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Hardy spaces H!
for Schrodinger operators with certain potentials

by

JACEK DzIUBANSKI and JACEK ZIENKIEWICZ (Wroctaw)

Abstract. Let {Kt}¢+~0 be the semigroup of linear operators generated by a
Schrédinger operator —L = A — V with V' > 0. We say that f belongs to Hi if
| supeso [ Kt f(@)] || L1 (de) < 00. We state conditions on V' and K which allow us to give

an atomic characterization of the space H7 .

1. Introduction. Let Lf(z) = —Af(z) + V(z)f(x) be a Schrodinger
operator on R%, where V > 0, V # 0. We shall assume that —L generates
a semigroup {K;}=o of linear contractions on LP(RY), 1 < p < oco. This is
guaranteed if e.g. V € L for some q > d/2.

loc

We define the Hardy space H: related to the operator L by
(LD Hp={f € LR : 1 fllmy = [lsup [Kef @)1 s gy < o0}

Let @ = {Q;}72; be a collection of closed cubes with parallel sides
whose interiors are disjoint such that R? = U;’io Q;. For a cube @Q let
d(Q) denote its diameter. We shall always assume that there exist constants
Co, B > O such that for Q;,,Q;, € Qif Q5" NQL™ # (), then Co_ld(le) <
d(Qj,) < Cod(Qj,), where Q* is the cube with the same center as @) such
that d(Q*) = (1 + B)d(Q).

In order to state our results we need the following notion of the local
atomic Hardy space H 19 associated with the collection Q. We say that a
function a is an H é—atom if there is a cube @ € Q such that a is a classical
(1, 00)-atom having support contained in Q**, or a(z) = |Q|~'1¢(x), where,
for a set A C R?, 14 denotes the indicator function of A. Then H é is defined
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by
(1.2) HY = {feLl: F@) =3 Nas(@), SN <oo},

S

where ay are H é—atoms. We set

(1.3) £l = inf > [Asl,

where the infimum is taken over all possible representations of f as in (1.2).
In [DZ2] the authors proved that if V satisfies the reverse Holder in-
equality with an exponent ¢ > d/2, d > 3, that is,
1 YVa C
(1.4) <® S V(y)qdy> < Bl S V(y)dy for every ball B,
B B

then the elements of H} admit atomic decompositions of this type (cf. Sec-
tion 8 of the present article).

The main goal of the present paper is to use ideas from [DZ1] and [DZ2]
to see what the theory looks like when there are no reverse Holder estimates
for V. We formulate here two conditions on V', K;, and O that guarantee
that H} is local, that is, the norms || - ||H19 and || - |1 are equivalent (see
Theorem 2.2). We shall verify that these conditions hold not only for V'
satisfying the reverse Holder inequality but also for the following naturally
occurring potentials:

(1.5) V(z)= 1Rd+(x), RY = {(z1,72,...,24) : x1 >0}, d>1,

(1.6) V(z) =exp(z1), z=(z1,...,24) €RY d>1,
(1.7) V(z)=~9lz|7%, ~v>0,d>3,

and properly defined families Q (cf. Theorems 2.4, 2.6, and 2.8). The po-
tentials (1.5) and (1.6) do not satisfy the doubling condition, so they do not
belong to any reverse Holder class. Obviously for ¢ > d/2 and V (z) = ~y|z| 2
the condition (1.4) does not hold.

For results concerning Hardy spaces related to Schrodinger operators
with potentials from reverse Holder classes we refer the reader to [DZ1]-
[DZ4].

At the end of the paper for 0 < o« < 1 and V being a nonnegative polyno-
mial we consider the operator (—A)*+ V. We prove atomic decompositions

of the elements of H(lfA)cur\/'
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2. Statements of the results. Denote by P;(z) the convolution kernels
of the heat semigroup {P;};~o on R? generated by A and by K;(z,y) the
integral kernels of the semigroup {K;}:~o generated by the Schrodinger
operator —L = A —V, V > 0. Obviously,

(2.1) 0 < Ky(z,y) < Pz —y) = (4nt) " Y2 exp(—|z — y|?/4t).

For V > 0 and a collection Q of cubes as described above we consider the
following two conditions:

(D)  there exist constants C,e > 0 such that
sup SKgsd(Q)z(x,y) de <Cs 17 forQe Q, seN,
yeQ*

(K)  there exist constants C,d > 0 such that
2t s
t
S(lQ***V) * Py(x)ds < C(W) forz € RY, Q € Q, t <d(Q)>.
0

THEOREM 2.2. Assume that for V> 0 and a collection Q of cubes con-
ditions (D) and (K) hold. Then there exists a constant C > 0 such that

(2.3) CileHng SN lley < Cllf ey,

For ¢ > 0 denote by ée a partition of R into cubes whose sides have
length ¢.

The theorems below combined with Theorem 2.2 give atomic charac-
terizations of the Hardy spaces related to Schrodinger operators with the
potentials we are interested in.

THEOREM 2.4. For the potential V(z) = Lga (r) on R4, d > 1, the col-
lection

(2.5) O={lkk+1]xQ:k=-1,0,1,2,..., Q€ O}
U{[-2"1,—2¥] x Q: Q € Qor, k=0,1,2,...}
satisfies (D) and (K).

THEOREM 2.6. Let V(x) = exp(z1) on R, d > 1. Then the family of
cubes

2.7) Q={[-2"', —21xQ:Q€ Qy,j=0,1,2,...}
u{[-1,1] XQ:@G éz}
UA{[rj,rj+1] x ij ir1 =1, rjp1 =r; +exp(—r;/2),
Qj € Qexp(—r,/2)}
satisfies (D) and (K).
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THEOREM 2.8. For V(z) = ~|z|72 on RY, d > 3, v > 0, let Q be the
Whitney decomposition of R%\ {0} that consists of dyadic cubes. Then con-
ditions (D) and (K) hold.

3. Auxiliary lemmas. To prove the theorems stated in Section 2, we
need a sequence of auxiliary results.

For [ > 0 let h} denote the local Hardy space (cf. [Go]) with the norm
[ fllny defined by

(3.1) 1l = Hts;g\Ptf(w)!HLl(dx).

The following theorem is a consequence of results of Goldberg [Go].

THEOREM 3.2. There exists a constant C' > 0 such that for everyl > 0
we have

CH A g, < N llnp < Cllf Ml -

where Q; is a partition of R? into cubes of side-length l. Moreover, if f € h}
with supp f C Q* for some Q € Qy, then

f:Z)\sas, Z’)‘S| SCHthllv

with as being Hél—atoms such that suppas C Q**.

For a collection Q of cubes let {¢g}oeco be a family of C*° functions
on R such that suppgg C Q*, 0 < ¢g < 1, [0%g| < Cud(Q)~1*, and
ZQ pg(z) =1 for all z € R%

LEMMA 3.3. There exists a constant C > 0 such that for every Q € Q
we have

3.4 1 <C su P 1y *
(3.4) léa.f s I sup 1200 1o

Q) —

Proof. There exist constants C, ¢y > 0 such that if z € (Q**)¢, y € Q*,
and t < d(Q)?, then Pi(z —y) < Cd(Q) Y exp(—c1|z — yQ|2/d(Q)2), where
yq denotes the center of (). Hence
(35)  |Pix(¢of) (@) < CAQ) o fllL exp(—cilz — yol*/d(Q)?).

Now the lemma is a consequence of (3.5) and Theorem 3.2. =
For ) € Q we set

Q) ={Q € Q: Q™ N(Q)™ # 0},

Q'(Q)={Q"€2: Q" N(Q")"™ =0}

The lemma below is quite similar to those in our earlier papers (cf. [DZ1,
Lemma 5.7], [DZ2, Lemma 3.11]).

(3.6)
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LEMMA 3.7. There exists a constant C' > 0 such that for every Q € Q
and every f € L*(RY) we have

Higlg Kt(¢Q Z ¢>Q/f)—¢Q(Kt Z ¢Q'f)H
Q@) e (@

<C Y leq Sl
QEQ(Q)

LI(Q**)

Proof. Let g =3 qcorq) $q f- Then

sup | (0q9) (x) — () Kra(@)| = sup |§ (6(u) ~ da(x)) Ki(x,1)g() dy

|z —y|
< Csun| o

Integrating with respect to x over Q** we obtain the lemma. m

C
Ki(z,y)|g(y)| dy < d(Q)S ’x|€(§|)d‘l dy.

LEMMA 3.8. Assume that Q satisfies condition (D). Then there exists a
constant C > 0 such that

> |[aesup (X2 eenr)|| < Clfn
Qeo £>0 Q"eQ"(Q)
Proof. Denote the left-hand side by S. Then
S< > > 1gee- sup(Kildgr 1)
QEQ Q"eQ"(Q) =0
< D > g sup(Kilggr )] e
QEQ QEQ(Q") =0
< C Z ” sup Kt|¢Q”f|)||Ll((Q”)**C)
Q"eQ t>0

<C Y | sup (Kilbgr DLy
Gree 0<t=dQ")?

+C Y Z (KeloQr FD)llLr(@ry=se)-

0e0 =0 2Jd(Q”)2<t<2J+1d(Q”)2
Note that for s; = 27d(Q")? <t < 2911d(Q")? = 5,41 we have
Ki(z,y) = Sthijld(Q“)z(:UvZ)Kijld(Q”P(zay) dz
< [P (2,2) Ko saiqry (2,y) dz,
where, by (2.1),

(3.9  PI¥(z,2) = /zs<up<2 Py(z—2z) < Clsj_d/2 exp(—ci|z — z|*/s;).
Sj S8 Sj
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Applying (D), we obtain

S<C Y Moo fler +C DD i oo fll <Clf|p.

Q"eQ Q"€ j=0
LEMMA 3.10.
V V) () (@) dsde < | fl|z-
Rd 0

Proof. This result seems to be well known. We give a proof for complete-
ness. The perturbation formula asserts that

t
P =K +\|P_VK.ds.
0
Therefore, by (2.1), if f > 0 then

t
VP VK. f(y)ds < P f(y).
0
Integrating with respect to y and applying the Fubini theorem we get

t

W) K. f(z) deds < ||f] 0.

Letting t — oo we obtain the lemma. =m

The following lemma is a generalization of Lemma 3.9 of [DZ2] (see also
[DZ1, Lemma 5.1]).

LEMMA 3.11. Assume that Q satisfies (K). Then there exists a constant
C > 0 such that

(3.12) | sup (P = Ki) (o )l||: < Cllog Sl
0<t<d(Q)?

Proof. By (2.1) and (3.5) it suffices to estimate the quantity
Hsup0<t§d(Q)2 |(P; — Kt)(¢Qf)"‘L1(Q**)' The perturbation formula implies

t

(P — Ki)(6of)(z) = | PV Ko (dg f)(x) ds
0

+ | Ps(Qg V) Ko (90 ))(@) ds,
0

where V = 1g«V + V.
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For y € (™), x e, and 0 < s <t <d(Q)? we have P,_,(z—y) <
Cd(Q)~ % exp(—clz — y[?/d(Q)?). Hence

PV E(ba)(@) ds| = | [§ Pios (e = )V (0) Kb ) () ds dy

—clz —y?

<CWAQ) Yexp | — =5 |V (W) Ks(loof])(y) dsd
S(S) p< 710) ) y of)(y) ds dy

[ee]

< Q)" | V") Ks(|oof)(y) dsdy < Cd(Q) e flLr-

0
In the last inequality we have used Lemma 3.10. Thus

H sup §PtsV"Ks(¢Q ) ds( ‘
0<t<d(Q)? '

<C 1.
L1(Q*) l6q.fIlL

We now turn to estimating the integral that contains 1g«««V:
¢

t
’ S Ptfs]-Q***VKs((ﬁQf)(x) dS’ < SPtfs(lQ***V)PsO(ﬁQf’)(x) ds

0 0
t/2 t
= S + S = Ii(z) + Ji(x).
0 t/2
For t; =277d(Q)* < t < 27911d(Q)? = 2t; we have
2,
F@= s L)< | [P V(g (2)P(lbofD(:) d ds
t,<t<2t 0

(see (3.9)). Hence, applying (K) and (3.9), we conclude that

I sup L@l < Y ]|

0<t<d(Q)? j>1

<> 0 S PP (i, 2) 1+ (2)V(2) Py(|oQ f1) (=) ds dz da

j>1 0

t;

< O3 [[ [ Lo V) )Pz = 1) (60(0) F0)) ds dyd

7j>1 0
<C> 2776 fL-
j>1

The L'-norm of J*(x) = supy;<gg)2 J+(x) can be estimated in a similar
way. m
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4. Proof of Theorem 2.2. We start by proving the first inequality in
(2.3). From Lemmas 3.3 and 3.11 we deduce that

2
(@1 D I6ef @y, <C 2 e sup |Poaflll,,

QeQ QeQ
c o P-K
< QZE:Q\HQ Sup (P = Ko) ()| 10
+C0 > |1g Ky .
QXEIQ e s 1Ki(saflll,
<Clfll+C Y [1g sup [Ki(daf)l]|4
QeQ <d(Q)?
Note that
(12)  K(beh@ = Koo Y daf))@
Qe (Q)
—de@K( Y (daf))@)
Q'eQ(Q)
—do@Ki( Y. (60uh))(@) + b0(@)Kif ().
Q"eQ"(Q)
Lemmas 3.7 and 3.8 combined with (4.2) lead to
4.3 - K < Ofll g -
(4.3) Q%:QH:[Q t;?g |Ki(oqf) ’HL < HfHH
Hence, applying (4.1), (4.3), and Theorem 3.2, we obtain
(4.4) do(@)f(x) =) A(Q)a
with
(4.5) > 2 @I Clifllay
QeQ s

where as(Q) are H éd@)—a‘coms having supports contained in Q**. The first
inequality in (2.3) follows from (4.4) and (4.5).

We now turn to the second inequality in (2.3). Let a be an Hé—atom
with suppa C Q**. There exists an integer m > 0 independent of ) such
that

inf{d(Q")*: Q' € Q(Q)} > 27 ™d(Q)*
Then, by Lemma 3.11,

(4.6) sup

t<2-md(Q)?

Z qbQ/a‘ HLI S CHCl,HLl.
Q'eQ(Q)
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Thus

47 || sup [Ki(¢ga)l|l, <Cllallm+ | sup [Pidgall,.-
t<2-md(Q)? t<2-md(Q)?

By standard arguments, the last summand on the right-hand side of (4.7)

is controlled by the Hé—norm of a. Therefore it suffices to estimate

Hsupt>2_md(Q)2 |Kta|HL1. Observe that

@8 s Kl < j;ﬂ (I SO Ll
and, by (3.9),
R S LS
< sup Ki|Kzra@pal || 1 < Cl|Kz-raelal| 1,

27-1d(Q)?<t<3-21-1d(Q)?

which, combined with (2.1) and (D), allows us to sum up the expression on
the right-hand side of (4.8). This completes the proof of Theorem 2.2. m

5. Proof of Theorem 2.4. Let Q be the collection of cubes described
n (2.5). Obviously Q satisfies (K). Therefore it remains to show that (D)
holds.

Let kp}(:zs,y) be the integral kernels of the semigroup generated by
L =A— ’lei , v > 0. The Feynman—Kac formula implies

2t
g
B () = §K ) do = B exp (= § 10 (7)),
0
where W is one-dimensional Brownian motion with infinitesimal generator
2
%dd?, and y = (y1,7) € R x R¥~! = R4, Applying e.g. [BS, formula 1.4.3,
p. 156], we get

(5.1) B (y)

- -yt 2 —y2/2
Erf(&) n ew S exp(vs/2 — yi/2s) ds for y1 <0,

0 s(2t — s)
- 2t
1 —ys/2 —y3/2
e_VtErf<£) + - S exp(=ys/2 = y1/25) ds for y; >0,
Vat T s(2t — s)
where Erf(z) = %r Sg e=" dv. An immediate consequence of (5.1) is

Cmin{1,t=Y2(1 + |y1|)} fory; <0,

52) (&M (z,y9)de = BM () < {
( ) S t ( y) t (y) — len{l,t71/2} for yl Z 0

Now (D) follows from (5.2). m
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6. Proof of Theorem 2.6. Let K;(z,y) be the integral kernels of the
semigroup generated by —L = A — V(z), where V(x) = exp(x71), and let
Q be the corresponding collection of cubes (see (2.7)). It is not difficult to
check that Q satisfies (K). What is left is to prove (D). We shall consider
two cases.

CASE 1: Q = [-2/1!, —2/]xQ, Q € Oy, j =0,1,2,...,0r Q = [-1,1] X

Q, Q € Q. Since V > 1ga, we have K(z,y) < kt{l}(m,y). Hence, applying
(5.2), we obtain

(6.1) VKi(,y)de < CtV2(1+ ) for y = (y1,7), 1 <1,

and, consequently, (D) holds.

CASE 2: Q = [Tj,Tj+1] X @j? r = 1, Tit1 = 75 +exp(—7’j/2), é]‘ S

éexp(,” /2)- Let kt[] ](a:, y) denote the integral kernels of the semigroup gen-
erated by the Schrodinger operator A — €™+ 11, (4, 7): 2 >r;4,}- Obviously,

Ki(z,y) < ky] (z,y). Moreover, (5.1) implies
SKt(m,y) dzx < Skgﬂ (z,y)dx

= Skt{erﬂl}(x —rjp1€1,y —rjpier) de < Ct—12¢77i/2

for y = (y1,9), |y1 — rj+1] < 2e779/2, and condition (D) is verified. m

7. Proof of Theorem 2.8. The fact that (K) holds is obvious. In order
to prove (D) we denote by Kfjh}(m, y) the integral kernels of the semigroup
generated by —L1} = A — y]z|=2. Then K"} (z,y) < K[ (2,y) for

0 < 71 < 72. Therefore it suffices to verify (D) for v > 0 small. Theorem 2
of [MS] combined with (2.1) gives

(7.1) K (a,y) < Coa)p(y)e =15,
with
(7.2) o(x) =lz|7 for |x| <1, ¢(x)=1 for|z|>1,

where o > 0 is an exponent that depends on ~. Since L{"} is homogeneous
of degree 2,

(73) KM @ y) = 2K e 171 y).
Now (D) follows from (7.1)—(7.3). =

8. Remarks. In the present section we give two further examples of
potentials and families of cubes for which conditions (D) and (K) hold.
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e If V(z) =1_11y(z1), z = (#1,7) € RY, d > 1, and
Q={[-2*1, -2 xQ:Qe€ Dy, j=0,1,...}
U{[-1,1] X@:@E éz}
U{[2, 27t xQ:Q e Oy, j=0,1,...},
then conditions (D) and (K) hold. We omit the proof.
e One can check, using estimates derived e.g. in [K], [DZ2]-[DZ3], and

[Sh], that for V satisfying the reverse Holder inequality with an exponent
g >d/2,d >3, and for the family Q of cubes defined as follows:

(8.1) Q € Q & (Q is the maximal dyadic cube for which
d 2
o=t
Q
conditions (D) and (K) are satisfied and, consequently, the norms || - || HY
and || - [| 1 are equivalent.

We now show how to verify (D) in a slightly simpler way than it was done
in [DZ2]-[DZ3]. Let m(x) = d(Q)~?!, where Q is a cube from Q such that
x € @ (the function m(x) is well defined for almost every x). By Lemma 1.4
of [Sh] there exist constants C' > 0 and 0 < 6 < 1 such that

(82)  C7l'm(y)(1+ |z —ylm(y)) " < m(x)
< Cm(y)(1+ [z — ylm(y))"/ 7.
Then, by applying (2.1) and the Schwarz inequality, one gets

I= (SKt(:U,y) dm>2 < 2( S Ki(z,y) dx)2

lz—y|<R
2
+ ( S Pz —vy) d:c)
lz—y|>R
< CR? S Ki(x,y)*dx + CtR™2.
lz—y|<R

Using (8.2) and the Fefferman-Phong inequality (see [Sh, Lemma 1.9]) we
obtain

I <CR'm(y)2(1+Bm(y)* |  m@)*K(2,y)* do+ CtR™

le—y|<R
< CR'm(y) (1 + Rm(y))**(LK(-,y), Ki( -, y)) + CtR™>,
By (2.1) and the holomorphy of the semigroup {K;}, we have
(LI (-,y), Ko+, y)) < CE1792,
Hence, putting R = t(79)/2m(y)¢ with € > 0 small enough, we get (D).
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9. Fractional Schrédinger operators. Let L = —(—A)* 4+ V, where
0 < a<1land V > 0 is a polynomial. Then —L generates a semigroup
{K:}+>0 of linear operators with integral kernels K(x,y) such that

(9.1) 0 < Ky(z,y) < Pz —y),

where P/ (z) are the convolution kernels of the symmetric stable semigroup
{Pf}i>0 generated by —(—A)“. Let Q be defined by the condition

Q€ Q & ( is the maximal dyadic cube for which

d(Q)*
0l qS)V(y) dy <1.

Set d(x) = d(Q), where Q € Q issuch that x € Q. Then there exist constants
C >0 and 0 < 6 <1 such that

9.2)  Cld(z) <1 I y) R d(y) < Cd(x) (1 = y|>9
' d(z) - - d(z) )~
The estimates in (9.2) could be proved for V satisfying (1.4) with ¢ = d/2«a
(see [Sh, Lemma 1.4 and its proof]). It follows from (9.2) that Q forms a
covering of R? such that the diameters of any two neighboring cubes from
Q are comparable.
We are now in a position to state the following two conditions that are

valid for K; and V'

(D*)  there exist constants C,e > 0 such that
sup SKQSd(Q)za (z,y)de < Cs™'7¢ forQec Q, seN,
ye*

(K¥)  there exist constants C, ¢ > 0 such that
2t " o
S (1ges=V)x P (2)ds <C (W) forx€RY, Q € Q, t <d(Q)*™
0

By using ideas similar to those of the proof of Theorem 2.2, one gets the

following theorem.

THEOREM 9.3. The Hardy space H} defined by K, is a local Hardy space
associated with Q, that is, the norms || - ||z and || - ||HlQ are comparable.

Sketch of the proof. It suffices to repeat the proof of Theorem 2.2 replac-
ing the classical heat kernel by Pf. Condition (K¢) is valid for V satisfying
(1.4) with ¢ = d/2a, and can be verified by the same method as in [DZ2]-
[DZ3] (see also [Sh] for the idea of the proof). We omit the details. The only
nontrivial fact we have to show is condition (D®). Using arguments simi-
lar to those in Section 8 one can reduce the proof of (D) to the following
variant of the uncertainty principle (cf. [F]).
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THEOREM 9.4. Let w(y) = d(x)~2“. Then there exists a constant C > 0
such that

(9.5) Vw(@)|f(2)? dv < C(LF, f).

Proof. Write V® = (—A)*/2. Let ¢ be a smooth resolution of identity
associated with the collection Q (see Section 3). For ¢y € C°, ¢ >0, {9 =1,
and a real number A > 0 let 1/)3(9:) = (Ad(Q) H)%p(Ad(Q) ).

Obviously, |¢(w) — 1| < C|w|®. Hence, from the Plancherel formula, we
obtain

V 105 % (60 f) — daf P < CATA(Q)* [ |V (g0 )
Q*
< CAand(Q)Qa (S¢2Q|Vaf|2 + S HCZ)Q, va]f|2) ]
Moreover, the A condition for V implies that there exist constants C, £ > 0

such that for 2. = 2.(Q) = {x € Q* : V(z) < &d(Q)2*} we have [£2.| <
Ce¢|Q| independently of @ and . Therefore

2
J164 + (e N)I? < 1681310013 < (Ad@)~)"({Ioas)
< C(AdQ) )02 | I¢of? + Ced(Q)** A\ Vpo f1?
Q2.
< CAd5£ S |¢Qf|2 + Cﬁ_ld(Q)2aAdSV’¢Qf’2.

Hence
| I f? < CcA™d(Q)** 63|V fI? + CAT*d(Q)* [ [¢q, VI £I?
Q*
+CA% (oo P + Ced(Q)** A | Vgo |-

Summing up over @ € Q we get

fwlf? < > 1d@) 60 s
QEQ

< Cac(Lf, )+ CAT** > (o, VOIf1?
Q

< CA,€<Lfa f> + CA72a8w|f|27
provided CA%¢ < 1/2. The last inequality has been deduced from the
following lemma.

LEMMA 9.6. The operator Tf(x,Q) = [pqg, V(w2 f)(z) is bounded
from L?(R%) into 1*(L?(R)).
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The theorem follows by fixing A sufficiently large and then taking € > 0
small enough. =

Proof of Lemma 9.6. It suffices to prove that T : L' — [*(L') and
T : L% — [°°(L*°) and then interpolate.
The first statement follows from

Sl ey rag, < or | o

_ d+ao d _ oyld4+a—1
5 le—yl a—yl2cagy A@E =l

d «
+c AW 4 <o,
|z — y|tte
|lz—y|>Cd(y)
where C” is a constant independent of y. The second statement is a conse-
quence of

[9Q(@) — QW) o / d(y)”
S“PS — e W) dy <C S =
+Q” lz—uyl o—y|<caiz U@NT =Yl
d(y)”
o s
lz—y|>Cd()

with a constant C” independent of z and @. In the above estimates we have
used (9.2). The proof of the lemma is complete. m

REMARK. Let us finally point out that Theorem 9.4 for V' being a non-
negative polynomial could also be proved by using nilpotent Lie groups

methods and maximal subelliptic estimates for accretive kernels proved by
P. Glowacki (see [G]).
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