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Abstract. The paper establishes necessary and sufficient conditions for compactness
of operators acting between general K-spaces, general J-spaces and operators acting from
a J-space into a K-space. Applications to interpolation of compact operators are also
given.

1. Introduction. Interpolation of compact operators is one of the most
active research areas in interpolation theory. Many authors have worked
on this subject since the beginning of abstract interpolation theory in the
early 1960s. During the last twenty years, new tools have been developed
which are intimately related to the type of the interpolation method under
consideration. Nowadays, still a lot of work is being done along different
lines.

Talking only about the real method, it was shown in the joint papers of
one of the present authors with Edmunds and Potter [7], with Fernandez
[8] and with Peetre [11] that properties of the vector-valued sequence spaces
that come up when defining the real interpolation space (Ao, A1)g 4 are very
useful to study the behaviour of compact operators under interpolation.
These efforts culminated with Cwikel’s [13] proof that if T : A — B with
T : Ay — By compact then T' : (Ao, A1)g,q — (Bo,Bi1)gq is also compact.
Later, the approach developed in [7, 8, 11| was used by Cobos, Kithn and
Schonbek [9] to give a broad generalization of Cwikel’s result, including a
function parameter version and even compactness theorems for other inter-
polation methods. Techniques related to vector-valued sequence spaces have
also turned out to be useful to study compactness in the multidimensional
case and in the case of infinite families, as can be seen in the papers by
Cobos and Peetre [12] and Carro and Peetre [5], respectively.
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A different aspect of these ideas has been studied very recently by an-
other of the present authors in [17], where she has characterized compact
operators between real interpolation spaces in terms of weaker compact-
ness conditions and convergence of certain sequences of operators involving
projections on vector-valued sequence spaces. For the complex interpola-
tion method, a somewhat similar problem has also been studied recently by
Schonbek [27].

In the present paper, we continue the research of [17] working now with
general K-functors and general J-functors. The interest of these interpola-
tion methods has been pointed out by many authors. See, for example, the
books by Peetre [26], Ovchinnikov [25] and Brudnyi and Krugljak [4], as
well as the papers by Cwikel and Peetre [14], Janson [21], Nilsson [24] and
Evans and Opic [16].

We establish here necessary and sufficient conditions for compactness of
operators acting between K-spaces, between J-spaces and from a J-space
into a K-space. The characterizations consist of a weaker compactness con-
dition and convergence of certain sequences of operators involving the K-
and J-functionals. They are based on the methods developed in [7-9, 11].
We also show by means of examples that conditions required on the sequence
space that define the K- and J-functors are essential for the results.

When we specialize the results we recover the theorems of [17], but
we also obtain new information. In particular, we get a characterization
of compact operators between real interpolation spaces that blends condi-
tions found in [17]. This last result shows the optimality of the arguments
used by Cobos, Kithn and Schonbek in [9, Thm. 1.3].

As another application of our characterizations we obtain extended ver-
sions of compactness results of [7-9, 11, 13]. Our new approach provides a
clear explanation of the different assumptions needed for them, and gives a
better understanding of the original results. We also compare the behaviour
under interpolation of compact operators with the behaviour of weakly com-
pact operators. As is well known (see the book by Beauzamy [1] or the paper
by Mastylo [22]), if T': Ag N Ay — By + By is weakly compact, then the
interpolated operator is weakly compact as well. This is not the case in gen-
eral for compact operators. Nevertheless, our characterizations enable us to
determine when compactness of T : Ag N A1 — By + By transmits to the
interpolated operator.

The organization of the paper is as follows. In Section 2 we recall defini-
tions of general K- and J-spaces and, for later use, we establish a number
of auxiliary results. Theorems for K-spaces are contained in Section 3 and
those for J-spaces are in Section 4. In Section 5 we deal with operators
acting from a J-space into a K-space. Finally, in Section 6, we compare
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the behaviour under interpolation of weakly compact operators with the
behaviour of compact operators.

2. K- and J-spaces. We start by recalling several notions from inter-
polation theory (cf. [2-4, 28]). Let A = (Ag, A1) be a Banach couple, that is
to say, Ag and A; are Banach spaces continuously embedded in some Haus-
dorff topological vector space. We endow Ao+ A; [respectively AgNA;] with
the norm K(1,-) [respectively J(1,-)] where for ¢ > 0 we put

K(t, a) = K(t,a;Ao,Al) = inf{HaoHAO + tHalHAl ta=ag+tal, q; € Az}

and J(t,a) = J(t,a; Ag, A1) = max{||al 4., t||lal 4, }-

Let ¢, (1 < ¢ < 00) and ¢g be the usual spaces of g-summable [respec-
tively, null] scalar sequences with Z as index set. Given any sequence {wp,}
of positive numbers, we put £gq(wnm) = {£ = {&m} - {wmém} € ¢4} and define
co(wm) similarly. We denote by £, the Banach couple ({4, £,(27™)).

Let I' be a Banach space of real-valued sequences with Z as index set.
Assume that I contains all sequences with only finitely many non-zero co-
ordinates, and that whenever |£,,| < || for each m € Z and {u,,} € T,

then {&n} € I' and [[{&m [ r < [{pm} -
Following the terminology of Nilsson [24], I' is said to be K-non-trivial

if
(2.1) {min(1,2™)} € I.
We say that the space I is J-non-trivial if
o0
(2.2) sup{ > min(L,27™) &l : €] < 1} < .
m=—00

Let A = (Ag, A;) be a Banach couple and let I be a K-non-trivial
sequence space. The K-space ZF;K = (Ao, A1)r.x consists of all a € Ag+ A
such that {K(2™,a)} € I'. We put Ha||AF;K = [{K (2™, a)}|

If I is J-non-trivial, the J-space Ar.; = (Ap, A1)r.s is defined as the
collection of all sums a = Y~ w, (convergence in Ay + A;), where
{um} € AgN Ay and {J(2",up)} € I'. We put

[e.o]

lall ., = inf {IHTC™ um}lria= 3 wn ).

m=—o00
The spaces Ap. i and Ap,; are Banach spaces. Conditions (2.1) and (2.2)

are essential to get meaningful definitions (see [24] and [4]).

EXAMPLE 2.1. For I' = £,(27%") with 1 < ¢ < oo and 0 < 6 < 1,
K- and J-spaces agree and they are equal to the classical real interpolation
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space
(Ao, A1), (2-0my;x = (Ao, A1), 2-0my,g = (Ao, A1)p,q  (see [2-4, 28]).

EXAMPLE 2.2. Let f: (0,00) — (0,00) be a function parameter, that is,
f(t) increases from 0 to oo, f(t)/t decreases from oo to 0 and, for every ¢ > 0,
s¢(t) =sup {f(tu)/f(u) : u > 0} is finite and s¢(t) = o(max{1,t}) as t — 0
and t — oo (see [19, 18]). For I' = £4(1/f(2™)) with 1 < ¢ < oo, K- and
J-spaces coincide again. The resulting space is now the real interpolation
space with a function parameter

(Ao, A1)e,(1/72my):x = (Ao, A1)e,(1/52m))s0 = (Ao, A1) pq (see [26, 21, 18]).
When f(t) = t? we recover the spaces (Ao, Aq)g 4 of Example 2.1.
In other interesting examples K- and J-spaces do not coincide in general.
ExaMPLE 2.3. It is not difficult to verify that
(A0, A1) (minf1,2-myx = Ao+ A1, (Aos A1) (max{1,2-m});.0 = Ao N Ax.

EXAMPLE 2.4. Let A7 be the Gagliardo completion of A;, that is, the
space of all those a € Ay + A; for which there is a sequence {ay}nen in
some bounded subset of A; which converges to a in Ag + A;. The norm
| - [lax in A7 is given by [lal|a~ = inf, y{sup,en{llanlla;}}. It is easy to
show (see, for example, [2, Thm. 5.1.4]) that |al|ay = lim;—. K(t,a) and
lallay = lims—o K (¢, a)/t. Hence

Ay = (Ao, A)reesies AT = (Ao, A1) (2-m) k-
EXAMPLE 2.5. Another distinguished example is A7, the closed subspace

of A; generated by Ag N A;. It turns out that Aj = (Ao, A1)s,,; and A} =
(Ao, A1)gy 2-my,0-

If B = (By, B1) is another Banach couple, we write T : A — B to mean
that T is a linear operator from Ag + A; into By + By whose restriction
to each A; defines a bounded operator from A; into B;. We put ||T|| ;5 =

max{||T|| 4980, | Tl 4,.5, }- Clearly, if T : A — B, then the restrictions
T: (Ao, A1)r;xk — (Bo, Bi)r;xk  and T : (Ao, A1)r.; — (Bo, Bi)r.s

are bounded with norms less than or equal to ||T|| ; 5. This information is
very rough for working with interpolated operatorsf In fact, in the case of
the classical real method (Example 2.1) the well known convexity inequality
HTHAO,mEG,q < C’]]TH}A;?BOHTHQI731 is an indispensable tool for developing
the theory. For the real method with a function parameter (Example 2.2)
the corresponding inequality reads

1711, 5, < CIT o508 (1711 41,5, /1T o )



Compact operators between K- and J-spaces 203

In the general setting where we are working, we can get extra information
about the norms of interpolated operators if we know the behaviour of shift
operators on the sequence space I'. For k € Z, the shift operator Ty, is defined
by

k€ = {&mtrtmez  for £ = {&mntmez.

The following result can be easily established.

LEMMA 2.6. Let A = (A, A1), B = (By, B1) be Banach couples, let
T:A— B, let I' be a K-non-trivial sequence space and let A be a J-non-
trivial sequence space. Then, for each n € N:

(i) & Tl ag.B, <27 and ||T|ay,8, < 1, then

1705, 0 5p e <2 " Iallrr and IT04, 5, , < 2 "Il aa:
(i) if T a0 < 1 and |Tl|a,. <277, then
17U 4, o e < Ilaller and 1TW4, 5, , < I7allaa.

In view of Lemma 2.6, it will be useful to assume later that shift op-
erators satisfy lim, .o 27"||7,||r,r = 0 and/or lim,_,« ||7—y||r,r = 0. Both
conditions are satisfied by sequence spaces of Examples 2.2 and 2.1 because
for I' = £,(1/f(2™)), we have 27"||m,||rr < 27"s4(2") and ||[7—p||rr <
57(27™). The sequence spaces of Example 2.3 do not satisfy any of these two
conditions. The spaces of Examples 2.4 and 2.5 satisfy only one of them.

Let A be any of the spaces (Ao, A1)r;x, (Ao, A1)r,s. Following [6], we
define the functions ¢ and p by

Y(t) = Y(t, A, A) = sup{K(t,a) : |lal]ja = 1},
o(t) = o(t, A, A) = inf{J(t,a) :a € AgN Ay, |lal]|a = 1}.
For compactness theorems of the following sections we shall need results

of [6]. To apply them, we need to know the behaviour of ¢ and ¢ at 0 and
at 0o. Next we show that this behaviour can be controlled by shift operators.

LEMMA 2.7. Let A = (Ag, A1) be a Banach couple, let I be a K-non-
trivial sequence space and let A be a J-non-trivial sequence space. Then there
exist constants C1,Cy > 0 such that for each n € N:

(i) ¥(2", Ar;x, A) < Cillmallnr, ¥(27, Asg, A) < CillTalla,4;

(ii) 027", Apii, A) 2 1/Collmallinr, 027", Ang, A) 2 1/Ca| 7|

Proof. Given any a € (Ao, A1)r;x and any n € N, using the Hahn—
Banach theorem we can find g : A — K = (K, K) so that g(a) = 27" K (2", a),
HgHAg < 27" and HQHA’l < 1. Let C7 be the norm of the identity operator

AA-

from (K, || - |z, ) into K. According to Lemma 2.6, we obtain

190 27 e x < Cllgll 4y Rpse < C127 " ITnllr e
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This implies that 27" K(2",a)/|[all 5,. . < C127"||7a| r,r and so

Y(2", Arik, A) = sup{K(2",a) : [lall 5, =1} < Cil7allrr.

The case of A A;J 1s similar but we interpolate now by the J-method.

To establish (ii) take any a € AgNA; and any n € N, and let T : K — A
be the operator defined by T'(A) = Aa/2"J(27", a). Then ||T'||k, 4, < 27" and
ITk,4, < 1. So, if we write C5 for the norm of the identity operator from
K into (K, || - HKF;K)7 using again Lemma 2.6 we derive that HT”K,fTr;K <
Co27 ||| r.r- It follows that HaHAF;K/Q"J(Q*”,a) < C227"||my||r,r and
thus 1/Cs||m||rr < J(2‘”,a)/||a||AF;K. Taking the infimum, we conclude
that 1/Cs||mnllrr < 0(27", Ap.x, A). The case of Ay, can be treated anal-
ogously. m

In the next sections we shall need to work with vector-valued sequence
spaces. Given any sequence space I', any sequence {W,,} of Banach spaces
and any sequence {\,,} of positive numbers, we put

A Wh) = {u={un} : um € Wy, and

ullp(wim) = [{Amllumllw,, Hr < 00}
When A, =1 for all m € Z, we write simply I'(W,,).

3. Compactness and K-spaces. Given any Banach couple (By, B1),
we put Fy, = (Bo+B1, K(2™,-)), m € Z. Note that the K-space (Bo, B1)r:k
is isometric to the diagonal of the vector-valued sequence space I'(F,).
More precisely, the map j : (Bo, B1)r;x — I'(Fy,) which to each element
b € By + Bj associates the constant sequence jb = {...,b,b,b,...} is a
metric injection.

For characterizing compact operators between K-spaces we shall need
operators { P, }pen defined by

Pn{fm} = { ) 07 Oag—nvi—n-i—l? CIEaE 76”—17{7’“07 07 ce }
The symbol I stands for the identity operator.

THEOREM 3.1. Let I' be a K-non-trivial sequence space such that
(3.1) lim ||€ — Pllr=0 forallel.
n—oo

Let A = (Ap, A1), B = (Boy, B1) be Banach couples and let T : A — B.
Then the interpolated operator T : (Ao, A1)r,x — (Bo, B1)r.x is compact if
and only if the following conditions hold.

(a) T : (Ao, A1)r.x — Bo + By is compact.

(b) sup{|(I = P){E @™, Ta)}r : flall ., <1} — 0 asn — oc.
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Proof. First note that the operators P, can also be defined on I'(F,),
loo(Fin) or £5(27™F,,) and they act boundedly with norms equal to 1.
Moreover, for each n € N,

Py loo(F) + oo (27 ) = loo(Fin) Nleo(27™F,)

is bounded with norm less than or equal to 2™.

In order to show that the conditions are sufficient we observe that, for
each n € N, the operator P,jT : (Ao, A1)r;x — I'(Fim) is compact. This
follows from (a) and the factorization

Arge 5 Bo+ By L loo(F) + Loo(27™F))

I 0o(F) Nl (27™F,) < T'(Fy).

Since (b) means that {P,jT} converges to jT in L(Apr.k,I'(Fy)), it fol-
lows that jT' is compact. This yields compactness of T' : (Ao, A1)r;x —
(Bo, B1)r;k because j is a metric injection.
Conversely, if T : (Ao, A1) r;x — (Bo, B1) r;x is compact, then (a) follows
from the factorization
(Ao, A\) 1k — (Bo, B1)r;x < Bo + Bi.

On the other hand, given any € > 0, by compactness of T : /TF;K — EF;K,

we can find a finite set {b1,...,bs} C (Bo,Bi)r;x so that for any a €

(Ao, A1) r;x with |la| 7. <1, we have

min{||Ta — bTHE[‘;K 1 <r<s}<eg/3.
By (3.1), there exists N € N such that if n > N then
I{K (2™, b))} — Po{K 2™, 0.)}|r <e/3 forr=1,...,s.

Hence, if n > N, given any a € (Ao, A1) r;x with |lal| 7. <1, if we choose

r so that |[Ta — b, 5,  <e/3 we get

(I = Po{K (2", Ta)}|r = [ljTa— PujTal r,,)

<|iTa = jbrlr(r,) + 1170r = Pajbrllr(r,) + 1 Pajbr — PajTall p(g,,)

<2|Ta-br|g,, +e/3<e

This gives (b) and completes the proof. m

Theorem 3.1 can also be derived from a result of Dmitriev [15]. When
we write Theorem 3.1 for I' = £,(27%") with 1 < ¢ < coand 0 < 0 < 1
(Example 2.1), we obtain [17, Thm. 4.1].

REMARK 3.2. Assumption (3.1) has only been used to show that com-
pactness of T': Ar.x — B,k implies condition (b). Without (3.1) this is
not true in general as the following example shows.
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EXAMPLE 3.3. Take I' = /o, which clearly fails (3.1), let A = ({00, ¢1),
B = ({so(min{1,27™}),¢1) and let T be the operator defined by
T¢={...,0,0,&1,8,&3,...}  for & ={&n )
As indicated in Example 2.4, (0o, l1)e, .k =l = s and

(loo(min{1,27}), 41) .k = loo(min{1,27™})™ = fo(min{1,27™}).
The operator T : log — loo(min{1,27™}) is compact because it is the
limit of a sequence of finite rank operators. Thus, the interpolated operator
T (boo, 01)toe; ik — (loo(min{1,27™}), 01)e .k is compact. Nevertheless, for
each m > 0 and £ € lo, since {1 — Lo (min{1,27™}) with norm 1, we have
K(vaTf) = HTf”zoo(min{er})- Hence,

sup{[|( = P){K (2™, T} ewe = 1€l 5, <1}

> Sup{HTEHEOO(min{LQ—m}) : ||£H£oo < 1} = 1/2a

that is to say, condition (b) does not hold.
Next we shall use Theorem 3.1 to derive extended versions of compact-

ness results established by Cobos, Edmunds and Potter in [7]. We start
with the following auxiliary result which follows from an idea of Nilsson [24,

p. 295]. We write £ (F') for the couple ({oo(Fin), loo(27™Fp,)).

LEMMA 3.4. Let I' be a K-non-trivial sequence space and let {F,,} be
a sequence of Banach spaces. Then

loo(F) e = (oo (Fim) boo (27" Fin) ) i — T'(Fipa).
Given a Banach couple A = (A, A1), we put A° = (43, A3).

THEOREM 3.5. Let I' be a K-non-trivial sequence space such that
(3.2) 27"\ mllrr — 0 and ||7—n|lr — 0 asn — oo.

Let A = (Ag, A1) and B = (By, B1) be Banach couples and let T : A — B
be such that T : Ag — By and T : Ay — By are compact. Then T :
(A, A7) r:x — (B, BY)r;k is also compact.

Proof. According to Theorem 3.1 and Remark 3.2, it suffices to show
two things:
(a) T': (A5, AS)r;x — B§ + BY is compact.
(b) |41 — P"jTHA"F;K,F(Fm) — 0 as n — oo, where
F,, = (Bj+ By, K(2™,")).

Since T': Aj — Bj and T : A} — B are compact, an easy direct argument
shows that T : A§ + A} — By + By is also compact. As (Ag, AY)r.x —
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Af + A3, (a) follows. To check (b), we shall use the operators

Q:{um} = { . 707 07 Un+1, Un+42, - - - }7

Qi {tm} = {-  tn 210 1,0,0,... }
Note that, for any n € N, the identity operator I can be written as I = P, +
Q" + Q;,. The operators Q' and Q,, have norm 1 on loo(Fy), loo(27™ Fy)
and I'(F,,). Moreover, for each n € N,
(3:3)  NQulesE)toc@mEn) £ 27" Q0 o2 mE) oo (Fn) < 277
Using Lemma 3.4, we have

H]T —_ PTL]T”A%K,F(FM) S H]T - P"]T||A%K7mrk

+ . —
< NQuiTl g oo e TNQRIT o, oy
In order to establish (b) we show that the last two terms go to 0 as n goes
to co. By (3.2) and Lemma 2.6, it suffices to check that
(3.4) 1Qn 3T\ A8 oo () — O @S 1 — 00,
(3.5) 1Qn T | a5 o (2-mFy — 0 @S 1 — 00.

Given ¢ > 0, by compactness of T': Aj — By, there exists a finite subset
{a1,...,as} € Ag N Ay with [|a,|la, <1 forr =1,...,s such that for any
a € Af with ||a|la, <1, we have min{||Ta — Ta,| g, : r =1,...,s} <¢e/2.
The set {jTay,... ,]Tas} is contained in foo (Fr,) N loo(27™ F,y, ). Using (3.3),
we can find N € N so that for any n > N,

1Q5 leee 2= Frn) oo (Fr) MaX{ G T ar |l oo 2-mpyy i 7 = 1,00y 8} < g/2.
Then [|Qy iT|| A b (Fn) < € for n > N. Indeed, given any a € Aj with
lla]l 4, <1, choosing a, such that ||Ta — Ta,| g, < e/2 we get

1Qn i Talle(r,)

<NQni(Ta = Tar) |t (pn) + 1QniTar e ()

<||Ta—Tar| By, + 1Qn lee 2-m F) oo F) 1T T 0o 2 ) < €-
The proof of (3.5) is similar but using now compactness of 7' : A — BY. =

If A is an ordered couple, then compactness of T : A; — By is not
required to derive that the interpolated operator is compact:

THEOREM 3.6. Under the same assumptions on I', A and B as in the
previous theorem, assume also that Ay is continuously embedded in Ay and
that T : A — B with T : Ay — By compact. Then T : (A5, A)r:x —
(B3, BY)r:k is compact.

Proof. We proceed as in Theorem 3.5. We should only modify the argu-
ments given to establish (a) and (3.5) because we used compactness of T :
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A1 — By there. Now, T': Ag — B§ + BY is compact and T': A} — Bj + B}
is bounded. Moreover, by Lemma 2.7,
. ’(/J(t,A%;K,AO) . ¢(2n’A%;K7AO) . ClHT’VlHRF
lim ——————— = lim < lim ———
t—o00 t n—00 2m n—00 on
Hence, compactness of T : (A§, AY)r.x — Bj + B} follows from [6, Thm.
3.1]. To establish (3.5) we consider the diagram

; +
A AL BS L b (F) 25 000 (27 F)

=0.

to get
1Qn TN 49 002 ) < T 142 B3 Q0 e (Fin) oo (27 i)
<27"|T|lagBg 0 asn—oo. m

If the couple B is ordered, then we can even dispense with the assumption
on the behaviour of ||7_,|/r,r.

THEOREM 3.7. Let I' be a K-non-trivial sequence space such that
(3.6) 27" mllrr — 0 as n— oo.

Let A = (Ap, A1), B = (Bo, B1) be Banach couples with By continuously
embedded in By, and let T : A — B be such that T : Ag — Bg is compact.
Then T : (A5, AY)r;xk — (Bg, BY) r:x is also compact.

Proof. We proceed as in Theorem 3.5 and we derive (a) as in Theorem
3.6. Since we do not suppose now that ||7_,|rr — 0 as n — oo, to com-
plete the proof we should check that [|Q} T o 7= — 0asn — oc.

I

K7Zoo(F)F;K

According to the diagram

; +
A2 LB s B L 0 (F) 2 6o (2™ F)

and (3.3), we get | Q5T a5 ¢ 2-mF,) < 27"(|T|| 43,35 On the other hand,
the embedding By — By implies that (o (27™F,,) < loo(Fn). The factor-
ization
o T o J Qi —m
Af = B = loo(Fr) =5 Lo (27 Ey,) < Loo(Fr)

and (3.3) yield || Q7 T || ag 000 (F) < 27" Tl a5, B3 Consequently,
HQIJ’THA%WWF;K < max{||QF 7T 1| 48 oo (F)> Q3T a0 e 2-m i)}

<2™" maX{HTHAS,B{)’? ”THA%BS} —0 asn—o00. =

Theorem 3.7 can also be derived from a result of Mastylo [23, Cor. 3.2].
For I' = £,(27%™), Theorems 3.5 and 3.7 give the Banach case of [7, Thms.
3.1 and 3.2], while Theorem 3.6 gives a result of [11]. Writing down Theorems
3.5 and 3.7 for the case I' = £,(1/f(2™)) we recover [7, Thm. 3.3].

We close this section with an example which shows that the assumption
(3.6) is essential in Theorem 3.7.
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EXAMPLE 3.8. Let Ay = A1 = B1 = ¢p, By = loo(min{1,27}) and
let T' be the operator defined by T¢ = {...,0,0,£1,&2,...} for & = {&n}.
Then By «— By, T : Ay — By is compact and T : A; — By is bounded.
Moreover, Af = A} = ¢p, B} = ¢p and Bj = ¢o(min{1,27™}). We now take
I' = {(27™) (Example 2.4). Then ||7,||r.r = 2", so (3.6) does not hold.
Interpolating with I" we obtain (Ag, A7) r.x = (A9)~ = ¢p and

(Bngf)F;K =(BY)" ={{={&n} €l : mg@wgm =0}

and it is clear that T : ¢g — (Bj)"™ is not compact.

4. Compactness and J-spaces. Let G,, be the Banach space AgN
Ay endowed with the norm J(2™,-). The J-space (Ao, A1),y is related to
the vector-valued sequence space I'(Gy,) through the map 7 : I'(Gy,) —
(Ao, A1) .y defined by m{um} = > oo um. Namely, the space (Ao, A1),y
is the quotient space of I'(G,,) given by the surjective map 7.

In order to characterize compact operators between J-spaces we shall
need the operators {P,}nen, {Q) }neny and {Q;, }nen introduced in Sec-
tion 3. We shall consider these operators on the spaces I'(Gy,), 1(Gy,) and
01(27™G,,). They have similar properties to those in the case of spaces

modelled on Ay + Aj. In particular, for each n € N,
P, 0i(Gm) +0(27"Gm) — 0(Gm) N(27"Gyy)  is bounded
and
41) Qi lla@mnemen <27 1Qnlln@-man) @) <27
We first state an easy inequality between norms of shift operators and

norms of the projections Q;F, Q..

LEMMA 4.1. Let I' be a J-non-trivial sequence space and let D be the
value of the supremum in (2.2). Then, for each n € N,

@) 1t r(Gm)bn2-mc) < D271 mnllnrs

(i) Q% lr@m).er@m) < DllT—nllrr-

THEOREM 4.2. Let I' be a J-non-trivial sequence space with
(4.2) 27" mllrr — 0 and  ||[7—n|lrr — 0 asn — oo.

Let A = (Ao, A1), B = (Bo, B1) be Banach couples and let T : A — B.
Then the interpolated operator T : (Ao, A1)r.; — (Bo, B1)r.; is compact if
and only if the following conditions hold.

(a) T: ApN Ay — (Bo, B1)r,s is compact.

w n{r( 5 ),

m|>n

T, )Y < 1} 0 asn — oo
5J

r
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Proof. Assume first that (a) and (b) hold. Using the factorization

T(G) = 01(G) + 01(27G) 25 01(G) N 127 Gn) = Ap N Ay
T
(Bo,B1)r.s

and condition (a), we deduce that, for each n € N, the operator T7P, :
I'(Gy,) — (Bo, B1)r,y is compact. According to (b),

| Tm — TWP"”F(Gm),EpJ —0 asn— oo

Hence T'm : I'(Gy,) — (Bo, B1)r.s is compact. Since 7 is a metric surjection,
the compactness of T : (Ao, A1) .7 — (Bo, B1) ;s follows.

Conversely, suppose that T' : (Ao, A1)r.; — (Bo,B1)r,s is compact.
Since Ag N A1 — (Ao, A1)r,s, we infer that T : Ag N Ay — (Bo,Bi)r,s
is compact. Let us check that (b) also holds. It is not hard to verify that
the sequence {||T'7 — TWPNHF(Gm),Ep;J} is non-increasing. Let § be its limit.
Our aim is to show that § = 0. Choose a sequence of vectors {wy,}nen
in the unit ball of I'(Gy,) with 0 = limy, oo ||[T7(I — Pn)wn”gpﬂ. Since
Tr : I'(Gy,) — (Bo, B1)r,s is compact and the sequence {(I — P,)w,} is
bounded in I'(G,,), we can find a subsequence {T'w(I — P,/)w,} converging
to some b in (Bg, B1)r.j. So § = ||bH§F;J.

By (4.2) and Lemma 4.1,

m 1Q I PGy tr 2y = 0 = dim 1@ llr(@n) 1 (Gm)-
Moreover, the diagrams
((27"G) & Ay L. By < By + By, 01(Gr) = A L By— By+ B

show that T'm € L(¢1(27"Gp,), Bo + B1) N L(¢1(Gr,), Bo + Bi). Hence,
{T7Q} wy} and {T7Q;,w, } are null sequences in By + Bi. Since we have
Tr(I — Py)wy = TrQwy + TrQ. wy it follows that {T7(I — Py )wy}
converges to 0 in By + Bi. But {Tn(I — Py)w,} converges to b in Br.;. By
compatibility, we conclude that b = 0 and therefore § = ||b|| Bp, =0 =

When I" = £,(279), 1 < ¢ < 00, 0 < 6 < 1, we recover [17, Thm. 3.1].

REMARK 4.3. Condition (4.2) has only been used to show that compact-
ness of T': Ap.; — Bp.y implies (b). If (4.2) is not satisfied, this implication
does not hold in general as the following example shows.

EXAMPLE 4.4. Let A = ({1, lo0(min{1,27™})), B = (¢1(min{1,27™}),
loo(min{1,27™})) and, for & = {&,,}, put T¢ = {...,0,0,&1,&2, ... }. Choose
I' = {1. So, limy, 00 27"|| 7 || e = 0 but limy, oo [|[7—n||r,r # 0. As pointed
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out in Example 2.5, ({1, loo(min{1,27™}))s,.; = 45 = £1 and
(61 (min{1, 27 ), o min{1, 27™}))y g = 6 (min{1, 277
= {1 (min{1,27™}).

It is clear that the interpolated operator T': {1 — ¢1(min{1,27™}) is com-
pact. However, condition (b) does not hold. Indeed, since Ay = ¢1 — A; =
loo(min{1,27™}) with norm 1, for any m < 0 we have G,, = Ap with

J2™, ) = - ||4,- For n € N fixed, given any a € Ay with ||a||4, = 1, put
u = {uy, } with u,, = a if m = —n — 1 and wu,, = 0 otherwise. Then

lllr@y = llallao =1, [7( 3 wn)| = ITallguingr2 .

m|>n 7
Hence
: m <
sup {|[7( 32 wm )| < ICT@™ wn ) < 1]
Im|>n ’

> sup{||Tall¢, (minf1,2-m) * llalle, = 1} =1/2.

From Theorem 4.2 we are going to obtain extended versions of results
by Cobos and Fernandez [8] and Cobos and Peetre [11]. Again our approach
gives a clear explanation of the different assumptions required for them.
First we state an auxiliary result that can be easily proved. We write 61(—G)
for the couple ({1(Gp), l1(27™"Gp)).

LEMMA 4.5. Let I be a J-non-trivial sequence space and let {Gp,} be a
sequence of Banach spaces. Then

I'(Gp) = (6(Gm), (27" G)) g = MF-J'

)

THEOREM 4.6. Let I' be a J-non-trivial sequence space satisfying (4.2)_.
Let A = (Ao, A1), B = (Bo, B1) be Banach couples and let T : A — B
with T : A; — B; compact for i = 0,1. Then the interpolated operator
T : (Ao, A1)r.g — (Bo, B1)r,; is compact.

Proof. By Theorem 4.2, it is enough to check that

(a) T : Ay N Ay — (By, B1)r,s is compact,

(b) limy,— 00 ||T7r(I—Pn)||F(Gm) = 0, where G,,, = (ApNA1, J(2™,)).

(a) follows easily from the fact that T': Ag N Ay — B; is compact for
i = 0,1. In order to establish (b), observe that Tw (I — P,) = TwQ;f +T7Q,, .
Thus, by Lemma 4.5,

\Br,J

1T (1~ P")”F(Gm),EF;J < ‘|T7TQT+L||F(Gm):§F;J T HT?TQ;LHF(Gm)vEF;J

+ bl |
< HTﬂ'Qn ||£1(G)F;J7§F;J + HTWQn ||41(G)F;J7]§F;J-
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We are going to show that the last two terms go to 0 as n — co. According
0 (4.2) and Lemma 2.6, it suffices to check that

(4.3) IT7QN ey (Gr),Bo — 0 as . — oo,
(4.4) HT7rQ,;H[1(27me),Bl —0 asn — oo.

The sequence {||T7Q}} ¢ (G,n).B,} 15 non-increasing. Let § be its limit.
Choose a sequence {wy, }nen of vectors in the unit ball of £1(G,y,) such that
8 = limy—oo|| T7Q; wy || By~ Since T : Ag — By is compact and {rQ; wy} is
bounded in Ag, we can find a subsequence {Tsz,wn/} converging to some
bin By. Hence 6 = ||b|| B,- On the other hand, since |]Q:,Hgl(gm)7gl(2_mgm) <
2= we see that {TﬂQi,wn/} converges to 0 in B1. By compatibility b = 0
and so 0 = ||b||p, = 0.

The proof of (4.4) is analogous but using compactness of T': A} — B;. =

If By < Bj then we can derive the same conclusion without requiring
that T : Ay — B is compact:

THEOREM 4.7. Under the same assumptions on I, A (md_E as in the
previous theorem, suppose also that By — By and that T : A — B with
T : Ay — By compact. Then T : (Ao, A1)r.; — (Bo, B1)r,s is compact.

Proof. We follow the same scheme as in Theorem 4.6. Taking into ac-
count that 27"||7,||r,r — 0 and using Lemma 2.7, we get

I t I 2" < lim Co2~"||7n|lpr = 0

11m ———— = l1m — — 1m T, = U.

t=0o(t,Br,;, B) n—o (27", Br,;,B) ~ n— 2 e
So, compactness of T' : Ag N Ay — By and [6, Thm. 3.2], imply that T :
Ao N Ay — (By,Bi)r,s is compact. That is, (a) (of the previous proof)
holds.

To establish (b), we observe that (4.3) follows with the same argument
as in Theorem 4.6. To check (4.4), we use the factorization

€1<2_me) Q—;> £1<Gm) L AO 1) BO (SN Bl
and (4.1). We obtain
1T7Q ey 2-mc),Br < 27 "I T 40,8, — 0 asn — oo.

This completes the proof. m

If Ag — Aj, then we can even omit the assumption lim,, || 7—|

rr=0:
THEOREM 4.8. Let I' be a J-non-trivial sequence space such that
(4.5) 27" mllrr — 0 as n— oo.

Let A = (Ao, A1), B = (Boy, B1) be Banach couples with Ay continuously
embedded in Ay and let T : A — B be such that T : Ag — By is compact.
Then T : (Ao, A1)r,; — (Bo, B1)r.s is also compact.
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Proof. Let Zt ={m € Z : m > 0} and let 't be the Banach lattice on
Z* consisting of all real-valued sequences & = {&, },nez+ which have a finite
norm |&|lr+ = |I{.-.,0,0,&0,&1,&2, ... }|r. Form the vector-valued space
I't(Gy,) over ZT. It is not hard to check that m : I't(Gy,) — (Ao, A1)r.s
is still surjective and that the quotient norm it induces is equivalent to
Il - ”AF;J' Working with the spaces ¢} (Gp,), {7 (27™G,,) and the operators
PH&n) = {€0,&, -+, 6n-1,&1,0,0,. ..}, the argument in Theorem 4.2 can
be repeated with only minor modifications, to deduce that if

(a) T': ApN Ay — (Bo, B1)r,; is compact, and
(b) ||T7er{||F+(Gm)7§F;J — 0 as n — oo,

then T : (Ao, A1)r.; — (Bo, B1)r.s is compact.
Since we still have 27"||7,||r,r — 0, we can derive (a) as in Theorem 4.7.
To establish (b), note that

+ +
1T Qn I+ (G Br < TR e} (Gt -G s Bres

Using compactness of T : Ag — By, we can repeat the argument given

in Theorem 4.6 to derive that |\T7TQ:{|\£1+(Gm) B, — 0. Then Lemma 2.6

yields (b). =

Writing down Theorem 4.8 for I = £,(279™) we get a result of Cobos
and Fernandez [8, Thm. 2.1]. For this example, Theorems 4.6 and 4.7 give
results of Cobos and Peetre [11, Example 2.4].

We end this section with an example which shows that without the
assumption (4.5), Theorem 4.8 is not true in general.

EXAMPLE 4.9. Let Ay =41, A1 = {l, By = Eoo(min{l,Q_m}), Bi =/l
and put T¢ = {...,0,0,&1,8&,...} for & = {&,}. Then Ag — Ay, T :
Ay — By is compact and T : A1 — Bj is bounded. Choose I' = ¢1(27™).
We find that ||7,||rr = 2", so (4.5) is not satisfied. By Example 2.5,
(A[),Al)gl(Qfm);J = A‘i = Cp and (B[),Bl)gl(Qfm);J = Bf = Eoo, and obvi-
ously T': ¢g — l fails to be compact.

5. Compact operators from a J-space into a K-space. The main
result of this section is a characterization of compact operators acting from
a J-space into a K-space. The result is new even for the case of the classi-
cal real method, and it shows that the way followed by Cobos, Kithn and
Schonbek to establish the one-sided compactness theorem [9, Thm. 1.3] is
optimal. We shall work with the sequence spaces I" and A such that for any
Banach couple A = (Ag, A1),

(5.1) (Ao, A1)r,; — (Ao, A1) Ak

Under thi_s assuml)tion it is clear that whenever T : A — B then the restric-
tion T': Ap.; — Ba.x is bounded.
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We denote by G, the space (A9 N A1, J(2™,)) and by F), the space
(By + By, K(2™,+)). We shall work again with the operators P,, Q;, Q,
introduced in Section 3, but now we shall use them on the two couples. To
avoid misunderstanding, we denote by R, S;', S, the operators P,, Q'
@,, when they act on I'(G,,) or on any other sequence space related to

(Ao, A1)r.s-

THEOREM 5.1. Let I' be a J-non-trivial sequence space and let A be a
K -non-trivial sequence space satisfying (5.1). Assume also that

(5.2) 27" mllrr — 0 and ||[7—n|lr,r — 0 asn — oo.

Let A = (Ag, A1), B = (By, B1) be Banach couples and let T : A — B.
Then T : (Ao, A1)r,g — (Bo, B1) i is compact if and only if the following
conditions hold.

(a) T : ApN Ay — (Bo, B1) a;k s compact.

(b) T : (Ao, A1)r.g — Bo + By is compact.

(c) sup {H(I—Pn){K<2m,T( S uk))}HA HT@™, un) Y| < 1} ~0

|k|>n
as n — oo.

Proof. Suppose first that (a)—(c) are satisfied. Take any n € N and con-
sider the operators jT7 Ry, P,jTw(S;" +S,, ) acting from I'(G,,) into A(Fy,).
The factorizations

(Gm) 22 01(G) N 0127 G) & Ao N Ay L (B, B ak L A(Fp)

and
T(Grm) S50, P(Go) ™ (Ao, A1)y 5> Bo+ Bi 2 £oo (Fi) + £oo (27 Fy)
1P,
A(Fm)

and conditions (a), (b) imply that jT7R,, and P,jTw(S;f +S, ) are compact.
Since (c) means that ||jT7 — jT7 R, — PojTn(S,;} + S, rG o), aE,) — 0
as n — oo, we find that jT7 : I'(G,,) — A(F,,) is compact. Hence, by the
properties of 7 and j, compactness of T': (Ao, A1)r.; — (Bo, B1) 1.k follows.

Conversely, suppose that T : (Ao, A1)r.; — (Bo, B1)ax is compact.
Then (a) and (b) can be easily derived from the embeddings Ag N A; —
(Ao, A1),y and (Bo, B1)a.;x — Bo + Bj. To establish (c) put

6n = [|jTm — jTr Ry — PogTr(S, 4 S:) | 1), A(Fw) -

It is easy to see that d; > do > --- > 0. Hence the sequence {d,}nen is
convergent. Let § be its limit. It remains to show that 6 = 0. With this aim,
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find vectors wy, in the unit ball of I'(G,,) such that
0= lim ||(jT7 — jTaRy — PojTm (S, + S,))wnll A,
= lim [|(GT7 (S +8,) = Paj (S + S;)wnllar,)
i [[(Q + @y)IT(Sy + Sy )wnllar,)

Since {7 (S, +S,, )w, } is bounded in (Ag, A1)r.s, compactness of the opera-
tor T': (Ao, A1)r.g — (Bo, B1)a;x implies, by passing to a subsequence, that
{T7(S} + S )wy} converges to some b in (By, B1)a;x. The subsequence
also converges to b in By + B;. But, by (5.2) and Lemma 4.1, we have

Jim IS I r (G b1 (2=mGr) = 0 = T (1S5 16 2 (G-

It follows that {(S;" + S, )wy,} has limit 0 in ¢1(G,) + 61(27™"G,y,) and so
{T7(S} + S, )wn} converges to 0 in By + Bi. This implies b = 0. Finally,
since [|Q% + Q;, | a0, (k) = 1, we obtain

0= lim Qs + Q)T (S, + S )wllack,)

< hm |T7(S} + S, ) wy ||BAK ||b||]§A;K =0.u

n/—o00

REMARK 5.2. Condition (5.2) has only been used to show that compact-
ness of T : (Ao, A1)r,.; — (Bo, B1) .k implies (c). If it is not satisfied, this
implication does not hold in general as the following example shows.

EXAMPLE 5.3. Take I' = ¢; and A = {. Then (5.1) holds because for
any Banach couple A = (Ag, A1) we have (see Examples 2.4 and 2.5)

(Ao, A1)g.0 = Ay — Ay = (Ao, Ar)

£007

But condition (5.2) fails because ||7_y|s, ¢, = 1. Let
A = (01,00o(min{1,27})), B = (f1(min{1,27™}), loo(min{1,27}))

and let T¢ = {...,0,0,&,&, ...} for € = {&,}. Since Ay, = €5 = ¢ and
By_.x = {1(min{1,27™})~ = ¢;(min{1,27™}), we see that the interpolated
operator 1 : A_gl; J— Egoo; k is compact. However, given any n € N and any
¢ € 4y with ||£]le, = 1, if we put u = {u,,} with u,, =& if m=—n—1 and
um = 0 otherwise, then |[{J(2™, um)}e, = J(27"71,€) = [|€]l¢, = 1 and

o= rofima(S ).

> K(2"T¢) > K(1,T¢) = |T¢l o, (minf1.2-m1)-
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Therefore

sup {||(7 = P { & (2773w ) ) | @ wn) M < 1}

|k|>n
> T ¢y o (minf1,2-my) = 1/2.

As can be seen in [24, Lemma 2.5], if the Calderén transform 2{,,} =
{3220 min(1,2™7%)|¢ | }mez is bounded from I into A, then (5.1) holds.
In particular, this is the case for I' = A = ¢,(1/f(2™)) (Example 2.2).

Next we derive from Theorem 5.1 an extension of the function parameter
version of Cwikel’s compactness theorem established by Cobos, Kithn and
Schonbek in [9, Thm. 2.3].

THEOREM 5.4. Let I be a J-non-trivial sequence space and let A be a K -
non-trivial sequence space satisfying (5.1). Suppose also that I saﬁsﬁes_(5.2).
Let A = (Ay, A1), B = (By, B1) be Banach couples and let T : A — B with
T : Ay — By compactly. Then T : (Ao, A1)r,; — (Bo, B1)a;x s compact.

Proof. By Theorem 5.1 it suffices to show that

(a) T : AgN Ay — (By, B1) .k is compact,

(b) T : (Ao, A1)r,; — Bo + By is compact,

(¢) Q¥ + Q)iTn(Sy + Syl rGo) A, — 0 as n — oo, where

Gm = (AgN Ay, J(2™, ) and F,, = (By + By, K(2™,")).
Using (5.2) and Lemma 2.7, we have

lim M :O:lim%.

t—00 t t=0 o(t,Br.j, B)
Since T : AgN A1 — By is compact and T : Ag N A1 — Bj is bounded,
applying [6, Thm. 3.2] and assumption (5.1) we derive (a). On the other
hand, as T : Ag — By + B; is compact and T : A; — By + By is bounded,
(b) follows from [6, Thm. 3.1]. It remains to establish (c). By Lemmas 3.4
and 4.5, we get

1(Qn + Qu)IT7(Sy + S r(G) AFw)
< @F +Qu)iT=(Sy + S)lia,. i

F;J,ZOO(F)A;K
< 1QniTn(Sy + Sz

F;J7€OO(F)A;K

F;J’ZOO(F)A;K ’

+ HQ;’{J'TWS:||41(G)F;J7500(F)A;K + ||Q:jT7TS;||g1(G)

Since the couple A is interpolated by a J-space and Ag N A = AN A3, we
may and do assume that Ayg = Aj and Ay = AJ. Then the argument given
to establish (3.4) can be repeated to show that
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1Qn 3T (S + Sy M2 (G e (Fr) < NQr 3TN g 00 (Fr) — O @S 10— 00
The same argument as in (4.3) implies that
1@ TTTS ey (G oo (Fr) < NTTS ey (G0 — 0 a8 10— 00
Furthermore, the factorization

— . T +
027 Cn) 2 01(Gon) T o (i) 25 00(27Fy)

gives
Qo TS, ey 2-mG) s 2= Fpy) < 27T [ 40,27 — 0 as n — o0.

Consequently, using Lemma 2.6 and assumptions (5.2) and (5.1), we deduce
that {Q; JT(S; + 5 e . i, b QTR i i, )

rigbee (F) 4. r.gtoo(F) o
and {HQﬁjTWS,{Hm =), } converge to 0 as n — oo. This gives (c)
I;Jjr»oo s K

and completes the proof. m

6. Compactness versus weak compactness. A well known result of
Beauzamy [1] says that if the inclusion I : AgNA; — Ap+ A; is weakly com-
pact and 1 < g < oo then the identity of the classical real interpolation space
I: (Ao, A1)sq — (Ao, A1)g,q is also weakly compact (that is, (Ao, A1)s,q is
reflexive). This result has attracted considerable attention. A number of au-
thors have extended it in several directions (see, for example, [20, 4, 22, 10]).
The following theorem is very close to [22, Cor. 11] (see also [4, Thm. 4.6.8]).
The proof is a slight modification of the arguments given in [22] by using
Lemma 2.7.

THEOREM 6.1. Let I' be a K-non-trivial sequence space such that I is
reflexive, 27| 7, |lrr — 0 and ||7—u||rr — 0 as n — oo. Let A = (Ao, A1),
B = (By, By) be Banach couples and let T : A — B. ThenT : (Ao, A1) . —
(Bo, B1)r:k is weakly compact if and only if T : AgN A1 — Bo+ By is weakly
compact.

A similar result does not hold for compact operators. Take, for example,
A = B = (l2,la(max{1,2™})), let T¢ = {...,0,0,&1,&2,...} for & = {&n)
and choose I' = £5(27%™) with 0 < @ < 1. The space I' is K-non-trivial
and reflexive with shift operators having the required behaviour. We have
AgNA = Eg(max{l, 2m}) and By + By = #5. So, T : AgN A1 — By + By
is compact. However, (Ao, A1)g2 = (Bo, B1)g2 = f2(max{1,2"}) and T :
(Ao, A1)g.2 — (Bo, B1)p,2 fails to be compact.

Next we shall use the results of Sections 3 and 4 to determine when
compactness of T': Ag N A1 — By + Bjp passes to the interpolated opera-
tor.
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We shall assume that the sequence space I' has the property that for
any Banach couple A = (Ao, A1),

(6.1) (Ao, A1)r.7 = (Ao, A1)k
We denote by (Ao, A1)r the common space in (6.1). The spaces G, Fi,

and the operators P, Q;, Q,,, Rn, S;F, S, are defined as in the previous
section.

THEOREM 6.2. Let I be a K- and J-non-trivial sequence space satisfying
(6.1). Assume also that for any £ € I,

(6.2) I€E = Pllr—0 asn— oo
and that
(6.3) 27" mllrr — 0 and ||T—nllrr — 0 asn — .

Let A = (Ao, A1), B = (Bo, B1) be Banach couples and let T : A — B. Then
T : (Ao, A1)r — (Bo, B1)r is compact if and only if the following conditions
hold.

(a) T: ApN Ay — By + By is compact.

(b) sup{|[(I = Po){K (2™, Ta)}||r : [|all 5, <1} — 0 as n — oc.

(©) (TS mpontin)lz, : HI@™ um)}r < 1} — 0 as n — ox.

Proof. Suppose first that the three conditions hold. The factorization

[(G) 22 01(Gon) N 6 (27™Gn) = Ag N Ay = By + By
L
loo(Fm) + Lo (2™ Fy)
L Pa
I'(Fm)

and (a) imply that, for any n € N, P,jT7 R, : I'(Gy,) — I'(Fy,) is compact.
Since
|jTm — PanWRnHF(Gm),F(Fm)
< T — PojTn||rGn).r(Fm) + 1PaiTT — PojTm Ryl r(G) 0 (F)

< W = Ba)iTl a4 r(py 1T = Ba)ll pci,) By

using (b) and (c), we infer that j77 : I'(Gy,) — I'(Fy,) is compact. Hence
T : (Ag, A1)r — (By, B1)r is compact. Note that this implication still holds
when (6.2) and (6.3) are not satisfied.

Conversely, if T : (Ao, A1)r — (Bo, B1)r is compact, then (a) follows
from the inclusions Ag N Ay — (Ap, A1)r and (By, B1)r — By + B1. We
obtain (b) by Theorem 3.1 and (c¢) by Theorem 4.2. =

Acknowledgments. We thank the referee for his comments.



[10]
[11]
[12]
[13]
[14]

[15]

[16]
[17]
[18]
[19]
[20]

21]
22]

23]

24]

Compact operators between K- and J-spaces 219

References

B. Beauzamy, Espaces d’interpolation réels: topologie et géométrie, Lecture Notes
in Math. 666, Springer, Berlin, 1978.

C. Bennett and R. Sharpley, Interpolation of Operators, Academic Press, New York,
1988.

J. Bergh and J. Lofstrom, Interpolation Spaces. An Introduction, Springer, Berlin,
1976.

Yu. Brudnyi and N. Krugljak, Interpolation Functors and Interpolation Spaces,
Vol. 1, North-Holland, Amsterdam, 1991.

M. J. Carro and J. Peetre, Some compactness results in real interpolation for families
of Banach spaces, J. London Math. Soc. 58 (1998), 451-466.

F. Cobos, M. Cwikel and P. Matos, Best possible compactness results of Lions—Peetre
type, Proc. Edinburgh Math. Soc. 44 (2001), 153-172.

F. Cobos, D. E. Edmunds and A. J. B. Potter, Real interpolation and compact linear
operators, J. Funct. Anal. 88 (1990), 351-365.

F. Cobos and D. L. Fernandez, On interpolation of compact operators, Ark. Mat.
27 (1989), 211-217.

F. Cobos, T. Kithn and T. Schonbek, One-sided compactness results for Aronszajn—
Gagliardo functors, J. Funct. Anal. 106 (1992), 274-313.

F. Cobos and A. Martinez, Extreme estimates for interpolated operators by the real
method, J. London Math. Soc. 60 (1999), 860-870.

F. Cobos and J. Peetre, Interpolation of compactness using Aronszajn—Gagliardo
functors, Israel J. Math. 68 (1989), 220-240.

—, —, Interpolation of compact operators: The multidimensional case, Proc. London
Math. Soc. 63 (1991), 371-400.

M. Cwikel, Real and complex interpolation and extrapolation of compact operators,
Duke Math. J. 65 (1992), 333-343.

M. Cwikel and J. Peetre, Abstract K and J spaces, J. Math. Pures Appl. 60 (1981),
1-50.

V. I. Dmitriev, Relative compact sets in interpolation spaces of constants, in: Col-
lection of Articles on Applications of Functional Analysis, Voronezh, 1975, 1-50 (in
Russian).

W. D. Evans and B. Opic, Real interpolation with logarithmic functors and reitera-
tion, Canad. J. Math. 52 (2000), 920-960.

L. M. Fernandez-Cabrera, Compact operators between real interpolation spaces,
Math. Inequal. Appl. 5 (2002), 283-289.

J. Gustavsson, A function parameter in connection with interpolation of Banach
spaces, Math. Scand. 42 (1978), 289-305.

J. Gustavsson and J. Peetre, Interpolation of Orlicz spaces, Studia Math. 60 (1977),
33-59.

S. Heinrich, Closed operator ideals and interpolation, J. Funct. Anal. 35 (1980),
397-411.

S. Janson, Minimal and mazimal methods of interpolation, ibid. 44 (1981), 50-73.
M. Mastyto, On interpolation of weakly compact operators, Hokkaido Math. J. 22
(1993), 105-114.

—, On interpolation of compact operators, Funct. Approx. Comment. Math. 26
(1998), 293-311.

P. Nilsson, Reiteration theorems for real interpolation and approrimation spaces,
Ann. Mat. Pura Appl. 132 (1982), 291-330.



220 F. Cobos et al.

[25] V. I Ovchinnikov, The method of orbits in interpolation theory, Math. Rep. 1 (1984),
349-515.

[26] J. Peetre, A Theory of Interpolation of Normed Spaces, Notas Mat. 39, Inst. Mat.
Pura Apl., Rio de Janeiro, 1968.

[27] T. Schonbek, Interpolation of compact operators by the complex method and equicon-
tinuity, Indiana Univ. Math. J. 49 (2000), 1229-1245.

[28] H. Triebel, Interpolation Theory, Function Spaces, Differential Operators, North-
Holland, Amsterdam, 1978.

Fernando Cobos Luz M. Ferndndez-Cabrera
Departamento de Analisis Matemdtico Seccién Departamental de
Facultad de Matemaéticas Matemaética Aplicada
Universidad Complutense de Madrid Escuela de Estadistica
28040 Madrid, Spain Universidad Complutense de Madrid
E-mail: cobos@mat.ucm.es 28040 Madrid, Spain

i ., E-mail: luz_fernandez-c@mat.ucm.es
Antén Martinez

Departamento de Matematica Aplicada
E.T.S. Ingenieros Industriales
Universidad de Vigo

36200 Vigo, Spain

E-mail: antonmar@uvigo.es

Received June 19, 2002
Revised version March 27, 2003 (4974)



