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Approximate diagonals and Følner conditions for
amenable group and semigroup algebras

by

Ross Stokke (Winnipeg)

Abstract. We study the relationship between the classical invariance properties of
amenable locally compact groups G and the approximate diagonals possessed by their
associated group algebras L1(G). From the existence of a weak form of approximate di-
agonal for L1(G) we provide a direct proof that G is amenable. Conversely, we give a
formula for constructing a strong form of approximate diagonal for any amenable locally
compact group. In particular we have a new proof of Johnson’s Theorem: A locally com-
pact group G is amenable precisely when L1(G) is an amenable Banach algebra. Several
structural Følner-type conditions are derived, each of which is shown to correctly reflect
the amenability of L1(G). We provide Følner conditions characterizing semigroups with
1-amenable semigroup algebras.

Introduction. Amenable Banach algebras were introduced by B. E.
Johnson in [13] where he proved that a locally compact group G is amenable
if and only if its associated group algebra L1(G) is amenable (Johnson’s The-
orem). Shortly thereafter, Johnson proved his fundamental, intrinsic charac-
terization of amenable Banach algebras in terms of the existence of virtual
and approximate diagonals [14]. Virtual diagonals are often said to play the
role in the theory of amenable Banach algebras that invariant means play
in the theory of amenable groups.

In this paper we will study the exact relationship between the classical
invariance properties possessed by amenable locally compact groups and
the virtual/approximate diagonal “invariance properties” of their amenable
group algebras. We will also address these matters in the context of a discrete
semigroup algebra.

Amenable locally compact groups are characterized by a hierarchy of in-
variance properties, the deepest of which are the combinatorial Følner condi-
tions. Følner conditions have also proven to be interesting and useful in the
study of amenable semigroups, and are considered especially nice because
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they describe amenability in terms of the internal structure of the group
(or semigroup) itself, rather than in terms of an associated algebra [8], [18],
[19], [20], [23]. We will show that amenable group algebras possess strong
forms of approximate diagonals, thereby providing a corresponding hierar-
chy of approximate diagonals for amenable group algebras. In particular,
we will establish Følner-type conditions characterizing discrete semigroups
and locally compact groups whose associated L1-algebras are 1-amenable.
Thus one of our purposes here is to give internal properties of semigroups
and locally compact groups which reflect the Banach algebra amenability of
their associated L1-algebras.

For a Banach algebra A the projective tensor product A ⊗̂A is a Banach
A-bimodule with products determined by (a⊗ b) · c = a⊗ bc and c · (a⊗ b) =
ca⊗b. Let π denote the multiplication operator determined by π(a⊗b) = ab.
An approximate diagonal for A is a bounded net (mγ) in A ⊗̂ A such that
for each a ∈ A,

lim
γ

(mγ · a− a ·mγ) = 0, lim
γ
π(mγ)a = a.

A virtual diagonal for A is an element M of the dual Banach A-bimodule
(A ⊗̂ A)∗∗ such that for each a ∈ A, M · a = a ·M and (π∗∗M)a = a. The
Banach algebra A is amenable if and only if it possesses an approximate
diagonal, which is true if and only if it has a virtual diagonal [14]. The
Banach algebra A is called k-amenable, where k is a positive constant, if it
has an approximate (equivalently virtual) diagonal with bound k (see [15]).
Clearly A is amenable precisely when it is k-amenable for some k > 0. Proof
of these statements and much more about amenable Banach algebras may
be found for example in [3] and [21].

A classical result due to M. M. Day characterizes amenable locally com-
pact groups G in terms of nets (fα) contained in L1(G)+

1 = {f ∈ L1(G) :
f ≥ 0 and ‖f‖1 = 1} which converge to invariance in L1(G), either with
respect to translation by group elements or convolution by functions
f ∈ L1(G)+

1 . This latter sort of invariance is called topological invariance. Im-
proving upon Day’s result, Reiter’s condition states that whenG is amenable
the net (fα) may be chosen so that

(∗) ‖δx ∗ fα − fα‖1 → 0

uniformly on compact subsets of G (here δx denotes the Dirac measure at x).
In fact amenable groups satisfy the Følner condition

(FC) For every ε > 0 and every compact subset K of G there exists a
compact subset A of G with |A| > 0 such that

|xA4A| < ε|A| for every x ∈ K
(here |B| denotes left Haar measure of the set B and 4 denotes symmetric
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difference of sets). This says that the net (fα) in (∗) may be taken to be com-
prised of normalized characteristic functions φA = |A|−11A, A ⊂ G. Proofs
of the statements made in this paragraph may be found in the monographs
[8], [19], and [20].

A bounded approximate identity (bai) (uα) for L1(G) is called quasi-
central if

‖µ ∗ uα − uα ∗ µ‖1 → 0, µ ∈M(G),

where M(G) is the measure algebra of G. As shown by V. Losert and
H. Rindler, group algebras of amenable locally compact groups always have
quasi-central bai’s [17]. Further results on quasi-central bai’s which are em-
ployed in this work are found in [22].

In Section 1, by use of Reiter’s condition and the existence of a strong
form of quasi-central bai for L1(G) (guaranteed by [17]), we provide an
explicit formula for a strong form of approximate diagonal for L1(G) (The-
orem 1.8). We show that weaker forms of approximate diagonals for L1(G)
are sufficient for G to be amenable (Proposition 1.2 and Corollary 1.3), and
from the existence of an approximate diagonal of norm one, we show how to
construct a net converging to topological invariance (Proposition 1.2). One
immediate consequence is a new proof of Johnson’s Theorem given entirely
in terms of approximate diagonals.

Theorem 2.3 of Section 2 combines (FC) with a structural characteriza-
tion of those unimodular groups whose group algebras have quasi-central
bai’s (from [22]) to obtain Følner-type conditions (AV), (BV), and (CV) for
unimodular amenable groups. Theorem 2.5 shows that each of our prop-
erties (AV), (BV), and (CV) is a “correct’ Følner condition reflecting the
amenability of L1(G) in the sense that each one yields a (compactly invari-
ant) approximate diagonal for L1(G) comprised of normalized characteristic
functions of subsets of G×G.

It is well known that if S is a semigroup, then amenability of the semi-
group algebra l1(S) implies the amenability of S. However, unlike the case
in which S is a group, the converse does not hold. Thus a theme of several
papers ([4], [5], [6], [9], [10] and portions of [16]) has been to address the
problem of describing, in terms of the internal structure of the semigroup
itself, those semigroups carrying amenable semigroup algebras. The gen-
eral trend is that amenability of l1(S) imposes very strong conditions on S
(especially when combined with additional algebraic conditions placed upon
the semigroup S). Indeed when l1(S) is amenable, it can be said that S is
“close” to a group. For a survey of what is known to date, see [11]. In Sec-
tion 3, we show that for a discrete semigroup S, l1(S) is 1-amenable if and
only if S is an amenable group. The main result of this section provides
three Følner-type conditions, one of which, with no extraneous conditions
placed upon S, characterizes 1-amenability of l1(S).
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1. Virtual and approximate diagonals for group algebras. In this
section we begin our investigation of the relationship between the classical
invariance properties of amenable locally compact groups and the approxi-
mate/virtual diagonals possessed by their associated amenable group alge-
bras.

Throughout, G will denote a locally compact group with left Haar mea-
sure λ, modular function ∆, and identity e. For a ∈ G and f a function on
G we use the notation

laf(t) = f(at), raf(t) = f(ta) (t ∈ G).

Recall that λ×λ is a Haar measure, and (x, y) 7→ ∆(x)∆(y), (x, y) ∈ G×G,
is the associated modular function on G×G. We will denote by |A| the Haar
measure of a Borel subset A of either G or G×G. As usual, L1(G×G) and
L1(G) ⊗̂ L1(G) are identified through

(h⊗ k)(s, t) = h(s)k(t) (h, k ∈ L1(G), s, t ∈ G).

References for Banach G, L1(G), and M(G)-modules are Chapter 2 of [13]
and Section 11 of [20]. The following dual-module and M(G)-module oper-
ations are easily verified.

The canonical L1(G)-module operations on L1(G×G) extend to M(G)
through

µ ·m(s, t) =
�

G

m(r−1s, t) dµ(r), m · µ(s, t) =
�

G

∆(r−1)m(s, tr−1) dµ(r),

where m ∈ L1(G× G), µ ∈ M(G). Thus L1(G× G) has Banach G-module
operations

x ·m(s, t) = m(x−1s, t), m · x(s, t) = ∆(x−1)m(s, tx−1)

(m ∈ L1(G×G), x ∈ G).
Now

x · φ = r(e,x)φ, φ · x = l(x,e)φ (x ∈ G, φ ∈ L∞(G×G))

describe the dual G-module operations on L∞(G×G). As usual the group
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algebra L1(G) is often viewed as a Banach G-module through the operations

x · f = δx ∗ f, f · x = f ∗ δx (f ∈ L1(G), x ∈ G).

The multiplication operator π : L1(G×G)→ L1(G) is given by

π(m)(t) =
�

G

m(s, s−1t) ds (m ∈ L1(G×G), s ∈ G),

and we define T : L1(G×G)→ L1(G) through

Tm(s) =
�

G

m(s, t) dt (m ∈ L1(G×G), s ∈ G).

Observe that T is a linear contraction. The following lemma contains some
calculations from which the next two results will follow.

Lemma 1.1. (1) π maps L1(G × G)+
1 into L1(G)+

1 , and π∗∗ maps the
set of means on L∞(G×G) into the set of means on L∞(G).

(2) If (mγ) ⊂ L1(G×G) is an approximate diagonal for L1(G), then

lim 〈1G×G,mγ〉 = 1.

(3) If µ ∈M(G) and m ∈ L1(G×G), then

T (µ ·m) = µ ∗ (Tm), T (m · µ) = µ(G)(Tm).

Proof. (1) is obvious.
(2) Let (mγ) be an approximate diagonal for L1(G). If f ∈ L1(G)+

1 , then

1 = 〈1G, f〉 = lim〈1G, f ∗ π(mγ)〉 = 〈1G, f〉〈1G, π(mγ)〉 = lim〈1G×G,mγ〉.
(3) For m ∈ L1(G×G) and s ∈ G we have

µ ∗ (Tm)(s) =
� �
m(r−1s, t) dt dµ(r) = T (µ ·m)(s)

and

T (m · µ)(s) =
� �
∆(r−1)m(s, tr−1) dµ(r) dt = µ(G)(Tm)(s).

We have the following link between approximate diagonals and nets con-
verging to topological invariance.

Proposition 1.2. Let G be a locally compact group. If there exists a
bounded net (mγ) ⊂ L1(G×G) such that

lim 〈mγ , 1G×G〉 6= 0, ‖f ·mγ −mγ · f‖1 → 0 (f ∈ L1(G)),

then
‖f ∗ Tmγ − Tmγ‖1 → 0 (f ∈ L1(G)+

1 ),

and G is amenable. Hence, if (mγ) ⊂ L1(G × G)+
1 , then (Tmγ) ⊂ L1(G)+

1
is a net converging to topological invariance.

Proof. Most of this follows from part (3) of Lemma 1.1. Let n be a
w∗-limit point of (Tmγ); suppose without loss of generality that Tmγ w∗→ n.
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Then for φ ∈ L∞(G) and x ∈ G we have n(lxφ) = n(φ) (this follows from
the topological invariance of (Tmγ) as shown in [8, Proposition 2.1.3 and
Corollary 2.4.4]). As well, n(1G) = lim〈1G, Tmγ〉 = lim〈1G×G,mγ〉 6= 0, so
n is non-zero. It follows that G is amenable.

Observe that it follows from part (2) of Lemma 1.1 that any approxi-
mate diagonal for L1(G) satisfies the properties of the net (mγ) described in
Proposition 1.2. The next statement lists some weaker forms of approximate
and virtual diagonals which are sufficient for the amenability of G.

Corollary 1.3. The following are equivalent for a locally compact
group G:

(1) G is amenable.
(2) There exists a mean M ∈ L∞(G × G)∗ such that x · M = M · x

(x ∈ G).
(3) There exists a non-zero element M ∈ L∞(G×G)∗ such that x ·M =

M · x (x ∈ G).
(4) There exists a net (mγ) ⊂ L1(G×G)+

1 such that ‖x·mγ−mγ ·x‖1 → 0
(x ∈ G).

(5) There exists M ∈ L∞(G×G)∗ such that M(1G×G) = 1 and f ·M =
M · f (f ∈ L1(G)).

(6) There exists a bounded net (mγ) ⊂ L1(G×G) such that

lim 〈mγ , 1G×G〉 = 1, ‖f ·mγ −mγ · f‖1 → 0 (f ∈ L1(G)).

Proof. A stronger result than (1)⇒(6) will be proved in Theorem 1.8,
and (6)⇒(1) follows from Proposition 1.2. The standard argument used to
prove [18, Theorem 2.2] yields (2)⇔(4) and (5)⇔(6).

For (1)⇔(2), note that if G is amenable, then so is G×G. Now take M
to be any two-sided invariant mean on L∞(G × G). For the converse, take
M as in condition (2) and let n = T ∗∗M . Then n is a mean on L∞(G), and
from part (3) of Lemma 1.1, we have x · n = x · (T ∗∗M) = T ∗∗(x ·M) =
T ∗∗(M · x) = n. That is, n is a left invariant mean on L∞(G).

Only (3)⇒(2) remains. Taking M as in (3), it is easy to see that we
may suppose that M is self-adjoint. Let M have Jordan decomposition
M = M+ −M−. Now the G-module operations are isometric and preserve
positivity in L∞(G × G)∗, so it follows from the uniqueness of the Jordan
decompositions of x ·M and M ·x that x ·M+ = M+ ·x and x ·M− = M− ·x.
If M+ 6= 0 (say) then

M ′ =
1

M+(1G×G)
M+

is a mean on L∞(G×G) such that x ·M ′ = M ′ · x.

Remarks 1.4. Corollary 1.3 also holds for any discrete semigroup. In
this situation, (2)⇒(1) is [4, Lemma 3], and for inverse semigroups (1)⇒(2)
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is [4, Lemma 4]. If S has an identity, our argument above proves (1)⇒(2),
however for an arbitrary semigroup, the implication may still be obtained
using an argument similar to that of [12, 17.18(b)].

We will now show that amenable group algebras have strong forms of
approximate diagonals, and we will describe their construction from the
amenability properties of the underlying group. We require some facts about
quasi-central bounded approximate identities due to V. Losert and H. Rind-
ler [17].

A net (eβ) in L1(G) is called quasi-central if ‖µ ∗ eβ − eβ ∗ µ‖1 → 0
(µ ∈M(G)). A mean m on L∞(G) is called inner invariant if m(x ·φ ·x−1)
= m(φ) (φ ∈ L∞(G), x ∈ G), and is called an extension of the Dirac mea-
sure δe (from CB(G) to L∞(G)) if m(φ) = φ(e) (φ ∈ CB(G)). Contained
in [17, Theorem 5] is the fact that L1(G) has a quasi-central bounded ap-
proximate identity if and only if L∞(G) has an inner invariant mean which
extends the Dirac measure at e. The following are respectively [17, Theo-
rem 3] and [17, Theorem 2].

Theorem 1.5 (Losert and Rindler). Let G be a locally compact group.

(1) If G is amenable, then L1(G) has a quasi-central bai.
(2) Suppose that L1(G) has a quasi-central bai (eβ). Then (eβ) may be

chosen so that (eβ) ⊂ L1(G)+
1 and ‖δx ∗ eβ− eβ ∗ δx‖1 → 0 uniformly

on compact subsets of G.

We note that alternate proofs of the above statements may be found
in [22]. Moreover, it is shown in [22] that when L1(G) has a quasi-central
bai (eβ), then it may be chosen so that both properties from Theorem 1.5(2)
are satisfied, and for any neighbourhood U of e, there exists β0 such that
support(eβ) ⊂ U whenever β � β0. Applications of this extension of
[17, Theorem 2] are found in [22].

Definition 1.6. We will say that an approximate diagonal (mγ) ⊂
L1(G×G)+

1 is compactly invariant [respectively measure invariant ] if

‖x ·mγ −mγ · x‖1 → 0

uniformly on compact subsets of G [respectively ‖µ · mγ − mγ · µ‖1 → 0
(µ ∈ M(G))]. A virtual diagonal M for L1(G) is measure invariant if M is
a mean and µ ·M = M · µ (µ ∈M(G)).

The following proposition contains some simple observations.

Proposition 1.7. Let G be a locally compact group.

(1) Let (mγ) be an approximate diagonal for L1(G). If (mγ) is compactly
invariant , then (mγ) is measure invariant , and (π(mγ)) is a quasi-
central bai contained in L1(G)+

1 such that ‖δx ∗π(mγ)−π(mγ) ∗ δx‖1
→ 0 uniformly on compact subsets of G. If (mγ) is measure invari-
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ant , then (π(mγ)) is a quasi-central bounded approximate identity in
L1(G)+

1 .
(2) Let M be a measure invariant virtual diagonal for L1(G). Then π∗∗M

is an inner invariant mean on L∞(G) which extends the Dirac mea-
sure at e.

Proof. (1) Let (mγ) be a compactly invariant approximate diagonal
for L1(G). For µ ∈M(G) with compact support we have

‖µ ·mγ −mγ · µ‖1 =
� � ∣∣∣

�
mγ(r−1s, t)−∆(r−1)mγ(s, tr−1) dµ(r)

∣∣∣ ds dt

≤
�
‖r ·mγ −mγ · r‖1 d|µ|(r),

which converges to zero. The balance of (1) now follows from Lemma 1.1
and the fact that π is an M(G)-module morphism.

(2) The fact that π∗∗(M) is a mean is from Lemma 1.1. Now π∗∗ is
an M(G)-module morphism so π∗∗(M) is inner invariant; as π∗∗(M) is a
weak∗-limit point of a bounded approximate identity, it extends the Dirac
measure at e (see [17]).

We remark that on page 319 of [2] it is incorrectly stated that when G
is an amenable locally compact group, one can construct a virtual diagonal
for L1(G) as follows: letting m be an invariant mean on L∞(G), define

M(h) =
�

G

h(t, t−1) dm(t) (h ∈ L∞(G×G)),

where the formal integral represents the action of m on the function t 7→
h(t, t−1). However unless G is discrete, the set {(t, t−1) : t ∈ G} may have
measure zero so the map M is not well defined. We have only chosen to
mention this as further motivation for this study, and we wish to stress that
this one false statement does not affect the validity of any of the results
in [2]. Indeed, the author would like to thank Professor Galé for pointing
out that he and his co-author only require their map M for continuous
bounded functions and not all of L∞(G×G). One must only notice that the
π-invariance which is used in [2] to characterize the amenability of G refers
to π(G)-invariance.

Theorem 1.8. Let G be an amenable locally compact group. Let (fα) ⊂
L1(G)+

1 be a net such that ‖δx ∗fα−fα‖1 → 0 uniformly on compact subsets
of G. Let (eβ) ⊂ L1(G)+

1 be a quasi-central bai for L1(G) as in Theo-
rem 1.5(2). For each γ = (α, β), define

mγ(s, t) = fα(s)eβ(st), (s, t) ∈ G×G.
Then (mγ) is a compactly invariant approximate diagonal for L1(G) con-
tained in L1(G×G)+

1 .
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Proof. It is easy to see that (mγ) ⊂ L1(G × G)+
1 . Observe that for any

x ∈ G and any (s, t) ∈ G×G,

x ·mγ(s, t) = mγ(x−1s, t) = δx ∗ fα(s)δx ∗ eβ(st),

mγ · x(s, t) = ∆(x−1)mγ(s, tx−1) = fα(s)eβ ∗ δx(st).

Therefore

‖x ·mγ −mγ · x‖1 =
� �
|δx ∗ fα(s)δx ∗ eβ(st)− fα(s)eβ ∗ δx(st)| dt ds

=
� �
|δx ∗ fα(s)δx ∗ eβ(t)− fα(s)eβ ∗ δx(t)| dt ds

≤
� �
|δx ∗ fα(s)− fα(s)|δx ∗ eβ(t) dt ds

+
� �
fα(s)|δx ∗ eβ(t)− eβ ∗ δx(t)| dt ds

= ‖δx ∗ fα − fα‖1 + ‖δx ∗ eβ − eβ ∗ δx‖1 → 0

uniformly on compact subsets of G. A calculation shows that for any γ =
(α, β), and any s ∈ G, π(mγ)(s) = eβ(s). Thus (π(mγ)) is a (quasi-central)
bai for L1(G).

Remarks 1.9. Suppose conversely that (mγ) is a compactly invariant
approximate diagonal for L1(G). From Lemma 1.1(3), we have (Tmγ) ⊂
L1(G)+

1 and ‖δx ∗ Tmγ − Tmγ‖1 → 0 uniformly on compact subsets of G.
This is Reiter’s condition. Moreover, by Proposition 1.7, (π(mγ)) ⊂ L1(G)+

1
is a quasi-central bai for L1(G) such that ‖δx ∗ π(mγ) − π(mγ) ∗ δx‖1 → 0
uniformly on compact subsets of G.

One immediate consequence of this work is a new proof of Johnson’s
Theorem given entirely in terms of approximate diagonals.

Corollary 1.10 (Johnson’s Theorem). The following are equivalent for
a locally compact group G:

(1) G is amenable.
(2) L1(G) is 1-amenable.
(3) L1(G) is amenable.

Proof. (1)⇒(2) is contained in Theorem 1.8 and (2)⇒(3) is trivial.
(3)⇒(1) follows from Lemma 1.1(2) and Proposition 1.2.

In the language of Definition 1.6 we have proved

Corollary 1.11. The following are equivalent for a locally compact
group G:

(1) G is amenable.
(2) L1(G) has a compactly invariant approximate diagonal.
(3) L1(G) has a measure invariant approximate diagonal.
(4) L1(G) has a measure invariant virtual diagonal.
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In [24], Yong Zhang studies Banach algebras A which have approximate
diagonals (mγ) satisfying

a ·mγ = mγ · a (a ∈ A).(1)

He shows that group algebras of compact groups always have approximate
diagonals with this property [24, Proposition 6]. We note here that this is
the only case in which a group algebra can have an approximate diagonal
of this form.

Proposition 1.12. Let G be a locally compact group. Then L1(G) has
an approximate diagonal satisfying condition (1) if and only if G is compact.

Proof. If L1(G) has an approximate diagonal (mγ) satisfying (1), then
the proof of Proposition 1.2 shows that for some γ0, Tmγ0 6= 0 and
δx ∗ Tmγ0 = Tmγ0 for every x ∈ G. Thus Tmγ0 ∈ L1(G) is equal almost
everywhere to a non-zero constant, and it follows that G is compact. The
converse, which is proved in [24], is a special case of our Theorem 1.8: let
mβ(s, t) = eβ(st) where (eβ) is a central bai for L1(G).

Remarks 1.13. In this section we have examined the relationship be-
tween nets converging to invariance, quasi-central bai’s and approximate
diagonals for L1(G). Wendel’s theorem tells us that M(G) is the multiplier
algebra of L1(G). For any Banach algebra A, there are natural analogues of
quasi-central bai’s, nets converging to (probability measure) invariance, and
measure invariant approximate diagonals which can be stated in terms of
the associated multiplier algebraM(A). Both nets converging to invariance
and quasi-central bai’s are clearly less complicated than approximate diag-
onals and have the advantage that they can be studied separately. It would
thus be interesting to see what can be said along these lines in the context
of other amenable Banach algebras.

2. Følner conditions. In this section we will derive Følner-type con-
ditions for amenable group algebras. We will employ the Følner condition
(FC) and a structural condition from [22] which characterizes those unimod-
ular groups whose group algebras have quasi-central bai’s. We show that all
of our conditions are correct Følner conditions reflecting the amenability
of L1(G) in the sense that they yield (compactly invariant) approximate
diagonals for L1(G) comprised of normalized characteristic functions.

For any C ⊂ G, we use the notation

5(C) = {(x, y) : xy ∈ C},
and for A ⊂ G×G, x ∈ G we write

x ·A = {(xs, t) : (s, t) ∈ A}, A · x = {(s, tx) : (s, t) ∈ A}.
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The normalized characteristic function |A|−11A of a Borel measurable subset
A with positive measure is denoted by φA.

Let V be any base for the neighbourhood system at e. In the following
definitions of conditions (AV), (BV), and (CV), the subsets A of G×G and
K of G are to be assumed compact and of positive measure.

(AV) For any ε > 0, K ⊂ G, and V ∈ V, there exists A ⊂ G × G such
that

(i) A ⊂ 5(V ),
(ii) |x ·A4A · x| < ε|A| (x ∈ K).

(BV) For any ε > 0, K ⊂ G, and V ∈ V, there exists A ⊂ G × G such
that

(i) |A \ 5(V )| < ε|A|,
(ii) |x ·A4A · x| < ε|A| (x ∈ K).

(CV) For any ε > 0, K ⊂ G, and V ∈ V, there exists A ⊂ G × G such
that

(i) |A ∩5(V )| > (1− ε)|A|,
(ii) |x ·A ∩ A · x| > (1− ε)|A| (x ∈ K).

Conditions (i) of (AV), (BV) and (CV) say that the sets A lie very close to
the reverse-diagonal 5(e) = {(x, x−1) : x ∈ G}.

Lemma 2.1. Suppose that there exists a net (Aα) of measurable subsets
of G×G with 0 < |Aα| <∞ such that

|x ·Aα4Aα · x|
|Aα|

→ 0 (x ∈ G).

Then G is unimodular and amenable.

Proof. For each x ∈ G and each α,

∆(x) =
|Aα · x|
|Aα|

=
1
|Aα|

[|Aα · x \ x ·Aα|+ |x ·Aα| − |x ·Aα \Aα · x|]

= 1 +
|Aα · x \ x ·Aα|

|Aα|
− |x ·Aα \ Aα · x||Aα|

.

Taking the limit of the final term of the above equation we obtain ∆(x) = 1
for each x ∈ G. Now the net (φAα) satisfies

‖x · φAα − φAα · x‖1 =
|x ·Aα 4Aα · x|

|Aα|
,

which converges to zero. Thus G is amenable by Corollary 1.3.

The next result is proved by use of the Følner condition (FC) and the
following which is [22, Theorem 3.3].
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Theorem 2.2. The following are equivalent for a locally compact group G:

(1) G is unimodular and L1(G) has a quasi-central bounded approximate
identity.

(2) There exists a net U = (Uα) comprising a base for the neighbourhood
system at e such that

|xUα4 Uαx|
|Uα|

→ 0

uniformly on compact subsets of G. The sets Uα may be chosen to
be compact and symmetric.

Theorem 2.3. Let G be a locally compact group, and let V be any base
for the neighbourhood system at e. The following are equivalent :

(1) G is amenable and unimodular.
(2) G satisfies condition (AV).
(3) G satisfies condition (BV).
(4) G satisfies condition (CV).

Proof. Suppose thatG satisfies condition (BV). If for each pair α=(ε,K),
we choose a corresponding subset Aα of G×G as in condition (ii) of (BV),
then by Lemma 2.1, G is amenable and unimodular. Thus (3)⇒(1), and
similarly (4)⇒(1). Now (3)⇔(4) follows from the identity |x · A4 A · x| =
2(|A| − |x ·A ∩A · x|), and (2)⇒(3) is clear. Only (1)⇒(2) remains.

Let 0 < k < 1, K ⊂ G compact, and V ∈ V. It is sufficient to find a
compact set A such that A ⊂ 5(V ) and |x ·A∩A ·x| > k|A| (x ∈ K). By use
of condition (FC), Theorem 1.5(1), and Theorem 2.2 we can find compact
subsets B and U of G with U a neighbourhood of e contained in V such
that

|xB ∩B| >
√
k |B|, |xU ∩ Ux| >

√
k |U | (x ∈ K).

Let A = {(s, t) : s ∈ B and st ∈ U}. Obviously A ⊂ 5(V ). Now it is easy
to see that for any x ∈ G, x · A = {(s, t) : s ∈ xB and st ∈ xU}, and
A · x = {(s, t) : s ∈ B and st ∈ Ux}. It follows that x · A ∩ A · x = {(s, t) :
s ∈ xB ∩ B and st ∈ xU ∩ Ux}. But if C and W are any two measurable
subsets of G with finite measure, and E = {(s, t) : s ∈ C and st ∈W}, then

|E| =
� �

1E(x, y) dy dx =
� �

1E(x, x−1y) dy dx

=
� �

1C×W (x, y) dy dx = |C| |W |.
Thus for any x ∈ K,

|x ·A ∩ A · x| = |xB ∩B| |xU ∩ Ux| >
√
k |B|

√
k |U | = k|A|.

In order to show that our Følner conditions reflect the amenability of
L1(G), we will need the following lemma. We note that unimodularity is
not required.
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Lemma 2.4. Let G be a locally compact group, and let A be a Borel
measurable subset of G × G with 0 < |A| < ∞. For any Borel measurable
subset U of G with |U | <∞ we have

‖π(φA) ∗ 1U − 1U‖1 =
2
|A|

�

U

|A \ 5(xU−1)| dx.

Proof. For any x ∈ G we have

π(1A) ∗ 1U (x) =
� �

1A(s, s−1t)1U (t−1x) ds dt

=
� �

1A(s, t)1U (t−1s−1x) dt ds = |A ∩5(xU−1)|.
It follows that

�

G\U
π(1A) ∗ 1U (x) dx =

�

G

π(1A) ∗ 1U (x) dx−
�

U

π(1A) ∗ 1U (x) dx

=
�

U

|A| dx−
�

U

|A ∩5(xU−1)| dx

=
�

U

|A \ 5(xU−1)| dx.

We now obtain

‖π(φA) ∗ 1U −1U‖1 =
�

U

|π(φA) ∗ 1U (x)− 1| dx+
�

G\U
π(φA) ∗ 1U (x) dx

=
1
|A|
[ �

U

∣∣|A∩5(xU−1)|− |A|
∣∣ dx+

�

U

|A\5(xU−1)| dx
]

=
2
|A|

�

U

|A \ 5(xU−1)| dx.

Suppose that G is an amenable and unimodular locally compact group
and let V be any base for the neighbourhood system at e. Let

TV = {γ = (ε,K, V ) : ε > 0, K ⊂ G compact with |K| > 0, V ∈ V}
and direct TV by putting

γ0 = (ε0,K0, V0) � γ1 = (ε1,K1, V1) ⇔ ε1 ≤ ε0, K1 ⊃ K0, V1 ⊂ V0.

For each γ = (ε,K, V ) ∈ TV , take a subset Aγ of G × G to correspond to
(ε,K, V ) as in any one of the conditions (AV), (BV) or (CV).

Theorem 2.5. Let G be a unimodular amenable locally compact group.
The nets (φAγ ) of normalized characteristic functions are compactly invari-
ant approximate diagonals for L1(G).

Proof. For notational convenience we write φγ = φAγ . Observe that in
all cases we have
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‖x · φγ − φγ · x‖ =
|x ·Aγ 4Aγ · x|

|Aγ|
→ 0

uniformly on compact subsets of G.
We must show that the nets (π(φγ)) are bounded approximate identities

for L1(G). This will follow if we can show that for any compact subset L0
of G with |L0| > 0, ‖π(φγ) ∗ 1L0 − 1L0‖1 → 0. We do this in the case
that the sets Aγ are chosen with respect to condition (BV). To this end, let
ε0 > 0, and take an open neighbourhood U of L0 such that |U \L0| < ε0/6.
Take a neighbourhood V0 ∈ V such that V −1

0 L0 ⊂ U and suppose that
γ = (ε,K, V ) � γ0 = (ε0/6|L0|,K0, V0). Then V ⊂ xU−1 for each x ∈ L0,
and so

|Aγ \ 5(xU−1)| ≤ |Aγ \ 5(V )| < ε|Aγ| (x ∈ L0).

Using this and Lemma 2.4 we obtain

‖π(φγ) ∗ 1L0−1L0‖1 = ‖π(φγ) ∗ (1U − 1U\L0)− (1U − 1U\L0)‖1
≤ ‖π(φγ) ∗ 1U −1U‖1 +‖π(φγ)‖1‖1U\L0‖1 +‖1U\L0‖1

≤
�

U

2
|Aγ \ 5(xU−1)|

|Aγ |
dx+

ε0

3

≤
�

U\L0

2 dx+
�

L0

2ε dx+
ε0

3

≤ 2ε0

3
+ 2ε|L0| ≤ ε0.

This argument also works when the sets Aγ are chosen to correspond to
(AV) or (CV). Note however that when the sets Aγ correspond to (AV),
each function π(φγ) ∈ L1(G)+

1 is supported on V , and it is immediate that
(π(φγ)) is a bounded approximate identity for L1(G).

Remarks 2.6. (1) Let G be any unimodular locally compact group
which is amenable. Let U = (Uδ) be a base for the neighbourhood sys-
tem at e as in Theorem 2.2 and let (Kγ) be a Følner net for G in the sense
that it satisfies condition (3) of [19, Definition 4.15]. Let

Aγ,δ = {(s, t) : s ∈ Kγ and st ∈ Uδ}.
Then the argument used in the proof of Theorem 2.3 together with The-
orem 2.5 shows that the net (φAγ,δ) is a compactly invariant approximate
diagonal for L1(G). If G is σ-compact and first countable (that is, metriz-
able), then this approximate diagonal may be chosen to be a sequence. We
remark that much work has been done regarding the explicit construction of
Følner nets for certain classes of locally compact groups [19, Chapter 6]. It
would be interesting if for such groups one could similarly construct asymp-
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totically invariant nets as described in Theorem 2.2. If so, we would have a
method for explicitly constructing compactly invariant approximate diago-
nals, comprised of normalized characteristic functions, for group algebras of
such groups. When G is abelian, any base U for the neighbourhood system at
e satisfies condition (2) of Theorem 2.2 so it is particularly easy to construct
approximate diagonals for L1(G). For example, if G is the additive group of
real numbers, letting An = {(s, t) : s ∈ [−n, n] and s + t ∈ [−1/4n, 1/4n]},
the sequence of characteristic functions (1An) is a compactly invariant ap-
proximate diagonal for L1(R).

(2) The Følner condition (FC) was proved for discrete groups by E. Følner
in [7]. An elegant proof due to I. Namioka appears in [18]. Employing
Namioka’s method, (FC) is proved in [8] for amenable locally compact
groups by use of Reiter’s condition [8, 3.6.2]. We note that one can in-
terpret condition (2) of Corollary 1.11 as a Reiter condition for amenable
group algebras. Doing this, based upon Namioka’s method and our Lemma
2.4, one can directly derive other Følner conditions for amenable group al-
gebras. Indeed in the author’s Ph.D. thesis (University of Alberta, 2003),
a Følner condition (FV), corresponding to a base for the neighbourhood sys-
tem V of e, is derived in this manner. It is also shown to correctly reflect
the amenability of L1(G) in the sense of Theorem 2.5. The condition is as
follows:

(FV) For every ε > 0, every δ > 0, every compact K ⊂ G , and every
V ∈ V, there exists a compact set A ⊂ G × G and N ⊂ V with
|A| > 0 and |N | < δ such that

(i) |A \ 5(xV −1)| < ε|A| (x ∈ V \N),
(ii) |x ·A4A · x| < ε|A| (x ∈ K).

(3) In the introduction to this paper we listed a hierarchy of nets converg-
ing to invariance characterizing amenable locally compact groups. We have
now provided an analogous hierarchy of approximate diagonals for amenable
group algebras.

3. 1-Amenability of semigroup algebras. Throughout this final sec-
tion, S will denote a (discrete) semigroup. In the context of our semigroup S,
we will consider the natural analogues of the Følner conditions from the pre-
vious section. The conditions—(A), (B), and (C)—are shown to exactly cor-
respond to 1-amenability of l1(S). We will also observe that with no extrane-
ous conditions placed upon S, if the semigroup algebra l1(S) is 1-amenable,
then S is necessarily an amenable group.

If E is a subset of S, |E| is its cardinality. We write

[s−1t] = {x ∈ S : sx = t}, [st−1] = {x ∈ S : s = xt} (s, t ∈ S).
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As in the case for groups, we may identify l1(S) ⊗̂ l1(S) with l1(S × S) and
we shall identify the Dirac function at an element s of S with s itself. Doing
this, a function mγ ∈ l1(S × S) may be written in the form

mγ =
∑

S×S
βγs,t(s, t)

and one sees that the net (mγ) is an approximate diagonal for l1(S) if and
only if it is bounded, and for each v ∈ S,

lim
γ

∑

S×S
βγs,t[(s, tv)− (vs, t)] = 0, lim

γ

∑

S×S
βγs,tstv = v.

Further details regarding these identifications may be found in [4].

Definition 3.1. The semigroup S is left cancellative if |[s−1t]| ≤ 1 for
any s, t ∈ S. If for any s ∈ S, sup{|[s−1t]| : t ∈ S} < ∞, then S will be
called left subcancellative.

Recall from [16] that S is left weakly cancellative if |[s−1t]| <∞ for any
s, t ∈ S. It is clear that left cancellativity implies left subcancellativity, which
in turn implies left weak cancellativity. That these implications cannot be
reversed is fairly easy to show.

For A ⊂ S × S and v ∈ S, v ·A, A · v are as defined in Section 2, and we
write

5(v) = {(s, t) ∈ S × S : stv = v}.
In the following definitions of Følner-type conditions (A), (B), and (C), the
subsets A of S × S and F of S are to be assumed finite and non-empty :

(A) For any ε > 0, F ⊂ S, there exists A ⊂ S × S such that

A ⊂ 5(v), |v ·A4A · v| < ε|A| (v ∈ F ).

(B) For any ε > 0, F ⊂ S, there exists A ⊂ S × S such that

|A \ 5(v)|+ |v ·A4A · v| < ε|A| (v ∈ F ).

(C) For any ε > 0, F ⊂ S there exists A ⊂ S × S such that

|A ∩5(v)|+ |v ·A ∩ A · v| > (2− ε)|A| (v ∈ F ).

We note that when S is a group, for any v ∈ S we have5(v) = {(s, s−1) :
s ∈ S}, so the conditions (AV), (BV), and (CV) of Section 2 are non-discrete
analogues of these new conditions.

Theorem 3.2. The following are equivalent for a semigroup S:

(1) l1(S) is 1-amenable.
(2) S is an amenable group.
(3) S is one-sided subcancellative, and satisfies condition (A).
(4) S is one-sided subcancellative, and satisfies condition (B).
(5) S satisfies condition (C).
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Example 3.3. Let S be the semigroup of positive integers with multi-
plication given by n ·m = min{n,m}. Then S satisfies condition (A) (and
therefore condition (B)), yet S is not a group. To see this let ε > 0, and let
F be a finite subset of S. Let m = max(F ), and put B = {m+1, . . . ,m+n},
where 2/n < ε. Then for any v ∈ F , A = B ×B ⊂ 5(v), and

|v ·A4A · v|/|A| = (|v ·A|+ |A · v|)/|A| = 2n/n2 < ε.

This example shows that at least some form of cancellativity is needed
in conditions (3) and (4) of the theorem. Note however that our example is
not even weakly cancellative (for any n ∈ S, [n−1n] is infinite). It would be
interesting to find an example of a weakly cancellative semigroup which is
not a group, yet satisfies (A).

To prove the theorem we need some preliminary results.

Lemma 3.4. If v ∈ S, and sup{|[v−1t]| : t ∈ S} ≤ n, then for any finite
A ⊂ S × S, |v ·A| ≥ n−1|A|.

Proof. Write A as A =
⋃m
i=1{xi} × Ci, where xi 6= xj whenever i 6= j.

Let B = {x1, . . . , xm}, vB = {y1, . . . , yk}, and for 1 ≤ j ≤ k, let Mj =
{i : vxi = yj}. Then |Mj | ≤ n, and

v ·A =
m⋃

i=1

{vxi} × Ci =
k⋃

j=1

(
{yj} ×

⋃

i∈Mj

Ci

)
.

Thus

|v ·A| =
k∑

j=1

∣∣∣
⋃

i∈Mj

Ci

∣∣∣ ≥
k∑

j=1

1
|Mj |

∑

i∈Mj

|Ci| ≥
1
n

k∑

j=1

∑

i∈Mj

|Ci| =
1
n
|A|.

A right simple semigroup which contains an idempotent is called a right
group. A discussion of right groups can be found in §1.11 of [1].

Lemma 3.5. A semigroup S is a right group if and only if

(†) for any v1, v2 ∈ S (not necessarily distinct), there exists (s, t) ∈ 5(v1)
such that s ∈ v2S.

Proof. Assume that S satisfies (†) and suppose that I is a (non-empty)
proper right ideal in S. Take v1 ∈ S \ I, v2 ∈ I and choose (s, t) ∈ 5(v1)
such that s ∈ v2S. Then s ∈ I, so v1 = stv1 ∈ I, a contradiction. Thus
S is right simple. It now suffices to exhibit an idempotent in S. To this
end, let v ∈ S and take (s, t) ∈ 5(v) with s = vx for some x ∈ S. Then
(xtv)2 = (xt)(vx)tv = (xt)(stv) = xtv. The converse (which we do not
need) follows easily from the fact that right groups are regular and right
simple.
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Lemma 3.6. If S satisfies condition (C), or if S is left subcancellative
and satisfies condition (B), then S is a right group.

Proof. Suppose first that S is left subcancellative and satisfies condi-
tion (B). We will show that S satisfies condition (†) of Lemma 3.5. Let
v1, v2 ∈ S and suppose that sup{|[v−1

2 t]| : t ∈ S} ≤ n. Take A to be a finite
non-empty subset of S × S such that

|A \ 5(vi)|+ |vi ·A4A · vi| <
1

2n
|A| (i = 1, 2).

Then using Lemma 3.4 we have
1

2n
|A| > |v2 ·A \A · v2| = |v2 ·A| − |v2 ·A∩A · v2| ≥

1
n
|A| − |v2 ·A∩A · v2|,

and so |v2 ·A∩A ·v2| > (2n)−1|A|. Suppose that for every (s, t) ∈ A∩5(v1),
(s, tv2) 6∈ v2 ·A. Then v2 ·A ∩ A · v2 ⊂ {(s, tv2) : (s, t) ∈ A \ 5(v1)}, so

1
2n
|A| < |v2 ·A ∩ A · v2| ≤ |A \ 5(v1)| < 1

2n
|A|,

a contradiction. Thus for some (s, t) ∈ A ∩ 5(v1), (s, tv2) ∈ v2 · A; in
particular (s, t) ∈ 5(v1), and s ∈ v2S. To see that condition (C) implies
that property (†) holds is similar, but easier: arguing as above let ε = 1/2
in condition (C) applied to v1, v2 ∈ S. Then |v2 · A ∩ A · v2| > 2−1|A| and
|A \ 5(v1)| < 2−1|A|, so the preceding argument completes the proof.

If A is a finite subset of S×S, let φA denote the normalized characteristic
function |A|−11A of A.

Lemma 3.7. Let S be a left cancellative semigroup which satisfies the
following condition in which the sets F and A are to be assumed finite and
non-empty :

(∗) For any ε > 0, F ⊂ S, there exists A ⊂ S × S such that

|A \ 5(v)|+ |v ·A \ A · v| < ε|A| (v ∈ F ).

Then l1(S) has an approximate diagonal comprised of normalized charac-
teristic functions of finite non-empty subsets of S × S.

Proof. Fix A ⊂ S × S, v ∈ S. If for (x, y) ∈ S × S we write [(x, y) · v−1]
= {(s, t) : (s, tv) = (x, y)}, then it is easy to see that A is the disjoint
union

(3.7.1) A =
⋃

(x,y)∈A·v
(A ∩ [(x, y) · v−1]).

Now

φA · v =
1
|A|

∑

(s,t)∈A
(s, tv), v · φA =

1
|A|

∑

(s,t)∈A
(vs, t),
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so

(φA · v − v · φA)(x, y)

=





|A|−1|A ∩ [(x, y) · v−1]| if (x, y) ∈ A · v \ v ·A,

−|A|−1 if (x, y) ∈ v ·A \ A · v,

|A|−1[|A ∩ [(x, y) · v−1]| − 1] if (x, y) ∈ A · v ∩ v ·A,

0 otherwise.
Therefore, using (3.7.1) and left cancellativity we obtain

(3.7.2) ‖φA · v − v · φA‖1
=
∑

(x,y)

|(φA · v − v · φA)(x, y)|

=
1
|A|
[ ∑

(x,y)∈A·v\v·A
|A ∩ [(x, y) · v−1]|+

∑

(x,y)∈v·A\A·v
1

+
∑

(x,y)∈A·v∩v·A
(|A ∩ [(x, y) · v−1]| − 1)

]

=
1
|A|
[ ∑

(x,y)∈A·v
|A ∩ [(x, y) · v−1]|+ |v ·A\A · v|− |A · v ∩ v ·A|

]

=
1
|A| [|A| − |A · v ∩ v ·A|+ |v ·A \A · v|] = 2

|v ·A \ A · v|
|A| .

Also π(φA)v = |A|−1∑
(s,t)∈A stv, so

‖π(φA)v − v‖1 = |(π(φA)v − v)(v)|+
∑

x6=v
π(φA)v(x)(3.7.3)

=

∣∣∣∣
|A ∩5(v)|
|A| − 1

∣∣∣∣+
|A \ 5(v)|
|A| = 2

|A \ 5(v)|
|A| .

(Observe that left cancellativity was not used in the calculation of (3.7.3).)
Let F = {(F, ε) : F ⊂ S finite, ε > 0} and for each γ = (F, ε) ∈ F , choose
Aγ ⊂ S × S to correspond to γ as in (∗); let mγ = φAγ . Then

‖v ·mγ −mγ · v‖1 → 0 and ‖π(mγ)v − v‖1 → 0

follow from the calculations (3.7.2) and (3.7.3).

We now prove Theorem 3.2. (1)⇒(2). This follows from the proofs of
the two theorems found in [5]. As shown in [5], S is a regular amenable
semigroup so it suffices to prove that S contains a unique idempotent (by
regularity it has at least one). Let ES denote the set of idempotents in S
and for each e ∈ ES , let X(e) = eS∩ [ee−1]. In the proof of [5, Theorem 2] it
is shown that the sets X(e) partition ES . But in the proof of [5, Theorem 1]



158 R. Stokke

it is shown that when l1(S) is M -amenable, there can exist at most M
pairwise disjoint sets of the form X(e). Thus when l1(S) is 1-amenable, we
have X(e) = ES for each e ∈ ES. Therefore, if e, f ∈ ES, fe = e. As
l1(S) is 1-amenable, so is l1(Sop) where Sop has product u ◦ v = vu. Hence
e = fe = e ◦ f = f .

(2)⇒(3). Let ε > 0, and let F be a finite non-empty subset of S. From
the Følner condition (FC) which characterizes amenable groups, there is a
finite subset B of S such that

|vB ∩B| > (1− ε/2)|B| (v ∈ F ).

Let A = {(s, s−1) : s ∈ B}. Then A ⊂ 5(v) = {(x, x−1) : x ∈ S} (v ∈ S),
and it is readily verified that x 7→ (x, x−1v) defines a bijection from vB ∩B
onto v·A∩A·v. Therefore |v·A∩A·v| = |vB∩B| > (1−ε/2)|B| = (1−ε/2)|A|,
whence |v ·A4A · v| < ε|A| (v ∈ F ).

(3)⇒(4) is obvious.
(4)⇒(1). We assume that S is left subcancellative, the other case follow-

ing by a symmetric argument. By Lemma 3.6, S is left cancellative and S
satisfies condition (∗) of Lemma 3.7; therefore l1(S) is 1-amenable.

(2)⇒(5) is proved by the argument given in (2)⇒(3).
(5)⇒(1). By Lemma 3.6, S is left cancellative and condition (C) implies

condition (∗) of Lemma 3.7; therefore l1(S) is 1-amenable.

Remarks 3.8. (1) Observe that when S satisfies condition (C), symmet-
ric versions of Lemmas 3.5 and 3.6 show that S is both a left and a right
group, and therefore a group.

(2) Let S be a discrete group. In Lemma 3.7 we saw that condition (B)
naturally yields an approximate diagonal comprised of normalized charac-
teristic functions of finite subsets A of S×S. Similarly, the Følner condition
(FC) gives rise to a net comprised of normalized characteristic functions of
finite subsets A of S which converges to left invariance in l1(S). This suggests
that our conditions (A), (B), and (C) are the “correct” Følner conditions
corresponding to (1-)amenability of l1(S).
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