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Minimal displacement in Hilbert spaces
by

EMANUELE CASINI (Como)

Abstract. We give a lower bound for the minimal displacement characteristic in
Hilbert spaces.

1. Introduction and notation. In this paper we study the minimal
displacement problem. Roughly speaking, this problem is connected with a
quantitative measure of lack of fixed points of a mapping. More precisely,
if X is an infinite-dimensional real Banach space, then, given a bounded,
closed, convex and nonempty set C' in X and a mapping T : C' — C, the
minimal displacement problem is to find the quantity

n(T) = inf{||x — Tz| : x € C},

called the mimimal displacement of T'.

For Lipschitzian mappings in Banach spaces the study of the mimimal
displacement problem started in 1973 in a paper of Goebel ([7]). However
only in 1983 Benyamini and Sternfeld ([2]), following the work of Nowak
([15]), proved that in every infinite-dimensional Banach space there exists
a fixed point-free Lipschitzian mapping from the unit closed ball into itself.
More generally, Lin and Sternfeld proved the following:

THEOREM 1 ([14]). For any nonempty, noncompact, bounded, closed and
convez subset C' of an infinite-dimensional Banach space there exists a Lip-
schitzian mapping T : C — C' for which n(T) > 0.

So if we denote by L£(k) the family of all k-Lipschitzian mappings from
the closed unit ball B(X) into itself, the above mentioned result naturally
leads to the definition of the function

Vx(k) = sup n(T),
TeL(k)
called the minimal displacement characteristic of X, and this function is the
main object of study relating to the minimal displacement problem.
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The essential properties of the function ¢ x (k) can be found in the book
by Goebel and Kirk ([10]). More recent results can be found in [1] and [3]-[6],
[8] and [9].

The aim of this paper is to give a lower bound for the minimal displace-
ment characteristic of X when X is a real infinite-dimensional Hilbert space.

2. Lower bound. In this section we prove the following result:

- 24/V2(k +1)

Yu(k) > 1 : ,

where H is an infinite-dimensional real Hilbert space.

To obtain this lower bound we use the Hilbert space L?[0,1] and the
following mapping: for k > 1 and f € B(L?[0,1]) define T} : B(L?[0,1]) —
B(L?*[0,1]) by

L+ E|f(8)] if 0<t<t(f),
GYIORE SARCA
0 ift(f)<t<1,
where ¢(f) is the only solution in [0, 1] of the equation

V@ +E|f(s)])?ds = 1.
0

This mapping is studied in [4], where it is proved that
(1) If =Tufll = 1= 1/k.
We show that this map has a particular Holder property.
PROPOSITION 1. For every f,g € B(L*[0,1]),
T3 f = Tig|l* < 2k f — g]-
Proof. Let f,g € B(L?[0,1]) and suppose t(f) < t(g). Then

) )
T f = Tagl* = § (kIF1 = Klgl)® + § (1+Klg))

0 f)
) o)
= | (kA= FKlgD)>+1- | (1+k[g])
0 0
) ) o)

= | (kIfI—KlgD?+ | @ +&IFD)* = § 1+ Klg)?
0 0 0
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t(f)
= | (FIf1? +K|g]” — 282 | fg| + 1 + 2k|f| + K| £ — 1 — 2klg| — k?|g]*)

t(f)
= | @K2IF1P = 2871 f1 |9l + 2k(1f] = |9])
0

t(f) t(f)
= [ 2K(Uf1 g1+ KIFD < 2% 1F — gl(1 + kI
0 0
t(f) t(f)
/
<ok §1r—o) (T r?)” <o ol w
0 0

REMARK. In [4] it is proved that
T2 f = Tugll® < K2 f = glf” + 2k(k + DI f - gll-
The map we have described is obviously not Lipschitzian so we shall

use the technique of [13] (see also [4], [10]), that is, first we restrict the

map to a particular subset W of B(L?[0,1]) on which the restriction is a
Lipschitzian map and then we extend this restriction to the space H using
the Kirszbraun extension theorem ([11]). However, to obtain a better bound,

we shall be more careful in the choice of W than in [13] .
In fact we will use the following theorem:

THEOREM 2 ([12]). Let & be an infinite cardinal number for which £¥0 =¢.
Then I5(€) contains a \/2-dispersed proziminal set W such that inf{||z —w|| :
we W} <1 for all € Iy(€).

We recall that a subset W of X, with at least two points, is d-dispersed
if ||z — y|| > ¢ for each pair x,y of distinct points of W. A subset W of X
is proziminal if for each x € X there exists an element w(x) € W such that
|z — w(x)|| = dist(z, W).

Choose ¢ > 0 and consider the set W = eW N B(l2(¢)) in the Hilbert
space l2(§). Obviously if z,y € W we have

lz —yll > ev2
and for every = € B(l2(§)) there exists a z € W such that
le = 2| <e.

We embed L2[0, 1] in I5(£) as a closed subspace and we denote by P the
orthogonal projection onto it. If 75 = T1 P then

| T — Toy|l® < 2k|[ Pz — Py|| < 2k|z o]
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and, by (1),
|z — Toz||® = ||z — Pz + Pz — Ty Pz||* = || — Pz||* + || Pz — Ty Pz|?
> ||z — Pzl + (1 —1/k)2 > (1 — 1/k)2.
Now let 73 be the restriction of 75 to W. Then T3 is a Lipschitz mapping

with constant \/\/Ek:/s. In fact, if x,y € W, we have

2k||z — y2
1Tse — Tyl < /2o — gl < | 2202812 ” AR

Using the Kirszbraun theorem we extend T3 to all l3(€) keeping the same
Lipschitz constant and we call this extension 7. Notice that 7} takes values
in co(T3(B(12(£)))) € B(L?[0,1]). Finally, denote by T the restriction of T
to B(L?[0,1]). Obviously 7T is a Lipschitzian mapping from B(L?[0,1]) to
B(L?[0,1]) with Lipschitz constant /v/2k/e.

Now let x € B(L?[0,1]) and take z € W such that ||z — y|| < . We have

T2~z = l2 ~ (2 ~ 2) ~ Taz — (Tyz — Ta)|
> ||z = Tuz|| = |lz — 2| = [Tz — T|

> (1—1/k) —e —e\/V2k/e.
Yr2(\/V2k/e) > (1 —1/k) —e —e\/V2k/e

and from this inequality we obtain

So

VYr2(k) > 1 - £ —e(1+k).

Elementary computations show that the optimal choice is € = v/2 JkVEk + 1.

So we obtain
2/V2(k +1
o Wv2k+ D)

) vn(k) > .

REMARK. In [4] it is proved that

24¢
>1— — .
vuk) 21 l1+e(e+2)k2 -1 etk 1)
This formula seems to be more difficult to handle when you try to find
explicitly the optimal value of €. As the author of [4] notices, the value of
¥ (50) is greater than 0.25 (taking ¢ = 0.005). Formula (2) gives a value
greater than 0.66.

REMARK. Also formula (2) allows one to find a lower bound of ¢/(1). In
fact since the function ¢ x is concave with respect to 1 (see [10, p. 215]), if
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(k) = m(k—1) is the tangent line to the function f(k) = 1-24/v2(k + 1)/k
we obtain ¢/'(1) > m. Numerical methods show that ¢/'(1) > 0.026. To obtain
a good lower bound for (1) is particularly important since this value is
directly related to the Lipschitz constant of the retractions of the unit ball
onto the unit sphere (see [9]).
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