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Function theory in sectors
by

BRIAN JEFFERIES (Sydney)

Abstract. It is shown that there is a one-to-one correspondence between uniformly
bounded holomorphic functions of n complex variables in sectors of C", and uniformly
bounded functions of n + 1 real variables in sectors of R" ! that are monogenic functions
in the sense of Clifford analysis. The result is applied to the construction of functional
calculi for n commuting operators, including the example of differentiation operators on
a Lipschitz surface in R* 1.

1. Introduction. The ability to form functions of continuous linear op-
erators is essential to many applications of functional analysis. In quantum
mechanics, the projection xg(A) associated with a selfadjoint operator A
and the characteristic function x g of a Borel subset F of the real line repre-
sents the observation that the observable associated with A has values in the
set . For general linear operators, there is not such an extensive functional
calculus as there is for selfadjoint operators.

Given a bounded linear operator A acting on a Banach space X, the
Riesz—Dunford functional calculus associates the bounded linear operator
f(A) with A by means of the formula

1 _
(1) F(A) = 5= [T = )Ty
i
C
Here f is holomorphic in a neighbourhood U of the spectrum o(A) of A in
C and C is a simple closed curve about o(A) and contained in the domain
U of f.

A higher-dimensional analogue of the Riesz—Dunford functional calculus
has recently been investigated using the techniques of Clifford analysis [5].
The analogue of equation (1) for functions of n bounded linear operators
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Ay, An € L(X) s

(2) f(A17 ceey An) - S Gm(Ah ey An)n<m)f(x) d,LL(.Z'),
o1

for a suitable bounded open subset §2 of R"*! with smooth oriented bound-
ary 0f2, outward unit normal n(z) at z € 9f2 and surface measure p. The
function f is assumed to be left monogenic in a neighbourhood of {2 in
R+ that is, it takes values in a Clifford algebra C/(C") and satisfies
higher-dimensional analogues of the Cauchy—Riemann equations.

Although the simplicity of formula (2) is appealing, the main difficulty
is making sense of the Cauchy kernel z — G;(A1,...,A,) and determining
its set y(Az1, ..., A,) of singularities, called the monogenic spectrum of the
n-tuple A = (A1, ..., A,). Under the assumption that the spectrum of each
operator Z?:l §;A;j is real for £ € R", it turns out that v(A) is a nonempty
compact subset of R™ and formula (2) defines a function f(A) € £(X) of the
n-tuple A for any function f which is real-analytic in a neighbourhood of
~v(A) in R™ [5, Theorem 3.5]. Such a function automatically has a monogenic
extension to a neighbourhood of vy(A4) in R* 1.

These ideas make sense even if the operators Ay, ..., A, do not commute
with one another. If the n-tuple A has a Weyl functional calculus [1], that
is, it satisfies suitable exponential growth conditions, then formula (2) is
the restriction to real-analytic functions f of the Weyl functional calculus
f— f(A) [4, Corollary 5.5].

The approach to joint functional calculi just mentioned was motivated
by A. MclIntosh’s study of the commuting n-tuple Dy, = (Dy,...,D,) of
differentiation operators on a Lipschitz surface X in R™*! in relation to
irregular boundary value problems (see [10]). In the case that X' is just the
flat surface R™, the operators

S|

0
Di=-— =1,...
] 6xj7 .7 ) 7n7

commute with each other and are selfadjoint, otherwise, the unbounded
operators Dj, j = 1,...,n, have spectra o(D;) contained in a complex
sector S,(C) = {xz : |arg(z)| < w} with an angle w depending on the
variation of the directions normal to the surface Y.

_ Arguing by analogy with the situation where X' = R", functions
f(D1,...,Dy,) of the n-tuple Dy may be thought of as Fourier multiplier
operators acting on LP(X) for 1 < p < oo, with the multiplier f being a
bounded holomorphic function defined on some sector in C™ [10, Section
5.6.1]. On the other hand, we can use formula (2) to define f(Dy, ..., Dy) if
f is a left monogenic function with suitable decay in a sector in R"*!. This
suggests a connection between left monogenic functions defined on a sector
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in R"*! and bounded holomorphic functions defined on a sector in C". This
paper is devoted to showing that the mapping f +— f is a bijection from
left monogenic functions, uniformly bounded on subsectors of a fixed sector
in R"*!, onto the space of holomorphic functions, uniformly bounded on
subsectors of a corresponding sector in C™. The holomorphic function f is
simply the analytic continuation to a suitable sector in C™ of f restricted to
R™\ {0}.

Given the bounded left monogenic function f, the corresponding holo-
morphic function f is constructed by applying the Cauchy integral formula
(2) to the commuting n-tuple ¢ = ((1,...,(,) € C™ of multiplication oper-
ators in the Clifford algebra C¢(C"), that is,

(3) FQ) = | Ga(On(@) f () dp(a).
on

Then f(z) = f(z) for all nonzero z € R™ by the Cauchy integral formula of
Clifford analysis. Care needs to be exercised in forming the Cauchy kernel
x +— Gy (¢) for ¢ € C™. Its set of singularities v(¢) € R"! is the monogenic
spectrum of the complex vector (, viewed as an n-tuple of multiplication
operators in C/(C™). Because the Cauchy kernel G.(¢) has the right scaling
properties, a uniform bound for f on a sector in R"*! gives a uniform
bound for f on a sector in C". In the other direction, reconstructing f from
f, so showing that the mapping f — f is onto, requires the Fourier theory
developed by Li, McIntosh and Qian in [8].

Because we can simply multiply two bounded holomorphic functions f, g
to obtain another f -g, we also show that there is a Cauchy-Kowalewski
product (f,g) — f -¢ g for all bounded left monogenic functions defined
in a sector S in R"*!1. A standard series expansion gives a left monogenic
function f -y g defined in a neighbourhood of R™ \ {0} coinciding with the
product function fg on R™\ {0}. It is not so obvious that f -y g actually
extends left monogenically to a bounded function defined on all of S.

Both Clifford analysis and the theory of functions of several complex
variables are extensions of classical complex analysis. The Cauchy integral
formula of Clifford analysis is especially well adapted to operator theory.
The main result of the present work suggests that we can pass sometimes
from one to the other point of view in some applications. The situation
with domains other than sectors and other function spaces remains to be
investigated.

We start with a brief résumé of Clifford analysis [2, 3] and the mono-
genic functional calculus treated in [5]. The correspondence f — ]?arises by
considering the spectral theory of the commuting n-tuple ({3, ...,¢,) € C"
of multiplication operators in the Clifford algebra and this is examined in
Section 2, where the main result, Theorem 2.4, and its corollary concerning



260 B. Jefferies

the Cauchy-Kowalewski product are stated. In Section 3, a scaling argument
is used to show that the mapping f +— f introduced in Section 2 actually
sends bounded left monogenic functions to bounded holomorphic functions
on sectors. That the mapping is onto is proved in Section 4 using Fourier
analysis, so completing the proof of Theorem 2.4. Section 5 is devoted to
the construction of an H°°-functional calculus for a system of operators of
type w using the Cauchy integral formula (2).

1.1. The Clifford algebra C¢(C™). The real and imaginary parts of z €
C are denoted by R(z) and (z) respectively, and for an element ( =
(C1y...,C) of C", the vector R(¢) = (R(C1),...,R(¢r)) € R™ denotes the
real part of ¢ and J(¢) = (3(¢1),.-.,3(¢n)) € R™ denotes the imaginary
part of .

Let C¢(C™) be the Clifford algebra generated over the field C by the

standard basis vectors eg, e1, ..., e, of C"*! with conjugation u +— %. Then
ep is the unit of C/(C™), e; and ey, anticommute for j,k =1,...,nand j # k,
and e? = —1 for j = 1,...,n. The conjugation satisfies ey = eg, €; = —e¢;

for j=1,...,n and wo = vu for all u,v € C¢(C").

The Clifford algebra C¢(C™) is a complex vector space with a basis eg,
S c{l1,...,n}, given by eg = e;, ---¢e;, if S = {j1,...,jx} and 1 < j; <
-+ < jg < nis an ordered enumeration of S. If S = (), then ey = ep. In
particular, C¢/(C") has complex dimension 2". A function f : U — C/(C")
therefore has a unique representation f = ) ¢ fses in which fg: U — C
are scalar-valued functions for each subset S of {1,...,n}.

The embedding z +— zeq, z € C, identifies C with a closed commutative
subalgebra of C¢(C") and C™*! is identified with the closed linear subspace
of all elements zpeg+z1e1+- - -+ zpe, of CY(C") with z; € C, j =0,1,...,n.
Then C" is always identified with the subspace {0} x C" of C"*! and then
with the corresponding subspace of C/(C"). Similarly, R, R" and R"*! are
identified with the corresponding real linear subspaces of C¢(C™).

1.2. Clifford analysis. The generalised Cauchy—Riemann operator is

given by
= )
7=0

Let U C R™"! be an open set. A function f : U — Cl(C") is called left
monogenic if Df =0 in U and right monogenic if fD =0 in U.

REMARK 1.1. Each component fg of a left monogenic function f =
> fses is harmonic in R"*!, because if

— _ 0 0 0 0
D—j;oejﬁj—eoa—xo—ela—zl—”'—ena—xn
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denotes the operator conjugate to D, then we have

> (Afs)es = Af = (Aeo)f = (DD)f = D(Df) = 0.
S
Hence, Afs = 0 for all S C {1,...,n}. The same remark applies to right
monogenic functions.

REMARK 1.2. In the simplest nontrivial case of n = 2, each function
with values in C¢(C?) can be written as

f = foeo + fie1 + faea + fzeie,

for complex-valued functions f;, 7 = 0,1,2,3. Such a function f is left
monogenic if and only if it satisfies the following Cauchy—-Riemann type
system of differential equations:

Ofo  O0fi  Ofs Ofo  0fi  Ofs
81‘1 + 8:60 + 8:62 N 07
Ofo  Ofr Ofs _, O0f Oh  Ofs

+ — Y + = 0.
8:62 8330 8331 8:61 83:2 83:0
For functions with values in the closed linear subspace C"*! of C¢(C"),
we have the following set of equivalent conditions.

PROPOSITION 1.3 ([11, Proposition 1.7]). Let f = foeo—>_7_, fje; be a
C™H valued function defined on an open subset U of R" 1. The following
are equivalent:

(i) The (n+ 1)-tuple I = (f;)7_y is a system of complex conjugate
harmonic functions in U, in the sense that it satisfies the generalised
Cauchy—Riemann equations divF =0 and curl F =0 in U.

(ii) f s left monogenic in U.

(iii) f is right monogenic in U.

(iv) The complex 1-formw = fodxo— fidzi—- - -— frdx, satisfies dw =0
and d*w = 0 in U, where d and d* are the exterior differentiation
operator and its formal adjoint, respectively.

In addition, if the domain U is simply connected, then the above conditions
are further equivalent to the condition that

(v) there exists a unique (up to an additive constant) complex-valued
harmonic function V' defined in U such that (f;)}_, = grad Vin U,
that is, f = DV.

1.3. The Cauchy integral formula. The Cauchy kernel is given by
o 1 r—Yy n+1
(4) k(x_y)_o__n|x_y’n+17 IL’,yGR 7x7éy7
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with ¢, = 20("*t1)/2/((n 4+ 1)/2) the volume of the unit n-sphere in R"+1.
The function k is both left and right monogenic away from the origin. So,
given a left monogenic function f : U — C¢(C") defined in an open subset U
of R"*! and an open subset {2 of U such that the closure 2 of 2 is contained
in U, and the boundary 02 of (2 is a smooth oriented n-manifold, then the
Cauchy integral formula

f) = | k@ = yin(@) f(2) du(z).  ye 2,
o1
is valid. Here n(z) is the outward unit normal at = € 92 and p is the volume
measure of the oriented manifold 0f2. An element x = (zg,x1,...,2,) of
R™1 will often be written as = zgeg + = with = = Z] 1 xjej. The
expression k(x—y) will also be written as G, (y)—a more convenient notation
when y is replaced by an n-tuple of operators.

1.4. Monogenic extension. Because we shall be dealing with the mono-
genic extension into R"™! of complex-valued real-analytic functions defined
on open subsets of R™, it is worthwhile spelling out how this is done. More
details are to be found from [2, Theorem 14.8]. Suppose that f is an analytic
C-valued function defined on an open neighbourhood of zero in R™ and the
Taylor series of f is given by

(5) Z Z Z% ATl T,

=0 """ Li=1 =1
for all z € R™ in a neighbourhood of zero. The coefficients a;,. ; € C are
assumed to be symmetric in [y, ..., [;. Expansions about other points p in
R™ are treated by translating x € R™ to « — p.
Then the unique monogenic extension fof fis

(6) Z( Z Vit(z)ay, lk)

k=0 (l1,...lx)

for all « belonging to some neighbourhood of zero in R"*!. Here, the sum
Z(ll,...,lk)"' is over the set {1 <[} <--- <[, < n}, and for (I1,...,lx) €
{1,...,n}*, the function V- : R"*1 — Cf(C") is defined as follows. For
each j = 1,...,n, the unique monogenic extension of the function z; : x —
z;, © € R", is given by z; : x — xjeq — woe;, € R"L. Then VO(z) = e,
z € R"! and

1
(7) Vll...lk — y Z Zj  Zjg,
' jl"“)jk
where the sum is over all distinguishable permutations of all of (I3, ..., ),

and products are in the sense of pointwise multiplication in C¢(C"). For-
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mula (6) also works if f is C/(C")-valued and a;, ;, € C¢(C™). Then fis
left monogenic.

If f is left monogenic in the open ball Br(0) of radius R about zero in
R™1 then (6) converges normally in Bg(0) [2, p. 82].

The function V1~ is both left and right monogenic. It is the unique
monogenic C¢(C")-valued extension of the real-valued function x;, - - - @;, de-
fined on R™ to all of R™*!, called the inner spherical monogenic polynomial
[2, p. 68]. According to [2, Theorem 11.3.4, Remark 11.2.7(ii)], the mono-
genic function V-4 actually takes its values in R™*1 although this is not
immediately apparent from formula (7).

By locally extending power series like equation (5) to expansions like
(6), any analytic function f : U — C defined in an open subset of R™ is the
restriction to U of a unique function ]?: V — C™*! which is both left and
right monogenic in an open subset V of R"*! such that U = V NR" (see [2,
Theorem 14.8, Remark 14.9]).

2. Joint spectral theory in the algebra C/(C"). Let ( = ((1,...,(n)
be a vector belonging to C". The complex spectrum o(i¢) of the element
i¢ =i(C1e1 + -+ - + (pepn) of the algebra C¢(C™) is

o(i¢) = {\ € C: Aep — i¢ does not have an inverse in C¢(C")}.
Following [10, Section 5.2], we check that
(Aeo +iC)(Aeo — i¢) = Aeg — i*¢* = (A = [¢[¢)eo,

where [(|% = > Cjz. So, for all A € C for which A # £[(|c, the element
Aeg — i¢ of the algebra C¢(C") is invertible and

o Aeg + ¢
(Aeo —i¢) ' = G——3
A =2
If [C|2 # 0, the two square roots of (|2 are written as +|(|c, and [¢|c = 0 for
|¢|2 = 0. Hence o(i¢) = {%|¢|c}. When |¢|2 # 0, the spectral projections

0 w©) =5 (et ¢ )

are associated with each element +|(|c of the spectrum o(i¢) and i has
the spectral representation i¢ = [(|cx+(C) + (—|¢|c)x—(¢). In particular, for
any function ¢ : 0(i¢) — C, we set ¥{iC} = ¥(|¢|c)x+(¢) + ¥ (=[¢lc)x-(¢)-

Henceforth, we use the symbol |(|c to denote the square root of |¢|% with
positive real part in the case that |(|2 & (—o0,0].

On the other hand, according to the point of view mentioned in the
Introduction, for a complex vector ¢ € C", the monogenic spectrum ~y(¢) of
the n-tuple ¢ = ((1,...,(,) of multiplication operators should be the set
of singularities of the Cauchy kernel z +— G,(¢), z € R"! in the algebra
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Cl(C™). Although G, (¢) := k(z—() is defined by formula (4) only for ¢ € R"™
and x # (, a natural choice for the Cauchy kernel for { € C™ is to take the
maximal holomorphic extension ¢ — G (¢) of formula (4) for ( € C™:

1 T+¢ n |z — ()% & (—o0,0], n even,
© 60 = iy wert {770

on |z — (¢ |z — (|& # 0, n odd.
Here |z — (|2 = xo—i-zj:l(mj — ()% for @ = (wg, 21, ...,2,) € R" and the

complex number |z—(|c is the positive square root of |z—(|2, coinciding with
the holomorphic extension of the modulus function £ — |z —¢&|, £ € R™\ {x},
in the case x € R™. There is a discontinuity in the function (z, () — |x —(|c
on the set

{(z,0) e R" x C" : |z — (|2 € (—o0,0]}.

The analogous reasoning for multiplication by z € R"*! in the algebra
Cl(C™) just gives us the Cauchy kernel (4), so that v(x) = {z}, as expected.

Given ¢ € C", if singularities of (9) occur at x € R"!, then |z — (|% €
(—o0, 0], otherwise we can simply take the positive square root of |z — (|2
in formula (9) to obtain a monogenic function of z. To determine the set
of € R™! where singularities occur, write ¢ = & + in for £,n € R™ and
x = xpeg + x for g € R and « € R™. Then

(10)  Je—CR =25+ (2 -¢) Z — in)?
j=1 j=1

= g + e — €* — In* — 2i(z — &, ).
Thus, |z — ¢|% belongs to (—oo, 0] if and only if z lies in the intersection of
the hyperplane (z — £, n) = 0 passing through & and with normal 7, and the
ball 22 + |z — £|> < |n|? centred at ¢ with radius |n|. If n is even, then
(1) Q) ={z =200 +a eR™ ' (&~ &) =0, 2§+ & —&* < nf*).
and if n is odd, then
(12) () ={z =200+ €R™ ' : (z —&,1) = 0, a5 + e — €[> = In*}.

In particular, if () = 0, then v(¢) = {¢} C R™.
Off v(¢), a calculation shows that the function z — G (() is two-sided
monogenic, so the Cauchy integral formula gives

(13) FQ) = | GuOn@) () du(a)

o1
for a bounded open neighbourhood (2 of «(¢{) with smooth oriented boundary
012, outward unit normal n(z) at x € 92 and surface measure pu. The
function f is assumed to be left monogenic in a neighbourhood of 2, but
¢ — f(¢) is a holomorphic C¢(C")-valued function as the closed set v(()
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varies inside {2. Moreover, fequals f on 2NR"™ by the usual Cauchy integral
formula of Clifford analysis, so if f is, say, the monogenic extension of a
polynomial p : C" — C restricted to R™, then f({) = p((), as expected. In
this way, with each left monogenic function f defined in a neighbourhood
of v(¢), in a natural way we associate a holomorphic function }'V defined in
a neighbourhood of (.

For each 0 < w < /2, we set

SR = {2 e R" o = zgeg + z, |zo| < |z|tanw},
SC(R™) = {2 e R"™\ {0} : 2 = zpeg + =, |x0| < || tanw}.
It is clear that if ( = £ 4 in lies in a sector in C", say, |n| < |¢|tanv,

then the monogenic spectrum ~(¢) lies in a corresponding sector in R+,
More precisely, we have

PROPOSITION 2.1. Let ¢ € C"\ {0} and 0 < w < 7w/2. Then v(¢) C
S, (R™ 1Y) if and only if

(14) €2 # (=00,0, SO < R(I¢le) tanw.

Proof. The statement is trivially valid if ¢ € R™ \ {0}, so suppose that
3(¢) # 0. Then the monogenic spectrum 7(¢) of ¢ given by (11) or (12) is a
subset of S,,(R™*1) if and only if there exists 0 < # < w such that the cone

(15) Hf = {z =x0e0 +x € R"™ : 55 > 0, 29 = || tan 6}

is tangential to the boundary of v(¢). A calculation shows that H ; is tan-
gential to the boundary of v(() for all { = £ + in with £, n € R", satisfying

(16) n|? = sin?0 - (|€]% + | Py¢|* tan?6).

Here P, : u — (u, n)n/|n|%, u € R™, is the projection operator onto span{n}.

To relate condition (16) to the inequality in (14), suppose that m =
moeo + m is the unit vector normal to Hy such that m lies in the direction
of n. Hence, mg = cot 0 |m|, tan = |m|/mg and P,¢ = (£, m)m/|m|?. Then
equation (16) becomes

=sinf - (m2|€]? + (£, m)? yjz_M
But |moeg +m| =1, so (cot? 6 + 1)|m|?> = 1. We have |m| = sin 6 and
(17) 0= (male® + (¢,m)*)* =
mo

As mentioned in [10, p. 67], the set of all { = £ + in with 1 # 0 satisfying
(17) is equal to the set of all { = & 4 in with n # 0 satisfying

(18) [CI& # (=00,0],  n=R(I|c)

Because |m|/my = tanf < tanw, we obtain the desired equivalence by
letting m vary over all directions in R”. =

m
m()'
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For each 0 < w < 7/2, let S,(C™) denote the set of all { € C™ sat-
isfying condition (14) and let SJ(C™) be its interior. The following results
are elementary consequences of the integral representation (13) and Propo-
sition 2.1.

COROLLARY 2.2. Let 0 < w < /2, let f: SS(R") — Cl(C™) be a left
monogenic function and suppose that f : S2(C™) — CU(C™) is defined by
formula (13) for every ¢ € SS(C™) with 2 chosen such that v(¢) C 2 C
2 C SS(R™Y). Then ¢ — f(C), ¢ € S2(C™), is a holomorphic C4(C™)-valued
function equal to f on R"\{0}. If K is a compact subset of S (C™) and {2 is
a bounded open neighbourhood of Jqcx v(C) with smooth oriented boundary

082 such that 2 C SS(R™L), then there exists Cr o > 0, independent of f,
such that

sup [f(¢)| < Cr.2 sup [f(w)].
(eK wean?
COROLLARY 2.3. Let 0 < w < 7/2 and let f: SS(R"1) — CU(C") be a
left monogenic function. Denote the restriction of f to R"\{0} by frn. Then
frn is the restriction to R™ \ {0} of a holomorphic C¢(C"™)-valued function

f defined on S2(C™). If frn takes values in C, then so does f.

Proof. According to Proposition 2.1, formula (13) defines a holomorphic
function f : $°(C™) — C¢(C"), because for every ¢ € S°(C™), the function
f is left monogenic in a neighbourhood of the monogenic spectrum ~(¢) of ¢.
Moreover, f(x) = fo(z) for all nonzero x € R", because y(z) = {} and the
Cauchy integral formula of Clifford analysis holds. By unique continuation,

f takes values in the same subspace of C¢(C™) in which fy does. m

The sector S, (C™) arose in [8] as the set of ¢ € C™ for which the expo-
nential functions

(19) er(z,C) = l@Oemltley (¢),  x =zgeq + o,

have decay at infinity for all z € R"*! with (z,m) > 0 and all unit vectors
m = moeg + m € R"! satisfying mg > |m|cotw; this fact is essential for
the arguments of Section 4. The projection x4 in formula (19) is defined by
equation (8).

Let 0 < v < m/2 and let Hy°(Sg(R™)) denote the set of all left mono-
genic functions f : SS(R"*1) — C¢(C™) that are uniformly bounded on every
subsector S°,(R"*1), 0 < v/ < v. Endowed with the topology of uniform con-
vergence on subsectors S7, (R™*1), 0 < v/ < v, the topological vector space
H°(S9(R™1)) is a Fréchet space. The analogous space for right monogenic
functions is written as H2°(S2(R"T1)).

For each 0 < v < /2, let H*°(Sp(C™)) denote the set of all holomorphic
functions f : Sp(C") — C¢(C™) which are uniformly bounded on every
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subsector S9,(C"), 0 < v/ < v. Endowed with the topology of uniform
convergence on subsectors Sy, (C"), 0 < v/ < v, the topological vector space
H>(S;(C")) is a Fréchet space and a (nonabelian) Fréchet algebra under
pointwise multiplication. The subalgebra of C-valued functions is, of course,
an abelian Fréchet algebra.

The main aim of the present paper is to prove the following function
space isomorphism.

THEOREM 2.4. The mapping f — f giwen by the Cauchy integral for-
mula (13) is an isomorphism of the Fréchet spaces H°(Sg(R™1)) and
H>(5;(C)).

Given two functions f, g € H®(SS(R"1)), the restrictions frn : R™\ {0}
— Cl(C™) and ggn : R™\ {0} — C¢(C™) of f and g to R™\ {0} are real-
analytic, so their product frrgrr has a unique left monogenic extension f-;g
to an open neighbourhood of R™\ {0} in R"*! by virtue of formula (6). The
analogous product for right monogenic functions is written as f -, g.

COROLLARY 2.5. For each f,g € H®(SS(R"t1)), the function f -y g has
a left monogenic extension to SS(R™*1), denoted by the same symbol, and
feg € HX(So(R™)). Moreover, Hy°(So(R"™1)) is a Fréchet algebra with
the product (f,g) — f-¢g. The mapping f fgiven by the Cauchy integral
formula (13) is an isomorphism of the Fréchet algebras H°(Sg(R™*1)) and
H>(55(C)).

Proof. By Theorem 2.4, the unique left monogenic extension f -, g to an
open neighbourhood of R™ \ {0} in R"*! has the property that fgnggn is
the restriction to R \ {0} of the C¢(C")-valued holomorphic function f - §
belonging to H>(S;(C™)). But by Theorem 2.4, f g is the image of some
function belonging to H>(S2(R™™1)). By unique continuation of monogenic
functions (see Subsection 1.4), this function must be equal to f -y g on their

common domain, that is, f -y ¢ has a unique left monogenic extension to
So(R™1) belonging to H>(SS(R"*1)). u

If the restrictions fgn, grn of f and g take values in C rather than C¢(C"),
then both f and g are two-sided monogenic and (f -, g) = (f v g) = f g
=G - f. Hence, f-rg = g-s f and the subalgebra of H°(S3(R™1)) consisting
of such functions is abelian.

3. Bounded monogenic functions in sectors. In this section we
suppose that 0 < v < 7/2 and f : SS(R"*1) — C¢(C") is a left monogenic
function that is uniformly bounded in SS(R™*!). Denote the supremum of
(@) for @ € SSR™) Dy ||,

According to Corollary 2.3, for every 0 < v/ < v, there exists a holomor-
phic function f : S}, (C") — C¢(C") coinciding with f on R™. By analytic
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continuation, fvtakes its values in the subspace spanned by the range of f
on R™. We are aiming to bound the uniform norm of f on S9,(C") in terms
of a uniform bound for f on SS(R™1).

We can easily find such a bound on a smaller sector in S, (C"). Let
0 < v/ < m/2 and let S,,(C") denote the set of all ¢ € C" such that
In] < |¢|sine/ for ¢ = & +in, £&,n € R™. Then for each ¢ € S,/(C") with
¢ =& +1in for £, € R™, the closed ball of radius || centred at ¢ in R™*! is
contained in S,/ (R™*1). For this to be true, necessarily |n| < |¢|, which does
not hold for all ¢ € S,/(C").

Now let 0 < v/ < 0 < v. If ¢ € 5,,(C"), then the closed ball Bes
of radius |n|(1 + &) centred at ¢ strictly contains y(¢) and is contained in
Sp(R™ 1)\ {0} € SS(R™1), provided that 0 < § < sinf/sinv’ — 1 and then
it follows that

FO = | GulOn(z)f(x)dp(x).

0B¢.s

Then |f(¢)]<2"2| f| Voo SaBg 5 |G2(Q)] dp(z), so we need to estimate |G ()|
for x € B¢ s and ¢ € S,/ (C™). To this end,

T+¢ 1w/ + /I

o = CIET K™ Jaylc = ¢/l

Every x € B¢ can be written as © = £ + [n|(1 + d)a for o € S™, the unit
sphere in R"™! so that x/|¢| = &/|¢|+ aln|(1 + §)/|¢|. Tt turns out that the
numbers |(| and |{| are comparable for ( € S,/(C") and |n| is dominated by
a [(|. Because pu(B¢s) = O(|¢]™) as ¢ goes to infinity or zero, we obtain a
uniform bound on SaB< , 1G2(Q) du(z) for ¢ € S,/(C™). The bound depends
only on ¢/, § and n. 7

If we want to extend this bound from the sector S,/ (C™) to all of S, (C™),
then we need to take into account the geometry of the situation, that is, the
difficulty with fitting a ball into a sector in R™*!. The obvious remedy is to
replace the ball B ;5 by a suitable disk about v(¢). We now work out the
details of the approach outlined above for this case.

Given ¢ € S,/(C"™), write ¢ = £ + in for £&,n € R™. Suppose that n # 0.
For each § > 0, let D¢ 5 denote the right hypercylinder in R"*! = R x R"
centred at (0,&) with radius |7|(1 + ¢) and bounded by the hyperplanes

P ={z e R"" 10 =200 + z, (x — (£ £ 01/2),n) = 0}.

Then the monogenic spectrum (¢) of ¢ is contained in D¢ s and (0D 5) =
O(|n|™) as ¢ goes to zero or infinity in S,/ (C™), for if X, is the n-volume of
the unit ball {z € R" : || <1} in R and 0,,—1 is the (n — 1)-volume of the
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hypersphere {z € R" : |z| = 1} in R", then
(20) (D¢ 5) = 2Zn[n[" (L +8)" + ana|n[* (1 + 8)" o).
Of course, D¢ 5 — {£} asn — 0.

LEMMA 3.1. For each 6 > 0, there exists €5 > 0 depending only on § and
n such that Hm — C|<C} > e5|C| for all x € OD¢ 5 and ¢ € C™ with 3¢ # 0.

Proof. Because Dy 5 = tD¢s for all ¢ > 0 and the function | - |¢ is
homogeneous of degree one, it is enough to prove the statement for all { € C"
with [(| = 1.

Let S"~1(C") be the set of all ¢ € C" with || = 1. Given ¢ € S"~1(C")
with ¢ = ¢ +in for € € R™ and n € R™\ {0}, every element of R**! belonging
to the intersection of dD; s with the hyperplane Py can be parametrised as
z(C,ra) = £+ 01/2 + n|(1 4+ §)rTya for 0 < r < 1 and « belonging to
the unit sphere S" ! in R". Here T, n is a rotation mapping R™ onto the
n-dimensional subspace {n}+ of R"*! such that  — T, is continuous on
St Then xz(¢,r,a) & v(C), so |z({,r,a) — (|c is nonzero. The function
(¢,r,a) Hm ¢,ra) — C\C} is positive and continuous on the compact set
Sn=1(C™) x [0,1] x 8"~ and so

inf {||z(¢,r,a) = Clc| : (¢, ) € €S (C™) x [0,1] x S*71}

is a strictly positive number. A similar argument works for the other face
intersecting P-_.

On the third face, the parametrisation z((, t, a) = {+0nt/2+|n|(1+6) T«
for —1 <t < 1 and « belonging to the unit sphere S”~! is used. The required
number &5 is the minimum of these three numbers. u

REMARK 3.2. The expression H:E(C, roa) — C|%‘2 is quartic in the 3n + 1
real variables £, n, 3 and r, if we take 3 to represent Tj . Estimating &5 is
likely to be unrewarding.

LEMMA 3.3. For each § >0, let £5>0 be the number given in Lemma 3.1.

Then
[ 16:(0)] du(z) < 2EFTDA+O" QT +0u1d)

BDC’(; O-n86
for all ¢ € C™ with ¢ # 0.
Proof. If x € 0D¢ s and ¢ € C" with 3¢ # 0, then

1 |Z/1¢]+ ¢/I¢]| 1 |z|/|¢] + 1
1G.(0)] < — T S p n
oulCI™ [[a/1cl = ¢/ICI T T omlCI™ [Ja/ic) = ¢/lel] [
L |Zl/|I¢]+1

oalClr eyt
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by Lemma 3.1. For € 0D 5, we have |Z|/|¢| < 2+3§/2 and from equation
(20), we obtain
(0D )
(9

Combining these estimates gives the stated inequality. »

< 2En(1 + 5)n + Jnfl(l + 5)n_16.

The next result improves Corollary 2.2 in the context of sectors and
proves the first half of Theorem 2.4.

LEMMA 3.4. Let 0 < v < /2 and let f : SS(R"™) — CUC™) be a
uniformly bounded left monogenic function. Suppose that f 2 S (C) —
CU(C") is defined by formula (13) for every ¢ € S5(C™) with {2 chosen such
that v(¢) C 2 C 2 C SS(R™Y). Then for every 0 < v' < v, the function
Ce fO), Ce S°,(C™), is a uniformly bounded holomorphic C¢(C™)-valued
function equal to f on R™\ {0}. It is bounded by || f||,c0 times a constant C
depending only on n, v and v.

Proof. Let 0 < vV < 6 < v. According to Proposition 2.1, v(¢) C
S, (R™1) for all ¢ € S,/(C™). We can choose § > 0 such that D¢5 C
Sp(R™ 1) for all ¢ € S,/(C™). To see this, suppose that ¢ = ¢ +in € S,,(C")
and that the cone H, defined by formula (15) is tangential to one of the
faces of D¢ s, normal to n # 0 and the other face is contained in Sp(R™FL).
According to equation (16), d¢ > 0 satisfies one of the quadratic equations

(1+60)*nf* = sin? 6 - (1€ £+ 0cn/2|* + tan® 0 - (€ + 6¢n/2,7)%)
with 7 = n/|n|. Then § = inf{é; : ¢ € S,/(C"), [(| = 1} is the required
positive number because §; = ¢ for all t > 0 and ¢ € S,/(C") with n # 0.

The infimum is attained when [£|/|n] is bounded away from zero.
By Cauchy’s theorem in Clifford analysis, we have

fO=1 GuOn()f(@)dpu(z).
dD¢ 5

Although the boundary 0D s is not smooth, the edges can be smoothed out
to obtain the given representation. Then by Lemma 3.3,

FOI <22 flvee | 1G2(Q)] du(x)

0D¢ s
n 1+6/2)(1+0)" (2%, + 0p—10
<3.2 /2||f||u,oo( / )( )n_(|_1 1 )

for all ¢ € S,/(C™). The positive numbers ¢ and €5 depend only on n, v/ and
V<fO<v.m

4. Bounded holomorphic functions in sectors. To complete the
proof of Theorem 2.4, we show in this section that the mapping f —
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f given by the Cauchy integral formula (13) maps H;°(Sg(R"™)) onto
H®>(S5(C™)). To achieve this, we construct the inverse map and show that
for every 0 < v/ < V" < v, there exists C,/,» > 0 such that for all fe
H®>(55(C™)), the supremum of |f| over the subsector S2,(C™) is bounded
by C,,» times the supremum of | f| over the subsector S, (R"*1).

The second half of the proof of Theorem 2.4 has a different flavour to
the proof of the first half given in the preceding section. Here we appeal
to the Fourier theory of monogenic functions exposed in [8]. As mentioned
in Section 2, the sector S,(C™) arose in [8] as the set of ( € C™ for which
the exponential functions (19) have decay at infinity for all z € R™*! with
(z,m) > 0 and all unit vectors m = mgeg + m € R"*! satisfying mgo >
|m| cot v. We exploit this property to construct a left monogenic function
f: SS(R™1) — C¢(C™) bounded on subsectors from a holomorphic function
f:85(C") — C¢(C™) bounded on subsectors. Before doing so, we recall some
facts about the sectors Sy (C™) from [8, Section 4].

4.1. Sectors in C™. For each unit vector m € R**! with m = moeg +m
satisfying mg > 0, the real n-dimensional manifold m(C"™) in C" is defined
as the set of all nonzero ( = £ +in € C" such that &, n € R” satisfy equation
(17), or equivalently, equation (18).

According to the proof of Proposition 2.1, the manifold m(C"™) is the
collection of all { = & + in € C" such that n € R™ lies in the direction
of m and the monogenic spectrum (¢) of ¢ is tangential to the cone H, 9+
given by (15) with tan 6 = mg/|m/|. Manifolds associated with distinct unit
vectors m are disjoint. Moreover, for 0 < w < m/2, the sector S,,(C") of
all ¢ € C" satisfying condition (14) is the disjoint union of the manifolds
m(C") for all unit vectors m € R" ™! with m = mgeg+m and mg > |m/|cotw
and {0}. Its interior SJ(C™) is the union of all such manifolds m(C") with
mg > |m|cot w. For the vector m = eg, we have eo(C") = R™ \ {0}.

Let m € R™*! be a unit vector with m = mgeg + m satisfying mgy > 0.
For all ( = £ +in € m(C™) with {,n € R", the quantities ||, ||, R(|{|c)
and ||¢|c| are equivalent:

(21) Ricle < le) < TSl
mo

and

R m|2 R
) Wdle < [Ice] < L2 < 1) < VIHIMERe e em),

The Jacobian det(9¢;/0¢) of the parametrisation £ — & + in of m(C")
given by formula (17) satisfies the bound

a¢; 1
det(a—gi>

mo

(23)
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The pullback of a differential form w on C" via the embedding of m(C") in
C™ is denoted by the same symbol. In particular, integration with respect
to the complex n-form d(; A --- A d{, on m(C™) is equivalent to integration
with respect to surface measure on m(C"). The symbol [d(; A - -+ A d(,| is
used to denote the image of the measure |det(9(;/0&)|d§ with respect to
the parametrisation £ — £ +in of m(C"™), that is, the surface measure du of
the n-dimensional real manifold m(C").

Besides the exponential function e (z,() defined by formula (19), the
function

(24) e_(z,¢) = ef@emollley (¢), @ =mpeg+z, ¢ € C, [C|2 & (—00,0],

is also important. The projection x—(() is defined by formula (8). Then the
functions (z, () — ex(z,() are left monogenic in 2 € R"*! and holomorphic
in ¢ € C". Let m € R™"! be a unit vector with m = mgeg + m satisfying
mo > |m|cotv. Then for x = xgeq + x € R*™! and ¢ = & +1in € C*, the
bounds

—{xz.n)—x c SeCV  _(xm c/m n
(25). fexla, Q)| =oM< L emlomle/mo (& m(c),

—(T T secrv x,m m, —_— n
(26) le_(x,¢)|=e (&,m)+ 0§RK|C‘X_<C)‘ < W6< m)R|C|c/ o, ¢ em(Ch),

are valid.
The set of © = (zg,z1,...,7,) € R with 29 > 0 is written as Rﬁ“
and for zg < 0, as R™™!. For 0 < v < 7/2, let

CHR™) = {z e R"™ . 2 = xpe0 + @, ©9 > —|z|tanv},

Co (R = {z e R"™ 1 & = xge + @, x0 < |z|tanv} = —CF(R™T).
Then So(R™") = O (R 1) N O, (R™1). Given a unit vector m = moeg +
m € R let H,, denote the half-space {x € R""! : (z,m) > 0}. We also
note here that

CHR") = LJ{Hm :m e S", m=mpeg +m, mo > |m|cotv},
C; (R = LJ{—Hm :m € S", m=mgeg +m, mo > |m|cotv}.

4.2. Fourier analysis in sectors. For each ( € C" such that (|2 ¢

(=00, 0], set ¥(¢) = x+(Q)[¢|ce™ I and ¢ (¢) = 9 (#C) for ¢ > 0. Suppose
that b : S;(C") — C¢(C") is a uniformly bounded holomorphic function.

Then for each ¢t > 0, the product b - ¢ is a bounded holomorphic function
with exponential decay at infinity in S;(C"). Hence, the Fourier transform

(b-90)"(€) = | e Eb()u(x) do
Rn
converges for all £ € R™.
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LEMMA 4.1. Let b: S;(C") — C¢(C™) be a uniformly bounded holomor-
phic function. Then for each t > 0, the Fourier transform (b- )" : R" —
Cl(C™) has a left monogenic extension to C, (R (denoted by the same
symbol). Moreover, for every 0 < v’ < v, there exists B,s > 0 such that for
every uniformly bounded holomorphic function b : Sy (C") — CU(C™), the
bound

Jal/t

27 b- )" < B,/||b]|oo ,
holds for all t > 0.
Proof. Let m = mogeg + m € R satisfy mg > |m| cot v. Set

(28) fm(@) = | eq(=2,QbQve(C) dlt A -+ A diy

m(C")

x € C(R™),

for all x € R™"! such that (x,m) < 0. Then f,, is left monogenic in the
set {z € R"™ : (z,m) < 0} because e, (—z,() is left monogenic in = and
has exponential decay in ¢ for (x,m) < 0 according to the bound (25). By
dominated convergence, limy,—o— fe,(Toeo + x) = (b- )" (x), S0 fe, is the
left monogenic extension of (b - ;)" to R™1.

For z € R™""! fixed, m ~ f,(x) is constant on the set of unit vectors
m = moeg+m € R" satisfying mg > |m|cot v and (x,m) < 0 by Cauchy’s
theorem (see [10, p. 70]). It follows that f,, is the unique extension of (b-1;)"
from R™" to all of {z € R*™! : (z,m) < 0}. Because C, (R™!) is the
union of these sets for all unit vectors m = moeg + m € R"H! satisfying
mo > |m| cot v, the Fourier transform (b-1;)" has a left monogenic extension
to O, (R"*1) given by formula (28). Denote this left monogenic extension
by (b- )" as well.

To check the bound (27), we note that

by @) < | lex (=201 QO] |dG A -+ A diyl
m(Cn)
16|

~ V2cosv

t[[bll o (wym)—tmo) €
e({z;m)—tm d
_ﬂmgwsnyn €] de
n!an_l t
ﬁm% cosv (—(x,m) + tmg)"t!

for all z € C; (R"*!) and all unit vectors m = mgeg + m € R"*! satisfying
mo > |m|cotv and (z,m) < 0. Here we have appealed to the bounds (21)
and (22) on the manifolds m(C"™) and the bound (23) for the Jacobian of
the parametrization £ — & + in of m(C").

X e(%m)ﬂ?mc/mo“dc‘e—ﬁmdc |dCy A -+ A dGy
m(C")

= [1lloo
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Now let 0 < v/ < v. There exists a,» > 0 such that for any z € C,(R"*1),
we can choose a unit vector m = mgeg+m € R"*! satisfying mg > |m| cot v
and —(x, m) > a,/|x| with a,/ independent of x and m. Then
' Ap el ApJalt
(avfa| + tmo)™ = |z (Jo|/t + 1)+ = fa|™ 14 |2f?/t?
and we obtain the bound (27). m
We also need some bounds on the denominator of the Cauchy kernel (9).

PROPOSITION 4.2. (i) The bound
|z = ¢le| > |2](1 = x71)
holds for all k > 1, x € R""! and ( = € +in € C™ with |z| >

r(IE]+ Inl)-

(ii) The bound
||z = Cle| < 2]

holds for all x € R™ with |x| > |[C|.
(iii) Let 0 < v < 7/2. The bound

HC_$|(C‘Z cosv

S ) P
(1 4 sin? v)1/2 (1=l
holds for all k > 1, x € R"! and ¢ € S(C") such that
1+ sin?
12 x4 2v2) S5 ol
cos? v
(iv) For every 0 < v < 0 < m/2, there exists €,9 > 0 such that
||z = Cle| > evolz]
for all ¢ € S3(C™) and x € R™ 1\ Sg(R™H1),
(V) For every 0 <v <0 < /2, there exists €,,5 > 0 such that
||z = ¢le| > &,6[¢]
for all ¢ € S3(C™) and x € R*T1\ Sg(R™ ),
Proof. (i) Let x = xgeg +x € R"™! and ¢ = ¢ +in € C"*. Then
2 .
||z = ¢I2|" = |2§ + |z — £ — In|* — 2i(z — &, m)[?
= (a + |z — &7 = [n]*)* + 4z — €, n)”
2 2
> (2§ + |z — €12 = n*)? = |a|* (|2 /2l = &/l2l|” — nl?/12[?)",
where we have identified R” with the subspace {0} x R" of R""!. Now
‘:U/|x] - f/|l‘|‘ >1—|&|/|z| for |z| > |£]|, so in this case, we have

[le = CI2J* > J2[*((1 — (¢l /12])? = [nl?/]e[)?

:mﬁofjﬂ+m020_wa—m52>mﬁofja+mgf
2] ol ) = ]
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Hence, H:r - C|<c} > |z|(1 — &1 for all x € R**! with |z| > (€] + |n|) and
all Kk > 1.

(ii) On the other hand, if z € R*™!, ¢ = ¢ +in € C" and |z| > B(|¢]? +
1n|2)Y/2 for 3 > 1, then

|z = ¢ < |z*(|2/|2] — €/12])* = [n)*/12)?)? + 4]z — €2 |n)?
< Ja[* (1 + [€)/]2])? + [nf*/]2]?)?

§|a:|4( +ﬁ+ﬁ2) < 24zt

Hence, ||z — (|c| < 2|z| for all 2 € R™™! with |z| > (/¢ + |n] H/2 =¢).

(iii) Here we are looking at the limiting behaviour of |(—z|¢ as |(| — oo in
S°(C™). Let m = moeg+m be a unit vector in R"*! such that mg > |m/|cot v
and let m(C™) be the real manifold defined by equation (17) in C". Then
as noted above, S5 (C™) is the union of all such manifolds, and ||¢|c| and |¢]|
are comparable on m(C"). Note that by continuity,

HC’C! mo

¢/1¢ (el =
loriet=w/ellel = A = T mpyr
on m(C") as |¢| — oo. Indeed, suppose that ¢ € m(C") and |(| = 1. Then

et 2 e a2~ 1CR] [Ig 2 — IR
1¢ — zlc \C\c\—“g £L"|<c+!C!<c\ Rl
1 m
< D e — g -

by the estimates (22). If © = xpep + « satisfies |x| < 1 and {( =& +in € C”
has norm one, we get
¢ — 22 = [CIR] = [af + |z — £ — €] — 2i(n, )]
< aj+ 1§ = al = [¢]| - |le — =l + [¢]] + 20| - ||
< aj + |2| - (2[¢] + |2]) + 2[n] ||
< af + |2 + 2(1€] + Inl) ||
< (1420 + 2[n)) 2| < (1 +2v2)[a],
so that [I¢ — olc — [Cle| < (1 +2V3)(1 + [mf)Y2|a] /.

Hence, for all nonzero ¢ € m(C") and x € R™"*! satisfying |z| < [¢], we
have

[1¢/1¢ = 2/cll| = “C"C‘ _ (1 +2vg) Ut mPY J2]

q mo <]

(1 ey e )

P
(1+ [m[?)1/2 mg  [C]
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on appealing to the estimates (22) again. Now [m|?(1 + cot?v) <1 =m2 +
Im|? < m(1 + tan?v), so my > cosv and |m| < sinv and the inequality
(iii) follows.
(iv) Let 0 < v < § < w/2. Then there exists €, 9 > 0 such that
||z = Cle| > evp
for all ¢ € S3(C™) and unit vectors x € R™1\ Sp(R™M1). To see this, let
m = mgeg+m be a unit vector in R”*! such that mqg > |m| cot v and suppose
that £ > 1 and ¢ € m(C") satisfies |[¢| > r = k(1 + 2v/2)(1 + sin? v) /cos® v.
Then by (iii), we have
cos v T Ccosv
T — > —  _(1-&"1.
H Cle (1 + sin? v)1/2 (1 + sin?v)1/2 ( )
On the other hand, according to Proposition 2.1, the function ({,z) —
Hx —C \C} is positive and continuous on the compact set

({l¢l <7} S8, (CM) x (8" N (R™1\ SR™)),

so it must be bounded below there. Then ¢, g is the minimum of these two
lower bounds. It follows that ||z — (|c| > &[] for all ¢ € Sp(C") and
z € R\ So(R™H).

(v) Tt suffices to prove the result for |(| = 1. According to (i), if Kk > 1
and |z| > V2, then ||z — (l¢| > |z](1 = £71) > V2(k — 1) for all { € C"
with |¢| = 1. On the other hand the function ({,z) — ||z — (|c| is positive
and continuous on the compact set

({I¢] =13 N S,(C") x ({la] < V2r} N R\ SHR™),

so it must be bounded below there. Then E’VQ is the minimum of these two
lower bounds. =

(1=l >

LEMMA 4.3. The function (x,y) — z/p\t(m —vy), z,y € R" t > 0, is the
restriction to R™ x R™ of a function ({,y) — ({ —y) which is holomorphic
in ¢ € C" and two-sided monogenic for all y € R with y + teg & v(C).

Moreover,

~ (2m)" teg T+ C+ teo)t2

(29) w((—y) =~ 7 —(n+1) -3 |-
on \|y— ¢+ teolgt! ly — ¢ + teo|t?

Proof. We first note that that the Cauchy kernel (4) can be represented
by

k(z + teo) = | er (@, Oxy (©e "l dg

ok

for all z € RZ‘F‘H and t > 0, so

Bule =) = § e~ — ), EPlE) dE = —(2m)"t S k(y — 2+ 1eo)
3
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for all z,y € R™ and t > 0. Holomorphically extending in x and monogeni-
cally extending in y gives the expression (29), defined for all y € R"*! and
¢ € C" with y +teg € v(C). =

LEMMA 4.4. Let b: S5 (C™) — CU(C™) be a uniformly bounded holomor-
phic function. Then for each t > 0 and 0 < v/ < v, the Fourier transform
(b-y2)" has a holomorphic extension to SS,(C™) (denoted by the same sym-
bol) given by

B30 0UDNO = G | BlCunl)b0) @) ). €€ 53T,
Gy

where v < 0 < v and

(31) Gop={y e R"! 1y =yoeo +y, Yo = |y[tan 6}.

Proof. First, suppose that ( = x € R™. Then y — {b\t(m —y) is uniformly
bounded and two-sided monogenic in R’} and (b ;)" is left monogenic
in C;;(R"*1) by Lemma 4.1.

According to the bound (27) we have

o0

V16 90" W) du(y) < Cllblloo |
Gy 0

r/t % < 00
(1+sec26-r2/t?) r ’

so that the integral (30) converges for all 0 < 6 < v. The convolution formula

(b-v)"(z) = ﬁ (Box (b)), xR,

and Cauchy’s theorem in Clifford analysis now gives the representation (30).
Then we can holomorphically extend the integral and the equality (30) for
all (in S5, (C").

We need to check that for ¢ in a fixed compact subset of S7,(C"), the
function y — 1@(( — y) is uniformly bounded for all y € Gy. For y € Gy
and |y| large, this follows from formula (29) and the estimate in Proposi-
tion 4.2(iv). For |y| small, we note that for each ¢ > 0, the positive continuous

function (y,¢) — |y — ¢ + tep|c is necessarily bounded below on compact
subsets of G x S9,(C"). m

LEMMA 4.5. Let b: S, (C") — C¢(C™) be a uniformly bounded holomor-
phic function. Then for eacht > 0 and 0 < V' < v, the restriction of b - 1?
to R™ has a left monogenic extension b -y 17 to S°,(R"™1). Moreover,

O((t|z)/?) as t|lz| — 0 in S5, (R™1),
O((tlz])™™) as tlz| — oo in S, (R™F1).

(32)  [(bew)(2)| = {

The order of convergence is uniform for ||b||eo < 1.
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Proof. For each z € S%,(R"™1) = CHL(R"™) N C,(R™) set

l/,

33 00 f)ele) = o | @ Q09D O da A A,
m(Cn)

3 CiD)-@) = G | @ Q- vR) Qi A des,
m/(C")

(85)  (bre) = (brewr)s + (b )
Here m = moeg +m € R™! and m’ = mfep + m’ € R*! are two unit
vectors satisfying mg > |m|cot v’ and my > |m/|cot v’ and (z,m) > 0 and
(z,m’) < 0. As mentioned in Section 4.1 above, the sector S% (C") is the
disjoint union of all manifolds [(C") for all unit vectors [ € R"*! satisfying
lo > |t cot . According to Lemma 4.4, (b-17)" is defined on S (C™). Once
we establish the absolute convergence of the integrals (33) and (34), the
argument of [10, p. 70] shows that the right hand sides of equations (33) and
(34) are independent of the choice of the unit vectors m, m’, so that (b-,9?)+
and, hence, (b, ?) are well defined functions on S, (R"™!). Because the
functions e (-, ¢) are left monogenic for each ¢ € C", the functions (b-y?)+
and (b ¢ 1?) are left monogenic functions defined on S (R™1).

We first see that the right hand side of equation (33) converges for all
z € Cf,(R™). The integral is estimated for 0<v' <6 <v and z € C},(R"*)
by

o) @)l <
‘( LY )+ — (271_)”

Voler(@ Ol 1@ v (Ol dG A -+ A dél

m(Cn)

< [ lerl@ Ol 1B(C — vl

) m((C”) G9
|0~ v0)" ()] duly) [dCr A - - A Gyl

- T m(§c . Jlest 0 1Buicl(¢/1¢1 = w/1h]
00 )] ) 1 R

- o m(§c . L lestt OF W /<1 - /i)
b )] d(y) I

<Ol | lextta, O [B16(¢/1C = /1€

m(C") Gy
lyl  dp(y) [dC A - A dG|
L+[yl? |yl 4
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Here we have used the explicit formula (29), the estimate (27) and the fact

that both measures
|dCi A -+ ANdGal du(y)

ek Ty
are invariant under dilations. It remains to estimate the function

(,¢) = |11 (C/1C = w/IED], v € Ga, ¢ € m(C™),

which is independent of t>0.

We now show that |z/11/|<|(C/|C|: y/I¢)| = O(¢|™!) uniformly in y € Gy
as [¢| — oo for ¢ € S,/ (C"), and [y1¢)(¢/I¢] = y/I¢)| = O(I¢]") uniformly
iny € Gy as |(| — 0 for ¢ € S,,(C").

Let x > 1. Then by Proposition 4.2(i), for ¢’ € m(C™) with |{'| = 1
and all z € R with |z| > v2k, we have ||z — ('|c| > |z[(1 — £71). Set
x = (y+ep)/|C| for y € Gy and ¢ € m(C™). Comparison with formula (29)
shows that

(36) [¥1/1¢1(¢/ICI = w/1CD] <

if |z| > V2.

According to Proposition 4.2(v), there exists ¢}, 4 such that |z — ('|c >
e, for all ¢" € m(C") with [¢'] = 1 and all z € R\ S§(R™), so if
x = (y+e)/|¢| for y € Gg and |z| < V2K, we have

o) (kg + )

Un2(n+1)/2|C| (IQ _ 1)n+l (IQ _ 1)n+3

> (2m)" 1 (V2R +1)/|¢]
(B7) W/l = w/KDI <=7 <(€/y,’0)n+1 +(n+ 1>w)-
Hence, there exists C' > 0 such that
~ C
[11¢1(C/ICT = y/IChI < i

for all y € Gg and ¢ € m(C") with || > 1.

On the other hand, ¥y,1¢/(¢/|C] —y/IC]) = [¢["¥1(C —y). Let x =y + eo.
According to Proposition 4.2(iv), there exists €, g such that |z — (|c > €,/

for all ¢ € m(C"). For a > 0 and = € Gy such that |z| < a, we have

i -y < & (( ) L)

On v 0 (5V’,9)n+3

for all ¢ € {|¢| < 1} N m(C"). Now let £ > 1 and suppose that a = v/2x.
Then by Proposition 4.2(i), for ¢ € m(C") with |¢| < 1 and all z € R"**!
with |z| > 2k, we have ||z — ('|c| > |z|(1 — x71), so that

(2m)" <( €o +\/§m(n+1)>'

0n2(n+1)/2 K — 1)n+1 (IQ _ 1)n+3

[01(¢ —y)| <
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We have shown that ]{p\l/‘d(g/](]—y/]d)\ = O(|¢|™!) uniformly in y € Gy

as [¢| — oo for ¢ € 8,/(C™), and [1hy ¢ (¢/I¢] — y/I¢)] = O(|¢|") uniformly
iny € Gy as [(| — 0 for ¢ € S,,(C"). In particular,

R dCL A - NdCy
(38) [ sup 11(¢/1c] — gyl 1A Al

m(C”)yeG |<|n

Therefore,

(b ¥7)+ (@) S Clllbllo | Jex(t, Q)|

m(C™)
< sup [9110(6/16] - i) KL A
yeGy

SOl sup ATy (€16 = o/

y€Gy,¢eEM(C

x N Jer(ta, QdG A -+ A dé
m(Cn)
<Cllblls sup {ICIT" by (C/ICT = w/1CD
yEGy, EM(CP)
> S e~ HzmlEl ge
Rn

Gl i (/1w
B t”<aj, m>n y€Gy, (eEM(C™) 1l '

Hence we obtain decay as t|z| — oo in S (R"!). To see this, let v” satisfy
v < V" < 6. Then for all z € S (R""!) we can find a unit vector m =
moeo +m € R"FL satisfying mg > |m/| cot v such that (z,m) > a|z|, where
a depends only on v/ and v”.

We now estimate the convergence of (b-,9?) 1 (z) as tx — 0in S, (R™+1).
Set

Va(C) = sup |91 c/(C/IC] = y/ICD], ¢ € Su(TM).
y€Gyg

Then as shown above, Vp(¢) = O(|¢|™!) as [(| — oo for ¢ € S,/(C"), and
Vo(¢) = O([¢]") as |¢] — 0 for ¢ € S,/ (C").
Because

(b-¢97)+(0) = b X Q@) Q) dC A Adga,

m(Cn)

(2m)"
the number |(b -y ¥2) () — (b ¢ ¥?)1(0)] is estimated by

d o ANdGy
CII/,HbHoo X ’€+(tx,<') — X+(C)’V9(C) ‘ G /\K‘nA G ‘
m(Cn)
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For notational simplicity, replace tx by x. Then for |z| < 1, we have

déy N - NdCy
| e 0 = xa OIVale) A
m(Cm)N{[¢|>[z]~1/2}
<C | vh(¢) 14 A"C";LA i
m(C™)N{|¢|>[z[~1/2}
d e ANdG *® d
< S I8! /|\C|n+/1\ Cnl <" S r_g _ C/”‘:I:|1/2.
m(CM)N{[¢|> [z ~1/2} |z|—1/2
On the other hand,
dCi N\ ---NdC,
S ex(2,0) — e Qa(g) LA
m(C™)N{[¢|<]x[~1/2}
< |.’E|1/2 sup |e+(x7C)_X+(C)| S ‘/6’(4—) |dC1/\/\d<:n|
- (cl<le~1/2, Cem(c) j|t/? () 5B

Because (x, m) is comparable to |z| for z € SS,(R"™!) and [(| is comparable
to R|(|c for ¢ € m(C™), there exist a > 0 and C > 0 such that

_ _ —alall¢]
‘64_(1', C) 1/2X+(C)’ § C sup 1 € 7
|z Cl<lz|-1/2, cem(cny |2

sup
I¢I<|z|~1/2,¢em(Cm)

1— ealzl'/?

- — < qaC.
C |:1:]1/2 < aC
It follows that |(b-¢ 7)1 (z) — (b ¥?)(0)] is O((t|z])*/?) as t|z| — 0 in
S, (R,
If in the integral representation (33), € R™ and mo — eg, m{, — ep,
then we obtain

b vi(e) =

T R GI R G
)
1

T e

J e (©b- v () dE = (- ) (@),

Rn
as expected, because x4 (&) + x—(§) =1 for all £ € R™\ {0}.
Now write the second integral in (33) as (b ¢?)_. Then
(b0 7)1 (0) + (b-¢ 97)-(0) = (b-97)(0) =0,

and as above, we see |(b-g1b?)_(z) — (b-¢¥?)_(0)] is O((t|z|)*/?) as t|z| — 0
in S, (R"1) and |(b -, ¥2)_(z)] is O((t|z|)™™) as t|z| — oo in S,/ (R FL).



282 B. Jefferies

Because (b ¥7) () = (b-¢ )+ (x) + (b ¥?)_(x) for all & € 5, (R™H),
it follows that |(b -, 9?)(x)| is O((t|z)'/?) as t|z] — 0 in S,/ (R™*1) and
|(b-¢v?)(x)] is O((t|x])~™) as t|x| — oo in S,/ (R™1). All constants we have
calculated are proportional to the supremum norm ||b||~ of b on S, (C"), so
the convergence is uniform for ||bfjoc < 1. m

Because b -y %7 has decay O(t|z|) as tlz] — 0 in R™ and b -4 ¥? has
exponential decay as t|z| — oo in R™, the estimate (32) may not be the best
possible.

Proof of Theorem 2.4. Let 0 < v < m/2. It remains to show that if
b: Sp(C") — C¢(C™) is a uniformly bounded holomorphic function, then
there exists a left monogenic function f : SS(R"*1) — C¢(C"), uniformly
bounded on subsectors of S2(R"*1), such that b = f is represented by the
Cauchy integral formula (13). Then f is the left monogenic extension to
So(R™*1) of the restriction of b to R™\ {0}.

For each ¢ € C" such that |¢|2 ¢ (—o0,0], set ¢(¢) = x_(¢)[¢|ceI¢le
and ¢4(¢) = ¢(t¢) for t > 0. A similar argument to the proof of Lemma 4.5
shows that we may substitute ¢ for ¢ and the same statement holds. The
bound (27) now holds for z € C’;r, when ¢ is substituted for v, because in
formula (28) for (b- ¢¢)", the expression e (—z, () is replaced by e_(—x, ()
for all (x,m) > 0 and ¢ € m(C™). Set
(39) Fla) =4 (-007) () + 0067 (@) L.

0
Then according to Lemma 4.5 and its analogue when % is replaced by ¢,
the decay estimates (32) ensure that the integral converges absolutely for
all z € SS(R™!) and f is a left monogenic function in SS(R"*1), because
b-¢? and b -, ¢? are both left monogenic functions there. If x € R™ \ {0},
then we have

(x) | (Wi (2) + 67 (x)) %
0

= 4b(2) | (s (&) + x_ (2)) (tlal e W~ ab(a) § tedt = b(a).
0 0

Here we have used the facts that y+(z) are projections and x4 (z)+x—(z)=1
for each nonzero x € R™. The uniformity of the decay estimates (32) for
Ib]|c < 1 ensures that for every 0 < v/ < v, there exists C,, > 0 independent
of b such that the bound |f(z)| < Cy||b]|oo holds for all z € S, (R™*1). This
completes the proof of Theorem 2.4. u

REMARK 4.6. Formula (39) represents the inverse mapping of f +— ]?
defined by the Cauchy integral formula (13) with b = f. Another way of
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looking at (39) is to set
W(Z) = 2(X§R(z)>0ze_z + X%(z)<()zez)7 AS Slc/)((c)

Then {°w?(t)t~tdt = §°W?(—t)t~1dt = 1. As noted in Section 2, the
spectral projections x+(() are associated with multiplication by i on the
Clifford algebra C¢(C™). Let ¥ be the function of ¢ € C" defined by the
functional calculus

¥ (C) = w{ic} = #([Cle)x+ () + ¥ (=I¢le)x- (<)

for multiplication by i¢ and set ¥ (¢) = ¥(¢¢) for ¢ > 0. Then formula (39)
may be written as

We have shown that by multiplying a bounded holomorphic function b in a
sector by a suitable holomorphic function ¥ with decay at zero and infinity,
the product b - W2 may be extended from R™ \ {0} to a left monogenic
function b ¢ W2 for each t > 0 (cf. [10, p. 65]). Then we can integrate out
the scaling factor ¢. It is plausible that similar techniques could be applied
to domains other than sectors and other Hardy spaces of functions by using
decompositions of functions other than in terms of trigonometric functions.

5. Application to operator theory. Suppose that 7' : D(T) — H
is a single densely defined linear operator acting in the Hilbert space H. If
0 < w < 7/2, then T is said to be of type w if o(T) C S, (C) and for each
v > w, there exists C}, > 0 such that

(40) I(zI =T)H < Culel ™, 2 ¢ Su(C).

Then the bounded linear operator f(7') is defined by formula (1) for any
function f satisfying the bounds (47) in S, (C) in the casen =1and A =T.
The contour C' can be taken to be {z € C : |¥(2)| = |R(2)|tan @}, with
w<f<w.

The operator T of type w is said to have a bounded H*°-functional calcu-
lus if for each w < v < /2, there exists an algebra homomorphism f +— f(7T')
from H*(S2(C)) to L(H) agreeing with (1) and a positive number C,, such
that [|f(7) < Cy flloe for all f € H(SE(C)).

The following result is from [7, Theorem 6.2.2].

THEOREM 5.1. Suppose that T is a one-to-one operator of type w in H.
Then T has a bounded H°-functional calculus if and only if for every w <
v < m/2, there ezists ¢, > 0 such that T and its adjoint T satisfy the square
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function estimates

o0

dt
(41) V len(Tyull® —= < cllulP,  wen,
0
T o 2 dt
(42) § lle(T)u)? — <alul?,  uwen,
0
for some function (every function) » € H*®(S;(C)) which satisfies
T dt T dt
(43) Vol — =t — =1,
0 0
z|® o
(44) pel<o il ses©)

for some s > 0. Here ¢ (z) = ¢(tz) for z € SS(C).

We now use formula (2) to generalise this result to n-tuples of commuting
operators acting in a Hilbert space H.

The (n — 1)-sphere in R™ is denoted by S™~!. The set of s € S"~! with
nonzero coordinates s; for every j = 1,...,n is denoted by Sgil. Then 56“1
is a dense open subset of S"~! with full surface measure.

DEFINITION 5.2. Let X be a Banach space and let A = (A1,...,A4,) be
an n-tuple of densely defined linear operators A; : D(A;) — X acting in X
such that (7_; D(4;) is dense in X and let 0 < w < 7/2. Then A is said
to be uniformly of type w if for all s € 5’6“1, the densely defined operator
(A, s) =370 Ajs;j is closed, o((4,s)) C S,(C) and for each v > w, there
exists C,, > 0 such that

(45) (=1 — <A,s>)_1H < C,,]z\_l, 2 ¢ 5,(C), s e Sg_l.

It follows that s — (A, s) is continuous on S§~! in the sense of strong
resolvent convergence [6, Theorem VIIL.1.5].

If A is uniformly of type w, it turns out that we can define the Cauchy
kernel G (A) for the n-tuple A by the plane wave formula

6)  Gu(ay= ! (i)”sgnu«o)"—l

2 27
X S (eo +is)((z, s)I — (A, s) — xosI) " ds
Sn—l

for all z = zgeg +  with z¢ a nonzero real number and « € R™. Here S™~!
is the unit (n — 1)-sphere in R", ds is surface measure and the inverse power
((xI — A, s) —zs)” " is taken in the Clifford module £(X)® C¢(C™), which
is identified with the set L,)(X(y)) of all left module homomorphisms of
Xy =X ®ClC").



Function theory in sectors 285

Suppose that w < v < 7/2 and f is a left monogenic function defined on
S°(R™*1) such that for every 0 < @ < v there exist Cy > 0 and s > 0 such
that

(47) @) < Coms @€ SHR™.

Now if w < § < v and
(48) Hp={x e R"" : 2 = xge + @, |20|/|7| = tan 8} € SS(R™H1),

then it is easy to check that x — G,(A)n(z)f(x) is integrable with respect
to n-dimensional surface measure . on Hy. Therefore, we define

(49) f(A) = | Go(A)n(x)f(z) du(x).

Hy

If ¢ : R"T1\ {0} — C¢(C™) has a left monogenic extension ¢ to SS(R™)
that satisfies the bound (47) for all 0 < 6 < v, then ¢ (A) is written just as
1(A). The hypersurface Hy can be varied in the region where x — G,(A)
is two-sided monogenic in the Clifford module £(X) ® C¢(C™) and f is left
monogenic in S (R™1).

THEOREM 5.3. Let A = (A1,...,A,) be an n-tuple of densely defined
commuting linear operators A; : D(A;) — H acting in a Hilbert space H
such that (;_; D(A;) is dense in H. Suppose that 0 < w < 7/2 and A is
uniformly of type w. If T = i(Aje1 + - - -+ Apey) is a one-to-one operator of
type w acting in H,y = H @ CL(C") and T' has an H*-functional calculus,
then the n-tuple A has a bounded H-functional calculus on SS(C™) for
any w < v < /2, that is, there exists a homomorphism b — b(A), b €
H>(Sp(C)), from H>(Sp(C")) into Ly (H(y)) and there exists Cyy > 0
such that ||b(A)|| < Cu|bl|lec for all b € H>®(S5(C")).

Moreover, if f is the unique two-sided monogenic function defined on
SO(R™ 1YY such that b = f, as in Theorem 2.4, and f satisfies the bound
(47), then b(A) = f(A) is given by formula (49).

Proof. By assumption, the operator 1" has an H*°-functional calculus, so
there exists 1 € H>*(S5(C)) satisfying (41)—(44). In fact, we are at liberty
to choose the function v, so we set 1(z) = C(xx(z)>02€"° + Xx(z)<02€”) for
all z € S;(C). We choose the constant C later.

Following [7, Theorem 6.4.3], our aim is to define b(A) for be H>(S;(C™))
by the formula
(50) (b(AYu,0) = [ (o) AW(T I, v(T) ) &

0

for all u,v € Hy). The function ¢ : S;(C") — C is constructed from ¢ by



286 B. Jefferies

setting
$(¢) = ¥*{i¢} = ¥*(|¢le)x+(C) + ¥ (—[¢le)x—(Q),

for all ¢ € Sp(C™), by the functional calculus for multiplication by i(.

According to Corollary 2.5, the mapping f — fgiven by the Cauchy in-
tegral formula (13) is an isomorphism of the Fréchet algebras H® (S5 (R"1))
and H>°(S5(C™)), so there is a left monogenic function by, € Hy° (S (R™ 1))
corresponding to the product function ¢ — b(¢)¢¢(¢), ¢ € S;(C™), such that
b= (by¢u)

We know from the estimates (32) that b-y ¢, satisfies the bound (47) with
s = 1/2 and Cy proportional to ||b]/cc, s0 (bdt)(A) = by ¢+(A) is defined by
formula (49) and we have

§ 1060 (AT (T )| &

0
1/2 1/2
< sl Fiwir 5} { T

< C[blloolull f[v]l-

If we choose C' > 0 such that {°¢*(¢)dt/t = 1, then we obtain the desired
functional calculus along the lines of [7, Theorem 6.4.3]. =

The assumptions of Theorem 5.3 are satisfied if the n-tuple A consists
of differentiation operators on a Lipschitz surface [8].
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