11)  sup|f@(0)[e*!/(alC!*) < Cy sup |f ()]

|z|<e
if f € C%(Vz) is bounded.
Let
w8 = {(z,y) € w xR | |y| < Bdist(z, dw)}.

Inequality (4.11) implies that there is B > 0 such that for any w CC R",
(4.12) OF (w)* = Ny(w?),
where the isomorphism is provided by the solution of the Cauchy problem
for A with data on w x {0}. Notice that we have the restrictions

0: Ny((w1)?) = Np(wx I(6)) ifwCCwand 0 <7 < y(wy),

0: Np(w x I(8)) — Np(wP)
(for ¢ use also (4.12)). The claim thus follows in this case from the well
known fact that any open set (2 is P-convex if P(D) is elliptic, hence

CP(2(1/n)) is dense in CF(2(1/m)) if n > m,

where 2(1/k) := {xz € 2 | x € Uy, and dist(z,062) > 1/k}.

(IT) Let P(D) be nonelliptic. Let v € Ca(w x I(7))" and let v|y, @ 1(r)
= 0. We have to show that v|y @x1(r)) = 0.

(i) Let F : H(C™)? — CA(R™"!) be the canonical isomorphism defined
via the solution of the Cauchy problem for A with data on R™ x {0}. Then

<;a (f07f1)> = <VaF(anf1)>

defines 7 = (¥, 71) € (H(C™)")?2 and 7 and 77 both vanish on the exponen-
tial solutions of P(D). By Fourier transformation and Malgrange’s lemma
there is 1 = (fip, i1) € (H((C™)))? such that P(—D)jig = vy for d = 0, 1.
Then

(s f) = (1, (£(,0),8,£(,0))) for f e Ca(R™1)

defines

(4.13) € CAR™Y and P(—D)p = .
By Remark 3.2,

(4.14) p € Ca(conv(w) x I(7)).

(ii) We now show that u,, satisfies the assumption of Lemma 4.2.

Since Y := R" x]0, ool is convex, there is F' € Ca(Y') such that P(D)F =
Gly (see (2.5)). Let w CC wy CC 2 and choose w for w; by (Agp). Let
W CC 2 be fixed and let & CC Wy CC §2. For £ € 0w and Wy choose 0 < ¢
by (Ap). For T¢ := 0¢/4 choose Ve € (@1 x {T¢}) and Ee € Ca(We),
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We := Ve U (w1 x I(0¢)), by (Ag). Since © CC W and Ve € (w1 x {T¢}),
we may choose 0 < ¢ < d¢/16 such that
(4.15)  (w+Us) Cwr and (W+ Us,) x (Te + I(2a¢)) C Ve.
For (v,y) € Ua, X I(a¢) we then have
PD)F(-— 2~ &+ Tg —y) = G~ — &+ Tz —y)
=PD)Ee(-—x,-+Te—y) onwxI(1), f0<7 < a.
Hence
F-—a2—& +Te—y) =FEe(- —x,- +Te —y) + heay

for some h¢ 5, € Np(W x I(7)). Since v(h¢ ) = 0 by assumption, we thus
get by (4.14) and (4.15), for (z,y) € Ua, x I(ag),

up(§ + @, —Te +y) = (s, Gls = — o, t + Te — y))
us,t P(Ds)F(s =& -2, T —y +1))
P( D)oy, F(s — & — 2, Te —y +1))
Visa), F(s =& =2, Te —y + 1))

= (V(s,0)> Eg(s —x,Te —y +1)) = ve(,y).

Equality (4.16) follows from (4.13), since R" x I(7) satisfies (3.1). vg¢ is

harmonic on U := U, X I(¢/2) by (4.15), since B¢ € Ca(We) and 7 < a <
d¢/4. Thus u, can be extended as a harmonic function to Uy, (§) x]—00, d¢ /4[.

Choose &1,...,&; € 0w such that Z := U?Zl Uagj (&) D 0w and let

(
=
=
(4.16) = (v,

T < B :=min{ag, | j < d}.
Then
(4.17) u,, extends to Z X ]—o0,d] (and to Z x |4, col)

from below (and from above, respectively) for § := min{d¢, /4 | j < d}.

(iii) Since {2 is P-convex for supports by Lemma 4.1(b), there is w; CC (2
by Lemma 4.2 and (4.17) such that yu € Ca(w; x R)". Hence p € Ca(wy X
I(7))" by (4.14) and P(—=D)u = v in Ca(w1 x I(7))" by (4.13) since &y x I(T)
satisfies (3.1). Thus,
<V7f> = <P(—D),U,,f> = <M7P(D)f> =0 for f € NP(&l X I(T)) ifr<p.

(b) This follows from (a) and the definition in (1.8) since NBp(w x I(7))
is continuously embedded in Np(w x I(7)) and the restriction

R1 : Np(u) X I(T)) — NBp(wl X 1(7'1))

is continuous if wi CCwand 0 <7y < 7. m

The next theorem is the crucial step in the proof of the sufficiency of
(Ap), since it will give the property (P3) from Theorem 1.5 for Nj? (see the
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proof of Theorem 4.5). Let
J(0) :==[-4,6] ford >0.
THEOREM 4.4. Let P(D) satisfy (Agn).

(a) For any compact K C £ there is a compact K C 2 with K C K
such that for any compact Z C 2 with K C Z there is 6 > 0 such that for
any 0 < vy <9 there are a compact Z C 2 with Z C Z and 0 < 8 < v such
that

PD)CA((K < J0) U(Zx (B)
D Ca((K x J(20)) U(Z x J(V))(rxxs6)u(zx1(8))-

(b) For any w CC {2 there is w CC {2 with w CC w such that for any
W CC 2 with w CC © there is 6 > 0 such that for any 0 < v < there are
0 < B <~ and a continuous linear operator

S Ca((w x R)U(R™ x I(7))) = Ca((w x I(9)) U (@ x I(B)))
such that
P(D)S(f)=[f on(wx1(0))U(@xI(F))

Proof. (a) (I) For compact K C {2 choose w CC {2 such that K C w.
Then choose w for w by (Ag). Choose a compact K C 2 with & C int(K).
For Z O K fixed choose & CC £2 with & O Z. We will apply Remark 3.1 for
Q:= (K x J(6))U(Z x J(B)) and L := (K x J(20)) U (Z x J(v)), where
0>v>p03>0and Z will be specified in the proof.

Let 1 € Ca(Q)". By Remark 3.2, for any compact X C R"™!\ (conv(Z) x
J(9)) and for any a € N there is a bounded set B C Cx(Q) such that

(4.18) sup | D, (2, )| < C sup | (P(~D)p, f)l.
(zy)eX feB

(II) Using (Ag), we now obtain additional uniform bounds for w, in
several steps.

(i) For £ € 0w choose ¢ > 0 by (Ap). If 6 < 6¢/2, we may choose
Ver € @ x{T}) and Ef € Ca(Ver U(w x|T —0¢, T +d¢[)) for 0 < T < 26
by (Ag). Since Ver € (@ x {T'}), K C w and Z C W, there are ¢ > 0 and
0 < ver < 0¢/4 such that
(419) K+4+Uy,Cw and (Z+U,) x [T —2ver,T+2ver) C Ver.
For (z,y) € U, x J(ver) we then get, for a € NJT!,

(420) Dauu(l‘ + Ea Y- T) = <:u(s,t)7 DaG(S - g —T,t+ T - y)>
- </J'(8,t)7 P<DS)DaE§(S —z,t+ T — y)>
= <P(_D):U’(s,t)7 DaEﬁ(S —x,t+T — y))
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if § < 6¢/4 and B < vg . We may choose {1, ...,&,} C 0w such that
U U.(&) o 05
i<k
Set
6 :=min{de, /4| j < k}.
For j < k we may choose T} 4 € [v/2,26] for d < A(j) such that

U 1-Ta = ve; .00 —Tja + ve; 1y 0l © =26, —7/2)

d<A(j)
and therefore
Vi= | Uo&) x]=Tja—ve; 1, 00 —Tja+ve; 1,0 D 00 x [-25,—7/2).
J<k,d<A(j)

Let 8 < vy = min{vg, 1,, | d < A(j), j < k}. Then (4.21) shows that for
any a € Nyt
sup [D%uy(z,y)| < sup [(P(=D)u, f)l,
(zy)eV feB
where E = {DaEfj(' — X, +Tjj,d - y) | j < k‘, d < )‘(.])a |'1"‘ < Ve T as
y € J(vg; 1, )} is bounded in Ca(Q) by (4.19). Applying (4.21) for u,(-, —)
instead of u,,, we get a bounded set B C CA(Q) such that for Vi := {(z,y) €
R (2, ]y]) € V3,
(421) sup | Dy (w,y)| < sup [{(P(~D)ps, f).
(z,y)eV1 feB
(ii) We now decompose u,, into v, + w,, keeping track of uniform esti-

mates.
Choose a neighbourhood U; of 0w such that

Uy cCint(K) and U x]vy/2,20[C V3
and set U := U; Uw. Choose ¢ € C°(U x I(26)) such that ¢ = 1 near
& x J(0). Let f, := A(puy)|lw for W := R™ x (R\ J(37/4)). By (4.18)
and (4.21), }L can be extended trivially (i.e. by taking its value equal to 0
outside W) to a bounded function f, on R"*! such that

(4.22)  supp f, C (suppgrad ) N W =: W C ViU (w x (I(28) \ J(5))).
Moreover, since P(—D) f,, is the trivial extension of P(—D)ﬁ also P(=D) f,
is a bounded function and
(4.23)  sup{|P(=D) fu(z,y)l + | fulz. )| | (x,y) € R""}

<Cr sup  [Duy(x,y)| < Cy sup [(P(=D)p, f)

(z,y)eW feBUB
la|<m+2
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by (4.22), (4.21) and (4.18). Let g, := G * f,,. Then

(4.24)  sup{|P(=D)gu(.y)| + lgu(z. y)| | (z,y) € R"}
<C3 sup [(P(—=D)p, f)]
fEBUB
by (4.23). Set (o ::_gl"R”“'l\(KxJ(Qé)) and wy, 1= (1—go)uu+g#\Rn+1\(ZXJ(7)),
where w), is defined by trivial extension of (1 — ¢)u,. Then we have v, €
Cao(R™\ (K x J(28))) and wy, € Cap(R™™1\ (Z x J(7))). Moreover,

(4.25) u, =v, +w, on R\ L,
for Ly := (K x J(26)) U(Z x J(7)) by the choice of .
(iii) Let Y € R®*1\ L be compact. Clearly,

(4.26) sup |vu(@,y)| < Cs sup [(P(=D)pu, f)|

(z,y)eY feBUB
by (4.24). Since w, € Cao(R™\ (Z x J(v))), we can find a compact
Z C 2 with Z D Z (using (Ap) for wy D Z as above) such that for suitable
compacts Y1 C Y C (R" x 1(27))\ (Z x J(v)) (use (3.3)), sufficiently small
v>0and Vo := (V1 Uw) xR,

(427)  sup |wy(z,y)]

(z,y)EY

<Cy sup |wy(z,y)| <Cs5 sup [P(=D)wyu(z,y)|
(z,y)€Y (z,y)eY

< GCs( sup [(P(=D)u, f)l+ sup  |P(=D)uy(z,y)|
feBUB (z,y)€Y \Va

T oswp |P(=D)(pu) ()

(z,y)eY N1

< Crsup [(P(=D)ps, f)
feB

for some bounded set B C CA(Q), where the last estimates follow from
(4.24), the choice of ¢, (4.21) and (4.22). The claim in (a) now follows from
(4.25)—(4.27) by Remark 3.1.

(b) Let w CC w; CC 2 and set K := 1. Choose K for K by (a) and
& CC 2 such that @ 5> K. Fix & CC 2 with & D & and set Z = .
Choose § > 0 by (a), fix 0 < v < ¢ and choose 0 < v; < 7. Finally, choose
0 < 8 < for v1 by (a). Then the mapping

P(D)™": Ca((@ x R) U (R x I(7))) — Ca(W)/Np(W),
W= (w1 x I(9)) U (w1 x I(/3)), is defined and linear by (a). It is continuous

=
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by the closed graph theorem. Let

Lo = Lo(W)NCA(W), W :=(wxI(6/2)N (@ x I(8/2)).

Then Ly A is a Hilbert space and Npy, := Ly Nker P(D) is a closed
subspace. Let

L:Lya/Npr, — (Npr,)*
be the canonical topological isomorphism. Let
J: CA(W)/NP(W) — LQ,A/NP,LQ
be defined by restriction. Since J is continuous,
S:=LoJoP(D) " :Ca((@xR)U(R" x I(y))) — Ca(W)
is continuous and P(D)(S(f)) = f on W= (wxI(6/2))U(wxI(6/2)). =

THEOREM 4.5 (semiglobal decomposition with bounds). Let P(D) sat-
isfy (Ag)-

(a) For any compact K C (2 there is a compact K C 2 with K ¢ K
such that for any compact Q C 2 with K C Q there is n € N such that for
any m > n there are N > m and a continuous linear operator

L = (L1, La) : NBp((K x {0}) + Vi/m)

— NBp((Q x {0}) + Vi n) x NBp((K x {0}) + Vi/n)
such that Li(f) + La(f) = f on (K x {0}) + Vyn-

(b) N& satisfies (P3).

Proof. (b) This follows directly from (a) by the definitions of N and
(P3).

(a) Notice that we have the continuous restrictions

0: Np(wx I(y)) = NBp((K x {0})+V;) ifd<yand K+ Vs Cw,
0: NBp((K x {0}) +V5) = Np(w x I(y)) ify<dandwC K.

The claim in (a) thus follows if we show the following

CLAIM. For any w CC 2 there are w CC §2 such that for any @ CC {2
there is § > 0 such that for any 0 < v < § there are 0 < B < v and a
continuous linear operator

L= (Ly,Ls) : Np(w x I(ry)) — Np(w x I(8)) x Np(w x I(9))
such that Li(f) + La(f) = f onw x I(5).

To prove the Claim, choose @ for w by Theorem 4.4(b).
(i) Let w CC w1 CC 2 and v > 0. There is a continuous linear operator

R = (Rl,RQ) : CA((,NUl X I(’y)) — C'A(@ X ]R) X CA(Rn X I("}//Q))
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such that Ry (f) + Ra2(f) = f on @ x I(/2). Indeed, let ¢ € D(w1) be such
that ¢ = 1 near &. For f € Ca(@1 xI(7)), the function f := Al f)lrnxi(y/2)
defines a function f; on R™*! (by trivial extension) which is bounded and
has compact support. Then

Ri(f) =G * filaxe and  Ra(f) := (of — G * f1)lrnxi(y/2)
have the required properties.
(ii) For f € Np(w1 x I(y)) we have P(D)R1(f) = —P(D)R2(f) on

w x I(y/2). Thus
~ . [PD)Ri(f) onwxR,
B = ooy ok x T

defines a linear and continuous operator

R:Np(@ x I(7)) = Ca(W), W := (& xR)U (R" x I(v/2)).

Fix &0 CC {2 with w; C & and choose 6 > 0 by Theorem 4.4(b). Let 0 < vy < ¢
and choose 0 < (3 for /2 by Theorem 4.4(b). For f € Np(w; x I(7)) let

Li(f) == (Ro(f) + S o R(M)awrw,  L2(f) := (Ri(f) = S o R())|wxis):

with the operator S from Theorem 4.4(b). Then L has the properties stated
in the Claim for w; in place of @ (use also (i)). =

Summarizing the results proved so far, we get the following characteri-
zation which proves the first part of the Main Theorem 2.1.

THEOREM 4.6. The following statements are equivalent:

(i) P(D) is surjective on A({2).
(ii) For any V € A(£2) there is W € A(£2) with W C V such that
P(D)Ca(W) > Ca(V)|w.

(ili) P(D) satisfies (Ag).

(iv) P(D) satisfies (Ag).

Proof. (i)=-(iv). This was proved in Theorem 3.4.

(iv)=-(iii) and (ii)=(i). These are trivial.

(iii)=(ii). The sequence (1.3) of spectra is exact by Lemma 4.1(a). The
projective (DFS)-spectrum N7 is sw-reduced by Proposition 4.3(b). Fur-

thermore, N satisfies (P3) by Theorem 4.5(b). The claim thus follows from
Theorem 1.5. »

5. Regular hyperfunction elementary solutions. In this section
the proof of Theorem 2.1 will be completed. The main point is to prove
that the hyperfunction criterion (Bg) from Theorem 2.1(e) is necessary for
the surjectivity of P(D) on A({2). For this we have to solve the equation
P(D)f = g for g € Ca(W), where W is a nonconvex open set in R"*1
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(see Theorem 5.4 below). We thus need a variant of Remark 3.1 for open
sets, which is provided by the following lemma. Notice that the assumptions
are stronger as compared with Remark 3.1, due to the more complicated
topology of Ca(W);.

Similarly to Section 3 we will need the fact that Co(R"*1) is dense in
CA(W) for the open sets W C R™*! used in this section. This again follows
from Hormander [14, Corollary 10.5.3] if W satisfies (3.1), i.e.

R™1\ W does not have a bounded component.
This condition holds for the open sets W needed here since always
W N ({z} x R) is an interval for any = € R".
In particular, the neighbourhoods V' € U(§2 x {T'}) can be chosen in this
way (e.g. as the union of sets w; x |T'—¢;,T + €;[).
LEMMA 5.1. Let W C V C R™™ be open sets satisfying (3.1). Then
P(D)CA(W) 2 Ca(V)lw
if for any bounded set B D C (W), the set
(51) B:={ue Ca(V)y, | P(=D)p € B} is bounded in CA(V),,.

Proof. Let E := Ca(W);, and F := CA(V);,. Then (3.1) and (5.1) imply
that H := P(—D)F N E is sequentially closed in E since F' is a (DFS)-
space. Thus, H is closed in E (by Komatsu [19, Theorem 6']) since E is a
(DFS)-space. Therefore, H is a (DFS)-space. Since P(—D) is injective on
{peF|P(-D)ue E} by (5.1),

‘R oP(-D)™':H - F

is defined, linear and continuous by the closed graph theorem. The proof is
now completed as in Remark 3.1. =

The assumptions of Lemma 5.1 will be checked in two steps: roughly
speaking, we will first give bounds for the “supports” of u € Co(W) in
terms of supp(P(—D)u) (see Lemma 5.3, this step plays the role of P(D)-
convexity for supports). In the second step, we then estimate w,, in terms of
up(—p)yu- For the first step, the following remark is useful: Let

w]r :=w x |T,00[ forT €R.
REMARK 5.2. Let P(D) satisfy (Ag). For any w CC 2 there are @ CC
Q2 with w DD w and 6 > 0 such that for any § € 2\ w and any 0 < T <1
there are Fe € CA(Y), Y 1= [2]7 U [w]r—_s, and he € Ca(§2 x R) such that
P(D)Fe = (G(- = &;-) + he)ly-
Proof. Choose @ CC (2 and § > 0 by (Ap). For £ € 2\ © choose
Veld(2x{T}) and Ec € CA(W), W :=V U (wx|T —0,T +6[), by (Ap).
Take ¢ € C°(£2 x R) such that ¢ = 1 near {2 x |—o0,T| and supp¢ C
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V U (£2 x ]—00,T]). Then A(E¢p) is defined on W and can be extended
trivially to g € C*°(£2 xR). Since A is elliptic, there is g1 € C*°(§2 xR) such
that Ag; = g. Moreover, E¢y is defined on W and can be extended trivially
to B € COO(WU [Q]T) SetY = [Q]TU[W]T,(S and Fg = (E1 —gl)‘y. Then
Fe € CA(Y) and P(D)F; = Hely, where
He:=G(-— & )p— P(D)g1 + Y P (D)ED/a! € D'(w x R)
a#0
(the last terms are again extended trivially). Since
A(P(D)Fg) = AH& = 5(5’0) = AG( — 5,0) on w X R,

the remark is proved. m

LEMMA 5.3. Let P(D) satisfy (Agp). Then there are a relatively compact

ezhaustion {w; | j € N} of £2 and a decreasing sequence 6; > 0 such that for
any decreasing sequence 0 < 7; < §; and any p € CaA(£2 x R),

/ . /
e Ca(Ulwin x 1)) if P(=D)pe Ca(|Jlws x 1))
jEN jEN
Proof. With w CC {2 fixed set wy := w. For j € N choose w =: w; 11 and
§ := ¢; for w; by (Ap). We may assume that {w; | j € N} is a relatively
compact exhaustion of 2. Let 0 < 7; < §; and p € Ca(f2 x R)' with
P(=D)p € Ca(U;en(w; x I(75)))". Then

we Call x J(O)) and P(-D)(|J(K; x J(r; — <))
J<J

for suitable C,J € N, 0 < ¢; < 7; and compacts K C {2 and K; C w;. We
may assume that

K;j+U;; Cw; and K+U, C 2.

For £ € 2\ wo and 0 < T < 1 we choose Fy € Ca([02]7 U [wi]7—5,) and
he € Ca(£2 x R) by Remark 5.2. Then we have, for y < —C and = € U,

'LLM({L’ + 67 Yy—- T)
= <:u(s,t)’ G(S - 5 - 'T7t +T — y)>
= <:u(s,t)’P(DS)E§(S - .’E,t +T - y) - hf(s - :B,t +T — y)>
= <P(_D):u(s,t)’ E§(5 - va +t— y)) - <:u(s,t)’ h(S —x,l+ T - y)>
=vu(z,y).
Now, v, is a harmonic function on U, (§) x |00, =72 + £2[. With the same

argument applied to u, (-, —-) we see that © € Ca((w2 x I(71)) U ((£2\w2) x
I(19)). As in part (a)(II)(ii) of the proof of Theorem 4.4 we now decompose
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pas p=py + po with gy € Ca(we x I(11)) and pe € CA(2 x R), with

P(-D)piz € Ca( | wj x I(Tj))'.

Jj=2
The lemma is thus proved by applying the same argument to po, us,...
inductively. m

The hyperfunction criterion (Bg) in Theorem 2.1 will be a consequence
of the result below. For Z C R"*! let

Zy :={(z,y) € Z |y > 0}.

THEOREM 5.4. Let P(D) be surjective on A(§2). Then there is Z € $4(£2)
such that for any w CC {2 there are w CC 2 with w CC w and § > 0 such
that for any 0 < § <4,

P(D)Ca(Z+ U (w x 1(8)) 5 Call0 U g3l 1, o1

Proof. (a) We will apply Lemma 5.1 for W := Z, U (w x I(4)) and
Vi=[0QoU[w] . Let B C CA(W);, be bounded and

B:={ueCa(V) |v:=P(-D)u€ B}

Choose an increasing relatively compact exhaustion {w; | j € N} of {2 and
a decreasing sequence ¢; > 0 by Lemma 5.3. By Theorem 4.6(ii) for 2 x R
there is X € 4(£2) such that

(5.2) P(D)CA(X) D CaA(2 xR)|x.
We may assume that
X = Jwjr x I(75)
Jj=1

for a decreasing sequence 0 < 7; < ;. Let

[e's)
7 = ij X I(Tj).
j=1

We may assume that w x I(d) C Z, and therefore

W= Z1 U (wx 1(8)) = | J(w; x10,7)) U (w x I(9)).
j=1
Since
B C CA(W), C CA(Z),,
we have B C Ca(X)' by Lemma 5.3, and therefore

(5.3) B={peCa(X) |v:=P(=D)ue B}.
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(b) There are J € N and ¢ > 71 such that
(5.4) B is bounded in Ca(wy x 1(p))".

To prove this, we will use Bonet and Galbis [5, Lemma 2]. The corre-

sponding assumptions are easily checked: The restriction
j:F:=CA(2xR) — E:=Cx(X)

is injective with dense range since CA(R"*!) is dense in Cx(X) by (3.1).
Also P(D)CA(£2 x R) C Ca(£2 x R) and P(D)Ca(X) C Ca(X) are both
dense since P(D)Ca(R"™!) = CA(R™1). Therefore (5.2) and (5.3) imply
by [5, Lemma 2] that B is bounded in Ca(£2 x R)}, since B is also bounded
in Ca(X)y,. This proves (5.4).

(c) We may assume that w CC wy and that B is bounded in Ca(K)j,
where

J _
K = U(wj X [, 7)) U (w x I(6))
j=1
for some 0 <y < 7y41.
Let p € Band w CC w; CC 2. With 0 < < min(vy, 7741 — ) to

be fixed later, we now decompose u, just as in the proof of Theorem 4.4:

Take ¢ € C°((wyp1 X |y — B0 + 1)) U (w1 x I(26))) such that ¢ =1

near (wy X [v,0]) U (w x I(3)). Let fu,+ be the trivial extension of qur =
A(puy)|r,, where Ly :=R"™ x |y + 3, 00[. Set

Uyt = (G* fui)lrming,, Kii=wjax[y+80+1].

Similarly, let f, — be the trivial extension of f;,_ = A(puy)|r_, where
L_:= (R" x |—00,7 + 3[), and
Up,— = (G * fu,—)’Rn+1\K,7

K_ = @y x [y — 8,7 + B) U @1 x [-23,7 + A]).
Since f, 4+ and f, _ are bounded,
(5.5)  wuu+ € CapR™\K}) and uy,— € CagR™M\ KL).
Moreover,
(5.6) Uy = Uy +u, - on R"\ (KL UK,
since

pu, — G* fu_ — G* fuy € CapR™) = {0}

by (5.5) and the relevant definitions. By (5.4) and (3.3),

{u, | p € B} is bounded in CA(R™ !\ (wy x I(0))).
Therefore, by the choice of ¢,

{fu+lne B} is uniformly bounded,
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hence

(5.7) {up+ | pe B} is uniformly bounded in Cx(R™*1\ K).

Since P(—D)u,, - = P(—D)u, — P(—=D)u, + by (5.6),
{P(-D)uy,,— | p€ B} is bounded in CaoR™\ K_)

by (5.7) and by the fact that

P(=D)u| p € B} = B is bounded in Co(W), and in Ca(wy x I(8));
b b

(the claim in the preceding line holds by assumption and (5.4)). The proof
of Theorem 4.4(a) then shows that

(5.8)  A{uu—|pe B} is bounded in

Ca®™\ ((Q x [1/2,37/2) U (K x J(55))))
for suitable compacts ¢ C (2 and K C §2, it B > 0 is sufficiently small.
Notice that § > 0 in (Ay) only depends on w, and that (Ap) clearly also
holds for § > 0 instead of § if 6 < 4.

The proof of the theorem is finished by choosing w CC {2 with @ D K
and applying Lemma 5.1 and (5.6)—(5.8). m

The proof of the Main Theorem 2.1 is now completed by the following
result:

THEOREM 5.5. The following statements are equivalent:

(i) P(D) is surjective on A({2).
(ii) For any g € A(£2) and any w CC (2 there is f € A(w) such that
(5.9) P(D)f = glo,
and P(D) satisfies the following condition (Bgo): for any w CC §2 there is
W CC 2 with @ D w such that for any @ CC 2 and any £ € 0w there is
F € B(W) such that
P(D)F =6¢ on& and F|, € Aw).

(iii) P(D) satisfies (5.9) and the following condition (Bg): for any w CC
2 there are w CC {2 with w D w and § > 0 such that for any £ € 2\ w there
is F' € B(£2) such that

P(D)F =0¢ on 2 and F|, € As(w).

(iv) P(D) satisfies (5.9) and the following condition: for any w CC (2
there are w CC {2 with @ D w and § > 0 such that for any 0 < 5 < § there
is 7 > 0 such that for any H € B(2) with H|; € Az(w) there is ' € B(12)
such that

P(D)F=H on§ and F|, €A, (w).
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Proof. (i)=(iv). (5.9) is clearly satisfied. P(D) satisfies (A) by Theo-

rem 4.6. To prove the claim, we take w; CC {2 with w; DD w and then choose
w1 with wy DD wy and 6 > 0 for wy by Theorem 5.4. Let w1 CC w CC (2 and
choose H € B({2) as above. Then H is defined by H € Ca(2x(R\{0})), and
fI“_Q]O can be extended to Hy € Ca([£2]o U [w1]_¢5) for some 0 <7 < § with
7 < §/6. By Theorem 5.4 there are Z € 4U(£2) and E; € Ca(Z1U(w1 x1(7)))
such that
(5.10) P(D)Ey = G(- = &, )|z, U(wr x 1))
We may assume that Z = {(z,y) | (z,|y|) € Z+}U(£2x{0}). Set Ea(z,y) :=
Eq(z,|y|) for (z,y) € Z\ (£2x{0}). Then Es satisfies (5.10) on Z\ (2 x{0})
since H is even with respect to y. Thus, Ey defines F € B(£2) with P(D)F =
H, and F|, € Ay(w) for some v > 0, since 1 € Ca(wi x I(¥)) and A is
elliptic (use (4.11)).

(iv)=-(iii)=-(ii). This is trivial.

(ii)=(i). By Theorem 4.6 it suffices to prove (Agp). Choose w; CC {2
such that w; DD w. Choose w CC {2 for wy, fix & CC 2 and choose
W CC §2 with &1 DD ©. For £ € 0w choose F' € B(w1) by (Bp). Then F' is
defined by E; € Ca(@; x (R\ {0})) with

(5.11) P(D)Ey =H onw; x (R\{0}),
where H € D'(; x R) satisfies AH = §¢ o) on 01 x R. Therefore,
(5.12) H=G(-—-¢&-)+h forsomeh e Cpa(; X R).

For sufficiently large @i, by (5.9), Proposition 3.3 (and extension via the
Cauchy problem) and Grothendieck’s lemma there is §; > 0 such that

P(—D)CA<5.)\ X 1(5)) D) CA(al X R)‘@XI(&)'
We thus get g € Ca(@ x I(61)) such that
(5.13) P(D)g = hlox1(5,)-

Since Flo,, € A(w1), Ei]jg], can be extended as a harmonic function (via
the Cauchy problem) to [w]_s, for some 0 < d2 < §;. Equation (5.11) also
holds on [w]_s, by analytic continuation. Then

E:=(E1—g)lw, W:=(®x]0,6])U(wxI(d)),
satisfies
PD)E=G(-—¢&,-) onW
by (5.11)—(5.13). Obviously, W € (& x {T'}) and W D w x |T — 6, T + ]
for ¢ := d2/2 and 0 < T < ¢. This shows (Ap). =

In the statement of Theorem 5.5, (5.9) can be substituted by any of the
equivalent conditions from Proposition 3.3.
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By the results of this paper, it would be interesting to give precise bounds

on the analytic singular support of hyperfunction elementary solutions of
P(D), especially for nonhomogeneous operators or operators with nonlocally
hyperbolic principal part.
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