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Classes of measures closed under mixing and
convolution. Weak stability

by

J. K. Misiewicz (Zielona Géra), K. OLESZKIEWICZ (Warszawa)
and K. URBANIK (Wroctaw)

Abstract. For a random vector X with a fixed distribution p we construct a class
of distributions M(u) = {o A : X\ € P}, which is the class of all distributions of random
vectors X©, where © is independent of X and has distribution A. The problem is to char-
acterize the distributions p for which M (p) is closed under convolution. This is equivalent
to the characterization of the random vectors X such that for all random variables @1, @2
independent of X, X’ there exists a random variable © independent of X such that

X0, + X'6, L x6.

We show that for every X this property is equivalent to the following condition:

Va,b € R 36 independent of X, aX +bX' < Xx0.

This condition reminds the characterizing condition for symmetric stable random vectors,
except that @ is here a random variable, instead of a constant.

The above problem has a direct connection with the concept of generalized convolu-
tions and with the characterization of the extreme points for the set of pseudo-isotropic
distributions.

1. Introduction. Let E be a separable real Banach space. By P(E)
we denote the set of all Borel probability measures on E. For E = R we
will use the simplified notation P(R) = P, and the set of all probability
measures on [0,00) will be denoted by P.. For every a € R and every
probability measure u, we define the rescaling operator pu — T,u by the
formula (Top)(A) = p(A/a) when a # 0, and To(p) = do. This means that
Ty is the distribution of the random vector aX if p is the distribution of
the vector X. For every u € P(E) and A € P we define a scale mixture po A
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of the measure p with respect to the measure A by the formula
(110 N)(A) = | (Tups) (4) A(da).
R
It is easy to see that po A is the distribution of the random vector X@ if X
and © are independent, X has distribution u, and @ has distribution A.
We consider the set of all mixtures of the measure p, i.e.
M(p)={poX: XeP}=Popu.

When it is more convenient we will write M (fi) instead of M(p). The cor-
responding set of characteristic functions is denoted by

()= {D:v=poMAeP)= {cp:go(f) = | aet) (), A ep,geE*}.

The problem discussed here has a very elementary formulation: charac-
terize those probability measures p on E for which the set M(u) is closed
under convolution, i.e.

(A) Vg, ve € M(p), v1xve € M(u).

In the language of random vectors, this condition looks even simpler: Let
X, X', 01, 05 be independent, where X and X’ have distribution pu. If con-
dition (A) holds, then there exists a random variable © independent of X
such that

X0, + X'0, L x0.

In particular, under the previous assumptions,

Va,b € R 30 = O(a,b), X and O independent and aX + bX’ 2 xo.
The main result of this paper states that condition (A) is equivalent to
(B) Va,b € R,  Tup* Typu € M(u).

ExXAMPLE 1. The class of symmetric distributions on R is closed under
mixing and under convolution. It is easy to see that this class can be written
as M(7) for 7 = 16, + 16_1. Checking (B) in this case is especially simple.
In the language of characteristic functions we have

T(at)7T(bt) = cos(at) cos(bt) = % cos((a+b)t) + % cos((a — b)t)

= S cos(ts) (% Oatb + % 5a_b> (ds),
R

which means that we can take %(5a+b + %(5a,b for A\. But there are many
other possibilities, since if X is a symmetric random vector, and X and @

are independent, then X6© 4 x |©|. Thus the measure A is not uniquely
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determined and condition (B) holds for every Ay, p, ¢ € [0,1/2], where

1 1
)\pq = p5a+b =+ <§ - p) d—a—b+ qda—p+ <§ - Q> Ob—a-

It is easy to see that the set K (dq,05) = {A\pq : p,q € [0,1/2]} is closed and
convex. This property turns out to be general.

In [3, 10-13] Kucharczak, Urbanik and Vol’kovich considered a very sim-
ilar problem. They studied the properties of weakly stable random variables
and measures, where a random variable X > 0 with distribution x on [0, co)
is said to be weakly stable if for any a,b € Ry there exists a nonnegative
random variable () with distribution A such that

(€) TopxThp = o A

From now on we will say that a distribution p for which (C) holds is R-
weakly stable, and that p is weakly stable when (B) is satisfied. The next
example shows that these two conditions are not equivalent.

EXAMPLE 2. Assume that a random vector X has a symmetric a-stable
distribution p with a € (0,2]. This means that for every a,b € R we have
aX +bXx' < cX, where ¢ = |a|* 4 |b|%, so condition (B) holds for A = J..
It is easy to see that the opposite implication also holds, i.e. if for every
a,b € R there exists a Dirac measure satisfying condition (B), then p is
symmetric stable. This is a little different from the usual condition, where
the assumption

(D) Va,b>03c>0, aX +bX' ZLcX.

is equivalent to X having a strictly stable distribution. Thus, a strictly
stable distribution is R -weakly stable, but it may not be weakly stable. A
symmetric stable distribution is both R -weakly stable and weakly stable.

ExXAMPLE 3. Consider the random vector Xy ,, = (Uy,...,Uy) for k <n
which is the k-dimensional projection of U™ = (Uy, . .., U,) with the uniform
distribution on the unit sphere S;,,_; C R". The distribution py,, of X}, , for
k < n is absolutely continuous with respect to the Lebesgue measure with
density

i n—k)/2—1
Fonsovm) =l ) (1= 32 a2) "
i=1
where ¢(n, k) is a normalizing constant. The set Mgy, ) is well known, be-
ing the set of all rotationally invariant distributions on R™. The set M (1, r,)
is a convex and closed subset of M(py ). If n = k42, then py, , is the uni-
form distribution on the unit ball By C R*. In particular, M(u13) is the
set of symmetric unimodal probability measures on R.
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In order to show that all these classes are also closed under convolution,
we need to use the following characterization:

p is rotationally invariant on R”

& 7i(€) depends only on [[¢]|2 = (|1 >+ +[&[*)'/2, ie. i(€) = p(lI€]l2)
for some function ¢

< p is the distribution of U™, where © > 0 is independent of U™.
Now, let v1,v2 € M(pgy). This means that there exist independent rota-
tionally invariant random vectors X; and X5 on R” such that vy and v are
the distributions of the k-dimensional projections of X; and Xs. For every

a,b € R, the random vector a X1 + b X5 is also rotationally invariant on R"
since

Eexp{i(aX1,§) +i(bX2, &)}
= Eexp{i(aXy, ) JE exp{i(bX2, &)} = fi(lall[]l2) f2([bllI€]]2),
so the right hand side is a function depending only on ||£||2 (a, b are just some

parameters here). This means that there exists a random variable Q = Q.

such that aX; + bXy = U”Q It is easy to see now that T,vq + Tpro is the
distribution of a k-dimensional projection of U™(Q), which was to be shown.
It is interesting that the variable @, ; for the measure py, , does not depend
on k; in fact Qqp has the same distribution as [|[aX; + bX2||2.

2. Conditions (A) and (B) are equivalent

LEMMA 1. Assume that a measure p has property (B). Then, for any
discrete measures vy = Y. pidq, and vy = Y. q;0,, the measure (p o vy) *
(1o va) belongs to M(p).

Proof. Let A;j be such that T, pu Ty, o = po Ajj. Then

(Noyl)*(NOIQ sz% aZN*Tb/L Zpqu/LOA”—/LO<Zpqu z]) u

7-]
LEMMA 2. Let pu # &g be a probability measure on a separable Banach
space B and let A C P. If the set B={poX: X € A} is tight, then so is A.

Proof. Let = L(X) and A = L(Q)) for X and @), independent, A € A.
Let £ > 0. Since B is tight there exists a compact set L C E such that

P(Q\X € L) >1—eP(X #0).

Put L, = [-1/n,1/n]- L = {sz : s € [-1/n,1/n],z € L}. Since L is
bounded we have
liminf P(X & L) > P(X #0).

n—oo
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Choose n such that P(X ¢ L,,) > P(X # 0)/2. Then
eP(X #0) >2P(@QX ¢ L) >P(|Qx] >n, X & Ly)
=P(|Qx > n)P(X ¢ Ln) > P(|Qx] > n)P(X # 0)/2,
so that P(|Qx] > n) < 2¢ for all A € A. This implies tightness of A. m
LEMMA 3. The set M(u) is closed in the topology of weak convergence
and the set of extreme points of M(u) is {T,p : a € R}.

Proof. If 4 = g then the assertion follows immediately, so we assume
that g # dp. Assume that g o A\, = v. Then the set {uo A, : n € N} is
tight, and, by Lemma 2 the set {\,, : n € N} is also tight. Thus it contains a
subsequence \,, converging weakly to a probability measure A on R. Since
the function fi(¢) is bounded and continuous, we obtain

7(t5) A, (ds) — [ i(ts) A(ds).
On the other hand, we have

V7i(ts) An(ds) — D(t).

This means that v = po A and consequently v € M(u).

If a = 0, then T, = dp and it is easy to check that J§p is an extreme
point in M(p). Assume that for some a € R, a # 0, there exist A\, Ao € P
and p € (0,1) such that

Tap=pporr+ (1 =p)uory=po(pA+ (1 —p)ia).

This means that aX % X for some random variable © independent of
X with distribution pA; + (1 — p)A2. The result of Mazurkiewicz (see [5])
implies that P{© = a} = 1 if the distribution of X is not symmetric, and
P{|©| = |a|} = 1 otherwise. In the first situation we would have

5(1 = p>\1 + (1 - p))\2a

SO A1 = Ao = J, since d, is an extreme point in P. If X has symmetric
distribution we obtain

Oja) (A) = pA1(A) + (1 = p)A2(A) + pAi(=A4) + (1 —p)A2(—A4)
=:p|A1|(A) + (1 = p)[A2(4)
for every Borel set A C (0, 00). Since J|,| is an extreme point in Py, we have
dja] = [M| = |X2|. Now, it is enough to notice that for a symmetric distri-

bution u, the equality po A = po|A| holds for every probability measure A.
Consequently, we obtain

Top=po M| =pod =polde| =pol.

The above reasoning works for p € P. For u € P(E) the following two
situations are possible. If 1 is nonsymmetric then one can choose ¢ € E* such
that £(X) is nonsymmetric and use the result of Mazurkiewicz as before. If
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p is symmetric then there exists £ € E* such that £(X) # 0 since p # do,
so that d|q = [A\1] = | 2], as before. The rest of the reasoning does not need
any change.

Assume now that the probability measure v is an extreme point of M (p).
Then there exists a probability measure A such that v = po A. If A # 9§, for
any a € R then we could divide R into two Borel sets A and A’ = R\ A
such that A\(A) = « € (0,1). Then

p=apo (@ Ala) + (1 a)uo (1 —a)"AL),
in contradiction with the assumption that v is extremal. m

LEMMA 4. Assume that for a probability measure u # &g and some
vi,vo € P the set

K, (vi,v9) :=={X: (nowvi)* (powvy) = poA}
is not empty. Then it is convex and weakly compact.

Proof. Notice that

{(pov1)*(uowg)} ={puoX: e K,(v,1)},
and the set {(uov1) * (1o va)} contains only one point. Then the weak
compactness of K,,(v1, ) follows from Lemma 2. The convexity is trivial. m

LEMMA 5. Assume that u # 8y is a probability measure and K, (v}, v2)

n» n
# 0 for every n € N, where v} — vy weakly, v2 — v weakly, and v}, v; € P.
Then K, (v1,v2) # 0.

Proof. Let A=J2, K, (v}, v2) and

B={uoX:Ae A} ={(uow,)* (novy):neN}.

Since B is tight, so is A by Lemma 2. Choosing now \,, € K, (v, v2) for every
n € N, we can find a subsequence A,, converging weakly to a probability

measure \. Since

(ovh)* (Hov2) = 110 A,

we also have
(o) = (uow) = o,
and consequently A € K, (v1,v2) # (. u

THEOREM 1. For every probability distribution p properties (A) and (B)
are equivalent.

Proof. The implication (A)=-(B) is trivial. Assume that p # dp and (B)
holds. This means that K,(04,0,) # 0 for any a,b € R. It follows from
Lemma 1 that K, (vi,v2) # 0 for any discrete measures vq,1,. Let now
A1, A2 € P. We can find two sequences of discrete measures vq, and vo,
converging weakly to A\; and Ay respectively. Since K, (v1n,v2,) # 0 for
every n € N, Lemma 5 shows that also K,,(A1, A2) # 0, which implies (A). =
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PROPOSITION 1. Let X = (Xq,...,X,) be a symmetric a-stable random
vector, and let © be a random wvariable independent of X. Then Y = XO
is weakly stable iff |©|* is Ry -weakly stable.

Proof. Notice that
aXO +bX'0 L (|aB|* + b0'|*)V/ X,
where X', @' are independent copies of X,© such that X, X', ©,0’ are in-
dependent. Assume that Y is weakly stable. Since X6 < X |©| we obtain

(ja0]* + [pO'[*)VX L X -16] - Q

for some random variable (). Without loss of generality we can assume that
@ > 0. A symmetric stable distribution is cancellable (see [3, Prop. 1.1]),
thus we obtain

a0 + b6/ £ O] Q.

This implies that |©|* is Ri-weakly stable. The converse is trivial. m

3. Symmetrizations of mixing measures are uniquely deter-
mined. Assume that a measure u # dp on R is weakly stable. We have seen
before that K, (v1,1v2) is a nonempty convex and weakly compact set in P
for all 1,5 € P. In this section we discuss further properties of K, (v1,12).

For a weakly stable measure u we define

S(u)={v:v=poA A€ P}

and let L(u) denote the complex linear space generated by @(u). Weak
stability of p implies that for any f,g € L(u) we have fg, f € L(p). Since
o dy = dp the space L(u) contains the constants.

We denote by R = RU{A} the one-point compactification of the real line,
and by Ry = R, U {oo} the one-point compactification of the nonnegative
half-line. Let C(Y') denote the space of continuous real functions on the
topological space Y. Then C(R,) can be identified with the set of even
(symmetric) functions from C(R).

Now, for a probability measure u, we define

AW ={f €L f=F, Im f@) = lim_f@)}.
If 11 is weakly stable then A(u) is an algebra (over the reals).

LEMMA 6. If a probability measure p on R is not symmetric, then the
set A(u) separates points of R.

Proof. Let v be a symmetric Cauchy distribution with Fourier transform
A(t) = e7I*l. For every ¢ € R, we define

he(t) = (o (7% 6.)"\(t) € D(u).
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First we show that there exists a € R such that Sm(h,) # 0. Assume the
opposite, i.e. Im(h.) = 0 for every ¢ € R. This means that

Sm(he(t)) = X el sin(cta) p(dx) =
for all ¢,t € R. Substituting u = ct, we obtain

o0

S e~ lurl/lel gin (ua) p(dx) = 0
for v € R and ¢ # 0. This implies that
lim S e lul/lel sin (ux) p(da) = S sin(ux) p(dz) =0

which means that the characteristic function f is real, which contradicts our
assumption.
Now let a,tg € R be such that Sm(hg(tg)) # 0. For every s # 0, we

define
an(®) = m (1o (1))

It is easy to see that gs(t) € A(n), and gs(t) = —gs(—t). We can now see
that for every r € R, r # 0, the function g,(t) separates the points r and
—r since g.(r) = hq(to) # gr(—r). To finish the proof, it is enough to notice
that the function

o0

ho(t) = | el p(da)

—00
separates points t1,ty € R if |t1] # |t2|, including the case t; = A. u
LEMMA 7. If a probability measure pn on R is symmetric and p # oo,
then A(u) separates points of R .

Proof. Tt is enough to mnotice that the function ho(t) = {el=l ju(dx)
separates points of R, . m

THEOREM 2. If a weakly stable measure i # dy on R is not symmetric,
then for any vi,ve € P the set K, (v1,v2) contains only one measure.

Proof. Assume that A1, A2 € K, (v1,v2). This means that poA; = o,
and consequently, for every A € P,
(LoAX)oA = (uoA)o A

Hence, for every A\ € P,

o0 oo

V (o N (tz) M(dw) = | (o N)(tz) Aa(dw).

—0o0 —0o0
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This implies that for every f € A(u),

(+) | f@)a(de) = | f(2) Aa(da).

From Lemma 6 we know that the algebra A(yu) separates points of R, so by
the Stone-Weierstrass Theorem (see Theorem 4E in [4]), it is dense in C(R)
in the topology of uniform convergence. This means that () holds for every
f € C(R), and consequently Ay = \o. m

Let 7 = %51 + %5,1. The symmetrization of a measure X\ € P is defined
to be the measure A o 7. Notice that A is symmetric if and only if A = Ao 7.

THEOREM 3. If a weakly stable measure p # do on R is symmetric and
vi,v9 € P, then

A, A2 € Ky(vi,19) = AMioT = X0,
If MMoT=XyoT and Ay € K,(v1,12) then A € K, (v1,12).

Proof. The second implication is trivial because for every symmetric
measure p we have o\ = o (Ao7). To prove the first implication assume
that A1, A2 € K,(v1,v2). This implies that goA; = 1o A2, and consequently
(LoX)o A = (o) oA for every A € P. This means that for every even
function f € A(u) the following equality holds:

oo oo
() | (@) (rox)(dx) = | f(2) (7 0 No)(du).

0 0
It follows from the proof of Lemma 7 that the even functions from A(u)
separate points in Ry. Applying the Stone-Weierstrass Theorem again we
conclude that the set of even functions from A(p) is dense in C(Ry) in
the topology of uniform convergence. This means that (xx) holds for every
f € O(Ry), so the measures 7 o A\; and 7 o Ay coincide on Ry, and, by
symmetry, also on R. =

REMARK 1. Notice that it follows from the proofs of Theorems 2 and 3
that weakly stable distributions are reducible in the sense that:

o If XY, Z are independent real random variables and X is nonsymmet-

ric and weakly stable then the equality XY Lxz implies L(Y) = L(Z).

o If XY, Z are independent, Y, Z are real, and X is a nonsymmetric
weakly stable random vector taking values in a separable Banach space E,
then XY < X7 implies £(Y) = L(Z). To see this, apply the previous
remark to the random variable £(X), where £ € E* is such that {(X) is not
symmetric.

o If X,Y,Z are independent, Y, Z take values in E, and X is a non-

symmetric weakly stable real random variable, then XY 4 xz implies



204 J. K. Misiewicz et al.

L(Y) = L(Z). To see this, note that it suffices to prove £(Y) 4 &(Z) for all
£ ek

o If X\ Y, Z are independent and X # 0 is symmetric weakly stable, then
XY £ XZ implies L(Y) o7 = L(Z)oT.

REMARK 2. Notice that if y is weakly stable then so is pu o 7. Indeed, if
TopxTpp =v10opand Tyopx T pp = v9 o7 then

1 1
Tu(or)* Ty{uor) = (5u1+§u2) o (o).

4. Some general properties of weakly stable distributions
LEMMA 8. If a measure u on R is weakly stable then p({0}) =0 or 1.

Proof. Let X be a weakly stable variable such that £(X) = pu, P{X =0}
=p < 1, and let X’ be its independent copy. We define the random variable
Y with distribution £(X | X # 0) and Y’ its independent copy. The random
variable Y/Y”' has at most countably many atoms, so there exists a € R,
a # 0, such that P{Y = aY'} = 0. Now let © be the random variable
independent of X such that

X —ax' £ x6.
Then we have
p<P{XO=0}=P{X —aX' =0} =p* + (1 — p)?’P{Y —aY’' =0} = p*.
This holds only if p = 0, which ends the proof. =

LEMMA 9. Assume that a weakly stable probability measure u # dy on
R has at least one atom. Then the discrete part of u (normalized to be a
probability measure) is also weakly stable.

Proof. Let u = auy+(1—a)uz, a € (0,1), where oy is the discrete part
of u, p1(R) = 1, and pq is such that pe(R) = 1 and pe({z}) = 0 for every
x € R. If p is weakly stable, then for every a € R there exists a probability
measure A such that p* Ty = po X. Now we have

pk Tap = &P px * Tapr + (1 — )y * Tope
+ a(l — a)pg * Topr + (1 — Oé)2/1,2 * Ty pio.
Clearly for a # 0 the discrete part of pu* T, is equal to oy * Typq. On the
other hand, we have

poAd=(1—p)pora+afuiol + (1 —a)buzo A,

where A1 (R) = A2(R) = 1, A\; is a discrete measure, A2({z}) = 0 for every
x € Rand A= A1 + (1 — B) e
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Let S ={a € R: uxT,u({0}) =0}. If a € S, a # 0, then A({0}) =0
and po Aa({z}) = Buz o A ({z}) =0 for every z € R, so

a1 * Topy = aBpir o Ay

This means that o = 3 and p1 * Ty = p1 0 Aq.

If a ¢ S then there exists a sequence a, € S\ {0}, n € N, such that
lim,, a, = a. Then puxTy, p = puxTou and py * Ty, @1 = p1*Thp. For every
n € N there exists A, such that pg T, pu1 = p1 0 Ay, ie. Ay € Ky, (61, 6q,)-
In view of Lemma 5 there exists A € K, (61, d,), which ends the proof. =

THEOREM 4. Assume that a random vector X taking values in a separ-
able Banach space E and having distribution p is such that E|X| < co and
EX =a+#0. Then u is weakly stable if and only if p = .

Proof. Assume first that E = R. If y = J, for some a # 0, then it is
weakly stable. Conversely, let © be weakly stable and EX = a # 0. Let
X1, Xa,... be a sequence of i.i.d. random variables with distribution p. The
Weak Law of Large Numbers implies that

1 n
—E X —a
n

k=1

weakly as n — oo. The measure p is weakly stable, thus for every n € N
there exists a measure v, such that

1 ¢ *1
Hn :E(E;Xk> = (Tl/n:u') = Ko Vn.

Since p, = dq, it follows from Lemma 2 that the family {v,} is tight and it
contains a sequence vy, such that v,, = v for some probability measure v.
Now, we obtain

0o = lim p, = lim pow,, =pow.
n— 00 k—o0

Since a # 0 the last equality is possible only if ;1 = 0, and v = ¢, for some
xz,y € R with zy = a. Since EX = a, we conclude that u = J,.

If X is a random vector in a separable Banach space E with EX =
a # 0 then the previous considerations yield P{{(X) = &£(a)} = 1 for each
¢ € E* with £(a) # 0. Such ¢’s form a dense subset in E*. Consequently,
P{X=a}=1.n

THEOREM 5. Assume that for a weakly stable measure j1 # dg on a sep-
arable Banach space E there exists € € (0,1] such that for every £ € E* and
every p € (0,¢),

VI€@)[P p(dw) < oo.
E
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Then there exists o € [g,2] such that M(u) contains a strictly a-stable
measure for every a € (0, ap).

Proof. Let p € (0,¢). Since M(p) is closed under scale mixing, p o my,
€ M(p) for every n € N, where

my(dz) = c(n):r:_p_ll(l/nm)dw, e(n) =pn~P.

As M(p) is also closed under convolution and under taking convex linear
combinations, and weakly closed, for every n € N we have

v = exp{e(n) ™ (uomy)} € M(u),

where exp(x) 1= e (&) 372  x*F /K| for every finite measure s on E. Notice
that for every ¢ € E* we have

Un(&) = exp{—s OSO (1 — ei(s2)y g1 ds,u(dx)}
El/n
—oxp{-Jle@P | (1 - )t ) )
E 1§(@)l/n

Let h(u) = (1 — ese(&@))y=P=1 Then h is integrable on [0,0c0) since

p € (0,1), and |h(u)| = 2|sin(u/2)|u=P~, thus |h(u)| < u™P for u < 1 and
|h(u)| < 2u=P~1 for u > 1. This implies that the function
Hy(é(x)) = | (1 = syl gy
0

is well defined and bounded on E, thus
7n(€) = exp{ = [ 1¢(@) P, (€(2)) nlda) | =:5,(9).
E

It is easy to see that 7, is the characteristic function of a strictly p-stable
random variable and the corresponding measure 7, belongs to M (u) since
this class is weakly closed. Now we define

ap = sup{a € (0,2] : M(u) contains a strictly a-stable measure}.

To end the proof it is enough to recall that for every 0 < f < o < 2 and
every strictly a-stable measure v, the measure 7, 0 Ag/,, is strictly S-stable,

where g/, is the distribution of the random variable 9;%, and Og/, > 0
is such that Eexp{—t@g/,} = exp{—t7/*}. u
REMARK 3. Notice that if a weakly stable measure y # g on E is

such that {|¢(2)|P u(dz) < oo for every & € E* and p € (0,¢) for some
e € (0,2] then M(u) contains a symmetric p-stable measure for every

p € (0,¢).
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To see this it is enough to notice that if p is symmetric, then so is the
measure v, constructed in the proof of Theorem 5. Consequently,

7n(€) = exp{ = Jle@P | (1 - cosupu™ " dup(de) }.
E € ()l /n
Let h(u) = (1 — cosu)u"P~1. Then |h(u)| < u'™P for u < 1, and |h(u)| <
2u~P~! for u > 1, so h is integrable on [0,00) for every p € (0,2). For the

constants
oo

H, = S (1—cosu)u P tdu
0
we obtain
Un(€) — exp{ ~H, [ 1¢(@)|" u(dz) |,
E

which is the characteristic function of a symmetric p-stable random vector.

If 4 is not symmetric then we replace p by g o7 in this construction.
This is possible since po 7 is symmetric, belongs to M (i), and has the same
moments as u.

REMARK 4. In the situation described in Remark 3, if E = R then M (u)
also contains a symmetric e-stable random variable. Indeed, it follows from
Remark 3 that

exp{ ~H, | tal? p(de) } = exp{ ~tP 1, § l2]? ()}
R R

is the characteristic function of some measure from M (u). Since rescaling
is admissible, exp{—|¢|P} is also the characteristic function of some measure
from M(p). Now it is enough to notice that

lim exp{—|t[’} = exp{—[t|°},
p/€
and use Lemma 3.

REMARK 5. There exist measures p such that pov is symmetric a-stable
for some probability measure v, but p is not weakly stable. Any measure of
the form p = gd_1 + (1 —¢q)01 for ¢ € (0,1)\ {1/2} can serve as an example.

LEMMA 10. Let X be a real random wvariable with distribution . If p
is weakly stable and supported on a finite set then either there exists a € R
such that 1 = &, or there exists a # 0 such that i = $6_, + 30q.

Proof. Let X’ be an independent copy of X. Assume that u # §, for all
a € R. Theorem 4 implies that X must take on both negative and positive
values with positive probability. Let V' = {x € R : u({z}) > 0}. By Lemma 8
we have 0 € V. Let b be the greatest and —a the least element of V. Clearly,
a,b > 0. We will prove first that a = b.
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Assume that b > a. For A € R consider the set of values taken on by
X — AX' with positive probability: V) = {v — Aw : v,w € V'}. Clearly, for
A € (0,1) the greatest element of V) is b+ Aa, and the least is —(a + Ab).
Moreover a + Ab < b+ Aa (hence b+ Aa has strictly the greatest absolute
value among all elements of V). Since pu is weakly stable there exists a real

random variable Y) independent of X and such that Y, X 2 X — AX'. One
can easily see that Y) is also finitely supported. We have b+ Aa € V), so that
there exist ¢, d # 0 such that P{Y) = ¢} > 0,d € V and cd = b+ \a. Also for
any d' € V we have cd’ € Vy, so that |d'| > |d| would imply |cd'| > b+ Aa,
contrary to the fact that b + Aa has the maximal absolute value among
all elements of V). Hence d must have maximal absolute value among all
elements of V' and therefore d = b so that ¢ =1+ Aa/b.

We deduce that

—% (b+Xa) = c- (—a) € Vy
and therefore there exist v,w € V such that —(a/b)(b+ Aa) = v — Aw, and
consequently A(w — a?/b) = v + a. Assume that a?/b ¢ V. Then the last
equation may be satisfied for finitely many values of the parameter A\ only
(because v and w can be chosen from a finite set only). It was proved for all
A € (0,1), however. Hence a?/b € V. Therefore

a2

=
and again, there exist v, w € V such that (a?/b?)(b+ Aa) = v — Aw so that
Mw + a3/b?) = v — a?/b. As before we infer that —a3/b? € V. By iterating
this reasoning we prove that (—1)k*1ak*1/bF € V for every k € N. Since
0 < a/b < 1 this implies that V' contains an infinite subset, contradict-
ing our assumptions. The case a > b is excluded in a similar way. Hence
a=h.

Now, let —a be the greatest negative element and 3 the least positive
element of V. Consider X — AX’ for 0 < A < min(a, 8)/a. Clearly, the
least positive element of V) is 8 — Aa, whereas —(a — Aa) is the greatest
negative one. Assume without loss of generality that 8 < « so that 8 — Aa
has the least absolute value among all elements of V) (otherwise consider
—X instead of X). Again, we choose Y) and parameters c,d # 0 such that
P{Yy,=c¢} >0,d €V and c¢d = §— Aa. We obtain d € {—a, §} by a similar
reasoning—no element can be both at the same side of zero as d and closer
to zero than d because multiplying by ¢ we would get a positive element
of V) less than 8 — Aa. Hence ¢ € {(8— X\a)/B3,—(8 — Xa)/a}. However,
ca € V) so that there exist v,w € V such that ca = v — Aw, which means
that A(w — a?/B) = v —a or A\(w + a%/a) = v + af/a. Since we proved this
alternative for infinitely many A’s and we know that v and w can have only

(b4 Xa) =c-a%/be V)
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finitely many values we infer that a?/3 € V (if d = 8) or —a?/a € V (if
d=—a).

We have proved that V' C [—a,al, so that § = a if d = 3, or @ = a
if d = —a. Anyway, |d| = a so that |¢| = 3/a — \. Since {—a,a} C V we
have {—ca,ca} C V) and therefore also —(8 — Aa) € V). We have assumed
though that 8 — Aa has the least absolute value among all elements of V),
so in particular —(a — Aa) < —( — Aa). Since —(av — Aa) is the greatest
negative element of V) we also have —(a — Aa) > —(8 — Aa). Hence o = §.

We have proved earlier that @« = a or § = a, so finally a = 8 = a and
the support of p is {—a,a}. Theorem 4 implies that p is symmetric. =

LEMMA 11. Let X be a real random wvariable with distribution u # g
and let X' be its independent copy. Assume that p is weakly stable, so that
for any X € R there exists a real random variable Yy, independent of X such

that X — AX' < Y\ X. If X is symmetric, assume additionally that Yy > 0
a.s. Then the map
A= L(Y))

is well defined and continuous on R.

Proof. The existence and uniqueness of distribution of Y follows from

Theorems 2 and 3. We only need to prove that A, — X implies that Y, -, Y\
as n — oo. Suppose not. Then we can find € > 0 and a subsequence {ny}
such that for any k the law of Y,\nk is e-separated from the law of Y} in
Lévy’s metric. Since

Vi XLXx -0 X' %4 x - ax'LyX,
n k

by Lemma 2 we can choose a subsequence {ny, } C {ny} such that Y} gz
l

for some real random variable Z as | — oco. Hence £(Z) # L(Y)). Moreover
Z >0 a.s. if X is symmetric because then all Y} ’s are nonnegative a.s.

On the other hand, Z'X Ly, X , where Z' is a copy of Z independent of

X since the map A — L£(X — AX’) is continuous. Therefore Y Lz4 Z,
by Theorems 2 and 3 (or by Remark 1). The contradiction obtained ends
the proof. =

REMARK 6. Let o € [1,2]. Note that if X is a random variable with a
weakly stable distribution p and E|X|P < oo for all p € (0, ) then
IYa\| a.s. if o =2,
IYalla ifa<2

Indeed, by Theorem 5 there exists © independent of X such that X©
is strictly a-stable. If a < 2 then E|XO|® < oo for every 8 < a, thus
E|X|? < oo for every B < . If a = 2 then X6 is Gaussian so E|X|? < oo

1+|A\Z{
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for every 3 > 0. Now it is enough to notice that for § > 1 we have
VAl Xls = VA Xllg = | X = AX"ls < IX]ls+ AIX g = (L+ [ADIX |-

The case 3 = « can be obtained by observing that ||Y)|lo = limg_,- [|[Y)|s-
If @« = 2 the inequality holds for all § > 1, which implies that [|[Y)]eo <
L+l

LEMMA 12. Let X be a real random variable with distribution . If p is
weakly stable and supported on a countable set then there exists a € R such
that = 04 or there exists a # 0 such that p = %(La + %5(1.

Proof. Assume that the support of p is an infinite countable set. For

A € (0,1) we have X — \X' 2 ¥, X, where X’ and Y} are defined as in the

preceding lemma (so that if X is symmetric then Yy > 0 a.s.). By Lemma 11,
Y,\gYozlas)\HO. Let

00
n= an(sxn7
n=1

where x,,’s are nonzero (by Lemma 8) and pairwise different, and (p,, )52, is
a nonincreasing sequence of positive numbers. Let

M:{w:k#l}.
T — X

Clearly, M is a countable set. We see that for A € M the equality xp — A\z;
= x; — Axj implies ¢ = j and k = [. Finally, let N € N be such that
> nsn Pn < p3/2. Then for X € (0,1) \ M we have

P=P{X =0, X =21} =P{X - \X' =21 — \zy}

= P{Y)\X = .CC1(1 — )\)} = ZP{Y)\ = ;C—l (1 — )\)} P

n=1

9 N
pi Yy T
<P{y,=1-)\}. —|——+§ P ==\,
= Pi% bop 2 = {1—)\ xn} b

and the summands for 2 < n < N tend to zero as A — 0 (since 1}:—3\ 4, 1) so
that

liminf  P{Y\=1-A} >p;/2.
T

On the other hand, for A € (0,1) \ M and k € N we have
pi=P{X =3, X' =23} = P{X - AX' = 2,(1 - \)}
= P{Y)\X = ij(l — /\)} > P{Y)\ =1- /\} * Pk,
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so that
limsup P{yn=1- A} <pp.
A—0,AE(0,1)\M
Hence py, > p1/2 for any k € N and ) 2, pp = oo, which is clearly not
possible. This proves that p has finite support and the assertion follows
from Lemma 10. =

THEOREM 6. Let p be a weakly stable probability measure on a separable
Banach space E. Then either there exists a € E such that p = d,, or there
exists a € E\ {0} such that p = 36_q + £64, or pu({a}) =0 for all a € E.

Proof. Assume first that E = R. One can express p as pu1 + (1 — p)ua,
where p € [0,1], 1 is a discrete probability measure and pa({z}) = 0 for
any « € R. The case p = 0 is trivial, so assume that p > 0. Lemma 9 implies
that p1 is weakly stable, and therefore by Lemma 12, ;11 = §, for some a € R
or 1 = %5_(1 + %(5a for some a # 0.

CASE 1: u; = dq. If a = 0 then by Lemma 8 we have p = 1 and the
proof is finished. If a # 0, note that for A € (0,1) the random variable
X - )X’ £ Y, X has exactly one atom with mass p? at (1 — \)a. Hence
Y, has an atom with mass p at 1 — A. Since Y), -, Y1 as A — 1 we have
P{Y1 = 0} > p, and therefore P{X — X' =0} = P{Y1X = 0} > p. On the
other hand, P{X — X' = 0} = P{X = X’} = p? because X has only one
atom, at a. Hence p? > p so that p = 1.

CASE 2: pup = %(5_(1 + %(5(1 for some a # 0. For A\ € (0,1) the random

variable X — A\ X’ £ Y, X has exactly four atoms, with mass p?/4 each, at
+(1—X)a and £(14X)a. Hence Y), has atoms with total mass p/2 at +(1—\)

(and atoms with total mass p/2 at +(1 + A)). Since Y), Ly as A — 1 we
have P{Y; = 0} > p/2, and therefore P{X - X' =0} = P{V1 X =0} > p/2.
On the other hand, P{X - X' =0} =P{X =X'=a} + P{X = X' = —a}
= p?/2 so that p?/2 > p/2 and p = 1.

Let now E be an arbitrary separable Banach space. By making use of the
above result for real random variables {(X), where { € E*, we can easily
finish the proof. m

REMARK 7. Let X be a given random variable. It may happen that for
some a,b € R there exists a random variable (),; independent of X such
that aX + bX’ 4 x Qap, and for some other a,b such a random variable
does not exist.

Consider, for example, X with exponential distribution and characteristic
function (1 — it)~!. It follows from Theorem 4 that the class M((1 —it)~1)
is not closed under convolutions. However, if a,b € R are such that ab < 0
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then the characteristic function of aX + bX’ can be written as

1 1 1

et T = VT M)

where A({a}) = p = 1 — A\({b}), with p = a/(a —b). This means that

aX +bX’ 4 x Qap, Where Qg is independent of X and has distribution \.
Assume that for some a,b > 0 there exists Q > 0 such that aX + bX’ 4

X Q. Then the density g of aX 4+ bX' can be written as

Eexp{i(aX +0X')t} = 1

gle) = { e s L(Q)(ds).
0
On the other hand, we have
g(x) = S e™®/5s71 \(ds).

0
The uniqueness of the Laplace transform for signed o-finite measures implies
that £(Q) = A, which is impossible since £(Q) is a probability measure
while A is a signed measure only. Similar arguments can be used for a,b < 0.
Finally, if ab > 0 then aX + bX’ cannot have the same distribution as XQ
for any random variable () independent of X.
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