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Operator-valued n-harmonic measure
in the polydisc

by

ANDERS OLOFSSON (Stockholm)

Abstract. An operator-valued multi-variable Poisson type integral is studied. In Sec-
tion 2 we obtain a new equivalent condition for the existence of a so-called regular unitary
dilation of an n-tuple T" = (T1,...,Tn) of commuting contractions. Our development
in Section 2 also contains a new proof of the classical dilation result of S. Brehmer,
B. Sz.-Nagy and I. Halperin. In Section 3 we turn to the boundary behavior of this
operator-valued Poisson integral. The results obtained in this section improve upon an
earlier result proved by R. E. Curto and F.-H. Vasilescu in [3].

0. Introduction. Let H be a (not necessarily separable) Hilbert space
and denote by L(H) the space of all bounded linear operators on H. The
space L£(H) is normed by the operator norm, that is, || T|| = sup|,<1 [|Tz||
for T € L(H), and the operator inequality 7 > 0 in £(H) means that
(Tz,z) > 0 for all z € H. A contraction is an operator T' € L(H) such that
IIT|| < 1. For an n-tuple T' = (11, ...,T),) of commuting operators in £L(H)
we denote the associated Brehmer quantities by

(0.1) Af = Y (—llrrer,
0<a<e

where T* = (17, ...,T}) and € > 0 is a multi-index. Standard multi-index

notation is used. For a multi-index o € Z™ we write

=

a max(aq,0),...,max(wy,,0)), a = —(min(aq,0),..., min(a,,0)).

In particular, « = a™ — o~ and o™, a” > 0.

In Theorem 2.1 we prove that with every n-tuple T' = (T1,...,T),) of
commuting contractions in £(H) satisfying the additional positivity condi-
tion (A) below, one can associate a positive £(H)-valued operator measure
wr on the unit n-torus T" such that Gy (a) = T T for a € Z", where
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or(a) = (e % dwp(e') is the ath Fourier coefficient of wr. For definitions
of measure-theoretic concepts the reader is referred to Section 1. Let us note
in passing that if such an operator measure wr exists, then it is uniquely
determined. This is clear by uniqueness of Fourier coefficients. When the
Tj’s are strict contractions, that is, |T}]] < 1 for 1 < j < n, the operator
measure wr is given by the formula

dwr(e?) = P(T; e®)do ("),

where do is the normalized Lebesgue measure on T" and P(T;e%) is the
L(H)-valued n-harmonic Poisson kernel defined by

T 6 :ﬁ ’LQJT* -1 A 1.1 H —ZOJT

]:1 :

where e = (1. .. ) € T" and A% is given by (0.1). In Theorem 2.2
we turn to the converse of Theorem 2.1 and prove that if such a positive
operator measure wr exists, then condition (B) below holds.

The development in Section 2 may be regarded as analogous to the
existence theory of so-called regular unitary dilations developed by, most
notably, S. Brehmer [2], B. Sz.-Nagy [14, 15] and I. Halperin [6, 7] in
the early 1960’s and more recently considered by R. E. Curto and F.-H.
Vasilescu [3, 4]. A standard reference for this material is Section 1.9 in the
book [16] by B. Sz.-Nagy and C. Foiag. In particular, our development in
Section 2 contains a new equivalent condition for the existence of a regular
unitary dilation of an n-tuple T' = (71, ...,T;,) of commuting contractions
in £(H). This condition reads as follows:

(A)  There exists a sequence 7, = (T1,...,7kn), 0 < 1 < 1, such that
rr, — (1,...,1) as k — oo and Agr;ﬂ’}l) renTy) = 010 L(H) for all k.

By the work of S. Brehmer, B. Sz.-Nagy and 1. Halperin, an n-tuple T" of
commuting operators in £(H) has a regular unitary dilation if and only if
the following condition holds:

(B) A% >0in L(H) forall0 <e < (1,...,1).

Note that for € = (e1,...,€p), €k = 0; 1, the inequality A% > 0 means that
Tj is a contraction. It is straightforward to prove that (B) implies (A), see
Proposition 2.1. The converse implication that (A) implies (B), valid when
T is an n-tuple of commuting contractions, follows by Theorems 2.1 and 2.2
and our proof of this requires some more work. The condition using (A)
seems formally weaker than (B). Note however that when T is a 2-tuple of
contractions, (A) reduces to A(Tl 1) > 0. Section 2 also contains a new proof
of the Brehmer—Sz.-Nagy—Halperin result referred to above.
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For an n-tuple T' = (T4, . .., T)) of commuting strict contractions in £(H)
and ¢ € C(T") we consider the L£(H)-valued n-harmonic Poisson integral
defined by the formula

PIA(T) = | P(T;e®)p(e®) dor(e?),
Tn

where P(T; eie) is as above. Let now T be an n-tuple of commuting operators
in L(H) satisfying (B). In Theorem 4.3 in [3] it is shown, under an extra
structural assumption on 7', that the limit lim,_;_ P[p](rT) exists in the
strong operator topology of L(H). See also the last paragraph on page 793
in [3] where this result is announced. The purpose of Section 3 of this paper
is to present some stronger results concerning this limit. In particular, we
prove that

(0.2) lim  Plp|(rTi,...,raTh) = S () dwr(e?) in L(H).

rj—1
0<r;<1 ™
We emphasize that in (0.2) the limit is taken in the operator norm of £L(H),
the n-tuple T' of commuting operators in £L(H) satisfies (B) (no extra struc-
tural assumption) and ¢ € C(T") is arbitrary. In Theorems 3.1 and 3.2 we
give more general results formulated in terms of operator measures of the
type dwr. We also observe some closely related summability results for the
formal series S 3(a)T** T*" | where

Bla) = § e p(c”) do(c)
Tn
denotes the ath Fourier coefficient of ¢ € C(T™). In particular, the formal
series 3" @(a)T* T is Abel summable to § ¢ dwr in L(H).

A motivation for the study of these Poisson type integrals comes from
the von Neumann inequality [11]. Indeed, by Proposition 1.1 and (1.1), we
always have [|{ ¢ dwr|| < ||¢]loo. This together with the identity § ¢ dwr =
S G(a)T* T, valid for, say, ¢ = 3 (a)e’? a trigonometric polynomial
on T™, implies the von Neumann inequality

| > aerer

aEeZm

| < el

More generally, if we interpret the formal series 3 @(a)T** T by means
of Abel or Cesaro summation in £(H), then the same von Neumann inequal-
ity holds true for arbitrary ¢ € C(T").

The £(H)-valued n-harmonic Poisson kernel P(T’; e?) seems to have first
appeared in the paper [3] by R. E. Curto and F.-H. Vasilescu. We also remark
that a similar £(H)-valued M-harmonic Poisson integral for the unit ball
in C™ has been studied by F.-H. Vasilescu in [17]. However, the proof of the
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classical von Neumann inequality (n = 1) using the Poisson integral formula
indicated in the previous paragraph is known to several people and dates
back at least to the 1970’s (private communication).

The proofs in this paper make use of measure theory including the
F. Riesz representation theorem, some basic harmonic analysis and the
operator-valued Poisson integral discussed above. This approach is differ-
ent from that used by S. Brehmer, B. Sz.-Nagy and 1. Halperin.

1. Measure theory. The purpose of this section is to review some facts
about integration in Hilbert space. Let S be a set and & a o-algebra of sub-
sets of S. By an L(H)-valued operator measure on S we mean a finitely ad-
ditive set function p : & — L(H) such that the set functions p, ,, z,y € H,
defined by p,(E) = (w(E)z,y) for E € &, are all complex measures on S.
The semi-variation of u, here denoted by |u|, is the set function defined
by [u[(E) = sup|z<1, yl<t [Hayl(E), Where |pg | is the total variation of
the complex measure p,,. An operator measure p is said to be positive if
u(E) > 0in L(H) for every E € &. A projection-valued operator measure
p with u(S) = I is called a spectral measure (see §36 in [5]). In the liter-
ature, a positive operator measure p with p(S) = I is sometimes called a
quasi-spectral measure or a semi-spectral measure.

The semi-variation of a positive operator measure is easily computed.

PROPOSITION 1.1. Let p be a positive L(H)-valued operator measure.
Then |p|(E) = sup|q <1 ((E)z,z) = |u(E)| for every measurable set E.
Proof. 1t suffices to verify that

sup  |izy|(E) < sup (u(E)z,z).
RSS! [ES!

Let {E;} be a finite partition of E into measurable sets and let z,y € H.
By the Cauchy—Schwarz inequality we have

Z "u’xvy(Ej” = Z ’(,U/(E]);U’ y)‘
< S (B, 2) 2 (u( )y, ) 2

< (YLwE)en) " (LwEwn)”
= (W(E)z, )" 2 (u(E)y,y)'"*.
Ths, 1 |(B) = subgiy 3ty (B)] < (B, ) /2By, ).

Next we recall the definition of the integral | f dp, where f is a complex-
valued measurable function and p is an operator measure. Let f : S — C be
a measurable function such that the scalar integrals { f dpgy, z,y € H, all
exist in the usual Lebesgue sense. The function f is said to be integrable with
respect to p if (z,y) — § f dpa,y is a bounded sesquilinear map H x H — C.



Operator-valued n-harmonic measure 207

It is straightforward to see that if this holds, then there exists an operator
T € L(H) (necessarily uniquely determined) such that (Tz,y) = { f dpa,y
for z,y € H. The integral § f du is defined by § fdp =T.

It is straightforward to see that if the integral { f du exists, then there is
an estimate

(L.1) |5 £65) dats)|| < 1 loclial (),
S

where || flloo = inf{c > 0 : |u|({s € S : |f(s)] > ¢}) = 0} is the essential
supremum.

Next we observe that the integral { f du exists if f : S — C is a bounded
measurable function and p is an operator measure of finite total semi-
variation, that is, |u[(S) < oo. Indeed, it is clear that the integrals
{fdpey, ©,y € H, all exist and that we have the estimate | fdp,,| <
1l 2l (S) 12 T

Let us now specialize to the case when S is a locally compact Hausdorff
space. In this case we take G to be the g-algebra of all Borel subsets of 5. We
require of ;1 that the .., x,y € H, are all regular complex Borel measures
on S. Denote by Cy(S) the space of all continuous functions on S vanishing
at infinity. If g is of finite total semi-variation, then (1.1) shows that the
formula
(1.2) A(f) =\ f(s)du(s) for f € Co(S)

S
defines a bounded linear map A : Cyp(S) — L(H) of norm less than or equal
to || (). Since the piz,’s are all regular we have ||A|| = |¢|(S). Next we show
that every bounded linear map A : Cy(S) — L(H) is obtained in this way.

ProprosITION 1.2. Let S be a locally compact Hausdorff space and 'H a
Hilbert space. Let A : Co(S) — L(H) be a bounded linear map. Then there
exists an L(H)-valued operator measure jn on S of finite total semi-variation
such that (1.2) holds.

Proof. For x,y € H, by the F. Riesz representation theorem (see Theo-
rem 6.19 in [13]) there exists a unique complex regular Borel measure f ,
on S such that

(A(f)a,y) =\ fdpay for f € Co(S).
S
Clearly, the map (x,y) — g,y is linear in 2 and conjugate linear in y. It
is also clear that |ps4|(S) < ||A]l ||z] ||ly|. Let E C S be a Borel set. It is
straightforward to prove that there exists a unique operator u(E) € L(H)
such that (u(E)z,y) = pey(E) for x,y € H. It is clear that p so defined is an
L(H)-valued operator measure of finite total semi-variation. By definition
of the integral, ({ f duz,y) = f dpszy. Thus, (1.2) holds. =
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For easy reference we quote the following theorem of M. A. Naimark [9].

THEOREM 1.1. Let p be a positive L(H)-valued operator measure on S
such that (S) = I. Then there exists a Hilbert space K containing H as
a closed subspace and an L(K)-valued spectral measure E on S such that
p(w) = PE(w)|y for w € &, where P is the orthogonal projection of K
onto H.

For a proof of Theorem 1.1, apart from [9], we also refer to Section 7
in [14] or Section 6 in [§].

2. Construction of the n-harmonic measure. Let D™ be the unit
polydisc and denote by do the normalized Lebesgue measure on the unit
n-torus T™. The n-harmonic Poisson kernel for D" is the function defined

by
H - ’Z]|
— zj|?’

where 2z = (21,...,2,) € D" and e = (e,..., e?) € T™. Note that for
n = 1 the function P(z;e%) is the usual Poisson kernel for the unit disc D.
For r = (r1,...,r), 0 <rj <1, we also write

P(e?) = P(rie®, .. rpetfnil, . 1) = E r|1a1|~~-r‘na"‘em'0.
aeZm™

An important feature is that the n-harmonic Poisson integral

(2.1) u(z) = Ply|(z) = Py * p(e')
= S P(z,e”)ap(e”)da(e”), zj = rjeiej,
’]T’VL

solves the n-harmonic Dirichlet problem

Aju=0 inD" (1 <j<n),

U= on T",
where A; = 45j8j is the Laplacian in the variable z;. We note that if
@ € C(T"), then u = Plyp] € C(D"). We refer to the monograph [12] for
more details.

Let ‘H be a Hilbert space. For an n-tuple T' = (11, ...,T,) of commuting
operators in £(H) and a multi-index € > 0 we consider the Brehmer quantity
defined by

(2.2) Af = D (—llrrer
0<a<e

where T% = (17, ..., T;).
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PROPOSITION 2.1. Let 0 <7; <1 for1 <j<n. Let T = (Ty,...,T,)
€ L(H)" be an n-tuple of commuting operators such that A3 > 0 in L(H) for
0<e<(1,...,1). Then A? >0in L(H) for 0 <e <(1,...,1).

(TlTl,---,”"nTn)

Proof. 1t is clearly sufficient to prove that AleTl,TZ,--.7Tn) > 0. Write
T = (T1,T") and a = (a1,”). In proving AfrlTl 7 > 0 we can clearly
assume that ¢1 = 1. We have
Afgy o = D (CD T (@) (T (1)

0<a<e

_ Z (_1)\0/’\(T//)*o/’(T//)o/’
0<a/’<e
- Y Yy @y () ()

0<a’<el
= A, — T AS T > Asy — Ti ATy = A >0 in L(H),
where we have used the fact that A%/:,, A7 >0. =

Let T = (Th,...,T,) € L(H)" be an n-tuple of commuting operators
such that the T}’s are strictly contractive, that is, ||T;|| < 1 for 1 < j < n.
The L(H)-valued n-harmonic Poisson kernel is defined by the formula

n n
(23) P(T, eie) — H(I _ eiejr;k)—l i Ag}a..-,l) X H(I _ e—iejj'\j)—l7
j=1 j=1
where ¢ € T" and A% is given by (2.2). Our first task is to compute the
Fourier coefficients of P(T};).

LEMMA 2.1. Let T'= (Ty,...,T,) € L(H)" be an n-tuple of commuting
strict contractions and let P(T;e') be as in (2.3). Then
P(T; .>/\<a) _ S P(T; eie)e—iaﬂ dU(eiG) _ T*oﬁTof’

'H‘n
where

at = (max(ay,0),...,max(ay,,0)), o = —(min(aq,0),...,min(ay,,0)).

Proof. We compute

P(T; ew) = ( Z eia'eT*a> Ag}""’l) < Z e*m'eTo‘>

a>0 a>0
= E (=M Z eila=B)-0px(aty) B+
0<~<(1,...,1) a,5>0
Thus,
(2.4) P(T;)N6) = Z (=1)h! Z pr(aty) pBty
0<y<(1,...,,1) o=a—0

a,520
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We now note that the summation in the inner sum in (2.4) is over all pairs
of multi-indices (c, 8) of the form o« = 67 +¢, 8 = 6 + ¢, where ¢ > 0.
Thus,

P(T;)(6) = T*‘“( S (- ZT*(eJrv)Tsw)Téj

0<y<(1,01) 0

To complete the proof it now suffices to show that the double sum within
parentheses equals I, and we do this by induction on n > 1. Let

s(Ty, ..., T)= > (~nhy e,

0<y<(1,.,1) €20
Clearly, s(Th1) = I. For n > 2 we have
oo
ST, .., T) = > Trens(Th, ..., T )T
en=0

o0
= Tt s(Ty, L T )T

en=0

Thus, s(T1,...,Th—1) = I implies s(T1,...,T,)=1. =
We can now prove the main result of this section.

THEOREM 2.1. Let T = (Th,...,T,) € L(H)™ be an n-tuple of commut-

ing contractions. Assume that there exists a sequence 1 = (rkl,...,rkn),
0 <7 <1, such that r, — (1,...,1) as k — oo and AEilell)rk ) >0

in L(H) for all k. Then there exists a (unique) positive L(H)-valued operator
measure wp on T such that Gr(a) = T* T for o € Z".

Proof. Clearly, by uniqueness of Fourier coefficients, the operator mea-
sure wy is uniquely determined. We proceed to prove the existence of wyp.
Consider the linear map

A:pr— Z ()T T € L(H)
Yyl
defined for trigonometric polynomials ¢ on T", and with values in L(H).

By assumption, the Poisson kernel P(r1Th, ..., e Th; ) is defined and
by Lemma 2.1 we have

2.5 B(a)ritl .. plonlpra” pat
PL)Tq kn
acZ™ ' ' '
= S P(riaTy, ..., rinTo; €) () do (™).
’]1‘71,
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Now Proposition 1.1 and (1.1) yield the estimate

| 3 Byt orfer e gt

aEZ™

| < el

Letting & — oo we obtain [|A(¢)|| < ||¢|leo- By approximation, the map
A uniquely extends to a bounded linear map A : C(T") — L(H) of norm
less than or equal to 1. By Proposition 1.2 there exists an L£(H)-valued
operator measure wp on T™ such that A(p) = {pdwp. Clearly, Or(a) =
T* 7% Also, by (2.5) it is clear that ¢ > 0 implies A(¢) > 0 in £(H)
for trigonometric polynomials ¢. Since a general 0 < ¢ € C(T") can be
uniformly approximated by non-negative trigonometric polynomials, this
shows that 0 < ¢ € C(T") implies A(yp) > 0. Thus, the operator measure
wr is positive. =

REMARK 2.1. By Proposition 2.1, the positivity assumption in Theo-
rem 2.1 holds if T satisfies the Brehmer condition A% > 0 in L(H) for
0<e<(l,...,1).

REMARK 2.2. If an n-tuple T of commuting strict contractions in £(H)
is such that there exists an L£(H)-valued operator measure wp on T" with
Gr(a) = T*' T for a € Z™, then the relation between wy and P(T'; ')
is given by
(2.6) dwr(e?) = P(T; e do(e®).

Indeed, this is clear by uniqueness of Fourier coefficients.

Next we turn to the converse of Theorem 2.1.

THEOREM 2.2. Let T = (Th,...,T,,) € L(H)"™ be an n-tuple of commut-
ing operators such that there exists a positive L(H)-valued operator measure
w on T" with &(a) = T* T for a € Z". Then A5 > 0 in L(H) for
0<e<(1,...,1).

Proof. Assume first that the T)’s are all strict contractions. By Re-
mark 2.2, formula (2.6) holds with wr = w. Since w > 0, we have
{ P(T;¢)p(e?) do(e?) > 0in L(H) for 0 < ¢ € C(T™). Clearly, this implies
that P(T;e*) > 0. By (2.3) we have ALY > 0in £(H).

We now consider the general case. Since 7} = { e~ dw(e'), the operator
T} is a contraction. We consider the convolution P’.‘ xw, T =(r1,...,r),0<
rj < 1, defined by P, * w(e?) = { P.(¢'(®"7)) dw(e'™). An easy computation
shows that

(Pr % w)/\(a) _ S (Pr % w)(ew)e_m.e dg(ew) _ T\lal\ . TLan|T*a+Ta_.

’]ITI/
Thus, the sequence (T1T1,...,TnTn)*a+(T1T1,...,TnTn)a_, a € Z", is the
Fourier coefficient sequence of the positive L(H)-valued operator measure
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(P, *w)do. By the first part of the proof we have AL-D

(r1T1,ye.rnThn)
r—(1,...,1) we obtain Agpl""’l) > 0.
We now prove that A% > 0 for an arbitrary multi-index ¢ with 0 < e <
(1,...,1). Let 1 < j; < -+ < jm < n be those indices j for which ¢; = 1.
Consider the linear map A : C(T™) — L(H) defined by

> 0. Letting

A S (i, ... ePim) dw(e®) e L(H).
"J]"n
Clearly, the map A is positive and is, by Proposition 1.2, induced by a
positive L£(H)-valued operator measure A on T™ in the sense that A(p) =
{ @ d\. By construction we have

/)\\(a) _ S o0 d)\(eiﬁ) _ S e~ (@b, +Fambj, ) dw(em) _ T*ngTﬁf’
Tm T
where 3 = (B1,...,0y) is defined by 3; = 0 for j # ji,...,jm and §j, =
ay for k= 1,...,m. Thus, the sequence (Tj,, ..., T}, )** (Tj,,..., Tj,)* ,
a € Z™, is the Fourier coefficient sequence of A. By what we have proven

ALY S 00 £(H). .

above, A%, =
’ T (lev'"?ij)

We close this section with some comments on the relation of our results in
this section to the so-called regular unitary dilations of S. Brehmer, B. Sz.-
Nagy and I. Halperin. Recall that a unitary representation U : Z" — L(H)
is a function such that U(«) is a unitary operator for every o € Z™ and

U+ p8)=U(a)U(B) for a,peZ".

It is easy to see that a unitary representation U : Z"™ — L(H) naturally
corresponds to an n-tuple U = (Uy, ..., U,) of commuting unitary operators
in £(H) by means of the formula U(a) = U* = Uy ... US" for a € Z".

By Stone’s theorem (see [1]) every unitary representation U : Z" — L(H)
has the form
(2.7) U(a) = S eV dE(e?)  for a € Z,

’]1"(1,

where F is an L£(H)-valued spectral measure on T". Conversely, given a
spectral measure E it is easy to see that formula (2.7) defines a unitary
representation U.

Let T = (T1,...,T,) be an n-tuple of commuting operators in L(H).
Let K be a Hilbert space containing H as a closed subspace. A unitary
representation U : Z™ — L(K) is said to be a regular unitary dilation of T if

PU(a)|ly =T T for all a € Z",

where P is the orthogonal projection of I onto H.
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It is well known that a regular unitary dilation corresponds to a positive
operator measure of the type studied in this section. We have the following
proposition.

PROPOSITION 2.2. Let T' = (Th,...,Ty) be an n-tuple of commuting op-
erators in L(H). Then the following two assertions are equivalent.

(1) The n-tuple T has a regular unitary dilation U : Z"™ — L(K).
(2) There exists a positive L(H)-valued operator measure w on T™ such
that B(a) = T** T for o € Z".

Furthermore, when the above holds, we have
(2.8) w(o) = PE(o)|y foroe®,

where E is the spectral measure for U, P is the orthogonal projection of K
onto H, and & denotes the o-algebra of Borel subsets of T".

Proof. Assume first that 7" has a regular unitary dilation U : Z"™ — L(K).
By Stone’s theorem there exists an L(K)-valued spectral measure E on
T™ such that (2.7) holds. By compression to H we see that T** T®" =
{ei? dw(e) for a € Z", where w is as in (2.8). Now, clearly, &(a) =
T T for a € Z".

Assume next that assertion (2) holds. By Theorem 1.1 there exists a
larger Hilbert space K and an L(K)-valued spectral measure E on T"
such that (2.8) holds. Formula (2.7) gives us a unitary representation U :
Z" — L(K). A straightforward verification shows that U is a regular unitary
dilation of T'. m

We also remark that by Bochner’s theorem (see [10]) assertion (2) in
the above proposition is equivalent to positive definiteness of the sequence
T+ T o e 7

3. Boundary behavior of the Poisson integral. In this section we
are concerned with the boundary behavior of the £(H)-valued n-harmonic
Poisson integral discussed in the introduction. More generally, we also prove
some statements involving operator measures of the type wp. First we need
a lemma.

LEMMA 3.1. Let T = (T1,...,T,) be an n-tuple of commuting operators
in L(H) such that A% >0 in L(H) for 0 <e < (1,...,1). Then

| Plel(rie®, ... re®) dor(e?) = | o(¢) dwiyry, ) (€?)
T T

for every ¢ € C(T") and r = (r1,...,7m5), 0 <7r; < 1.
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Proof. Let ¢ be a trigonometric polynomial on T" and note that

P[go](rlewl,...,r ) P x (e Z r‘m‘ . rlla"|$(a)eia'9.
aEZm
We now have

JPlel(rie™, .. rue®) dwp(e?) = 37 el gla) T 1o
aeL™
Since also
) ) R o ot
S@(ew) dw(th,...,rnTn)(ew) = Z (P(@)T‘la” .- 'Tlnan‘T @ T,
aeZ™

we have proved the lemma for ¢ a trigonometric polynomial. The general
case now follows by approximation. m

REMARK 3.1. Let 0 <r7; <1 for 1 < j < n. Note that by the results of
Section 2, existence of dw(,, ... r,1,) follows from that of dwr.

THEOREM 3.1. Let T = (Th,...,T,) be an n-tuple of commuting op-
erators in L(H) such that A > 0 in L(H) for 0 < e < (1,...,1). Let
e C(T") and let = (r1,...,rn), 0<71; <1 for 1 < j <n. Then

| §dwin, = § odor|| < max [Plal(rie™, ... rpe®) = (e,
Tn T e eTn

In particular, lim,_q _1)§odwe,n, ;1) = Sedwr in L(H), where
0 EZTj S 1.

Proof. By Lemma 3.1, Proposition 1.1 and (1.1) we have
H S ‘2 dw(rlTl,...,rnTn) - S 2 dwTH
= H rle . ,rnew") — go(ew)) dwT(eie)H

< max |P[p](r1e" 91,...,7‘new")—g0(ew)|.

etf cTn

The last assertion of the theorem is clear since P[p](r1e', ... ryen)

— (") uniformly in e € T as r — (1,...,1). =

We can formulate the last continuity assertion of Theorem 3.1 more gen-
erally as follows.

THEOREM 3.2. Denote by P the set of all n-tuples T € L(H)™ of com-
muting operators such that A% > 0 in L(H) for 0 < e < (1,...,1). Then
the map

C(T") x P 3 (p,T) = | pdwr € L(H)
TTL
18 continuous.
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Proof. Let T; — T in L(H)" and ¢; — ¢ in C(T™). We have to prove
that §¢;dwr, — {@dwr in L(H). First observe that { Pdwr, — {Pdwr
whenever P is a trigonometric polynomial on T". Let ¢ > 0. Let P be a
trigonometric polynomial such that ||¢ — P||s < &/4. For j large enough we
have

S(SO_P)dwTj

vt ] <[
+ HSPdwT]. —SPdwTH + HS(P— ®) dwTH <e.
Thus, {¢; dwr; — {pdwr. =

Let us now restrict our attention to the special case of Theorem 3.1 when

r = (r1,...,7p) is such that 0 <r; < 1 for 1 < j < n. The last assertion of
Theorem 3.1 then becomes
(3.1) lim  Pl)(rTh,...,raTn) = | odwr in L(H).

ri—

ngrj<l I

A computation shows that
SP(rlTl, T e (e) do(e'?)
= Z T\lm\ e TLQ”|$(Q)T*Q_TQ+ in L(H).
acZ™
Thus, by (3.1), the formal series S @(a)T** T*" is Abel summable to
(¢ dwr in L(H), that is,

lin, STl ey e = | pdwor  in L(R).
ri—
0<,,, <1 OéEZn T

In the preceding paragraph we essentially used the fact that P, x o — ¢
in C(T™). We now consider the analogous situation when the Poisson kernel
P, is replaced by the Fejér kernel Ky, N = (Ny,...,Ny), N; > 0, defined by

n
_ HKNj(eiej) _ Z H < B N]Om’ 1> Lot il o
j=1 ~N<a<N j=1 +

Since Ky *¢ — ¢ in C(T") as Nj — oo, we have { Ky * ¢ dwr — § ¢ dwr in
L(H). This last limit assertion can be reformulated as saying that the formal
series S B(a)T* T is Cesaro summable to ¢ dwy in L(H), that is,

. |av | || N _ 4
lim S bt B IR B T b1 IO e o
Nj1—>c>o Z < Ny +1 N, +1 (p(()&)

laj | <N
= S pdwr in L(H).
Tn
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