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The Banach—Saks property in rearrangement
invariant spaces

by

P. G. Dopps (Bedford Park), E. M. SEMENOV (Voronezh)
and F. A. SUKOCHEV (Bedford Park)

Abstract. This paper studies the Banach—Saks property in rearrangement invariant
spaces on the positive half-line. A principal result of the paper shows that a separable
rearrangement invariant space E with the Fatou property has the Banach—Saks property
if and only if F has the Banach—Saks property for disjointly supported sequences. We
show further that for Orlicz and Lorentz spaces, the Banach—Saks property is equivalent
to separability although the separable parts of some Marcinkiewicz spaces fail the Banach—
Saks property.

1. Introduction. A Banach space X is said to have the Banach—Saks
property if every weakly null sequence contains a subsequence whose Cesaro
averages converge strongly to zero. This property has its roots in the classi-
cal work of Banach and Saks [BS] who established its validity in the func-
tion spaces L,[0,1] for 1 < p < 2. The corresponding result for the case
2 < p < oo is due to Kadec and Pelczynski [KP]. Subsequently, it was
shown by Kakutani [Di] that every uniformly convex Banach space has the
Banach—Saks property. In contrast, it was shown by Szlenk [Sz| that the
(non-uniformly convex) space L]0, 1) also has the Banach—Saks property.

The aim of the present paper is to study Banach—Saks type properties in
the setting of rearrangement invariant spaces on a finite (or infinite) interval.
We restrict our attention to separable spaces, as any rearrangement invariant
space with the Banach—Saks property is necessarily separable. Our approach
is partly based on a subsequence splitting property in rearrangement invari-
ant spaces (Proposition 3.2) which states that any norm bounded sequence
in a separable rearrangement invariant space with the Fatou property con-

2000 Mathematics Subject Classification: Primary 46A30; Secondary 46B20, 46B15.

Research of E. M. Semenov supported by RFBR grant 02-01-00146 and by the Scien-
tific program “Universities of Russia” Grant 04.01.051.

Research of P. G. Dodds and F. A. Sukochev supported by the Australian Research
Council.

[263]



264 P. G. Dodds et al.

tains a subsequence which is a perturbation of the sum of an equimeasurable
sequence and a bounded, disjointly supported sequence which converges to
Zero in measure.

The principal results of the paper are given in the fourth section. We
show (Theorem 4.5) that for separable rearrangement invariant spaces with
the Fatou property, the Banach—Saks property is equivalent to the Banach—
Saks property for disjointly supported sequences. It is readily seen that
each of the spaces L,, 1 < p < oo, satisfies this latter condition and so
we recover the classical results of [BS] and [KP] in the case 1 < p < oo
and of Szlenk [Sz] in the case p = 1. We show further (Corollary 4.6) that
any separable rearrangement invariant space with the Fatou property which
satisfies an upper p-estimate for some p > 1 has the Banach—Saks property.
This complements a result of Rakov [Ra] who showed that any Banach space
with non-trivial type has the Banach—Saks property.

In the fifth section, we show (Theorems 5.5, 5.7) that each separable
Orlicz and Lorentz space on an interval has the Banach—Saks property, and
that the separable parts of non-separable Orlicz and Lorentz spaces (on an
interval) do not have the Banach—Saks property. This contrasts markedly
with the results of Rakov [Ra] where it is shown that not only does every
separable Orlicz sequence space have the Banach—Saks property but so also
does the separable part of every non-separable Orlicz sequence space.

In the case of Orlicz function spaces, our results considerably strengthen
earlier results of Alexopoulos [Al]. As well, we show that the separable parts
of some Marcinkiewicz spaces fail the Banach—Saks property (Theorem 5.9).
Further, we show that if F is a separable rearrangement invariant space, then
each weakly null sequence which in addition is E-equi-integrable contains a
subsequence for which the Cesaro means of each further subsequence con-
verge in norm to zero (Theorem 4.10). Finally, we give an example of a
reflexive rearrangement invariant space E on [0,1) with non-trivial Boyd
indices, and having an equivalent rearrangement invariant locally uniformly
convex norm, but which does not have the Banach—Saks property. This com-
plements the classical result of Kakutani cited above.

Some of the results of this paper were announced in [DFSS].

2. Definitions and preliminaries. A Banach space (F, |||/ g) of real-
valued Lebesgue measurable functions on the interval [0,a), 0 < a < oo,
(with identification A-a.e.) will be called rearrangement invariant if

(i) E is an ideal lattice, that is, if y € E, and if = is any measurable
function on [0, o) with 0 < |z| < |y| then z € E and ||z||g < ||y||g;

(ii) E is rearrangement invariant in the sense that if y € F, and if x is any
measurable function on [0, &) with z* = y*, then z € F and ||z|| g = ||y| &
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Here, A denotes Lebesgue measure and z* denotes the non-increasing,
right-continuous rearrangement of x given by

x*(t) =inf{s > 0: A({|z| > s}) <t}, t>0.

For basic properties of rearrangement invariant spaces, we refer to the mono-
graphs [BeS]|, [KPS], [LT2]. We note that for any rearrangement invariant
space E = E0, a),

L1[0,0) N Lo [0, ) € E[0, ) € L1]0, ) + Lo [0, )

with continuous embeddings.

The Kothe dual E* of a rearrangement invariant space £ on the interval

[0, ) consists of all measurable functions y for which

yllp = sup{ {le@y@)ldt: v € B, |2z < 1} < oo.
0

Basic properties of Kothe duality may be found in [KPS], [BeS] (where the
Ko6the dual is called the associate space). If E* denotes the Banach dual of
E, it is known that E* C E* and E* = E* if and only if the norm || - || g is
order continuous, i.e. from {z,, } C E, z,, |, 0, it follows that ||z, | g — 0. We
note that the norm || -|| g of the rearrangement invariant space E on [0, ) is
order continuous if and only if E is separable, in which case lim;_,o, *(t) = 0
for all x € E. We denote by Lo[0,00) the closure of L1[0,00) N Ls[0, 00)
in L1]0,00) + L [0, 00). The space Lo[0, 00) is separable and is the largest
separable rearrangement invariant subspace of L1[0, 00)+ L [0, 00). Further,
x € Lg[0,00) if and only if lim; . z*(¢t) = 0.

If E is a rearrangement invariant space on [0, «), then E is said to have
the Fatou property if from {f,}n>1 C E, f € L1]0,a) + Lx[0,a), fr, — f
a.e. on [0,a) and sup,, ||fnllz < oo it follows that f € E and |f|g <
liminf, o || fn|lz. It is well known that the rearrangement invariant space
FE has the Fatou property if and only if the natural embedding of F into its
Ko6the bidual E** is a surjective isometry. Such spaces are called mazimal.
We note that if E is separable but not maximal, then E contains a Banach
sublattice isomorphic to cg. See, for example, [MN, Theorem 2.4.12].

If z,y € L1[0, @) + Lo [0, o), we will say that z is submajorized by y and
write £ << y if

t t
Sa:*(s) ds < Sy*(s) ds for all t > 0.
0 0

We shall need the following criterion for weak compactness in rearrange-
ment invariant spaces. See [DSS, Proposition 2.1(v)].

PROPOSITION A. Let E be a rearrangement invariant space on [0, ),
0 < a < o0, such that E,E* C Ly[0,00). If E has the Fatou property or is
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separable, and if K C E* is bounded, then K is relatively o (E*, E)-compact
if and only if for every f € E and sequence {f,} C E with f, << f, n €N
and f, — 0 in measure, we have

mp{g ﬁ@MWﬂﬁ:geK}—ma
[0.0)

Denote by ¥ the set of increasing concave functions on [0, co) with (0)
Y(4+0) = 0. If ¥ € ¥, then the Lorentz space (Ay[0, ), | - [|4,[0,a)) o0 [0,
is the space of all measurable functions x on [0, ) for which

a)
(o3
]|y f0.0) == § 27 (£) dip(t) < o0
0
The rearrangement invariant space Az [0, ) associated with the Lorentz
space Ay [0, ) is the Marcinkiewicz space My[0, o) consisting of those mea-
surable functions z for which

1 *
/a2, [0,0) = sup 2*(t) dt < oo.

0<s<a ¢(3)

The space 440, @), 1 < a < oo, is always separable. The space A[0, c0),

is separable if and only if ¥ (c0) = limy_,~ ¥ (f) = 00, and, in this case, the

simple functions are dense in 4,0, 00) [KPS, I1.5.3]. The space My |0, o) is

non-separable. The closure of L1[0,a) N Lo [0, ) in My[0, ) is separable
and is denoted by M0, ).

By [KPS, Section 2.5.4], the Banach dual Mg [0,«)* may be identified

with A,[0,«) and every linear functional f € Mg [0,@)* can be written in
the form

O ey

f@)= | syt)dt, =eMy[0,a),
[0,c)
where y € Ay[0, ) and || flla910,0) = ¥lla,70,0)-

Let @ be an Orlicz function on [0,00), that is, @ is a continuous convex
increasing function on [0, 0o) satisfying ¢(0) = 0 and $(co0) = co. The Orlicz
space Ly = Lg[0,a), 0 < a < 00, is the space of all Lebesgue measurable
functions f on [0, &) for which

(S) <’f§))’>dt

for some p > 0. The (Luxemburg) norm in Lg = Lg[0, «) is defined by

I£lo =int {0 > 0: §¢<@> w1l

0
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The Orlicz space Lg[0,«) is maximal. In the case of a < oo, Lg[0, ) is
separable if and only if @ satisfies the Ay-condition at oo. The space Lg |0, 00)
is separable if and only if ¢ satisfies the As-condition both at co and at 0
(see, for example, [LT2]). We shall denote by L$[0, ) the separable part of
the Orlicz space Lg[0, ), that is, L3[0, ) is the closure in Lg[0, @) of the
linear subspace L1[0, &) N L [0, ).

3. Subsequence splitting of bounded sequences. In this section,
we study bounded sequences in a rearrangement invariant space E. In our
variant of the subsequence splitting property we follow the approach of [Sul,
Lemma 1.1] (see also [KP] and [We, Corollary 2.6]). We shall need the fol-
lowing result, given in [BeS, Corollary 2.7.6]. See also [KPS, Theorem II.2.1].

LEMMA 3.1. If v € L1[0,a) + L]0, ) and if lim; o z*(t) = 0, then
there exists a surjective measure-preserving transformation o : [0,a) —
[0, ) such that |z(t)| = z*(o(t)), t € [0, ).

Combining the measure-preserving transformation from Lemma 3.1 with
multiplication by a unimodular function, we see that if the rearrangement
invariant space E[0,00) is separable and if x € FE then there exists a
rearrangement-preserving transformation 7, : E — E such that T, (z*) = x.

The first part of the following proposition was established in [Sul, Lem-
ma 1.1] under the additional assumption that o < occ.

PROPOSITION 3.2. Let E be a separable rearrangement invariant space
on the interval [0, ), 0 < o < 00, with the Fatou property.
(i) For any sequence {x,}32, C E with

sup ||z, |lg = C < 00
neN

there exists a subsequence {x},}°° 1 C {x,}52 which admits the splitting
(3.1) Ty =Yn+2ntdn, n>1,
where {yn}o 1, {zn}221,{dn}22 1 C E are bounded sequences satisfying
(a) ¥ (t) = yp(t), Vn € N, Vi € [0,00) and ||ly1]|e < C;
(b) znzm =0 for nym € N, n # m, z, — 0 in measure and
per 20ll < 2C5
(¢) lldnllz — 0.

(ii) If, in addition, the sequence {x,}5%, is weakly null and E* C
L[0,00), then the sequences {yn}oq, {20}, from (3.1) may be chosen
to be weakly null as well.

Proof. (i) It follows from the inequalities

supz;, (t) < C/lxonlle, t>0,
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that the sequence {z}}>2 ;| is uniformly bounded on every interval of the
form [a,b] for all 0 < a < b < co. By Helly’s selection theorem, we choose
a subsequence of {z*} (which we again denote by {z*}) such that ¥ — f
almost everywhere on [0, ) for some right-continuous, non-increasing func-
tion f : (0,a) — [0,00). Since E has the Fatou property, it follows that
f € E and that ||f||z < C. We set

an(t) = (z)*(t) — f(t), Vt>0, VneN.

Since limy oo f(t) = lim; oo (2],)*(t) = 0 for all t > 0, and since f,z} are
non-increasing for all n € N, it follows that a,, — 0 in measure.

Since limy_.o(z],)*(t) = 0, it follows from Lemma 3.1 that there ex-
ists a rearrangement-preserving transformation 7,, : £ — FE such that

T, ((z])*) =z}, for all n € N. We now set
yn =Tnf, wn=T(an) =Tn((2},)" — f), meN.
It follows immediately that
Ty = Yo+ Wny Yy =f
for all n € N. In particular, it follows that
lynlle = 1flle <C,  |wnllp <2C

for all n € N. Since a,, — 0 in measure, we also have w,, = T,(a,) — 0
in measure. Finally, since F is separable, the commutative specialization of
[CDS, Theorem 2.5] shows that, by passing to a subsequence if necessary and
relabelling, there exists a sequence of mutually disjoint elements {z,}>2 ; C
E such that ||z, || < 2C and ||z, — wy||g — 0.

(ii) From part (i), we may assume that the decomposition (3.1) holds for
{zn}52,. We set f =y; and let

Qf) ={xr e E:x << f}

Using the assumption that E* C Ly[0, 00) and the separability of E, it fol-
lows from [DSS, Proposition 2.1(v)] (see also [Fr, Section 28], or [CSS])
that 2(f) is sequentially compact for the weak topology on E induced
by E*. Passing again to a subsequence if necessary, we may assume that the
sequence {y,}>2, is o(E, E*)-convergent, and using the assumption that
{z,}22, is weakly null, we may assume further that the disjoint sequence
{zn}52 is weakly convergent. To complete the proof of (ii), it will suffice
to show that

(3.2) | zn(s)g(s)ds — 0
[0,)

for every 0 < g € E*. We observe first that weak compactness of the
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sequence {z,}5°; together with [DSS, Proposition 2.1(iii)] implies that

A}im sup S X[N,00)(8)2n(8)g(s) ds = 0.
7 neN [0,0)

Accordingly, it suffices to show that
S zn(s)g(s)ds — 0
[0,N)
for each N =1,2,... To this end, let
Ap={s:2,(s) #0} N[0,N), mneN.

Disjointness of the sequence {z,}>2; implies that Y > A(A,) < co and
this implies in turn that

n>k
Again using the weak compactness of the sequence {z,}%2 ; together with
[DSS, Proposition 2.1(iii)] shows that

lim sup S XE, (5)zn(s)g(s) ds = 0.
k—00 neN
[0,N)

In particular, it follows that
T { s (s)g(s)ds = lim | xm, ()2 (s)g(s) ds = 0,
0. 0.
and this suffices to complete the proof. m

DEFINITION 3.3. Let E be a rearrangement invariant space on [0, ), 0 <
a < 00. A bounded set M C E is said to be E-equi-integrable if

lim sup ||zxa,llg =0
for all sequences {A4,,}2°; of measurable subsets of [0, «) for which A,, |, 0.

We make the simple remark that if the bounded set M C F is F-equi-
integrable, and if {A, }22, is any sequence of measurable subsets of [0, «)
for which A\(A,) — 0, then necessarily

lim sup ||zxa, ||z =0.

PROPOSITION 3.4. Let (E,||-||r) be a separable rearrangement invariant
space on [0,a), 0 < a < oo, with the Fatou property and let {x,}5°, C E
be a bounded sequence. If {x,}2° | is E-equi-integrable, and if

T, =Y, +2n+dn, neN,
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is the decomposition (3.1) then
(3.3) lim ||z,||z = 0.

If o < 00, and if in the decomposition (3.1) we have lim,,_,o ||2zn||g = 0,
then the sequence {z }5° , is E-equi-integrable.

Proof. Assume that {x,,}°2, is E-equi-integrable, and observe that since
lldn||lg — 0, it follows immediately that {x), — d,,}22; is also E-equi-inte-
grable. Making a simple change of notation, we suppose that {x,}5, is
FE-equi-integrable and admits the decomposition

Ty, = Yn + Zn, TLGN,

with {z,}72, pairwise disjoint and convergent to 0 in measure, and y; = y7
for all n € N. We note first that if e,,, n = 1,2,..., is any sequence of
measurable subsets of [0, 00) for which m(e,) — 0, then it follows from the
inequalities

[ZmXe, |5 < [ZmXen |2 + lymXe, |2 < [ mXe, |2 + 19TX10,m (e |12

and from the remark following Definition 3.3 that

(3.4) lim sup ||zmXe, || = 0.

Using the fact that the sequence {z,}52; is pairwise disjoint, it follows
immediately that if e C [0, 00) is any measurable subset for which A(e) < oo,
then ||znXel|lz — 0. In particular, this establishes the first assertion of the
proposition in the case of a < oo by taking e to be x[9,n). We may now
assume that a = oco. If the proposition fails, then we may assume that there
exists € > 0 such that

lznlle >¢e, neN.

From the first part of the proof and by suitable relabelling, we may assume
that there exists a sequence t,, T co such that

|20 X[t ,00)lE =€, n€N.

Since

lim sup ||$mX[tn,oo)”E =0,

we may assume further that

(3.5) 1YnXt,,00)lE > Te/8,  neN.

Since FE is separable the norm on E is order continuous and so there exist
numbers 0 < s7 < s9 such that

(3.6) max{||yrXp,s.) |2, |91 X(s2,00) | £} < €/16.
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It follows from Lemma 3.1 that for each n € N, there exist measurable sets
el i=1,2,3, with A\(e2) = so — s such that
(UnXer)" = (U1X[0,51)) 5 WnXe2)" = (Y1 X[s1,52)) "
(ynXei)* = (yTX[SQ,oo))*'
By (3.6), this implies that
max{||ynXel A[t,,00) | B> |UnXes nltn,00) |E} < €/16,  n €N,
and consequently, it follows from (3.5) that
(37) ‘|ynXe$Lﬁ[tmOO)HE > 35/47 n € N.
We now observe that
HZnXeiﬁ[tn,oo)HE — 0.
In fact, if this is not so, we may assume that there exists é > 0 such that
|znXe2 e >0, neN

Since z, — 0 in measure and since A\(e2) = sy — s; for all n € N, we may
assume further that there exist measurable sets e, C 2, n=1,2,..., with
A(en) — 0 and such that

||ZTLXE7L E > 5/2

for all n = 1,2,..., and this contradicts the assertion of (3.4). Accordingly,
there exists N € N such that

||ZnXeiﬂ[tn,oo) ”E < 6/4
for all n > N. From (3.7) it now follows that

|20 X[tn,00)|E = 1 ZnXe2 Atn,00) |E = (YnXe2 Aftn,00) | E = 120 Xe2 At 00l E
> 1YnXezntn,00)lE —€/4 > €/2
for all n > N. This contradicts the FE-equi-integrability of the sequence
{z,}5%, and suffices to establish the first assertion of the proposition.
The final assertion of the proposition is an immediate consequence of the

observation that, if & < oo, then the sequence {y,}52 , being equimeasur-
able, is necessarily E-equi-integrable. m

4. The Banach—Saks property. It will be convenient to adopt the
following terminology.

DEFINITION 4.1. Let X be a Banach space.

(a) If {x,, }22, is a weakly null sequence in X, then the sequence {z,,}>° ;
is called a Banach—-Saks sequence if
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n
. 1 1 =
Jm 73w =0
]:

for all subsequences {y;}22; C {xn}52,.
(b) X is said to have the Banach—Saks property if every weakly null
sequence in X has a Banach—Saks subsequence.

We remark that the classical formulation of the Banach—Saks property
requires that each bounded sequence contain a Cesaro summable subse-
quence, and any Banach space enjoying this property is necessarily reflex-
ive. See, for example, [Di]. In reflexive spaces, the classical Banach—Saks
property is easily seen to be equivalent to the (so-called) weak Banach—
Saks property which requires that each weakly null sequence should contain
a Cesaro summable subsequence. That the apparent strengthening of the
weak Banach—Saks property given in Definition 4.1(b) is, in fact, equivalent
to the weak Banach—Saks property is due to Erdés and Magidor [EM]. See
also [F'S] and [Ro].

If X is a Banach lattice and the elements of the sequence {z,}2°, C X
are pairwise disjoint, then the preceding definitions yield the corresponding
definitions of a Banach—Saks d-sequence and the Banach—Saks d-property.

We remark that any rearrangement invariant space E which has the
Banach—Saks property is necessarily separable. In fact, if E is rearrange-
ment invariant and not separable, then E contains a copy of I, by [LT2,
Proposition 1.a.7]. Since [ is universal for separable Banach spaces, it fol-
lows that E contains a copy of the separable Banach space which fails the
Banach—Saks property given by Baernstein [Ba]. Consequently, E also fails
the Banach—Saks property.

PROPOSITION 4.2. Let E be a separable rearrangement invariant Banach
function space on the interval [0,), 0 < a < oo, with the Fatou property.
If an,y € E satisfy a, << y, n € N, and if a, — 0 in measure, then
lanle — 0.

Proof. Without loss of generality, it may be assumed that a) = a,, for
all n € N. Suppose first that E* C Lg[0,00) and let K be the unit ball
of E*. Since K is o(E*, E)-sequentially compact, Proposition A yields

lanlls =sup{ | an(t)g"()dt:ge K} —0
[0,00)

as n — oo. We may therefore suppose that E* ¢ L[0, 00) or, equivalently,
that Lo[0,00) C E*. By the maximality of E, it follows that

E = E*" C (Ll0,00))™ = L1]0, 00).
Since a, << y, n € N, it follows from [DSS, Proposition 2.1(v)] that the



The Banach—Saks property 273

sequence {an }nen is relatively o(Li, L )-compact, and since a, — 0 in
measure, it follows from the well known Vitali convergence theorem that

(4.1) lanllz, —o.
Let € > 0 be given. For each o > 0, it follows from the submajorization
anX[0,0) <= YX[0,0)> "N EN,
that
lanx0,0)llE < llyx0,0) e, neN.

By order continuity of the norm on FE, it follows that there exists o« > 0
such that

(4.2) sup ||anX[O,a) e <e.
neN
Now observe that, for all n,m € N, the submajorizations
an(M)X[0,m) <= AnX[0,m) <= YX[0,m)
imply that
man(m) < [lylz,-

We denote by C > 0 any constant for the continuous embedding of
L1 N L into E. Setting M = C|ly||1, /e, we find that, for all m > M,

sup a, (m) < ¢/C
neN

or, equivalently,

(4.3) SUp [|@n Xm,o0)|Loo <€/C; m > M.
neN

From (4.1), it follows that there exists N € N such that

(4.4) Su% lanXim,o0)llz, <€/C,  n>N.
me

Combining (4.3) and (4.4) shows that

|anXm,00) B2 < Cmax {{|anX{m,c0)llL1s [|anXm,00) Lo } < €
for all n > N, m > M. Finally, using the fact that a,, — 0 in measure we
obtain
lanX(a,mllE < an(@)|[X(a,0nllE — 0
as n — oo, and, together with (4.2), this suffices to complete the proof. =

The proposition which follows is an analogue of the well known theorem
of Komlés [Ko]. For convenience, we denote the norm on L; [0, 00)+ L [0, 00)
by || - ||+ and note that (see, for example, [LT2, Proposition 2.a.2])
1
]+ ={2*(s)ds, @€ L1[0,00) + Loo[0, 00).
0
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We note that the space Ly[0,00) does not have the Banach—Saks prop-
erty. See the remark following Corollary 5.8 below. Nonetheless, the follow-
ing proposition shows that each equimeasurable sequence in Lg[0,00) is a
Banach—Saks sequence.

PROPOSITION 4.3. Suppose that {x,}°; C L1[0,00) + Lo[0,00) satis-
fies x¥ = a7, n € N. If limy_,o 27(t) = 0, then there exists a subsequence
{Zn) 721 C{zntny and there exists x € L1[0,00) + Loo[0,00) such that

| X
N Z .T}m(k) — X
k=1

in L1[0,00)4Loo[0, 00) for all further subsequences {1 Yoy C{Zn(k) }oz1 -

Proof. Since x;, = 7, n € N, and by Lemma 3.1, there exist measurable
sets 67(12) C [0, 00) with egf) N 67(1]) = () for 7 # j and such that

(mnXeg;'))* = (TIX[1/4,1/(i-1)Ufi—1,6))"

for all n,i € N, ¢ > 2. Since

sup [|[Znx, o | 22[0,00) < [F1X[1/3,1/G-1))01i-1,5) [ L2[0,00)
and since L?[0, c0) has the Banach—Saks property, it follows from a diagonal
argument that there exists a subsequence {x,x)}72; C {zn}5Z; such that,

for all 2 < i € N, there exists (¥ € L]0, 00) such that

1

N
im — _ o= (d)
(4.5) N Zl TmiXel, =T
J:

holds in L?[0,00), and hence also in L1[0,00) + Ly [0,00), for all further

subsequences {Zp,(j)}721 C {@n) }22y- We let {2,152 C {znk) 72, be
a fixed subsequence, set

TR
wN::NkZ_lxm(k), N=12 ...,

and let ¢ > 0 be given. We observe that, for every m = 1,2,... and
M, N €N,

] =

(ﬁm(k) - ZCCm(k)Xeg)(k))

1
s = wnrl < | _ H
1 i=1 +

B
Il

M m
1
" HM ; <xm(k) - me(k)xeg)m) H+

i=1
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m ' 1 N m

2 )SECEE 9 SRR
i=1 k=1 i=1 +
m M m

+ D= - % > Tm(k) X
i=1 k=1 i=1 +

Choose m € N such that
(4.6) 1/m<e, zi(m)<e, S xi(s)ds < e.

Observe that

i * x5 (t) ifo<t<1/m,
(xm(k) - me(k)xem ) (t) = { X
=1

m(k) x] (t + m) ift > l/m.

It follows that

m 1 m
2ma - > rmaxo, ||, = (2 - me(k)xefi)(k)> (5) ds
=1 0
1

i=1
/m 1
< S xi(s)ds + S eds < 2e.
0 1/m
Since
1 N m 1 N m "
NT m - m i << = m - m i )
~ 2 (o = 2 wmixesy, ) << 5 2 (omeny = 2 omirnesy, )
k=1 i=1 k=1 i=1
it follows further that
1 N m
(4.7) HN > (xm(k) = T X0 )H < 2,
k=1 i=1 4

and similarly

1 M m
HM > (wm(k) = T X0 )H < 2,
k=1 i=1 4

for all M, N € N. Now if we observe that

m . 1 N m
D=5 2D X,
i—1

k=1 1i=1

m

1 N
E : @) _ — E : .
(:n N 2 1Um(k)X65;)(k)> H+
=1

i=1

together with the same equality with N replaced by M, and use (4.5), it
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follows that there exists Ny € N such that

m N m
Z ZL‘(Z) — % Z Z l‘m(k)xe%’)(k)
i=1 k=1 i=1 +
L0 LNy |
+ ;m M;;'rm(k)xes&k)H-f- <e

for all M, N > Ny. We obtain
lwy — w4 < 5e

for all M, N > Ny. Consequently, there exists x € L1[0, 00) + L [0, 00) such

that
1 N
- Z :L’m(k) — X.
N k=1

To show that x is independent of the subsequence {xm(k)},;“;l, let € > 0 be
given and suppose that m satisfies (4.6). From (4.7), it follows that

1 N m 1 N
|5 e~ 2 (5 more )|
k=1 i=1 k=1 +
1 N m
HN;( W= (k)Xegn>(k)>H+

i=1
for all N € N. Letting N — oo, we obtain

m .
£
i=1
for all sufficiently large m € N. This shows that the equality
0= 3 s
i=1

holds in L1[0,00) + Ls[0,00), which suffices to complete the proof of the
proposition. =

< 2¢
+

The following lemma is given in [PSW, Lemma 5.3].

LEMMA 4.4. Let 0 < a < oo and let {y,}o>, be a sequence in L0, )+
Lo [0, ). If x is measurable andy € L1[0, a)+ Lo [0, ) are such that y,, — x
locally in measure and y, — y for the weak topology on L1]0, ) + L |0, @)
induced by L1[0, ) N Lo [0, @), then x = y.

The following theorem is the principal result of this section concerning
the Banach—Saks property.
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THEOREM 4.5. If E is a separable rearrangement invariant space E on
[0,a), 0 < a < oo, with the Fatou property then the following conditions are
equivalent.

(i) E has the Banach—Saks property;

(ii) E has the Banach-Saks d-property.

Proof. We only need to prove that (ii) implies (i). Let {z,,}52; C E be a
weakly null sequence. By Proposition 3.2(ii), and passing to a subsequence if
necessary, there exist weakly null sequences {y,}>2, C F and {z,}32, C F
and a null sequence {d,,}52; C F such that

and such that
Yn =Y1» Znzm =0 foralln,meN, n#m,

with z, — 0 in measure. Since FE has the Banach—Saks d-property, we may
assume that {z,}5%, is a Banach-Saks sequence. Using Proposition 4.3,
Lemma 4.4 and passing to a further subsequence and relabelling if necessary,
we may assume that

1 N
il n 0
P

in measure as N — oo for every subsequence {w,}52; C {y,}2,. Suppose
then that {w,}2>; C {y,}>2, is an arbitrary subsequence. Set

N
an ::N;wn, N eN.

Since
w, =y;, neN,
it follows from [KPS, Chapter I1.2] (see also [BeS, Chapter 2, Theorem 3.4])
that
ay <<vyj, NeN.
Since ay — 0 in measure as N — oo, it now follows from Proposition
4.3 that |an||[g — 0 as N — oo. This implies that the sequence {y,}5%,

is a Banach—Saks sequence and this suffices to complete the proof of the
Theorem. =

We recall ([LT2, Definition 1.f.4]) that, if 1 < p < oo, then the Banach
lattice X is said to satisfy an upper p-estimate if there exists a positive
constant M < oo such that, for every choice of pairwise disjoint elements



278 P. G. Dodds et al.

{z;}~, C X, it follows that

H Zn:xz < M(Zn: Hxin)l/p_
=1 =1

We obtain the following immediate consequence of Theorem 4.5.

COROLLARY 4.6. Let E be a separable rearrangement invariant space
on [0,a), 0 < a < oo, with the Fatou property. If E satisfies an upper
p-estimate for some p > 1, then E has the Banach—Saks property.

It is a trivial remark that each L,-space, 1 < p < oo, satisfies an upper p-
estimate. Consequently, the preceding corollary implies that each L,-space,
1 < p < oo, has the Banach—Saks property, thus recovering the seminal
results of [BS] in the case of 1 < p < 2 and those of [KP] in the case of
2 <p<oo.

Before proceeding, we observe that for uniformly bounded sequences in
a separable rearrangement invariant space E on [0, 1), the notion of weak
convergence does not depend on the space E.

LEMMA 4.7. Let {z,}72; € Ls[0,1) with sup,, ||zn]|L.. = C < oo, and
let By, Eo be separable rearrangement invariant spaces on [0,1). If x,, —, 0
weakly in Eq, then x, —, 0 weakly in Fs.

The proof of the lemma is straightforward and therefore omitted.

We denote by {r,}22; the usual Rademacher system on [0, 1) defined by
setting

rn(t) = sgnsin(2"wt), ¢ €0,1).

We shall need the following result of S. V. Astashkin [A] which asserts
that each uniformly bounded, weakly null sequence in L35[0,1) contains a
subsequence majorized in distribution by the Rademacher system. More
precisely, if {x,}22, is uniformly bounded in Ly[0,1) and weakly null in
L5[0,1), then there exists a constant C' > 0 depending only on the uniform
bound of the sequence {x,}22; and there exists a subsequence {y,}5%,; C
{x,}52, such that

A \gakyka)\ >orf <ot \gmw\ 27}

for every sequence {a,}72, € l2, 7 > 0.

LEMMA 4.8. Let E be a separable rearrangement invariant space on
[0,1), let {z,}22; C E be uniformly bounded with sup,, ||zn| L., = C < oo,
and suppose that {x,}5%, is weakly null. Then there exists a sequence
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an In 0 and a subsequence {y,}22 C {xn}5%, such that
1
S —
w{ ] S
neB

for each m € N.

: B CN, |B|:m}§am
E

Proof. By Lemma 4.7, the sequence {z,}52; tends to 0 weakly in L.
By Astashkin’s theorem, there exists a constant C' > 0 which depends only
on the uniform bound of the sequence {z, } such that for all m € N and any
set B C N with |B| = m, we have

(4.8) )\{t: ‘ Z yk(t)‘ > CT} < C’)\{t: ‘ Z rk(t)‘ > 7‘}.

It is well known that the value

At ‘ 3 rk(t)‘ >},

neB

where | B| = m, depends on m only. Using this statement, [KPS, Corollary 2
of Section 2.4.5], and (4.8), we obtain

| Sl <X,
keB k=1

and consequently

1
— Wl :BCN,|Bl= < C?
s { | Sl B m=m} <

The sequence

m
1
2T
m
n=1

E
m

1

A i= —E Tn
m

n=1

, meN,
E

tends to 0 for any rearrangement invariant space E # L[0,1) ([LT, 2.¢.10]),
and this completes the proof of the lemma. m

We remark that the subsequence {y, }52 ; given in the preceding lemma
does not depend on the space E and the sequence {a,} depends only on E
and the uniform bound of {z,}5 ;.

LEMMA 4.9. Let E be a separable rearrangement invariant space on
[0,00). If {x,, }2° is an E-equi-integrable, weakly null sequence and if € > 0,
then there exists M > 0, a subsequence {y,}72q C {zn}02, and weakly null
sequences {u, }22 1, {vn}52 C E such that

Yn = Upn + Un, SUPHUnHLw < M, ||UnHE <eg,
and supp(uy) C [0, M), for all n € N.
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Proof. For any k,n € N, set
e = {|z,| > k}

and observe that
20|24 Lo > kmin{L, AMel)}

for all n,k € N. Since {z,}72; is bounded in E and hence in L + L, it
follows that

(4.9) lim sup A(e(¥)) = 0.

k—oo nEN

We now show that for all € > 0, there exists k € N such that
(4.10) sug Hmnxew e < e/4.
ne

If this is not the case, then by a change of notation if necessary, we may
assume that there exists € > 0 such that

(4.11) ||."L‘nxe(n) E €&, n € N.

Using (4.9), and passing to a subsequence and relabelling if necessary, we
may assume further that

(4.12) i Ae™) < oo.

Set

E, = Ueff), n €N,
k>n

and observe that (4.12) implies that E,, |, (). It now follows from the E-equi-
integrability of the sequence {z, }>°; that

[2nX o[l < 20X g ll2 — 0

as n — oo, and this clearly contradicts (4.11) and establishes (4.10). If
F, = [k,0),k € N, noting that Fy |; (), and again using the E-equi-
integrability of the sequence {z,}72 ;, we may assume further that

(4.13) Sup ||z xrllm < e/4.
ne

We now set
k
x;) =Tn = TnX 0 g, TE N.

It follows from (4.10) and (4.13) that the sequence {:c%k)}z"zl is supported
by the interval [0, k) and satisfies
lzn —aPlle <e/2, JaPllo. <k, neN

In particular, the sequence {mgﬂ)}%’:l is order bounded in E and conse-
quently is relatively weakly compact in F, since separability of F implies
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that the norm on F is order continuous, and this implies that order intervals

in E are weakly compact. Let {w,,}>2; C {:U%k)}flo:l be a weakly convergent

subsequence, with weak limit w € E, and let {y,}72; be the corresponding
subsequence of {z,}52 . In particular note that

lwn —ynlle <e/2, mneNlN.
Set

Up = Wp — W, VUp =Yp — Up = Yn — Wy + W, n € N.
It is clear that u,,,v, — 0 weakly in E. Since
Jeollo < limint [fwnz. <
n—oo

it follows that
sup ||un||n., < 2k.
n

Further, since w, — yn —w weakly in F, it follows that
|wllg < liminf [|w, —y.||lg < /2.
n—oo
This yields
[vnlle < [lwn = yulle + lwle <&

for all n € N. Since it is clear that supp(w,) C [0, k) for all n € N implies
that supp(w) C [0,k), it also follows that supp(u,) C [0, k) for all n € N.
The assertion of the lemma now follows by taking M = 2k. =

THEOREM 4.10. Let E be a separable rearrangement invariant space on
[0,00). If {zn}52, is weakly null and E-equi-integrable, then it contains a
Banach—Saks subsequence.

Proof. It may be assumed that ||z,||g < 1 for all n € N. We prove
first that given € > 0, we can choose a subsequence {z,}52; C {z,}5%,
depending on ¢ such that

By Lemma 4.9, there exist a subsequence {y,}>2; C {z,}>2, and weakly
null sequences {u, }°22 1, {v,}>2; C E such that y,, = uy, + vy, sup,, ||unlL,
< 00, sup,, ||v.||g < €, and supp(uy,) C [0, M] for some M > 0 and all n € N.
By Lemma 4.8, we can choose a subsequence {uy, } C {u,} such that

It follows that
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hmsup— sup H Yk
msup s | 2

<hmsup— sup (H Zuk

m—oo M |B|=

+ 3 Dok )
neB

< limsup(a,, +¢) = «.

We now complete the proof of the theorem by a diagonal argument. Given
an integer k, there exist an integer N, and a subsequence {ZT(Lk)} such that

{z, 3Dz} @)1 ... oW} ...

and
(4.14) E ‘;‘up H Z

for each m > Nj. Without loss of generahty we may assume that Ny <
Ny < ... Now we shall prove that

1
<_
k

Let k be an integer, let {w,} C {z(")} and let the integer m satisfy
(4.15) m > M (k) = max(k?, Ny + k).
Since 2" € {z,(lk)};’f:l for every n > k, we have w,, € {z,(lk)} for n > k. From
(4.15), it is clear that
Hk+1,k+2,...,m}|=m—k > Ny.

Using (4.14) and (4.15), we obtain

1 m 1 k m
wl 2], = S (e + | 3
n=1 n=1 n==k

for all m > M (k), and this completes the proof of the theorem. m

w )<£—|-m_k<2
"lle/ — m mk — k

The assumption in the preceding theorem that the sequence {x,}5° ; is
FE-equi-integrable cannot be omitted. This is shown in Theorem 5.9 below.

5. The Banach—Saks property in Orlicz, Lorentz and Marcin-
kiewicz spaces. In this section, we show that an Orlicz space on any in-
terval [0,) has the Banach—Saks property if and only if it is separable,
and that the same result holds also for Lorentz spaces. As noted earlier,
any rearrangement invariant space with the Banach—Saks property is nec-
essarily separable. However, we show further that the separable parts of
non-separable Orlicz and Lorentz spaces on an arbitrary interval do not
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have the Banach—Saks property. That contrasts with the sequence space
setting: it has been shown by Rakov [Ra] that the separable part of any
Orlicz sequence space always has the Banach—Saks property.

We shall need the following theorem which is stated in [Ad] for the
Bochner space La(cp). We let {r,}52; denote the sequence of Rademacher
functions and let (e;) denote the unit vector basis of ¢o. We define the
sequence {x,}5°; C Ly(cp), 1 < p < o0, by setting

omn

Ty 1= Z’l“gn.ﬂ'@, n € N.

THEOREM 5.1. For every 1 < p < oo, the sequence {x,}°> is a nor-
malized, weakly null sequence in Ly(co) such that

(5.1) H Z M

Lp(co) 2e
for any subsequence {x, }2° 1 of {xk}.

Proof. That the sequence {z,}52; is normalized and weakly null in
Ly(co), 1 < p < o0, follows from [Ad, Lemma 7(a)]. The proof of the same
assertion in the case of Li(cq) follows easily from the same result, by ob-
serving that the sequence {x,,}52 ; is obviously bounded in L (cp) and that
Li(co)* = Loo(l1) C La(ly) (see, for example, [DU, p. 98]). It remains to be
shown that (5.1) holds for every subsequence {z, }5°; C {x,}22 ;.

For notational simplicity, we assume that k,, = n for all n € N and let
1 < m € N be given. We have

m m 2'VL 2'VYL

SEED D) WESIEED DO 3

n=1 n=1 =1 i=1 neQ;
where Q; C {1,...,2""1} Q;NQ; =0 for all i # j and |Q;| < m for all
i=1,...,2™. It is important to note that
(5.2) m/2 <|Q;| <m, V1<i<2m/2

We shall make use of the following (elementary and well known) inequality
(5.3) )\{t : ’Zrk(t)‘ > m/z} > 9-m/2,
k=1

which is valid for m/2 < n < m. Since the system {3, o, Y27, consists
of independent functions, it follows from (5.2) and (5.3) that
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)\{t: max

1<i<2m/2
== neq

= ]I A{t:‘ > rn(t)‘ < %}

1<i<2m/2 neQ;
m
= H (1—m{t:‘ Zrn(t)‘zi})
1<i<2m/2 neQ;

It follows immediately that
)\{t © max

1S,L'S2'rn/2

3 rn(t)‘ > m/2} >1—1/e.

new;

Consequently, for all 1 < p < oo, we have

m m
55, 21550

< m(e —1)
- 2e
Let E be a rearrangement invariant space on [0, ), 0 < o < 00, and let
E be the (isometrically isomorphic) space of measurable functions on the
rectangle [0,1) x [0, ) given by

E:={f€(l1+L)([0,1) x[0,)) : f* € B}, [[fll& = |[f"]|-

Here, the decreasing rearrangement f* is calculated with respect to product
Lebesgue measure on the rectangle [0,1) x [0, «).

m
> — )\{t : max
L1(co) 2 1<4<2m/2

Z rn(t)‘ > m/2}

neq;

LEMMA 5.2. Suppose that E 1is separable but not mazimal and let
{en}s2y C FE be (order) equivalent to the unit vector basis of co. If the
sequence {y,}°2, C E is defined by setting

2TL
Yn 1= Zr2"+i ®e;, neN,
i=1

then {yn}>2 1 is weakly null in E.

Proof. Note that order continuity of the norm on F implies order conti-
nuity of the norm on E, and so the Banach dual E* may be identified with
the Kothe dual E*. Consequently, if F' € E* then there exists a uniquely
determined f € E* such that

Fiz)= |  f(st)a(s,t)dsdt, z€kE.
[0,1)x[0,x)
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We set

2'7L
Yp = E rony; & ey, n € N,
i=1

and suppose that the sequence {y,}>2; is not weakly null in E. We may
assume, therefore, that there exists 7 > 0, f € E’ and an increasing sequence
n(j), j € N, of natural numbers such that

on(J)
(5.4) { f(s,t)( 3 +i(s)ei(t)) dsdt > 1
[0,1)x[0,a) i=1
for all j =1,2,... It follows from Fubini’s theorem that the function
s | fsetydt,  selo,n),

0,0
is integrable on [0, 1). Consequently, by the fact that the Rademacher se-
quence is a uniformly bounded, orthonormal sequence, it follows that

lim | f(s,t)ranyi(s)es(t) dsdt
" 0,1)x[0,0)

= tim | (§ s ety dt)ran i) ds =0

[0,1) [0,@)
for all ¢ € N. We may therefore assume further that

on(i—1)

(5.5) { f(s,t)( > +i(s)e,~(t)) dsdt < /2

[0,1)%[0,cx)
for all j > 1. We set
I={2"U-Y 41, 270} jeN.
From (5.4) and (5.5), it follows that
(5.6) { f(s,t)(z r27L<j)+i(s)ei(t)> dt ds > 12
[0,1)%[0,a) i€l
for all j € N. We set

k
Tk :ZZTW(]‘)H@Q, k e N.

j=1iel;
Noting that the sequence {e;}2, is disjointly supported and that I; NI = ()
whenever j # k, we deduce that

k

‘.TIHZZZ].@‘@Z“, k‘GN,

j=1i€el;
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where 1 denotes the indicator function of the interval [0, 1). Since {e;}$°; is
equivalent to the unit vector basis of cg, this implies that

(5.7) sup ||z;]|g < oo.
JEN

However, it follows from (5.6) that

{ f(s,t)(Z 7“2n<j>+i(s)ei(t)) dt ds > kn/2
1[0,1)x[0,a) iel,

Il
M-

for all k& € N. This contradicts (5.7) and suffices to complete the proof of
the lemma. m

We shall need the following notion introduced in [Su2]. We denote by
Xgn) the indicator function of the interval [j-27", (j+1)-27"), 1 < j < 2™,

DEFINITION 5.3. The rearrangement invariant space E on the interval
[0,a), 1 < a < o0, is said to have the Lj-embedding property, in symbols
E € (EP,), if there exists a positive constant K g such that for any natural
number n and family {y;}22, C Li[0,a) N Ly [0, @),

2 "ZnylnE— HZX<"> il

We note that if {w;}7_; C L1[0,) N L [0, ) is any finite family, then
there exists a finite family {y;}?-, C L1[0,a) N Ly [0, @) such that

L1([0,1],B) —

n n 2"

27l Zx(n) Jyi and Yo @w; =y X" @y,
=1

j=1 j=1

Consequently, if £ € (EPy), and if {w;}7_; C L1]0,a) N L[0,a) is any
finite family, then

[

PROPOSITION 5.4. Let E be a separable rearrangement invariant space
on [0,a). If E is not mazimal, and if E € (EP1), then E does not have the
Banach—Saks property.

<K H r»®w»H
Lon,E) — & 3231 J e

Proof. Using the fact that E is not maximal, let {e/}>2; C F be a
mutually disjoint sequence which is K-equivalent to the standard unit vector
basis {e; }72; of ¢ for some K < oo. Since the norm on E is order continuous,
it is easy to see that we may assume, in addition, that e} € L1]0, a)NL[0, @)
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for all < € N. We set

2" 2"
/
Yn 1= g Tongi @ e;, Tp = E rony; ®e;, n > 1.
i=1 i=1

Using now Theorem 5.1, together with the assumption that E € (EP;) and
the remark following Definition 5.3, we find that

m m 2kn
e Sl 215 (Borver)
n=1 n=1 =1

> g1 m(e—1)

- 2e
for all m > 1, for any subsequence {ys, }o2; of {yx}72 . It now follows from
Lemma 5.2 that E does not have the Banach—Saks property. Consequently
E, being isometrically isomorphic to E, does not have the Banach—Saks
property, and this completes the proof of the proposition. m

> K_1H T
Li(8) = nzl Wl

THEOREM 5.5. Let Lg be an Orlicz space on [0,a), 0 < a < oo.

(i) If Ly is separable, then Lg has the Banach—Saks property.
(ii) If Lo is not separable, then the separable part LY does not have the
Banach—Saks property.

Proof. (i) By Theorem 4.5, it suffices to show that L has the Banach-
Saks d-property. To this end, suppose that {z,}22,; C Lg is a normalized,
weakly null, disjointly supported sequence. Applying [LT3, Proposition 3] in
the case of a < oo and [Ni, Theorem 1.1] in the case of a@ = oo, and passing
to a subsequence if necessary, we may assume that there exists an Orlicz
function G such that the sequence {z,}>2; is equivalent to the unit vector
basis {e, }72; of the Orlicz sequence space lg. In particular, it follows that
there exists C' > 0 such that

1 H zn: H n n

gl e, <X, <o X

clim e k=1 L2 k=1
for every m € N. It is well known that

I3, - veam
k=1

la

so that
(5.8) H zn:kaL@ < C/GY(1/m)
k=1

for all m € N. Here G~! denotes the function inverse to G.
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Let us now suppose that

(5.9) liminf mG~1(1/m) < occ.
Since the function G~! is concave, it follows that {mG~—1(1/m)}5S_; is in-

creasing and (5.9) then implies that (G~1)'(0+) < co. Consequently, there
exist constants c1,co > 0 such that

Clt S G(t) S Cgt

for all ¢ € [0, 1). From this it follows that the sequence {z,,}52  is equivalent
to the unit vector basis of ;. This contradicts the fact that {x,, }5°, is weakly
null, and consequently (5.9) is not valid. It then follows that there exists a
sequence (3, T,, oo such that

G Y(1/m) = B /m
for all m € N. Now, (5.8) entails that

n
o1
lim — E T
n—oo N

k=1

and this suffices to establish the assertion of (i).

(i) If Lg is not separable, then it follows that LY is not maximal. Since
Lg has property (EP1) by [Su2, Proposition 2.4], it follows also that Ly has
property (EP1). Since LY is separable, it now follows from Proposition 5.4
that LY does not have the Banach—Saks property, and this completes the
proof of the theorem. m

< lim C/B, =0
Lg n—oo

COROLLARY 5.6. The Orlicz space Lg has the Banach—Saks property if
and only if it is separable.

We remark that if an Orlicz space L[0, 1) is simultaneously a Marcinkie-
wicz space My [0, 1), then it follows from Theorem 5.5 that the separable part
M 3} [0, 1) of the Marcinkiewicz space My [0, 1) does not have the Banach-Saks
property. This is the case, for example, if the Orlicz function @ is given by
setting

o(t) == (e’ =1)/(e—1), t>0,

for some 1 < p < oo. See, for example, [Lo|. This remark also serves to show
that there are separable rearrangement invariant Banach function spaces on
[0,1) for which the Banach—Saks property and the Banach—Saks d-property
are not equivalent. Indeed, it is a simple exercise to show that the separable
part of any Marcinkiewicz space on [0,1) always has the Banach-Saks d-
property.

We remark that the preceding Corollary 5.6 substantially extends [Al,
Corollary 2.10].
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The following theorem extends a well known result of Szlenk [Sz] that
L1-spaces have the Banach—Saks property.

THEOREM 5.7. Let Ay be a Lorentz space on [0, ), 0 < a < 00.

(i) If Ay is separable, then Ay has the Banach-Saks property.

(i) If Ay is not separable, then its separable part /12) does not have the
Banach—Saks property.

Proof. (i) It is sufficient to check that A, has the Banach-Saks d-pro-
perty. Consider an arbitrary weakly null sequence {z,,}72; C Ay, of pairwise
disjoint elements. If the sequence {z,,}>2 ; is not norm convergent to 0 then
{x,}52, contains a basic sequence. However, it is well-known that any basic
sequence of pairwise disjoint elements in A, contains a subsequence equiv-
alent to the standard unit vector basis of the space ;. This is shown, for
example in [CD1, Lemma 3.1] (see also [CD2, Lemma 2.1]) in the special
setting of the Lorentz L, i-spaces and the proof in the more general case
is similar. It follows that the sequence {x,}5° , cannot converge weakly to
0. Consequently, the sequence {z,}5%; converges in norm to 0 and so is
trivially a Banach—Saks sequence.

(ii) The proof is identical to that of Theorem 5.5(ii), by using [Su2,
Proposition 2.5] instead of [Su2, Proposition 2.4]. m

COROLLARY 5.8. The Lorentz space Ay has the Banach—Saks property
if and only if it is separable.

We remark that the space L1 [0, 00)4 Lo [0, 00) is a non-separable Lorentz
space, with Lorentz function ¢ given by

¥(t) = min{t, 1}, ¢t >0.

Consequently, it follows from Theorem 5.7 that its separable part, which con-
sists of those elements x € L]0, 00) 4+ L [0, 00) for which lim;_,o 2*(t) = 0,
does not have the Banach—Saks property. This is in contrast to the situation
on the unit interval where the Lorentz space L1[0,1) + Ls[0,1) coincides
with the (separable) space L]0, 1), which has the Banach—Saks property via
Szlenk’s theorem.

THEOREM 5.9. If ¢ € 2, 1(c0) = o0 and
lim inf ¥(2) =1,
=0 (1)
then the separable part Mg of the Marcinkiewicz space My, on the interval
[0,00) does not have the Banach—Saks property. Moreover, given n € (0,1),

there ezists a disjointly supported, weakly null sequence {x,}22, C Mg such
that
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(5.10) H S,
neB

for any B C N with |B| = m.

Proof. We observe first that the function 7 — (t7)/¢(t), 7 > 0, is
concave and increasing for each ¢ > 0 and set

t
a(7) := liminf 4 T),
R 0w
The function « is concave and increasing, and from the assumption on v, it
follows that a(1) = «(2) = 1. Consequently,

(5.11) a(r) = ligri)iélf sz(g))
for all 7 > 1. Let ¢, = [n(1 — /n)] and note that
1 —gqn/n >/
It follows from (5.11) that there exists a sequence 1 > ¢,, |,, 0 such that
P(ty,) = Vi (nty,)

for all n € N. For each n € N, let x,, be any element of M} with ||z, [, =1
which is supported by the interval (n,n + 1) and which satisfies

> nm
Mw_77

7> 0.

=1

Van(t)dt =(s), tn<s<L.
It follows that
n t
n n . an x* t dt
[, 2| 3 m,, > Zib i
o My = My Y((n—gn + 1)tg,)

(n — Qn)lb(tqn) —nl1— 9n @Z)(tqn)
T Gnty) (1 n>wm%n

> ny/iy/n = nn
for all n € N. Since
Zl’k << Z Tk
k=1 keB
for any B C N with |B| = n, it follows that

n
I3 o], 2 1], 2 om
€B k=1

P

for all n € N whenever |B| = n and this establishes (5.10).
To show that the sequence {x,}2%; is weakly null in M9, it suffices to
show that
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| y(®)zn(t)dt —0
[0,00)

for every y € Ay = (Mg)* Let y € Ay. By the assumption that 1(oc0) = oo,
the space A, is separable and consequently

nh—%o HyX(n,oo) HAw =0

for each y € Ay. Since

n+1
[ y@®za(tyde=| § y®wa(t)dt| < loallug lyxinnsnla,
(0,00) n

< HyX(n,oo)”A¢7
it follows that
| y®)zn(t)dt —0
[0,00)

for every y € Ay and this completes the proof of the theorem. m

6. Final remarks. In this section we point out that the Banach—Saks
property is not, in general, preserved by interpolation. Our discussion relies
on the existence of a reflexive Banach space Z with unconditional basis
which does not have the Banach—Saks property. Such an example has been
constructed by A. Baernstein II [Ba].

Let us recall briefly a special case of the K-method of interpolation. For
details we refer to [LT2]. Let (E7, E2) be an interpolation pair of Banach
spaces, that is, F1, Fs are continuously embedded in some Hausdorff topo-
logical space. For every choice of positive scalars a, b, let k(+, a,b) denote the
equivalent norm on the Banach sum E; 4+ E5 defined by setting

k(z,a,b) = inf{a||x1|| g, + bl|z2||E2 : * = 1 + x2, z; € E;, i = 1,2}

forallz € F1+FE5. Let Y be a Banach space with a normalized unconditional
basis {y, } 22 ; whose unconditional constant is one, and let {a,, }52 ¢, {b, }52 4
be sequences of positive numbers such that

oo
Z min(a,, b,) < oo.
n=1

The space K(E1, E2,Y, {a,},{b,}) is defined to be the space of all elements
x € By + E5 such that Y ° | k(x, apn, by)yn converges, normed by setting

m
] = sup | > k(o bt
n—

For any rearrangement invariant space E on [0,1), we denote the upper
and lower Boyd indices by qg, pg respectively. For basic definitions and
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properties, we refer to [LT2]. We note that if 1 < p < co and if £ = L,[0, 1),
then pgp = qg = p.

PROPOSITION 6.1. Let {m,} be an increasing sequence of numbers sat-
isfying the conditions

n—1 e}
m;lzmi+mn Z mi_1 <2l p=1,2,...
i=1 i=n+1
Let Z be a reflexive Banach space with normalized unconditional basis
{yn}2 but without the Banach—Saks property. If 1 < p < q < oo then
the space
W= K<LQ[07 1)7 LP[Ov 1)7 Z, {mﬁl}a {mn})

is a reflexive rearrangement invariant space on [0,1), has an unconditional
basis, and admits an equivalent rearrangement invariant, locally uniformly
convex norm, but does not have the Banach—Saks property.

Proof. We remark that the second part of the proof of [LT2, Theorem
2.g.11] shows that the interpolation space K (X1, X, ls, {a,},{b,}) is reflex-
ive, provided X; is continuously and weakly compactly embedded in X,
>0 an < oo and b, T, co. Noting that L,[0,1) is weakly compactly em-
bedded in L,[0,1) if r < p, and using the fact that reflexivity of Z implies
that the basis in Z is shrinking (see [LT1, Proposition 1.b.1 and Theorem
1.b.5]), it is not difficult to adapt the proof of [LT2, Theorem 2.g.11] to
show that W is reflexive. It follows from [LT2, Proposition 2.g.4] that W
has non-trivial Boyd indices. Consequently, [LT2, Theorem 2.c.6] implies
that the Haar system is an unconditional basis in W. The proof of [LT2,
Theorem 2.g.5] now shows that W contains a complemented subspace iso-
morphic to Z. Since Z fails to have the Banach—Saks property, it follows as
well that W fails to have the Banach—Saks property. Finally, that W admits
an equivalent rearrangement invariant, locally uniformly convex norm fol-
lows from the fact that W is rearrangement invariant and separable, together
with [DGL, Corollary 1.2]. =

We note that the preceding proposition complements the well known
theorem of Kakutani [Di] that every uniformly convex Banach space has the
Banach—Saks property.
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