STUDIA MATHEMATICA 167 (2) (2005)

Topological and algebraic genericity
of divergence and universality

by

FREDERIC BAYART (Bordeaux)

Abstract. We give general theorems which assert that divergence and universality
of certain limiting processes are generic properties. We also define the notion of algebraic
genericity, and prove that these properties are algebraically generic as well. We show that
universality can occur with Dirichlet series. Finally, we give a criterion for the set of
common hypercyclic vectors of a family of operators to be algebraically generic.

1. Introduction. This paper deals with the pathological behavior of
certain series. Its origin goes back to the following observation of du Bois-
Reymond (1873):

There exists a continuous function whose Fourier series
diverges at a point.

Later, this property has been proved to be topologically generic in the fol-
lowing sense: it holds for a dense G5 subset of C(T), the Banach space of
continuous functions on the unit circle T. We also say that this property is
quasi-sure, or that it holds quasi-everywhere. Recall that in a Baire space,
countable intersections of dense open sets are big sets: they are analogues
of sets of probability one in probability spaces.

Many other examples of divergence of Fourier series are known (due to
Kolmogorov, Fefferman,...) and some of them have a generic version. We
refer to the recent survey of J.-P. Kahane ([Kal) for precise statements. In
Section 2, we give a “proving machine theorem” which allows us to obtain
the genericity automatically from the existence of one divergent series. Thus,
we recover some known results, and discover some apparently new ones (in
the case of Fefferman’s divergence theorem, or of some recent results on
divergence of Dirichlet series).

We also introduce another type of genericity: a property on a Banach
space X is said to be algebraically generic if it holds for every non-zero vector
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of a dense subspace of X. Theorem 3 below asserts that the divergence of
Fourier series is also an algebraically generic phenomenon.

Sometimes, limiting processes may diverge in a maximal way: this is
linked with the phenomenon of universality. We restrict ourselves to the
notion of universal series: if (ay,)nen is a sequence of complex numbers, and
(n)nen is a sequence in a topological vector space X, the series > ° ; any
is said to be universal if the sequence of its partial sums (Zﬁfzo AnTn)N>0
is dense in X. Surprisingly, a great number of universal objects have been
discovered: we refer to the survey of K.-G. Grosse-Erdmann [Gre|, and just
give a recent result of V. Nestoridis ([Ne]):

There exists a Taylor series S = Y °  ¢,2", convergent in
the unit disk I, such that, given any compact set K which
does not separate the plane and which satisfies K NID = 0,
and any function ¢ continuous on K and analytic in the
interior of K, there exists a sequence of partial sums of S
which converges to g uniformly on K.

If one allows the sequence (ay) to be in a Baire subset Y C CN, one could
ask if the existence of a universal series with coefficients in Y implies the
topological genericity of this property in Y. Indeed, in the literature, for
many examples, universality appears as a generic phenomenon. For instance,
quasi-all Taylor series in H (D) are universal in the sense of Nestoridis. The-
orem 4 below shows that under some natural assumptions on Y, one has
a topological zero-one law: either there does not exist a universal series
> anwy with (a,) € Y (the vectors x, being kept fixed), or for quasi-all se-
quences (a,) € Y, the series > a,x, is universal. We also give in Section 3
a generalization of the Nestoridis Theorem to Dirichlet series.

For Y a linear space, the notion of universality is of course connected
with that of hypercyclicity. Recall that if X and Y are two topological
vector spaces, a sequence (T) of continuous linear mappings T : Y — X
is called hypercyclic provided there exists a vector y, called a hypercyclic
vector, whose orbit {Tny; N € N} is dense in X. Now, if Y is a sequence
space, one can define

N
Ty :Y — X, (an)HZanxn.
n=0

So, the existence of a universal series is equivalent to the hypercyclicity
of (Tw). If Y is a Baire space, the topological genericity of hypercyclic
vectors and therefore of universal series is well known (see for instance [Gre]).
Moreover, L. Bernal-Gonzélez gave in [Be, Thm. 3] a sufficient condition for
the algebraic genericity of the set of hypercyclic vectors. We will show that
this sufficient condition is always satisfied for universal series.
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Recently, the notion of common hypercyclicity has drawn attention
([AG], [CS], [Bal], [Ba2]): given a family (Tx 1) nen, xer of operators Y — X
such that, for each A € I, the sequence (Ty \)nen is hypercyclic, does there
exist a common hypercyclic vector, that is, a vector z which is hypercyclic
for each sequence (T x)ven? In particular, G. Costakis and M. Sambarino
give in [CS] a sufficient condition for the set of common hypercyclic vectors
to be topologically generic. In Section 4, we give a similar condition for the
set of common hypercyclic vectors to be algebraically generic.

2. Divergent series

2.1. A criterion for topological genericity. Our first result asserts that
if a limiting process is unboundedly divergent at one point for one function,
it is divergent at quasi-all points for quasi-all functions.

THEOREM 1. Let X be a Banach space, and G be a complete metrizable
abelian group. Let (Ti)icq be a continuous group of operators acting on X,
each of them being an isometry. Let (py,) be a sequence of continuous linear
forms on X, and define, for f € X, t € G, pn(f,t) = on(T1f). Suppose that

(H1)  for all M >0 and N > 0, there exist n > N and g € X such that
lgll <1 and |on(g,0)] > M.

Then for quasi-all functions f € X, the sequence (pn(f,t)) is unboundedly
divergent for quasi-allt € G.

REMARK. Hypothesis (H1) is for example an easy consequence of the
following one: There exists g € X such that the sequence (¢, (g,0)) is un-
boundedly divergent.

Proof. For M, N € 7™, set
AM,N) = [J{(f,1) € X x G; pal(f,t)| > M}
n>N

This set is clearly open. Let us show that it is dense. We fix (f,t9) € X x G
and € > 0 as small as we wish. Let g € X be a function given by hypothesis
(H1) satisfying

lgll <1 and |pn(g,0)] > M/e forn > N.

Suppose for a moment that the following two inequalities are simultaneously
true:

lon(Tyo f +€9,0)| < M,  |on(Ty f —€g,0)| < M.

By the triangle inequality, one deduces |p,(2eg,0)| < 2M, which is false.
Therefore we can assume for instance that

|on(Tyo f +€9,0)| > M.
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This implies
lon(f +eT1y9,t0)| > M.

Thus, (f +€T-+,9,t0) € A(M,N), and (f + €T4,9,t0) can be chosen arbi-
trarily close to (f,to). This implies that (1, yez+ A(M, N) is residual, and
if (f,t) is in this set, the series (¢, (f,t)) is unboundedly divergent. The
Kuratowski-Ulam Theorem, as employed in [Kal, gives the conclusion. m

ExaMPLE. Theorem 1 could be applied to prove the topological gener-
icity of du Bois-Reymond’s example (see [Ka]). We prefer to give a less
standard (and apparently new) result for a summability method. A series
> uy, is said to be summable by Borel’s method, or B-summable, to sum S
if

nA"
B(A):e*AZS — S as A — oo,

where s, = ug + - -+ + u,. Moore (see [Zyg, p. 314]) proved the existence of
a continuous function f on T whose Fourier series at 0 is not B-summable
(the divergence being unbounded). Theorem 1 implies that, for quasi-all
functions f € C(T) and quasi-every ¢ in T, the Fourier series of f at ¢ is not
B-summable.

Indeed, let X be C(T), and G = T. The action of G on X is the trans-
lation

T f(z) = f(e2).

The linear forms
o0

_ N™
en(f) =€ NanF,
n=0 ’

where s, is the nth partial sum of the Fourier series of f, evaluated at the
point 0, satisfy the assumptions of Theorem 1.

If the limiting process is everywhere unboundedly divergent, everywhere
unbounded divergence is also topologically generic:

THEOREM 2. Let X be a Banach space, and E be a o-compact topological
space. Suppose that, for each t € E and each n > 0, a linear form y,(t,-)
s given such that ¢, : X x E — C is continuous. For g € X andt € F, set

on(g,t) = sup |eon(g,t) —en(g, ).
n>N

Suppose that

(H2)  for all M, N > 0, and each compact subset K of E, there exists
g € X such that ||g|]| <1 and dn(g,t) > M for every t € K.

Then for quasi-all f € X, the sequence (pn(f,t))n>0 is unboundedly diver-
gent for eacht € E.
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REMARK. In many situations, (H2) will follow from the stronger as-
sumption

dg € X such that Vt € E, (¢n(g,t)) is unboundedly divergent.

Proof. Write E = |Jp2 | X}, where (X}) is a non-decreasing sequence of
compact subsets of E. We shall construct an increasing sequence (Ny)g>o of
integers and a sequence (gj)r>1 of vectors in X such that

(1) Vte Xy, sup  [en(gr:t) — onp_y (g6, )| > Ky llgell < 1
Np_1<n<Ng

Take Ng = 0. We assume that Ny, ..., Np_1,91,.-..,9gk_1 have been defined,
and describe how to choose Ny and gi. Let g be given by (H2) for M = k,
N = Ni_1, K = X}, and let
on(t) = sup |on(gr:t) = Ny (gk, )]
Ni_1<n<N
The continuous functions (8% (t) + 1)~} decrease pointwise to 0, and Dini’s
Theorem implies the existence of N > Nj_j such that (0% (t) + 1)7! <
(k+1)~! for each t € Xj. Just take N, = N to get (1). Now, for M,k € Z™,
set
AM k) = J{f € X;Vte Xy, sup  |on(f,t) — on_, (f,1)] > M}
>k Ni_1<n<N;
Clearly, A(M,k) is open. Moreover, it is dense: if fy € X and € > 0 is
arbitrarily small, there exists [ > k such that

M
vt € Xy, sup  |en(g,t) — Ny (g 1)) > —-
N;_1<n<N; €

As in the proof of Theorem 1, either fy+eg; or fo —eg; belongs to A(M, k).
Therefore ﬂM,k; A(M, k) is quasi-sure, and for any f € ﬂM,k; A(M, k) and
any t € E, (p,(f,t)) is unboundedly divergent. m

ExaMpLES. (1) Let X = LY(T), E = T, and oy (f,) = 3, <y f(n)e™.
A famous result of Kolmogorov (see [Ka] or [Zyg] for a proof) asserts that
there exists a function f € L'(T) such that, for each t € T, (¢,(f,t)) is
unboundedly divergent. This property is topologically generic.

(2) Let X = L?(T?), E = T?. Denote by Sy n f(t,u) the Fourier series
of f € L'(T?):

Sun(Ntw) = 33 flmnjemen.
Im|<N, [n|<N

Fefferman gives in [Fe] an example of f € L?(T?) such that, for each (¢,u) € T2,

limsup [Sy n f(t, u)| = oc.
M ,N—oco0
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More precisely, his construction implies the existence of two increasing se-
quences (My) and (Ng) of integers such that

|SMk,Nkf(tvu)| >k

for every (t,u) € T2. By setting ox(g, (t,u)) = S, n,9(t,u) and by apply-
ing Theorem 2, we see that Fefferman’s example is topologically generic in
L?(T?).

(3) Let us now turn to the case of H*, the space of Dirichlet series
f(s) = >02 ayn~°, with convergence and boundedness of f in the half-
plane C; = {s € C; R(s) > 0}; H> is a Banach space with the norm

[flloo = sup{|f(s)]; s € C4}.
In [BKQ], it is proved that there exists a Dirichlet series f(s) = > 0, apn~°

. n=1
€ H™ such that > 7 a,n' diverges for each ¢ € R. In the course of the
proof, we build a sequence of Dirichlet polynomials Q(s) = T]:[il an(k)n=*

and a sequence of intervals X, such that:
k—oo

o0
||Qk:||00 _— Oa Xk: C Xk?-‘rlv U Xk‘ = Rv
k=1

vt € Xy, sup
1<I< NG,

n=1

where & > 0 is an absolute constant. We may apply Theorem 2: for quasi-
all Dirichlet series f(s) = Yo% a,n™% € H*®, > o a,n' diverges un-
boundedly for each ¢ € R. Observe that in [BKQ], we obtained f(s) =
o0 L apn~% € H® such that > °° | a,n® was boundedly divergent on R.

n=1
REMARK. The topological genericity of divergent series ) &, f,, where
(en,) runs over all choices of signs (e, = £1), is proved in [BKQ).

2.2. Clriterion for algebraic genericity. From the topological point of
view, a dense G set in a Baire space is a very big set. But in an algebraic
setting, a dense G5 set may be very thin: in particular, there is no reason why
it should contain an infinite-dimensional vector space. To name properties
which hold on a big algebraic set, we say that a property on a topological
vector space is algebraically gemeric if it holds for every non-zero vector in
a dense subspace of X. If T is a hypercyclic operator on a Banach space
X (meaning that the sequence of iterates (1), >0 is hypercyclic), “being a
hypercyclic vector” is a good example of an algebraically generic property:
see [Bou] for the proof if X is complex. One can ask if the divergence of
Fourier series is algebraically generic. The following theorem says that the
answer is yes. The method of proof could be easily adapted to other examples
of divergent limiting processes. Before proceeding with the theorem, let us
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fix the notations: for f € L!(T), we set
Fony = =\ fwemtdt,  Sx(fy=S Flmein.
T

2w
In|<N
THEOREM 3. Let X C L'(T) be a Banach space and E CT. Suppose that:

e The set of trigonometric polynomials is a dense subset of X (for the
topology of X).

e For all M > 0, there exists a trigonometric polynomial Q) such that
|Qllx =1 and supy |SN(Q,t)| > M for allt € E.

o |[e™fllx = ||fllx foralln € Z and f € X.

Then there exists a dense subspace X of X such that, for each f € Xo\ {0}
and every t € E, the Fourier series (Sy(f,t))n>0 s unboundedly divergent.

Proof. Fix a sequence (P)) of trigonometric polynomials dense in X, and
a sequence (g;) of integers such that Sp(P;) C [—q;, qi] (here, Sp(P;) denotes
the spectrum of the polynomial P;). We build by induction a sequence of
“bad polynomials” with disjoint spectra. More precisely, we build, for j > 1
and 1 < k < j, integers n(j, k) and m(j, k), and trigonometric polynomials
R(j, k) such that:

(2) VI<k<K <y,
g <n(j, k) < m(j, k) < n(G, k) < m(j,K') <n(j +1,1).
(3)  Sp(R(,k)) C [n(G, k), m(j, k).
4) IR, F)x <1/
() VteE, sup 1Sn(R(j, k), 8)] = J.
n(j,k)<n<m(j,k)

Indeed, for j =1, let @ be a trigonometric polynomial such that:

o |Qllx =1/2.

e supy |Sn(Q,t)| >1forallt € E.
Then, if Sp(Q) C [—a, al, the polynomial R(1,1)(t) = e @ta+DQ(t) works,
with n(1,1) = g1 +1 and m(1,1) = ¢1 +2a+1. Suppose now the construction
is done till the rank j — 1, and set 8 = max(q;,m(j — 1,7 — 1)). We fix a
trigonometric polynomial ) and an integer a such that:

o |Qllx < 1/27%.

e supy |Sn(Q,t)| > jforallte E.

i SP(Q) - [_a7 a]‘
First we define

o R(j,1)(t) = e'PHetDiQ(1).

e n(j,1)=p+1

e m(j,1) =B +2a+1.
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Next, the sequences are defined by induction for 2 < k < j, by setting
o R(j, k)(t) = mUEDTDIQ(1).
e n(j,k)=m(j,k—1)+ 1.
e m(j,k)=m(j,k—1)+2a+ 1.

Clearly, conditions (2) to (5) are fulfilled. Finally, we set

fe="Pi+> R(jk).

=k

Observe that, for k # k',
(6) sp (D RG.R) NS (0 RGK)) = 0.
J=k

=k

We claim that the vector space Xo = span(fi; k > 1) satisfies the require-
ments of Theorem 3. Indeed, on the one hand,

I1fr = Pillx <D IRG R < 1/2%

>k

Therefore, Xg is dense in X. On the other hand, pick any f =a1f1 + -+
anfn, any #0,in Xo \ {0}. By (5) and (6), for j > N and ¢t € E, one has

sup |Sn(f7t)_sn(],N)fl(f7t)‘ Z]’(J’N|
n(j,N)<n<m(j,N)

The Fourier series (Sy(f,t))n>0 is unboundedly divergent at each ¢t € E. m

ExampLEs. (1) If X = LY(T), E = T, Kolmogorov’s result gives exactly
what is needed to apply Theorem 3. Thus the algebraic genericity is proved
for this example.

(2) The same proof works in the multi-dimensional case, and in particular
for Fefferman’s example: there exists a dense subspace X of L?(T?) such
that, for each f € Xo \ {0}, and each w € T?,

limsup [Sa,n(f,w)| = oo.
|M],|N|—00
(3) Let X be C(T), and E C T be a set of Lebesgue measure 0. We

can adapt the previous proof to produce a dense subspace X of C'(T) such
that, for each f € X \ {0}, the Fourier series of f at any point of E
is unboundedly divergent. Recall the following lemma from [KK]: given a
finite union F' of intervals of T, with Lebesgue measure a, 0 < a < 1/,
there exists a trigonometric polynomial @ with norm 1 in C(T) such that

1 1
sup |Sp(Q,t)| > —log—  when t € F.
neN T o am
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Since E is negligible, we can find a sequence (F}) of sets such that F} is a
finite union of intervals, its measure a; satisfies

1 1 -

- IOg — Z 2]+1j7

T a;m
and each point of E belongs to infinitely many F}’s. The construction is the
same, except that the polynomial () chosen at the jth step is given by the
lemma: it satisfies ||Q|lc(r) < 1/27*! and

sup |Sn(Q,t)| > j for each t € Fj.

The rest of the proof is unchanged. Since each point of E belongs to infinitely
many Fj’s, the Fourier series of each vector of Xy \ {0} is unboundedly
divergent on F.

(4) The proof cannot be extended to the case of the space H> of Dirichlet
series. More precisely, H> is not separable (it contains H>°(D) via the isom-
etry > o @n2" — Y . ~0an(2")7°), and the set of Dirichlet polynomials is
not dense in H*°. So the proof just gives an infinite-dimensional subspace X
of H>, not necessarily dense, such that, for each f =3 -, apn™* € Xo\{0},

the series >, o, a,n' diverges for each ¢t € R.

3. Universal series

3.1. Topological and algebraic genericity. The first result of this section
is a general result which states clearly, for universal series, the following well
known fact (see [Gre]): “Universality is a generic phenomenon in analysis”.

THEOREM 4. Let X be a separable metrizable vector space, and Y be a
subset of CN such that:

(a) Y is a Baire topological space.
(b) The projection on each component is continuous.

(¢) Ifa=(an), b= (by) €Y, and N > 0, then
C(N) = (b(), ey bN, AN+4+1,AN+2, - - )
belongs to Y and ¢(N) —binY as N — oco.

Finally, let (x,,) be a sequence of vectors in X. Then the following are equiv-
alent:

(i) For at least one a €Y, the series Y anxy is universal.
(ii) For quasi-all a €Y, the series Y anxy, is universal.
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Proof. Fix a countable basis (U;) of open sets in X, and set
N

G(l) = {a €Y; 3N > 0 such that Y ana, € Ul}.
n=0

By condition (b), G(I) is open. Moreover, G(I) is dense: indeed, consider
b €Y, an open set U containing b, and a € Y so that ) a,z, is universal.
By condition (c), there exists Ny € N such that

C:(bo,...,bNO,aN0+1,...) eU.

Since Y anxy, is universal, there exists N; > Ny such that

Ny No No
Z anTn € Uy + Z anTn — Z bnZn
n=0 n=0 n=0
Therefore,
N1
chacn e U,
n=0

which means that ¢ € G(I) N U. Clearly, each sequence in (,~; G(l) gives a
universal series. m -

The hypotheses of Theorem 4 are natural and very permissive. For in-
stance, Y could be cg, 7, CY with the topology of convergence of the coeffi-
cients, or the set of all choices of signs with the same topology (see below).
In case Y is a topological vector space which contains the set of finitely
supported sequences as a dense subspace, Theorem 4 is a consequence of
already known results on hypercyclic sequences. Indeed, as announced in
the introduction, the existence of a universal series is equivalent to the hy-
percyclicity of the sequence of operators (T), with T : ¥ — X defined
by Tn(a) = Zﬁ;o anTy. Since (T) converges pointwise on the dense set of
finitely supported sequences, Proposition 6 of [Gre| ensures that the set of
hypercyclic vectors (equivalently, the set of universal series) is either empty
or residual.

On the other hand, we obtain new examples of topological genericity for
sets which are not vector spaces.

COROLLARY 1. Let Y be TV, equipped with the natural topology defined
by convergence of the coefficients for each indexr n. Let H be a separable
Hilbert space, and (xy,) be a sequence in H satisfying:

() Y llal® < oo.

n>0
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(b) Z |{(zp,x)| = 00 for all x € H \ {0}.

n>0
Then, for quasi-all a €Y, the series Y, <, anTy is universal.
Proof. By [La, p. 208], the set of convergent series {)_ ~;@nTn; |an]
= 1} is dense in H. In particular, if we fix ng > 0, the set of “polynomials”

N
{ Z AnTn; N > no, |an‘ = 1}
n=ng
is dense in H. We deduce the existence of a universal series by the following
argument: let (z)>1 be a dense sequence in H. By induction, one exhibits
a sequence (a;);j>0 of unimodular complex numbers and an increasing se-
quence (ny)g>1 of integers such that

(7) |+ - i nitn
n=0

e For k = 1, this is obvious.
e Suppose that n; < --- < ny have already been chosen, satisfying (7)

<

| =

at step k. There exist ng41 > ng and any41,. .., 0y, ,, With |a;| = 1,
such that
ng Nk+1 1
H (zk-‘rl - Zanxn> - Z UnTn || > k‘——f—l
n=0 n=ng-+

It follows from (7) that the series ) a,x, is universal, and Theorem 4 gives
the topological genericity. m

REMARK. TN could also be viewed as a probability space, equipped with
the product of the Haar measure on each factor. If (z,) satisfies the as-
sumptions of Corollary 1, Kolmogorov’s Theorem asserts that, for almost
all (a,) € TV, the series "°° ; a5, is convergent. This is in strong contrast
with the quasi-sure behavior of such series, since for quasi-all (a,) € TN,
the series > > ;anay, is divergent, in the worst possible sense, because it
is universal. As usual, the Baire approach emphasizes divergence, while the
probabilistic one favors convergence.

Theorem 3 and Theorem 2 of [Be] suggest studying the algebraic gener-
icity of universal series:

THEOREM 5. Let X be a metrizable topological vector space, and Y be
a subspace of CN such that:

(a) Y is a Baire topological space.
(b) The projection on each component is continuous.
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(¢) Ifa=(an) €Y and N >0, then
b(N) = (ag,...,an,0,...)
belongs to Y and b(N) — a as N — co.

Finally, let (x,) be a sequence of vectors in X. Then the following are equiv-
alent:

(i) For at least one a €Y, the series Y anx, is universal.
(ii) For quasi-all a € Y, the series ) anxy is universal.
(iii) There exists a dense subspace Yy of Y such that, for all a € Yy \ {0},
> anxy is universal.

Proof. 1t suffices to prove (i)=-(iii). Recall ([Be]) that a sequence (T') of
operators from Y to X is densely hypercyclic if it is hypercyclic and the set
of its hypercyclic vectors is dense in Y. It is called densely hereditarily hy-
percyclic if, for each increasing sequence (Vg )x>o of integers, the sequence of
operators (T, )k>0 is densely hypercyclic. The Theorem of Bernal-Gonzalez
mentioned in the introduction asserts that, if X and Y are two separable
metrizable vector spaces, and if Ty : Y — X is a densely hereditarily hyper-
cyclic sequence of operators, then the set of its hypercyclic vectors contains
a dense subspace of Y (without 0).

Thus, it suffices to prove that the sequence (T )n>0o of operators with

N
Ty:Y =X, (an)— Y antn,
n=0

is densely hereditarily hypercyclic. Fix an increasing sequence (Ny) of in-
tegers, and let a € Y be such that ) a,x, is universal. Moreover, fix an
open subset U of Y, and an open subset V' of X. For a sequence b in U, by
condition (c), there exists m > 0 such that, for each [ > m,

(bo,...,bm,aerl,...,(IZ,O,...) el.

Since Y anxy, is universal, there exists u > m such that

u m m
Zanxn eV + Zan:ﬂn — Z bnxp,.
n=0 n=0 n=0

Set ¢ = (bo, .., bm, Gmt1s- -+, 0y, 0,...). Summarizing, if k is chosen so that
Ng > u, one has
cel, TNk(C) eV.

By the hypercyclicity criterion (see [Gre, Thm 1]), the sequence (T'w, )x>0 is
densely hypercyclic. =

EXAMPLE. J.-P. Kahane and V. Nestoridis have proved in [KN] the
existence of a sequence a in c¢o(Z) such that the trigonometric series

S ane™ is universal in the sense of Men’shov: every measurable
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function on T can be approximated by some sequences of partial sums
Eg:_ N ane™ almost everywhere on T. Actually, they prove that quasi-all
sequences of ¢o(Z) give a universal series in the sense of Men’shov. The last
theorem shows that this property also holds for a dense subspace of cy(Z),
without 0.

3.2. Universality and Dirichlet series. Our aim in this section is to ex-
tend Nestoridis’ universal theorem to the case of Dirichlet series. Let D, (Cy)
denote the space of all Dirichlet series which are absolutely convergent in
the right half-plane C,. It is a Fréchet space, endowed with the family of

seminorms
o o
H E apn” || = E lan|n™7, o >0.
n=1 7 1

n=
Our main tool for approximation by Dirichlet series is the following lemma
from Bagchi [Bag]:

LEMMA 1. Let g be an analytic function in the strip {s € C;1/2 <
R(s) < 1}, K be a compact set contained in the same strip, no be an integer
and € > 0. Then there exist n1 > ng and complex numbers (bj)?;noﬂ, with
|bj] <1, such that, for any s € K,

<e.

We will deduce from this lemma a version of Mergelyan’s Theorem for
Dirichlet series, but first of all we need to introduce a definition:

DEFINITION 1. A compact set K C C is said to be admissible for Dirich-
let series if C\ K is connected, and if it can be written as K = K1 U---UKy,
each K; being contained in a strip S; = {s € C; a; < R(s) < b;}, with
b; — a; < 1/2, the strips S; being disjoint.

Let C_ = {s € C; R(s) < 0}.

LEMMA 2. Let K C C_ be a compact set admissible for Dirichlet series,

f bein Dy(CL), g be a continuous function on K, analytic in IO(, and o, &
two positive numbers. Then there exists h in Dy(Cy) such that

lh=gllewy <&, Ih—flls <e.

Proof. By Mergelyan’s Theorem, we may suppose that g is an entire
function (and even that g is a polynomial). Write K = K; U --- U K4 with
K; C {s €C;a; <R(s) < b}, and assume 0 > by > a3 > by > -+ > by >
ad, b; —a; < 1/2. We first approximate simultaneously f(s) = 72, a;j~°
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and g on K;. We fix 01 € R such that K; + 01 C {s € C; 1/2 < R(s) < 1},
and o + o1 > 1. Consider n; € N such that

2 J"1+" Hf Zaﬂ] o

Jjzni+1

<—.

By Lemma 1, there exist m1 > n1 and complex numbers (b§1))nm;n1 41 With
|b§-1)| < 1 such that

mi
Vs € K1 + o1, ‘( s—o1) Zaj]_SJ””) — Z bg-l)j_S

j=ni+1

We next approximate inductively g on each K;, ¢ > 2, without affecting the
previous approximations. Let o; € R be such that

1/2<ai+ai§bi+ai <1l and 1<a;_1+0;.
We define a; = a;_1 + 0; > 1. There exists n; > m;_1 such that

L <z

a;
jzni+1 J

By Lemma 1, there exist m; > n; and complex numbers (b(»i))@ .1 with

‘ J Jj=nitl
|b§-z)] < 1 such that, for any s € K; + oy,

‘( s — 03) Za]]_s+o’—z Z blf”‘”“’l)— Z b5 <

=1 j=n;+1 Jj=n;+1

We finally set

wa £33 Wy

=1 j=n;+1

and we claim that h satisfies the conclusions of Lemma 2. Indeed,

lh—flle < = +Z Z ml

= 1] TLZ-‘rl

€ 1
= 5 + Z jU1+U s €
j:n1+1

Now, take any i in {1,...,d}, and s € K;. One has
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|h(s) —g(s)| = |h(s + 07 — 03) — g(s + 0 — 0})]

7 nj41

ni
< (s 1) = 1) = g 3TN 0 (srentaa
1

lilj:nl—‘rl
d my
B ol e

I=i+1j=n;+1

€ 1
< 5 + ' E o <€ m
Jj2ni+l

We are now ready to prove the existence of universal Dirichlet series “a
la Nestoridis”:

THEOREM 6. There exists a Dirichlet series S =) < apn™° in Dy(Cy)
which is universal in the following sense: For each compact set K C C such
that K C {s € C; —1/2 < R(s) < 0} and C\K is connected, and for
any function g continuous on K and analytic in the interior of K, there
exists a sequence of partial sums of S which converges to g uniformly on K.
Moreover, this property is topologically and algebraically generic in Dy(Cy).

Proof. Let Y be the Fréchet space D,(C;) and X be the space of all
functions which are continuous on {s € C; —1/2 < R(s) < 0} =: 2_;99
and analytic in the interior of £2_; /5 o, endowed with the topology of uniform
convergence on compact subsets of £2_; /5 o. We also introduce the sequence
of operators

[e's) N
Ty :Y — X, E anpn” % g ann” %,
n=1 n=1

and prove that this sequence is hereditarily hypercyclic. To this end, fix an
increasing sequence (Ny)i>o of integers, f € Y, g € X, 0 > 0, a compact
subset K of {s € C; —1/2 < R(s) < 0} and € > 0. Then K is included in
a rectangle K1 C {s € C; —1/2 < R(s) < 0}. By Lemma 2, there exists a
Dirichlet polynomial P(s) = SV

n—1 @nn~° such that
|f=Pllo <e, [lg—Pllow,) <e.
For k so that N > N, one has
If=Plle <e, llg—TnPllow) <e.

The hypercyclicity criterion ensures that (T, )r>0 is densely hypercyclic,
and the set of hypercyclic vectors for (T,) contains a residual set. We
deduce that the set of hypercyclic vectors for (T) is topologically and
algebraically generic. Theorem 6 follows, since by Mergelyan’s Theorem any
hypercyclic vector for (T) is clearly a universal Dirichlet series. =
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REMARKS. (1) It is possible to prove the same assertion with D,(C,)
replaced by Dy (C.), the space of Dirichlet series which converge uniformly
on each half-plane C. = {s € C; R(s) > ¢}, ¢ > 0, endowed with the
topology of uniform convergence on these half-planes. The proof is the same.

(2) A slight modification of the proof (for instance, a direct proof instead
of a topological one) shows that we can build a universal Dirichlet series
> j>1 055 ° satisfying aj = o(j7") for any r < 1.

(3) Our method of proof differs from that of Nestoridis in that we use the
hypercyclicity criterion instead of reproving it by applying Baire’s Theorem.
This method can also be applied for the Nestoridis Theorem, in order to
obtain the algebraic genericity.

(4) As in Section 3 of [Ne|, we can obtain the existence of a Dirichlet series
universal in the sense of Men’shov. More precisely, if S =" ., a,n"% is a
universal Dirichlet series in the sense of Nestoridis, and if h, g : R — [—00, 0]
are two measurable functions, then there exists a subsequence Si, of the
partial sums of S such that

R(Sk,, (it)) — g(t) and (Sk,, (it)) — h(t)

as m — oo, almost everywhere on R. The universality in the sense of
Men’shov is topologically and algebraically generic in D,(Cy).

(5) Actually, our method of proof gives a stronger conclusion than stated
in Theorem 6. Let K1, Ko, ... be a sequence of compact subsets of C_ such
that each compact set in C_ admissible for Dirichlet series is contained in at
least one K;. We can take, for instance, all finite unions of rectangles whose
vertices have coordinates in Q_ + iQ and which are admissible for Dirichlet
series. Denote by X; the Banach space of functions continuous on K; and
analytic in the interior of K;. As in the proof of Theorem 6, the sequence of
operators

o] N
Ty :Dy(Cy) = X; Z ann” % — Zann_57
n=1 n=1

is hereditarily hypercyclic. Denote by H; the set of its hypercyclic vectors,
which is a dense G5 subset of D,(CL). Let S be in (), H; # 0. Then S is
universal in the following sense: For each compact set K C C_ admissible
for Dirichlet series, and any function g continuous on K and analytic in the
interior of K, there exists a sequence of partial sums of S which converges
to g uniformly.

(6) We do not know if Theorem 6 remains true for arbitrary compact
subsets of C_ whose complement is connected.

4. Common algebraic genericity. Let I be a set, and (T, \)n>1, xer
be a family of operators on a separable normed space X. For convenience
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of notation, for each A\ € I, Tj  will always be taken equal to Idx. Suppose
that, for each A € I, the sequence (T, \)nen is hypercyclic, and denote by
HC(T ) the set of its hypercyclic vectors:

HC((T »)) = {z € X; (T, Axx)n>0 is dense in X }.

It is natural to study the structure of (,.; HC(T' »). Is [,y HC(T' x) non-
empty? Does it contain a dense Gy set? Does it contain a dense subspace?
The first positive answer was given by E. Abakumov and J. Gordon who
proved that (\,.; HC(AB) # 0, where B is the backward shift on ¢2.

To proceed further, it is convenient to introduce the following

DEFINITION 2. Let (T}, \)nen, xer be a family of sequences of operators
on X, I being an interval of the real line. We say that the family satisfies
(CHC), the common hypercyclic criterion, provided there exists a family of
operators (Spa)nenaer with Tp, y 0 S, x = Idx, and a sequence (z;) dense
in X such that:

(1) Given a compact set K C I and an integer ng, there exists a sequence

(ck) of positive numbers with:

(a) > cp < o0.

(b) 1Ttk ASn,a(zj)]] < ¢ for any n,k >0, and A, € K, A > a.
(©) 1T aSntk,a(z))] < ¢ for any n,k >0, and A\, € K, A < a.
(

k—o0

d) [Tk xSno,a(z;)|| — 0 for A\, € K, uniformly in A.
(€) I TuxSntka(zj)|| < c for any k>0, n <ng and A\, a € K.

(2) Given € > 0 and a compact set K C I, there exists § = d(e,z, K)
such that

IAN—a| <d/n = |TyaSnalzj) — 2] <e.

In [CS], it is proved that if (T}, ) satisfies (CHC), then (,c; HC(T )
contains a residual set (actually, this is done under slightly weaker assump-
tions). In [Ba2], it is proved that, if (7}, \) satisfies (CHC), if each T}, ) can
be written, for A fixed, as a power of a single operator, T}, y = Ty, if X is a
Banach space and if there exists a closed infinite-dimensional subspace M
of X such that, for every vector x in M and every A € I, ||T{z| — 0 as
n — oo, then there exists a closed infinite-dimensional subspace Xg C X
such that Xo \ {0} C Ny HC(T5).

Here, we prove the algebraic genericity.

THEOREM 7. If X is a Banach space, and if (T, \) is a family of oper-
ators acting on X and satisfying (CHC), then there exists a dense subspace

Xy C X such that
Xo\ {0} € () HC(T »).

el
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Proof. In [CS], the existence of a common hypercyclic vector is shown
by using a Baire category argument. Here, we need more than a common
hypercyclic vector: we have to control how it approaches zero and any vector.
Baire’s method is not accurate enough, and our proof is constructive. First,
fix an increasing sequence of compact sets K, C I such that I = J,~; Ki.
For I > k > 1, we build vectors zj(l) and blocks of integers I, ; such that:

e 2(1) is close to a;:

(8) z2(1) — ]| < 1/2"

o Vi>1, Vk <, VA e K;, In=n(l,k,\) € I such that
(9) 1T pzi(l) — 2| < 1/2,
(10) D ITurzk(i)l < 1/2,

i<l
(11) Vm <k, Y |Toazm()l < 1/2.
Jj<i
e Vi>1, Vm<lI, VA€ K, Vn < maxi<j<i, 1<r<j FTJ?
1

(12) HTn,/\Zm( )H < oUFL-

One easily deduces Theorem 7 from the existence of such sequences. Indeed,

set
zp = Z zi(1).

>k

By (8) and (12), applied to n = 0, zx is well defined and the sequence
(2k)k>1 is dense in X. We define X¢ = span(zy; k£ > 1), and we claim that
every vector z = a121 + -+ - + apzp, € Xo with ap = 1 is hypercyclic for the
family (75, \)n>0, for any A € I. Indeed, fix A € I and ly > k such that
1 >1ly= Xe€ K. Toany | > ly, one can associate n = n(l, k, \) € I';; such
that (9)—(11) are simultaneously true. On the other hand,

[Tnnz = @il < [ Tnaze(l) — 2

-1 0o
+ ) ITxz)+ Y 1 Turzi()]
i=k

j=1+1
k—1 l 00
+ Y lanl (X 1Tz @+ Y [Tz ()).
m=1 j=m J=l+1
Now, the following inequalities hold:
o || T azk(l) — 2]l < 1/2', by (9).
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. ZHTW )| < 1/2!, by (10).

l
. Z I Tazm(G)] < 1/2" for m < k, by (11).

Z [ Tanzm(G)] < 1/2" for m < k, by (12).
j=I+1
Finally, for any € > 0, we can choose [y large enough to get

[ >y = ||Tn7>\z —ZEZH <E.

Since the sequence (r7);>;, remains dense, z € [,c; HC(T ).
It remains to build 2 (1) and I, for 1 < k < [. We proceed by induction
on [.

STEP 1. It is enough to take z;(1) = z1, and I = {0}.

STEP [. We assume that vectors z,(j) and blocks of integers I’ ; have
been built in the previous steps, with the property that each z,(7) is a (finite)
linear combination of Sy, «(x;), with n € I'. ;. Set ng = maxi<j<; 1<r<j L7
Let (c¢y,) be the sequence introduced in Definition 2, for the parameters z;,
K; = [a,b] and ng. Observe that, by (CHC)(1)(d), since z1(j) is a linear
combination of S, o(x;), we have

VAe K, Vi<i—1, |Taaza(d)] =0

as n — oo, uniformly in A € Kj. Therefore it is possible to find an integer
u > ng such that

(13) Vn>u, YA€ K, Y [Tuaz(i)] < 1/2
i<l
and
(14) > e <1/22
v>Uu—ng

We fix § = 6(1/21, 2y, K;) and consider a subdivision a = apg < a1 < -+- <
oy, = b of K with

0
i+ 1)
This is always possible, for instance by choosing g = a, a3 = a + 0/u,
ag = aq + 6/2u,. ... Finally, we set

21(1) = Suao(@1) + - + Smwam_ (1), Ty ={u,2u,...,mu}.

Qi1 — &
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For any X € K, take j € {0,...,m — 1} such that a; < A < a;j41. Then
1T+ unz1 (@) = 2ill < D 1T nunSruar o (@)
1<r<j
+ 171 1)urSG4 Dua, (@) — 2|
+ Z 1 TG4 1yurSruan 1 (1) |

jt+l<r<m

1
Scju+---—|—cu—|——2l+1+cu+--'+c(m_]~_1)u

<1/2,
where we used (CHC)(1)(b), (CHC)(1)(c) and (CHC)(2). This proves (9)
for k = 1. Moreover, (10) is simultaneously true, thanks to the choice of u
(see (13)). By the way, for n < maxi<j<; 1<r<; Ir; one has
||TTL7)\Z1(Z)|| < HT’ﬂ)\S(ufn)Jrn,ao (ml)H et ||Tn,)\S(mufn)+n,am_1(‘TI)H
< Cunt -+ Cmun < 17201
So, (12) is proved. By induction, the same construction works for 1 < k < .

The only difference is that we force the integer u to satisfy, in addition to
conditions like (13) and (14), the following one:

VAE K, Yn>u, Ym <k, Y [ Toazm()ll < 1/2%.
J<l
This is always possible, once more thanks to (CHC)(1)(d), and condition
(11) is also satisfied. For k = [, we slightly diverge by setting

2(1) = 1+ Suae (1) + -+ + S, (1),
which ensures that (8) is satisfied. The rest of the proof is unchanged. m

EXAMPLE. Let du be the measure dt/(1 + ¢?) on the real line. For A > 1,
we define the operator
Ty: L*(R,dp) — L*(R,dp),  f(z) — f(Ax).

It is proved in [Ba2] that the family (7)\)x>1 satisfies (CHC). It follows
from Theorem 7 that there exists a dense subspace of L?(R,du) consisting
entirely, except for 0, of vectors that are hypercyclic for each T}.

Acknowledgements. Ithank Prof. V. Nestoridis and Prof. H. Queffélec
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