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A Kiinneth formula in topological homology and
its applications to the simplicial cohomology of (*(Z*)

by

F. GOURDEAU (Québec), Z. A. LyKovAa (Newcastle upon Tyne)
and M. C. WHITE (Newcastle upon Tyne)

Abstract. We establish a Kiinneth formula for some chain complexes in the cat-
egories of Fréchet and Banach spaces. We consider a complex X of Banach spaces and

~

continuous boundary maps d,, with closed ranges and prove that H™(X’) & H, (X)’, where
H,(X) is the dual space of the homology group of X and H"(X”’) is the cohomology group
of the dual complex X’. A Kiinneth formula for chain complexes of nuclear Fréchet spaces
and continuous boundary maps with closed ranges is also obtained. This enables us to
describe explicitly the simplicial cohomology groups H™(¢*(Z% ), ¢*(Z%)") and homology
groups H, (£*(Z%), £ (Z%)) of the semigroup algebra £*(Z%).

1. Introduction. One of the most difficult problems in the homology
of topological algebras is the calculation of the Hochschild homology and
cohomology of algebras; see [7, 5]. In this paper we consider Banach and
Fréchet algebras which can be represented as complete projective tensor
products A ® B of algebras A and B, and obtain the descriptions of the
Hochschild homology H,(A® B, X ®Y) of the algebra A & B with the aid
of a Kiinneth formula (Corollary 6.4). For the explicit descriptions of the
cohomology groups of A® B of Banach algebras A and B with coefficients in
dual bimodules we use the following result. If either the homology of a chain
complex X of Banach spaces, or the cohomology of the dual complex X’
is formed of Banach spaces, then both are Banach spaces and further, the
cohomology group H™(X’) is topologically isomorphic to the dual of the
homology group H,(X) (Corollary 4.9).

The main tool in this paper is a Kiinneth formula for bounded chain
complexes X' and ) of Fréchet spaces and continuous boundary maps with
closed ranges. In Theorem 5.2 we prove that, under certain topological con-
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ditions, there is a topological isomorphism

D Hn(X) & H (V) = Ho(X ).
m-+q=n

It is important to mention that we obtain the Kiinneth formula in the cate-
gory of Fréchet spaces and continuous operators, and so we need the notion
of strict flatness (Def. 4.2) to deal with this topological case. Recall that the
Hochschild homology and cohomology groups of a Fréchet algebra can also
be calculated by using the C-relative homological theory which can be found
in [7]. One of the main topological conditions in Theorem 5.2 is the topolog-
ical purity of some short exact sequences of Fréchet spaces. This condition
allows us to deal with the known problem in the category of Fréchet spaces
that the projective tensor product of injective continuous linear operators
is not necessarily injective. We study properties of topologically pure short
exact sequences of Fréchet and Banach spaces in Section 3, and properties
of strictly flat and strictly injective Banach spaces in Section 4.

The most interesting result of Section 4 is Theorem 4.8. For a chain
complex X of Banach spaces and continuous boundary maps with closed
ranges and for a non-zero strictly injective Banach space I, there is an
isomorphism of Banach spaces

L(Hy(X), I) = H"(L(X, I)),

where L(F, E) is the Banach space of continuous operators from the Banach
space F' to the Banach space F.

In Section 6 we show that the Hochschild homology group H,(A ® B,
X ®Y) of the projective tensor product of unital Fréchet algebras A and B
is the homology group of the tensor product of the appropriate Hochschild
chain complexes. Under certain topological conditions on Hochschild chain
complexes, we show that, up to topological isomorphism,

Ha(ABB,XRY)= P [Hm(A X)BHy(B,Y)),
m-+q=n
where X is a Fréchet A-bimodule and Y is a Fréchet B-bimodule.

In Section 7 we apply the above results to the calculation of the simplicial
homology H,(¢*(Z%),¢1(Z%)) and cohomology H™(¢*(Z% ), (1(Z%)') of the
unital semigroup algebra ¢1(ZX ) = (1(Z,) &0 (Z’fl), k > 1.In Theorem 7.5
explicit descriptions of the simplicial homology and cohomology of €1(Zﬁ)
are given. For example, we prove that

(1) H™(eN(ZE), M (Zh)) = 0 if n > K,

(2) Hr (e (Zh), (2 )) = QW (" & A ") i n <k,
where A= 01(Z4) ={(an)2g : Yoo lan| < oo} is the unital semigroup alge-
bra with convolution multiplication on Z and norm ||(an)S2 |l = > oey |anl,
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and Z = ¢*(N) is the closed ideal of £}(Z ) consisting of those elements with
ag = 0.

2. Definitions and notation. We recall some notation and terminol-
ogy used in homology theory. These can be found in any textbook on ho-
mological algebra, for instance, see MacLane [13] for the pure algebraic case
and Helemskii [7] for the continuous case.

The categories of Fréchet and Banach spaces and continuous linear oper-
ators are denoted by Fr and Ban respectively. For a Fréchet algebra A, the
category of left Fréchet A-modules is denoted by .A-mod and the category
of Fréchet A-bimodules is denoted by .A-mod-A.

A chain complex X in Fr (resp. in Ban) is a family of Fréchet (resp.
Banach) spaces X,, and continuous linear maps d,, (called boundary maps)

dp—2 dp—1 d dn+1
e Xn—l‘n Xy n—i—l‘n Xn+2<_"'

such that Imd,, C Kerd,,_1. The subspace Im d,, of X,, is denoted by B, (X))
and its elements are called boundaries. The Fréchet (resp. Banach) subspace
Kerd,,—; of X, is denoted by Z,,(X') and its elements are cycles. The homol-
ogy groups of X are defined by H,(X) = Z,(X)/Bn(X). As usual, we will
often drop the subscript n of d,. If there is a need to distinguish between
various boundary maps on various chain complexes, we will use subscripts,
that is, we will denote the boundary maps on X by dy. A chain complex X
is called bounded if X, = {0} whenever n is less than a certain fixed integer
N eZ.

Throughout, given a chain complex X" in Fr (or in Ban), we will consider
the following short exact sequences:

dn—l

0 — Zn(X) 2 X, =5 B, 1(X) — 0,
0 — Bn(X) 2% Z,(X) I H,(X) — 0,

where i, is the natural inclusion map from Z,,(X') into X, j, is the natural
inclusion map from B, (X) into Z,(X), dn_1 is the boundary map seen as
mapping into its image, and o, is the quotient map. Here the notation d is
an instance of one we shall use repeatedly: given a continuous linear map
0 : FE — F, the map 0 is the surjective map 0 : E — Im6 defined by

0(t) =6(t).

The short exact sequence of Fréchet spaces and continuous linear oper-
ators 0 = Y 5 Z L W — 0 is called admissible if there exist continuous
operators f: Z — Y and a: W — Z such that foi =1y, joa = 1y and
1o+ aoj = 1z. Recall that admissibility is equivalent to the existence of a
continuous operator 3 : Z — Y such that foi = 1y. A short exact sequence
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of Fréchet spaces and continuous linear operators 0 — Y — Z Lw—=o0is
weakly admissible if the strong dual short exact sequence is admissible.

Let K be one of the above categories of Fréchet (or Banach) A-modules
and their morphisms. A complex of Fréchet A-modules and their morphisms
is called admissible if it splits as a complex of Fréchet spaces [7, II1.3.11].
For Y € A-mod-A a complex

0eYERE PP ... (0—Y«P)
over Y is called a projective resolution in A-mod-A if it is admissible and
all the modules in P are projective in .A-mod-A [7, Definition II1.2.1].

For a unital Fréchet algebra A, the algebra A° = A ® A is called the
enveloping algebra of A, where A°P is the opposite algebra of A with mul-
tiplication a - b = ba. For Y, X € A-mod-A, we shall denote by Torﬁe (X,Y)
the nth homology of the complex X ® 4 P, where 0 < Y « P is a projec-
tive resolution in .A-mod-A [7, Definition I11.4.23]. Here ® is the projective
tensor product of Fréchet (resp. Banach) spaces [3], [7, I1.4.1], and & 4 is the
projective tensor product of left and right Fréchet (resp Banach) A-modules
(see [15]). Note that by X®° &Y we mean Y, by X®! we mean X and by
X®" we mean the n-fold projective tensor power X @ --- ® X of X.

Given a Fréchet (resp. Banach) space E and a chain complex (X, d)
in Fr (resp. in Ban), we can form the chain complex E & X of the Fréchet
(resp. Banach) spaces E ® X,, and boundary maps 1g ® d. Definitions of
the totalization Tot(M) of a bounded bicomplex M and the tensor product
X ® Y of bounded complexes X and Y in Fr can be found in [7, Defini-
tions I1.5.23-25]. Recall that X ®) := Tot(X & ) for a bounded bicomplex
XRY.

Finally, throughout the paper 1x : X — X denotes the identity operator
and 2 denotes an isomorphism of Fréchet (or Banach) spaces, as appropri-
ate. Many of our proofs depend on the Open Mapping Theorem for Fréchet
spaces; one can find it in [4, Theorem 6.4.5].

3. Topologically pure extensions of Fréchet spaces and
homology groups

DEFINITION 3.1. A short exact sequence of Fréchet (resp. Banach) spaces
and continuous linear operators

0—-Y 5zLwoo

is called topologically pure in Fr (resp. in Ban) if for every X € Fr (resp.
X € Ban) the sequence

0— XY X% xo7 X% xaw — o
is exact.
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An extension of Fréchet algebras is called topologically pure if the un-
derlying short exact sequence is topologically pure in Fr. One can find the
definition and properties of topologically pure extensions in [2] and [12] for
the Fréchet case, while the Banach case is treated in [11]. Recall that ex-
tensions of Fréchet spaces which satisfy one of the following conditions are
topologically pure:

(i) admissible or weakly admissible extensions;
(ii) extensions of nuclear Fréchet spaces ([5, Theorems A.1.6 and A.1.5]);
(iii) extensions of Fréchet algebras such that Y has a left or right bounded
approximate identity.

The reason for the introduction of topologically pure extensions of
Fréchet algebras is that they allow one to circumvent the known problem
that the projective tensor product of injective continuous linear operators
is not necessarily injective, as well as ensure that (1x ®i)(X @ Y) is closed
inX®Z.

LEMMA 3.2. A short exact sequence of Banach spaces and continuous
linear operators

(1) 0=Y5z2Lw-=o0
is weakly admissible in Ban if and only if it is topologically pure in Ban.

Proof. This follows from [3, II.1.8f and Remark after II1.1.9]. See also
[11, Lemma 3.3] for a proof that a weakly admissible short exact sequence
is necessarily topologically pure. =

The following result for the pure algebraic case can be found in
[13, Lemma V.10.3].

PROPOSITION 3.3. Let G be a Fréchet (resp. Banach) space, let X be
a chain complez in Fr (resp. in Ban) such that all boundary maps d have
closed range, let GRX be the chain complex with boundary maps 1¢®d, and
let n € Z. Suppose that, for k =n — 1 and for k = n, the exact sequences
of Fréchet (resp. Banach) spaces

(2) 0 Zu(X) % Xy 225 By (2) 0,
(3) O—>Bk(X)—>Zk(X)—>Hk(X)—>O

are topologically pure in Fr (resp. in Ban). Then the natural inclusions
induce topological isomorphisms:

(i) G & Zn(X) = Zy(G & X),

(ii) G ® Bn(X) = B, (G ® X),

(iii) G & Hy(X) = G®Z(MMM®LMG®Bwﬂ)
Zn(GR X)/By(G®X) = Hy(G® X).

In particular, the baundary map lg ® d,, also has closed range.
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Proof. For k = n — 1 or k = n, since the sequence (3) is topologically
pure, the sequence
0— G®Bp(X) €% ¢ & Z,(X) 1€2% ¢ & Hy(X) — 0
is exact. Therefore 1¢ ® ji is injective, Im(1g ® ji) is closed and
(4) G ® Hy(X) = G ® Zy(X) /(16 © ji) (G © B(X)).

By the Open Mapping Theorem, (1g ® ji)(G & B(X)) =2 G ® By(X), so
that 1g ® ji : G ® Br(X) — G & Z(X) identifies G ® By (X) as a closed
subspace of G & Z;,(X).

For k =n —1 or k = n, since the sequence (2) is topologically pure, the
sequence

1o®ig

0= GO Zy(X) 2% ¢ g x,, 1e2%1

G ® Bp_1(X) = 0
is exact. Therefore 1¢ ® iy is injective and
Im(lg ® i) = Ker(lg ® dj_1).
Hence, by the Open Mapping Theorem,
(5) G ® Zp(X) 2 Ker(lg ® di_1).
For k =n —1 or kK = n, consider the commutative diagram

1g®dk

G® Xkt1 G ® X;,
1G®Ek =R /G(g(ikojk)
G @ By(X)

O/ \0

Since a projective tensor product of surjective continuous linear operators
is surjective, 1 ® dj, is surjective and

(g ® dp) (G ® Xpp1) = G ® Bi(X).

Therefore, since the diagram is commutative, 14 ® di has the same image as
16®(ixojk ). We have proved that 16®(ixojk) is injective. As Im(1a®(ix0jk))
is closed, by the Open Mapping Theorem,

Im(lg ® di,) = Im(1g ® (ig 0 jx)) = G & Bi(X).
Hence
(6) Br(G®X) = G® Bi(X),
and this proves (ii). Note also that Im(1¢ ® di) = Im(1g ® dy).
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We have proved that 1g ® (i o ji) is injective, so that
Ker(lg ® dy) = Ker(1g ® dy).
Therefore, by (5),
(7)) Zn(GRX)=Ker(lg @ dp_1) = Ker(lg @ dp_1) = G @ Zy(X).

This proves (i).
Finally, by (7), (6) and (4), we have the following topological isomor-
phisms:

Hy(G®X)=Z,(G®X)/B,(G® X)
=~ G ® Zn(X)/(16 ® jn)(G® Bp(X)) 2 G ® Hy(X). u

4. Strictly flat Fréchet spaces and homology groups. The follow-
ing two definitions are equivalent to those given in [7, Chapter VII].

DEFINITION 4.1. A Fréchet (resp. Banach) space I is strictly injective
if for every pair of Fréchet (resp. Banach) spaces E and F, for every injec-
tive continuous linear operator ¢ : F — F with closed range and for every
continuous linear operator # : £ — I, there is a continuous linear operator
¥ : F — I such that ¥ oi =0.

DEFINITION 4.2. A Fréchet (resp. Banach) space G is strictly flat if for
every short exact sequence of Fréchet (resp. Banach) spaces and continuous
linear operators 0 - X — Y — Z — 0, the short exact sequence

0-GX —-GRY -GRZ —0

is also exact.

LEMMA 4.3. Let
(8) 0-YSzLwoo

be a short exact sequence of Banach spaces and continuous linear operators.
Suppose W is strictly flat in Ban. Then the sequence (8) is weakly admissible
and therefore is topologically pure in Ban.

Proof. Since j is surjective, the dual map j* : W* — Z* is injective
and has a closed range. By [7, Theorem VII.1.14], W* is strictly injective.
Therefore, for j* : W* — Z* and the identity operator 1y« : W* — W*,
there is a continuous linear operator 6 : Z* — W™ such that 6 o j* = Ly«
Thus the sequence (8) is weakly admissible and, by [11, Lemma 3.3], is
topologically pure.

LEMMA 4.4. Let 0 : E — F be a continuous linear map with closed range
between Fréchet (resp. Banach) spaces and let G be a strictly flat Fréchet
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(resp. Banach) space. Let the maps k and q be defined by the exact sequence

0—Ker0 5 ELFL F/Imo— 0.
Then

(i) the sequence

9 0—GO&Kerd 2 cor 1% car 9% ¢ & (F/Imb) — 0

18 exact,

(i) G®Imb = Im(lg ® i) = Ker(lg ® ¢) = Im(1g ® ),

(iii) Ker(1lg ® 0) = Ker(lg ® ) = Im(lg ® k) =2 G @ Imk = G & Ker ¥,
where i : Im 0 — F is the natural inclusion.

Proof. Consider the commutative diagram

0 — Ker6 E F F/Imf —0
N A
Imé
0 0

The extra term Im6@ produces two short exact sequences. Tensoring this
diagram with G maintains exactness of the short exact sequences as G is
strictly flat:

1g®0

~ lg®r —~ ~ 16®q ~
00— GQKerd —GQRF GRF—>GQRF/Imd —=0

G®Imo
0/ \0

It can be argued directly that the long sequence is exact, but this also follows
from [7, Definition VII.I.3 and Proposition VII.1.4]. Either way, the sequence
(9) is exact.

We now observe that 15 ® 0 is surjective and since the diagram is com-
mutative, 1¢ ® 6 has the same image as 1g ® i. By the Open Mapping
Theorem, G ® Im# = Im(1g ® 7). By the exactness of

0—-G&Imo €25 G & F 2% G& (F/Imb) — 0,

Im(1lg ®1i) = Ker(1g ® q). Hence we have
G®Im=Im(lg®i) =Im(lg ®0) = Ker(lg ® q).
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Next observe that 1g ® ¢ is injective, so that
Ker(lg ®0) = Ker(lg ® 0) = Im(1g ® k) 2 G @ Imk = G @ Ker 6. =

PROPOSITION 4.5. Let G be a strictly flat Fréchet (resp. Banach) space,
let X be a chain complez in Fr (resp. in Ban) such that all boundary maps
dy, have closed range, and let G ® X be the chain complex with boundary
maps 1lg ® d,,. Then, for all n, the natural inclusions induce topological
isomorphisms:

(i) G® Zn(X) =2 Z,(G & X),
(ii) G ® Bp(X) = B, (G ® X),
(iil) G ® Hp(X) = G ® Zn(X)/(1g ® jun)(G & Bu(X))
>~ 7,(G® X)/B,(G®X) = H,(G® X).

In particular, all boundary maps 1g ® d, also have closed range.

Proof. The first statement follows directly from Lemma 4.4 applied to
the map d,,_1, since

Zn(G®X) =Ker(lg ®dn_1) 2 G@Kerd,_1 = G® Z,(X).

The second statement follows from the same Lemma 4.4 applied to the

map dj, since
B,(G®X)=Im(lg ®d,) 2 G ®Imd, = G ® B, (X).

Lemma 4.4 also shows that 1 ® d,, has closed range.

Since G is strictly flat, for the short exact sequence of Fréchet (resp.
Banach) spaces

0 — Bn(X) 25 Z,(X) 25 H,(X) — 0,

the sequence

O G B Zn(X) 22 G B Ha(X) — 0

is also exact, and therefore 15 ® 7, is injective, Im(1g ® j,) = Ker(1lg ® o,,)
and

0— G® By(X) =25

G & Hp(X) = (G 8 Zu(X))/(16 @ jn)(G & Bu(X)).
By the Open Mapping Theorem, 16 ®7j, : GRB,(X) — G® Z,(X) identifies
G ® B,,(X) as a closed subspace of G ® Z,(X). Hence, by (i) and (ii),
G & Hp(X) =G ® Zo(X)/(1g ® jn)(G & By(X))
>~ 7,(GRX)/By(GRX) = H,(GRX). u

Let us denote the Banach space of continuous linear operators between
Banach spaces X and Y by L(X,Y) and, for ¢ : X — W, let h(¢) :
L(W,Y) — L(X,Y) : v — yo¢. The next lemma is analogous to Lemma 4.4.
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LEMMA 4.6. Let 0 : E — F be a continuous linear map with closed
range between Banach spaces and let I be a strictly injective Banach space.
Let the maps k and q be defined by the exact sequence

0—Ker % E-%F -4 F/Imo — 0.
Then

(i) the sequence

0— LKer0, 1) ™ r(e, ) ™ 17, 1) ™ L(F/tmo, 1) —0

18 exact, B

(ii) L(Im#, I) = Ker h(k) = Im h(0) = Im h(0),

(iii) L(F/ImO,I) = Im h(q) = Ker h(i) = Ker h(0), where i : Im0 — F
1s the natural inclusion.

Proof. We consider the commutative diagram

0 —Ker =~ E ‘ F— F/lmf ——0

Since I is strictly injective, by [7, Proposition VII.1.12] the extra term
L(Im#, I') produces two short exact sequences:

h(6) h(

L(F,I) 29 L(F/Im6,I) <— 0
% %

L(m#,I)
0 / \ 0

We now observe that h(i) is surjective and so h(f) has the same image

as h(#), which by exactness is the kernel of h(x). Hence we have

0 <— L(Ker, 1) << L(E, T)

L(Im#, ) = Ker h(x) = Im h(d) = Im h(6).

Next observe that h(6) is injective, so that Ker h(i) = Ker h(6). By the Open
Mapping Theorem,

L(F/Im@,I) = Imh(q) = Ker h(i) = Ker h(6). =

It follows from Lemma 4.6(ii) that if a morphism of Banach spaces 6 :
E — F has closed range, then so does h(0) : L(F,I) — L(FE,I) for a strictly
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injective module I. The converse of this result also holds when I # {0} and
will be used in Theorem 4.8. In fact, we have the following lemma.

LEMMA 4.7. Let 0 : E — F be a continuous linear map between Banach
spaces, let W be a non-trivial Banach space and let h(0) : L(F,W) —
L(E, W) be the induced map. If h(0) has closed range, then so does 6.

Proof. Fix a non-zero wg € W and A € W' such that A\(wg) = 1. Let
Ap i L(F,W) — F' be defined by Ap(T)(f) = M(T(f)), where T € L(F,W),
f € F, with a similar definition for A\g : L(E,W) — E’. Consider the
following commutative diagram, where 6* : F/ — E’ is the dual map:

L(Ew) 2% e w)

AFl lAE

A

We shall prove that 6* has closed range, which is equivalent to # having
closed range (see, for instance, [8, Lemma 1.1]).

The continuous linear map fr : F' — L(F,W) defined by Br(f)(y)
= f(y)woy, for y € F and f € F’, is a right inverse to A\r . Similarly, fg :
E' — L(E,W) is a right inverse to Ag. Now consider a sequence
gn = 0*(fn), n € N, with g, tending to go in norm in E’. Then
h(O)[Br(fn)] = BE(gn). Therefore Br(gy) is a sequence in Im h(6) which
tends to Br(go). As h(f) has closed range, there exists Ty € L(F, W) such
that h(0)(Th) = Br(go). As the diagram commutes, we get 6*(A\p(Tp)) =
Mg © BE(g0) = go and 6* has closed range. m

A corollary of the following theorem will allow us to determine the co-
homology groups knowing the homology groups, provided they are Banach
spaces.

THEOREM 4.8. Let X be a chain complex in Ban and let I be a non-
trivial strictly injective Banach space. Let the cochain complex L(X, 1) con-
sist of the Banach spaces L(X,,I) with induced boundary maps h(dy). If
either h(d,) has closed range for all n, or d, has closed range for all n,
then

L(H,(X), I) = H"(L(X, I)),

where H"(L(X,I)) = Ker h(d,,)/Im h(d,,—1) and the isomorphism is of Ba-

nach spaces.

Proof. 1If either h(d,) has closed range for all n or d,, has closed range
for all n, then Lemma 4.6 (ii) or Lemma 4.7 implies that d,, and h(d,) have
closed range for all n. We consider the following commutative diagram as in
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[13, Lemma V.10.3]:

Here again all the maps have closed range.

We form a new diagram by taking continuous linear operators into I,
adding the kernel Z"(L(X,I)) = Kerh(d,) of h(d,) and the image
B"(L(X,I)) =Imh(d,—1) of h(dn—1):

0 0

|

h(in
0<— L(By(x), 1) 21

h(on
L(Za(2), 1) 27 L(H, (), 1) <0
h(gn)l h(jn)

h(dn 7
L(Xpi1, 1) LGN L(X,, 1) z

Z"(L(X,I))<=—0

h(dn—1) Tz‘B

L(Xn 1, D)"Y B(r(x, 1) —— 0

where h(dp—1) : L(Xp-1,I) — Imh(dnp—1) : v — [h(dn-1)](7) = v o dn-1.
This diagram commutes and has exact rows and columns. Exactness follows
from Lemma 4.6 for the first line; from the definition of Z™(L(X,I)) for the
second line; and from Lemma 4.6 for the first and second column. Commu-
tativity only needs to be checked for the square involving the two added
terms, namely Z"(L(X,I)) and B"(L(X,I)), and this is obvious. The fact
that B"(L(X,I)) is closed follows from the exactness of

—_—

L(Xn_1,1) L(Xn, I) 22 L(Z,(X), 1) — 0.

Therefore this diagram is one of Banach spaces and maps with closed range.
Let us define a map ¢ : Z"(L(X,1)) — L(H,(X),I) by the formula

-1

Y= h(an) o h(]n) oiz,

——1 —_—

where h(o,) is the inverse of the topological isomorphism h(oy,)
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L(Hn(X),I) — Imh(oy) : v+ h(oy)(7). It is now a standard diagram chas-
ing argument to show that ¢ is well defined and surjective. Let us give this ar-
gument. An element z € Z"(L(X,I)) is sent by h(d,)oiz to 0in L(X,41,1)
and therefore, since h(dy) is injective, [h(in) o h(jn) 0 iz](z) = 0. Hence the
element [h(jy) 0 iz|(z) of L(Z,(X),I) belongs to Ker h(i,) = Imh(oy,), by
exactness of the first line of the diagram. Thus ¢ is a well defined con-
tinuous linear operator. To show that this map is surjective, starting with
v € L(Hp(X),I), we get u = h(oy,)(v) € L(Z,(X),I), and, since h(jy) is
surjective, there is t € L(X,,I) such that h(j,)(t) = u. It is easy to see
that t € Ker h(d,) and therefore it lifts uniquely to z € Z"(L(X,I)) and
o(z) =wv. -

One can see that ig(B"(L(X,I))) C Ker ¢, since h(d,—1) is surjective
and [h(jn) o h(dn—1)](y) = 0 for any y € L(X,—1,I). Suppose z € Ker ¢,
hence [h(jn) 0iz]|(z) = 0. This implies that iz(z) € Ker h(j,) = Imh(d,—1),
so that there is y € L(X,,—1,I) such that h(d,—1)(y) = iz(z). Since iz is
injective, z = ig(h(d,—1)(y)). Thus Kerp = ig[B"(L(X,I))]. The proof is
complete. m

Note that this is a strengthening of [8, Lemma 1.1 and Corollary 1.3]
where I = C. Let us state precisely the general result for I = C.

COROLLARY 4.9. Let X be a chain complex of Fréchet (resp. Banach)
spaces and X' the strong dual cochain complex. Then the following are equiv-
alent:

(
(

(
(
(

1) H,(X) =Kerd,,—1/Imd, is a Fréchet (resp. Banach) space;
2) B, (X) =1Imd, is closed in X,;
3) dy, has closed range;
4) the dual map d" = d}, has closed range;
5) B"TL(X') = Imd}, is strongly closed in (Xn41)'
In the category of Banach spaces, they are equivalent to:
(6) B"*Y(X') is a Banach space;
(7) H"(x') = Kerd;,,,/Imd;, is a Banach space.

Moreover, whenever H,(X) and H™(X') are Banach spaces, then
H™"(X') = H,(X).
Proof. We can consider the chain complex

c— 00— X, 1<—X g—Xn+1<—O<—---

where all but the three X terms are replaced by zero. The equivalence of
(1)—(4) is a part of [4, Theorem 8.6.13], and (5) is clearly equivalent to (4).
Statements (6) and (7) are also clear.
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For the last statement, note that d,,_1 has closed range because H"(X") =
Kerd} /Imd;}_, being a Banach space implies d}_; has closed range, while
d,, having closed range follows from H, (X) = Kerd,—1/Imd,, being a Ba-
nach space. Therefore we can apply Theorem 4.8 to this complex with I = C
to get H"(X') =2 Hp(X). =

Note that the previous result implies in particular that for a chain com-
plex X of Banach spaces, the H,(X') are Banach spaces for all n if and only
if the H™(X") are Banach spaces for all n.

5. The Kiinneth formula. The proof of the Kiinneth formula we will
give is an adaptation of the proof given in [13] to the topological case. A part
of the topological requirements will be verified using the following result,
which is very close to [1, Lemma 7.1.32] or [7, Lemma 0.5.9]. We recall that
a map 1" between topological spaces is relatively open if it is open when seen
as mapping into its image.

LEMMA 5.1. Let X and Y be chain complezes in Fr (resp. in Ban) and
let ¢ : X — Y be a continuous morphism of complexes of Fréchet (resp.
Banach) spaces. Suppose that for some n,

s = Hn(p) : Hp(X) — Hn(Y)

has closed range. Then @, is relatively open. In particular, if v is surjective,
then it is open.

Proof. Let W = ¢, (H,(X)) and let oy : Z,(Y) — Hp,(Y) be the quo-
tient map. As W is a closed subspace of H,()), (o) (W) =V is a closed
subspace of Z,()) which contains B, ()) = (0y) %(0). Denote by d the
boundary maps on X and by dy the boundary maps on ), and consider the
map

Y:Kerd, 1 @Y1 =V, (2,y) = pnlz) + (dy)n(y)-

By assumption ¢, maps H,(X') onto W, which implies that 1) is a surjective
morphism of Fréchet spaces. Therefore, by the Open Mapping Theorem,
1) is open.

Let ¢, : H,(X) — W be ¢ seen as mapping into its range. Consider the
diagram

Kerd,—1 ® Y41 S Kerd, 1 —>= H,(X)

wl la*
q
Vv w
in which j is a projection onto a direct summand, o is the natural projection

and ¢ : V. — W is defined by ¢(v) = oy(v) in W. Obviously this diagram is
commutative. Note that ¢ is itself a projection as By, (X) C V, and therefore
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q is an open map. As 9 is also an open map, so is go) = p,o000j. Since goj
is continuous, @, is open, which is the same as ¢, being relatively open. m

THEOREM 5.2. Let X and ) be bounded chain complezes in Fr (resp.
in Ban) such that all boundary maps have closed range. Suppose that the
following exact sequences of Fréchet (resp. Banach) spaces are topologically
pure for all n:

(10) 0= Zn(X) 5 X, 2% B, 1(X) — 0,
(11) 0 — Bn(X) L Zy(X) 2 Ho(X) — 0.

Suppose also that one of the following two cases is satisfied.

CASE 1. The following exact sequences of Fréchet (resp. Banach) spaces
are topologically pure for all n:

(12) 0= Zu(¥) 5 Yo 2 By () — 0,
(13) 0= Ba(Y) L Zn(Y) 2 Ha(Y) — 0.

CASE 2. Z,(X) and By(X) are strictly flat for all n.
Then, up to topological isomorphism,
D [Hn(X) & H (V)] = Ho(X & Y).
m—+qg=n
Proof. We regard the families Z,,(X) and D,, = B,,—1(X) as bounded

chain complexes of Fréchet (resp. Banach) spaces with zero boundary. Since,
for all n, (10) is topologically pure, the sequence of chain complexes

0= Z2X)Sx %D 0
is also topologically pure, and, for all m and g,

~

(X 8 JX®1Yq ~
m

1®1

0— (Z (X) ® Y)
is exact. Note that

XY= P XndY,

m—+q=n
Therefore the sequence
(14) 0-2(X) Y 22 x5y X pgy o

is also an exact sequence of chain complexes of Fréchet (resp. Banach) spaces.
This leads to a long exact homology sequence

(15) = Hyn(PBY) 25 Hy(2(X) 8 Y) 2B (v & )
Mﬂna)@y) Ean_l(Z(X)@)y) .
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It follows from [7, Theorem 0.5.7] that the induced maps E,,, H,(i ® 1y)
and Hy,(dy ® ly) in this long exact sequence are continuous.
By assumption (11), for all m, the sequence

0= Dips1 2 Zin(X) S Hop(X) — 0
is topologically pure. Therefore, since Hy(Y) is a Fréchet (resp. Banach)
space, the sequence

J®1m, (v o®1Hg(y)
_ ) —_

0= D10 Hg (D) Zin(X)@Hy(Y Hpn (X)®Hg(Y) — 0

is exact. Now take the direct sum over m 4+ ¢ = n to obtain

0= P [Duss & Hy(Y)

m-+q=n
T D (2a(X) B HO) T D () E Hy(Y)] -0

m-+qg=n m-—+q=n
The vertical maps p; and py of the following diagram are the topological
isomorphisms arising from Proposition 3.3 or Proposition 4.5:

0= B (D1 ® Hy(W) 2L @ (2 (X) & Hy (V) 2 @D [Hin(X) & Hy(P)] — 0
m+q=n m+g=n m+g=n

H,o1(D®Y) ———— H,(Z2(K)®Y)

Note that all spaces of the diagram are Fréchet (resp. Banach) spaces.

Now we have to prove that the square is commutative. Since all linear
operators are continuous, it is enough to show that for a tensor > z;®qy(y;)
€ Dyyi1 ® Hy(Y), where gy(y;) is the homology class of y;,

Ent Opl(Z%’ ® Qy(yz')) =p2o(j® 1H)<sz' ® Qy(yz'))-

On the right hand side, we have

p2o(j® 1H)<Z.’L'z ® Qy(yz')) = QZ(K)®y<Z$i ® yz)

(using Proposition 3.3 or 4.5 for the definition of p9).
Similarly, on the left hand side, we have

pl(in & w(%)) = QD@;(Z% & yz>

The connecting homomorphism E,,; from the short exact sequence (14) is
defined as follows on the homology class qD®y(Z x; ® y;): pull the cycle

in ®@Yi € Diny1 ® Yy
back to a chain
Zui QY € Xmy1 @Yy,
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where dy(u;) = x;; take its boundary

deéw(“i ®yi) = Zd;((ui) QY = sz ®RYi € Xm ® Yy;

pull this boundary to Z,,(X) ® Y, and take the homology class of the result.
This gives the homology class of " z; ® y; in H,(Z(X)® )). Therefore the
square commutes.

Hence Ker F,, = 0 and, up to topological isomorphism,

Coker Eyp1 = @D [Hin(X) @ Hy(Y)).
m-+q=n

Thus the following two facts: Ker E,, = 0 for all n and the exactness of the
sequence (15), imply the exactness of short exact sequences

0— Hyn(P&Y) 250 Hy(2(0)8Y) 29 g (v 8 y) -0

for all n. Hence, by Lemma 5.1, for the continuous morphism of complexes
of Fréchet (resp. Banach) spaces
p=i®1y: Z(X)RY - XRY,
the surjective maps H,(i ® 1y) are open for all n. Therefore the induced
map
H,(i®1y): Hy(Z(X)®Y)/Ker Hy(i @ 1y) — Hy(X ® )
is a topological isomorphism. Hence, up to topological isomorphism,
D [Hn(X)&Hy (V)] = Coker Ep1 = Hy(Z2(X) © Y)/Im By pa
m-+qg=n
= H,(Z(X)®Y)/Ker Hy(i®1y) = Hy (X RY). =
COROLLARY 5.3. Let X and Y be bounded chain complexes of nuclear

Fréchet spaces and continuous operators such that all boundary maps have
closed range. Then, up to topological isomorphism,

D [Hn(X) & Hy(V)] = Hi(X & ).
m—+qg=n

Proof. By Theorems A.1.6 and A.1.5 of [5], for all n, the short exact
sequences of nuclear Fréchet spaces (10)—(13) are topologically pure in Fr.
The result follows from Theorem 5.2 (Case 1). =

COROLLARY 5.4. Let X and Y be bounded chain complexes in Ban such
that all boundary maps have closed range. Suppose that, for all n, B, (X)
and H,(X) are strictly flat. Then, up to topological isomorphism,

D [Hn(X)® Hy(Y)] = Hi(X B ).

m+qg=n
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Proof. By [7, Proposition VII.1.17], B,(X) and H, (X)) strictly flat im-
plies that Z,(X) is strictly flat as well. By Lemma 4.3, strict flatness of
B, _1(X) and H,(X) implies that the short exact sequences of Banach spaces
(10), (11) are topologically pure in Ban. The result follows from Theorem 5.2
(Case 2). m

6. External products of Hochschild homology. Let A be a Fréchet
(resp. Banach) algebra and X be a Fréchet (resp. Banach) A-bimodule. Let
us recall the definition of the standard homological chain complex C.(A, X).

For n > 0, let C,, (A, X) denote the projective tensor product X &A%". The
elements of Cy (A, X) are called n-chains. Let the differential d,, : Cy, 41 —
C), be given by

dn(z®a1®- Qant1) =T a1 @+ @ an41
n
—I—Z(—l)k(a:@(n®"'®akak+1®"'®an+1)
k=1

+(=D)" N apy1 - 2Qa1 @ D ap)

with d_; the null map. The space of boundaries B, (C~(A, X)) = Imd,, is
denoted by By, (A, X) and the space of cycles Z,,(C~.(A, X)) = Kerd,,_1 is de-
noted by Z, (A, X). The homology groups of this complex H,(C~(A, X)) =
Zn(A, X)/Bn(A, X) are called the Hochschild homology groups of A with
coefficients in X and denoted by H, (A, X) [7, Definition I1.5.28].

The Hochschild cohomology groups H™(A, X’) of the Banach algebra A
with coefficients in the dual A-bimodule X’ are topologically isomorphic to
the cohomology groups H"((C~(A, X))") of the dual complex (C.(A, X))’
[7, Definition 1.3.2 and Proposition I1.5.27].

Let A be a unital Fréchet algebra. We put ,(A) = A®n+2, n > 0, and
let dy, : Bn+1(A) — Bn(A) be given by

n+1
(a0 @+ @ ant2) = > (1) (ag® -+ ® apaps1 ® -+ ® anya).
k=0
By [7, Proposition II1.2.9], the complex over A, 7: 3(A) — A:a®b— ab,
where 3(A) denotes

0 — Bo(A) & By(A) & oo Bu(A) & Buia(A) — ...,

is a projective resolution of the A-bimodule A. 3(.A) is called the bar resolu-
tion of A. The complex has a contracting homotopy s, : Bn(A) — Bni1(A)
(n > 1), given by

Sp(ap®a1® - Rapt1) =1Qay@a; @+ @ Apy1,
which is to say that d,, s, + sp_1dp—1 = 13,(4)-
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PROPOSITION 6.1. Let A; and Ao be unital Fréchet algebras, let 0 «—
X &L X be a projective resolution of X € Aj-mod and 0 —Y &Y be a
projective resolution of Y € Ag-mod. Then 0 — X ®Y %2 X®Y is a
projective resolution of X @Y € A1 ® As-mod.

Proof. The proof requires only minor modifications of that of [13, Propo-
sition X.7.1]. m

Note that the statement of Proposition 6.1 is also true in the category
of bimodules.

THEOREM 6.2. Let A and B be unital Fréchet algebras, let X be a
Fréchet A-bimodule and let Y be a Fréchet B-bimodule. Then, up to topo-
logical isomorphism,

Ho(ARB,XQY) = H,(Co(A,X)RC(B,Y)).

Proof. Let 3(A) and ((B) be the bar resolutions of A and B. Since
the bar resolution 3(.A) is an A-biprojective resolution of A and B(B) is
a B-biprojective resolution of B, by Proposition 6.1 their projective tensor
product B(A) ® B(B) is an A ® B-biprojective resolution of A & B.

For a unital Fréchet algebra U/ and for a Fréchet U-bimodule Z, recall
[7, Theorem I11.4.25] that the Hochschild chain complex C.(U, Z) is isomor-
phic to Z &ye (U) and

Ho(U, Z) = Tor"" (Z,U) = H,(Z Sye BU)).

Therefore, since the nth derived functor Tor¥" (-,i/) does not depend on the
choice of a U-biprojective resolution of U, up to topological isomorphism,

Ho(ARB,XQY) = TorgA®B>e(X®Y,A®B)
H,(X8Y) 8435 BAS B))
= Ho((X 8Y) ®agp) (B(A) & B(B))).

By [7, Proposition I1.3.13], one can see that the following chain complexes
are isomorphic:

(X BY) B pm) (B(A) @ B(B)) = (X ®ae B(A) & (Y ©pe S(B))
Y)

Thus, up to topological isomorphism,
Ha(ABB,X®Y) = Hy((X®Y) B 43 (B(A) & B(B)))
= H,(Co(A,X)RC(B,Y)). u

COROLLARY 6.3. Let A and B be unital nuclear Fréchet algebras,
let X be a nuclear Fréchet A-bimodule and let Y be a nuclear Fréchet
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B-bimodule. Suppose that all boundary maps of the standard homology com-
plezes C.(A, X) and C.(B,Y) have closed range. Then, up to topological
isomorphism,
Ha(ABB,XBY)= P [Hm(A X)BHy(B,Y)].
m-+q=n
Proof. By [16, Proposition II1.50.1], the projective tensor product of

nuclear Fréchet spaces is a nuclear Fréchet space. The result follows from
Theorem 6.2 and Corollary 5.3. m

COROLLARY 6.4. Let A and B be unital Banach algebras, let X be a
Banach A-bimodule and let Y be a Banach B-bimodule. Suppose that all
boundary maps of the standard homology complexes C.(A, X) and C.(B,Y)
have closed range and, for all n, B, (A, X) and H,(A, X) are strictly flat.
Then, up to topological isomorphism,

HH(A@) B, X ® Y)= @ [(Hm (A, X) ® HQ(B’ Yl
m—+q=n
H(ADB,(XBY))= @ [Hn(A X)BH,(B,Y)]"
m—+q=n

Proof. The first isomorphism follows from Theorem 6.2 and Corolla-
ry 5.4. By [7, Proposition I1.5.27],

H'(ARB,(X®Y)) = H'((CL(ARB,XQY))).
By Corollary 4.9, since the H,,(A® B, X ®Y) are Banach spaces,
H"((C(A®B, X®Y))) = (H,(Co(ARB, XRY))) = (Hu(ABB, X2Y))".
Therefore

1%

H'ARB,(XRY)) 2 (H (ARB,XRY)). u

7. Some strictly projective Banach spaces and split short exact
sequences. From now on, let A = ¢!(Z,), where

£(22) = {(ee 3 ] < o0}

n=0
is the unital semigroup Banach algebra of Z, with convolution multiplica-
tion and norm ||(an)5% |l = Yo% |an|. Recall that ¢!(Zy) is isometrically

isomorphic to the unital commutative Banach algebra

AT(D) = {f = ianz" : i lan| < oo}
n=0 n=0

of absolutely convergent Taylor series on D with pointwise multiplication
and norm || f|| = >°77  |a,|, where D = {z € C: |z| < 1} is the closed disc.
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Let T = (1(N) be the closed ideal of ¢}(Zy) consisting of those elements
with apg = 0.

We recall the definition of a strictly projective Banach space. Note that
this is a special case of the notion of a strictly projective Banach module,
where the Banach algebra is taken to be the complex numbers C.

DEFINITION 7.1. A Banach space P is strictly projective if, for every pair
of Banach spaces F and F', for every surjective continuous linear operator
q : EF — F and for every continuous linear operator 6 : P — F, there is a
continuous linear operator ¥ : P — E such that g o9 = 6.

In particular, recall that any short exact sequence of Banach spaces
0— X —Y — P — 0 with P strictly projective splits.

LEMMA 7.2. A Banach space is strictly projective if and only if it is a
direct summand (i.e. a complemented subspace) of (1(S) for some set S.

Proof. This follows from [10, Proposition 2.£.7] and [9], as indicated in
the remarks after [10, Proposition 2.£.7]. Alternatively, see [14, Proposi-
tion 3.2.3). =

PROPOSITION 7.3. Let A = (1(Z.). Then the simplicial homology groups

H, (A, A) are given by
HU(Av-A) gA:Zl(ZJr)’ HI(A7-A) gI:(l(N)’
Hn(A,A) =0 for n>2,

where = denotes isomorphism of Banach spaces.

Proof. Since A is commutative, Bo(A, A) = Imdy = {0}. Thus Ho(A, A)
= Zo(A,A) = A= (1(Z,). Tt is proved in [6] that the cohomology groups
H™(A, A) are trivial for n > 2, hence, by [8, Corollary 1.3], H,(A, A) =0
for n > 2 and Bj(A, A) is closed. Thus H;(A, .A) is a Banach space.

To determine H1(A, A) = C1(A, A)/B1(A, A), firstly, note that since A
is commutative, Z;(A, A) = Kerdy = C1(A, A) = A® A. Thus, to prove
that H1(A, A) 2T = ¢}(N), it is enough to show the exactness of the short
sequence
(16) 0— Bi(AA) L 1A A) LT -0,
where j is the usual inclusion and the continuous linear operator

g 0(24) B E(Zy) — (W)
is induced by

l
g(z* @ ) = - Skt

k
when at least one of k, [ is not zero, and ¢(z° ® 2%) = 0.
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To prove our claim, first note that the boundary dq : ¢1(Z3) — ¢1(Z2),
given by
di(ZF @2 @) = (") - (Fet™) + (K e ™),
maps into the kernel of ¢ as
qldi(2F @ 2L @ 2™)] = [12FHF™ — (14 m) T R ™) (1 4m) = 0.

Here we have identified C,,(¢(Z), £(Z4)) with ¢1(Z711).

If we now take any f in the kernel of g, then the following argument
shows that f is in the image of d;. Clearly, f is in Ker g if and only if its real
and imaginary parts are. Therefore it is sufficient to prove that a real-valued
fin Ker g is in the image of dy. Clearly f = 3772, >°%, ar;(2*®27) € Kerq
if and only if for each m € Z,, we have

(17) > jam—j; =0.
j=0

Let pm(f) = 32710 lam—j5] so that [[f]| = 32750 pm (f)-

For each m € Z*, we construct b™ = (b}"% ) € £*(Z3.), where b}, = 0 if
i+j+k#m, (f—di(b™))m—j; =0for 0 <j<mand |b™] < pm(f). Then
g=> 0 _,b™is awell defined element of £1(Z3) as >0°_ pm(f) = || f|| and
dy(g) = f, proving that f € Imd;, which completes the proof.

The construction proceeds as follows. Let m be fixed.

STEP 1. If {j : am—j;; # 0} is empty, let ¢ € ¢}(Z3) be ¢ = 0 and go to
the final step. If not, let jo = max{j : am—;; # 0} and proceed to Step 2 if
jo =0 and to Step 3 if jo # 0.

STEP 2. Let ¢ € ¢} (Zi) be such that c;,0,0 = @m0, ¢ijr = 0 elsewhere.
Then (di(¢))m,0 = am,0 and clearly ||c|| = pm(f). Proceed to the final step.

STEP 3. It follows from (17) that there exists £ with jo > k£ > 0
such that a,,—j 4 jo—r is non-zero and of sign opposite to am—j,,j,- Let
ko be the smallest such integer (so that jo — ko is the largest possible) and
let o = sgn(am—jo,jo) - Min{|@m—jo jols |@m—jo+kojo—ko|}- Let ¢t e gl(Z?&-)

1 o 1 _ :
be such that Con—jokogjo—ko = —Q Cijp = 0 for all other coordinates.

Then (dl(cl))mfjo,jo =q, (dl(cl))m—jo+ko,jo—ko = (dl(cl))m—ko,ko = —aand
(d1(c))jr = 0 otherwise. Clearly ||c!|| = |a| and it is readily checked that
P (f — di(c')) < pm(f) — ||c'||. Note that this is the key part of the con-
struction: f has been modified by a coboundary di(c!) in such a way that
|lf —di(ch)|| is less than || f| by at least ||c!].

If (f—di(c"))m—jo.jo = Gm—jo.jo —« = 0, proceed to Step 4 letting ¢ = cl.

If (f —di(c))m—jojo = @m—jojo — @ # 0, reapply the first part of this
step to f1 = f — di(c'), noting that (17) holds for f;. This yields a strictly
larger value of ko and gives c?, say, such that 0 < |(f —di(c' +¢2))m—jo.jo| <
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|(f = di(e!))m—jo jo| and pm(f —di(c' + %)) < pm(f) = llet|| = ||e?|. Tterate
this until ¢ = ¢! +c?+- - -+¢" (for some n) is such that (f —di(c))m—jo.jo = O-
Note that the process must terminate as the k¢ are strictly increasing. It
follows from the construction that (f — di(c))m—j; = 0 for jo < j < m and

pm(f = di(¢)) < pm(f) = |l¢ll. Note also that [|c]| = |am—j;]

STEP 4. The iteration can now proceed to Step 1 with f' = f — d;(c),
and we get ¢, say, from Step 1, 2 or 3. If ¢/ has come from Step 3, then
d € (1(Z3) is such that (f'—di(/))m—j,; = 0 for jj < j < m where j} < jo,
with pp (f —di(c+¢)) < pm(f)—|le+||. This is iterated for f” = f'—di(¢)
to obtain ¢”, and so on, until the final step is reached, which is to say until
the condition required in Step 1 or 2 is satisfied.

FINAL STEP. Let b™ be the sum of ¢, ¢/, etc., obtained in Step 1 or 2, as
well as in Step 3. Note that we get at most one of those ¢, ¢/, etc., from the
application of Step 1 or 2, namely the last one obtained, and that all the
previous ones arise from the (possibly repeated) application of Step 3. Then
(f=dr(b™))m—jj = 0for 0 < j < m and 0 = pyu(f —ds (6™)) < pon ()~ [|™].
so that ||0™|| < pm(f), which completes the construction. m

It follows from this proposition that, for each n, H,(A,.A) is a Banach
space and By, (A, A) is closed. We can now state the following theorem.

THEOREM 7.4. Let A = (Y(Zy). Then, for all n, the short exact se-
quences

(18) 0 — Bn(A,A) L Zo(A,A) 2 Hu(A, A) — 0,

(19) 0 Zus1 (A A) 5 Cor (A, A) % Bo(A,A) — 0

are split (as Banach spaces) and the Hp(A, A), Ch(A, A), Z,(A, A) and
By (A, A) are strictly projective Banach spaces.

Proof. 1t is always true that Zy(A, A) = Cy(A, A) as the boundary map
d_1 is the zero map on Cy(A, A). Also, since A is commutative, By(A,.A)
is trivial and hence Ho(A, A) = Zy(A, A) = Cy(A, A) = A. By Proposi-
tion 7.3, for n > 2, H, (A, A) = {0} and therefore Z,(A, A) = B,(A, A).
Thus the sequences (18) and (19) are trivially split for n = 0, and (18) splits
for n > 2, as in these cases one term of the short exact sequence is 0.

It is shown in Proposition 7.3 that, for n = 1, the sequence (18) has the
form

0— Bi(AA) L 2B N2 LT — 0.

Since this sequence is exact and so Im j = Ker g, it is easy to check that it
splits in Ban with the following splitting continuous linear operators:

p N (Zy) @ LY(Zy) — Bi(A, A),
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given by

~-1

p(zk ® zl) =3 (zk ® zl) — (1® zk‘H) ,

k+1

where j ! is the inverse of the topological isomorphism j : By (A, A) — Im j,

and t: T — (Y(Z,) ® *(Z,) is given by t(z*) = 1 ® 2*. Therefore B;(A, A)
is complemented in El(Zi) and hence is strictly projective.

This completes the basis for an induction showing that (19) splits for all
values of n. To carry out this induction, we consider the following diagram:

0 0 0 0 0

Note that as all of the B,(A,.A) and H,(A, A) are Banach spaces, this is
a diagram of Banach spaces and continuous linear operators, where all the
maps are boundaries, inclusions or quotients. The horizontal chain complex
defines the homology H,(A,.A), and the vertical parts of this diagram are
short exact sequences of Banach spaces. It is clear that the diagram com-
mutes.

Let us now proceed with the induction, assuming that (19) is split for n
and that B,1(A,.A) is strictly projective. We have proved this for n = 0,
and we recall that C,, (A, A) = ¢! (Zfﬁ“) is a strictly projective Banach space.

As Bp1+1(A, A) is strictly projective, (19) is split for n + 1 and we have
Cry2(A,A) = By (A A) @ Zp1a(A, A). Therefore Z,,12(A, A), being a di-
rect summand of the strictly projective module C,12(A, A), is also strictly
projective. As Hy,y2(A, A) = 0, we have Z,12(A, A) = Bpi2(A, A) and
B, 2(A, A) is strictly projective. This completes the induction, and se-
quences (19) are split for all n. We note that we have also shown all the
spaces to be strictly projective, which completes the proof of the theorem. =

THEOREM 7.5. Let A = (Y (Z). Then, up to topological isomorphism,
(1) Ho(eN(ZE), eM(Z5)) = 0 if n >k,

(2) Ha(1(ZR), (4(Z8)) = D) (T2 & A5 ") if n <k,
(3) H(LH(ZK), eN(ZE)) = 0 if n > k,
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(4) Hr(er(2), 0 2h)) = @WIT &A%Y if n <k,
where () denotes the dual space.
Proof. For homology, Proposition 7.3 gives the result for & = 1. Let
k > 1 and suppose that the result for homology holds for k — 1. As
NZk) = 0M(Zy) ® 4(ZET), we have
Ha(0(Z5),0(Z%)) = Ha(A® B, A® B),

where B = ﬁl(Zl_fl).

Let us now consider the complex C), (A, .A). By Proposition 7.3, for all n,
the B, (A, A) are closed. By Theorem 7.4, for all n, the boundaries B, (A, .A)
and the homology groups H, (A, .A) of this complex are strictly projective
and hence strictly flat. Also, it follows from the inductive hypothesis that,
for all n, the H,,(B, B) are Banach spaces and hence the By, (B, B) are closed.
We can therefore apply Corollary 6.4 to get

Ha(AB B, ABB) = P [Hm(A,A) @ Hy(B,B)].
m-+q=n

The terms in this direct sum vanish for m > 2, and thus we only need to
consider

(Ho(A, A) @ Hi(B, B)) ® (H1(A, A) & Hn-1(B, B)).
If n < k then from the induction hypothesis we get
Ha(C(Z}), 01(Z5)) 2= (Ho(A, A) & (B, B)) @ (M1 (A, A) & Hn1(B, B))
k-1 1-n

. ~n __ ~k—
~ e @ e )
~ S B R
eI IY 8AY )
k ~n __ ~k—n
= @(”)(z® ©A% ).
The other cases easily follow from the induction hypothesis: if n > k,
then H,(B,B) and H,_1(B,B) both vanish, while if n = k, H,(B,B8) = 0
sn—1
and H,—1(B,B) = I%® , and the result follows immediately, proving (1)
and (2). Statements (3) and (4) now follow directly from Corollary 6.4. =
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