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Long time existence of regular solutions to
Navier–Stokes equations in cylindrical domains under

boundary slip conditions

by

W. M. Zajączkowski (Warszawa)

Abstract. Long time existence of solutions to the Navier–Stokes equations in cylin-
drical domains under boundary slip conditions is proved. Moreover, the existence of solu-
tions with no restrictions on the magnitude of the initial velocity and the external force
is shown. However, we have to assume that the quantity

I =
2∑

i=1

(‖∂ix3v(0)‖L2(Ω) + ‖∂ix3f‖L2(Ω×(0,T )))

is sufficiently small, where x3 is the coordinate along the axis parallel to the cylinder.
The time of existence is inversely proportional to I. Existence of solutions is proved by
the Leray–Schauder fixed point theorem applied to problems for h(i) = ∂ix3v, q(i) = ∂ix3p,
i = 1, 2, which follow from the Navier–Stokes equations and corresponding boundary
conditions. Existence is proved in Sobolev–Slobodetskĭı spaces: h(i) ∈ W 2+β,1+β/2

δ (Ω ×
(0, T )), where i = 1, 2, β ∈ (0, 1), δ ∈ (1, 2), 5/δ < 3 + β, 3/δ < 2 + β.

1. Introduction. We consider the following initial-boundary value
problem (see [18, 16]):

(1.1)

v,t + v · ∇v − divT(v, p) = f in ΩT = Ω × (0, T ),

div v = 0 in ΩT ,

v · n = 0 on ST ,

n · T(v, p) · τα = 0, α = 1, 2, on ST = S × (0, T ),

v|t=0 = v(0) in Ω,

where Ω ⊂ R3, S = ∂Ω, v = v(x, t) = (v1(x, t), v2(x, t), v3(x, t)) ∈ R3 is the
velocity of the fluid motion, p = p(x, t) ∈ R1 the pressure, f = f(x, t) =
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(f1(x, t), f2(x, t), f3(x, t)) ∈ R3 the external force field, n the unit outward
vector normal to the boundary S, and τα, α = 1, 2, are tangent vectors to S.
Moreover, the dot denotes the scalar product in R3. By T(v, p) we denote
the stress tensor

(1.2) T(v, p) = νD(v)− pI,
where ν is the constant viscosity coefficient, I the unit matrix and D(v) the
dilatation tensor of the form

(1.3) D(v) = {vi,xj + vj,xi}i,j=1,2,3.

Here Ω ⊂ R3 is a cylindrical type domain parallel to the x3 axis with
arbitrary cross-section. We assume that S1 is the part of the boundary which
is parallel to the x3 axis and S2 is perpendicular to x3. Hence

S1 = {x ∈ R3 : ϕ(x1, x2) = c0, −a < x3 < a},
and

S2 = {x ∈ R3 : ϕ(x1, x2) < c0, x3 is equal to either − a or a},
where ϕ(x1, x2) = c0 describes a sufficiently smooth closed curve in the
plane x3 = const and c0 is a positive constant.

The aim of this paper is to prove existence of global regular solutions to
problem (1.1) without restrictions on the magnitude of f and v(0).

For this purpose we need the existence of weak solutions.

Definition 1.1. By a weak solution to problem (1.1) we mean v ∈
V 0

2 (ΩT ) (see Section 2) such that div v = 0, v · n|S = 0, satisfying the
integral identity

(1.4)
�
ΩT

(−v · ϕ,t + νD(v) · D(ϕ) + v · ∇v · ϕ) dx dt

+
�
Ω

v · ϕ|t=T dx−
�
Ω

v · ϕ|t=0 dx =
�
ΩT

f · ϕdxdt

for any ϕ ∈W 1,1
2 (ΩT ) such that divϕ = 0 and ϕ · n|S = 0.

To prove the existence of weak solutions we need the Korn inequality.

Lemma 1.2 (see also [16, 20]). Assume that

(1.5) EΩ(v) = |D(v)|22,Ω <∞, v · n|S = 0, div v = 0.

If Ω is not axially symmetric, then there exists a constant c such that

(1.6) ‖v‖21,Ω ≤ cEΩ(v).

If Ω is axially symmetric, η = (−x2, x1, 0), α = �
Ω
vη dx, and vη = v · η,

then there exists a constant c such that

(1.7) ‖v‖21,Ω ≤ c
(
EΩ(v) +

∣∣∣
�
Ω

vη dx
∣∣∣
2)
,

where the notation is described in Section 2.
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Proof. First, consider nonaxially symmetric domains. We have

(1.8) EΩ(v) =
�
Ω

(vi,xj + vj,xi)
2 dx = 2

( �
Ω

v2
i,xj dx+

�
Ω

vi,xjvj,xi dx
)
,

where the summation convention over repeated indices is assumed. After
integrating by parts and applying (1.1)2,3, the second integral on the r.h.s.
of (1.8) equals − �

S
ni,xjvivj dS. Using this in (1.8) yields

(1.9) |∇v|22,Ω ≤ c(EΩ(v) + |v|22,S).

By the trace theorem we have

(1.10) |∇v|22,Ω ≤ c(EΩ(v) + |v|22,Ω).

Making use of the fact that EΩ(u) = 0, u · n|S = 0 implies u = 0 and
repeating the proof of Lemma 3.2 from [20], we obtain

(1.11) |v|22,Ω ≤ δ|∇v|22,Ω +MEΩ(v),

where δ can be chosen as small as we need and M = M(δ) is some constant.
In view of (1.10) and (1.11) inequality (1.6) follows.

Assume now that Ω is axially symmetric. Then we decompose v as

(1.12) v = v′ +
α

�
Ω
η2 dx

η,

where �
Ω
v′ · η dx = 0. Then, instead of (1.11), we have

(1.13) |v′|22,Ω ≤ δ|∇v′|22,Ω +MEΩ(v′).

Using the fact that EΩ(v) = EΩ(v′) and

|∇v′|2,Ω ≤ c|∇v|2,Ω + c
∣∣∣

�
Ω

vη dx
∣∣∣

we obtain from (1.13) the inequality

(1.14) |v|22,Ω ≤ δ|∇v|22,Ω +MEΩ(v) + c
∣∣∣

�
Ω

vη dx
∣∣∣
2
.

Employing (1.14) in (1.10) yields (1.7), which ends the proof.

Now we obtain energy type estimates for solutions of (1.1).

Lemma 1.3. Assume f ∈ L∞(0,∞;L6/5(Ω)), �
Ωt
fη dx dt

′ ∈ L∞(0,∞)
and v(0) ∈ L2(Ω). Let T > 0 be given. Assume that there exist constants
a1, a2 such that

(1.15) a1 ≡ sup
t
|f(t)|6/5,Ω <∞, a2 ≡ sup

t

∣∣∣
�
Ωt

fη dx dt
′
∣∣∣ <∞.
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Then there exist constants

(1.16)

d2
1 =

c

ν1
a2

1 + |v(0)|22,Ω,

d2
2 = (min(1, ν2))−1eν1T

(
c

ν1
a2

1 + d2
1

)
,

d2
3 =

c

ν1

(
a2

1 + a2
2 +

∣∣∣
�
Ω

vη(0) dx
∣∣∣
2)

+ |v(0)|22,Ω,

d2
4 = (min(1, ν2))−1eν1T

[
c

ν1

(
a2

1 + a2
2 +

∣∣∣
�
Ω

vη(0 dx
∣∣∣
2)

+ d2
3

]
,

which do not depend on k0 = kT , k ∈ N, and ν/c = ν1 + ν2, where c is
the constant either from (1.6) or from (1.7), such that in the nonaxially
symmetric case we have

(1.17)
|v(t)|2,Ω ≤ d1 for any t ≥ 0,

‖v‖V 0
2 (Ω×(kT,t)) ≤ d2 for t ∈ (kT, (k + 1)T ), k ∈ N,

and in the axially symmetric case

(1.18)
|v(t)|2,Ω ≤ d3 for any t ≥ 0,

‖v‖V 0
2 (Ω×(kT,t)) ≤ d4 for t ∈ (kT, (k + 1)T ), k ∈ N.

Proof. First we consider the nonaxially symmetric case. Multiplying
(1.1)1 by v and integrating over Ω we obtain

(1.19)
1
2
d

dt
|v|22,Ω + νEΩ(v) =

�
Ω

f · v dx.

Applying (1.6) yields

(1.20)
1
2
d

dt
|v|22,Ω +

ν

c
‖v‖21,Ω ≤

�
Ω

f · v dx.

Hence we have

(1.21)
d

dt
|v|22,Ω +

ν

c
‖v‖21,Ω ≤ c|f |26/5,Ω .

Let ν/c = ν1 + ν2. Then (1.21) takes the form

(1.22)
d

dt
|v|22,Ω + ν1|v|22,Ω + ν2‖v‖21,Ω ≤ c|f |26/5,Ω .

This implies

(1.23)
d

dt
(|v|22,Ωeν1t) + ν2‖v‖21,Ωeν1t ≤ c|f |26/5,Ωeν1t.

Integrating (1.23) with respect to time yields
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(1.24) |v(t)|22,Ω + ν2e
−ν1t

t�
0

‖v(t′)‖21,Ωeν1t
′
dt′

≤ ce−ν1t
t�
0

|f(t′)|26/5,Ωeν1t
′
dt′ + e−ν1t|v(0)|22,Ω.

Considering (1.24) for any t > 0 we omit the second term on the l.h.s.
because it is bounded from below by e−ν1t � t0 ‖v(t′)‖21,Ω dt′, which does not

imply any estimate for � t0 ‖v(t′)‖21,Ω dt′ for any t ∈ R+. Then by the assump-
tions of the lemma we have

(1.25) |v(t)|22,Ω ≤
c

ν1
a2

1 + e−ν1t|v(0)|22,Ω ≤ d2
1,

which implies (1.17)1.
Having estimate (1.25) for any t > 0 we can consider (1.24) in the interval

(kT, (k + 1)T ), k ∈ N. Hence for t ∈ (kT, (k + 1)T ) we have

(1.26) |v(t)|22,Ω + ν2e
−ν1t

t�
kT

‖v(t′)‖21,Ωeν1t
′
dt′

≤ ca2
1e
−ν1t

t�
kT

eν1t
′
dt′ + e−ν1(t−kT )|v(kT )|22,Ω.

Continuing,

(1.27) |v(t)|22,Ω + ν2e
−ν1(t−kT )

t�
kT

‖v(t′)‖21,Ω dt′

≤ c

ν1
a2

1 + e−ν1(t−kT )|v(kT )|22,Ω.

Finally, employing (1.25) in (1.27) yields

|v(t)|22,Ω + ν2e
−ν1T

t�
kT

‖v(t′)‖21,Ω dt′ ≤
c

ν1
a2

1 + d2
1,

which implies

(1.28) |v(t)|22,Ω + ν2

t�
kT

‖v(t′)‖21,Ω dt′ ≤ eν1T

(
c

ν1
a2

1 + d2
1

)
,

where t ∈ (kT, (k + 1)T ), k ∈ N. Hence (1.28) implies (1.17)2.
Now we consider the axially symmetric case. In view of (1.7) instead of

(1.22) we have

(1.29)
d

dt
|v|22,Ω + ν1|v|22,Ω + ν2‖v‖21,Ω ≤ c|f |26/5,Ω +

∣∣∣
�
Ω

vη dx
∣∣∣
2
.
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To examine the last integral on the r.h.s., we multiply (1.1)1 by η and
integrate over Ωt. Using the fact that η · n|S = 0, (1.1)3.4 and the fact that
∇η is an antisymmetric tensor we obtain

(1.30)
�
Ω

vη dx =
�
Ωt

fη dx dt
′ +

�
Ω

vη(0) dx.

Inserting (1.30) in (1.29) yields

(1.31)
d

dt
|v|22,Ω + ν1|v|22,Ω + ν2‖v‖21,Ω

≤ c|f |26/5,Ω + c
∣∣∣

�
Ωt

fη dx dt
′
∣∣∣
2

+ c
∣∣∣

�
Ω

vη(0) dx
∣∣∣
2
.

Repeating the considerations leading to (1.24) we obtain

(1.32) |v(t)|22,Ω + ν2e
−ν1t

t�
0

‖v(t′)‖21,Ωeν1t
′
dt′

≤ ce−ν1t
t�
0

|f(t′)|26/5,Ωeν1t
′
dt′ + ce−ν1t

t�
0

∣∣∣
�
Ωt
′

fη dx dt
′′
∣∣∣
2
eν1t

′
dt′

+ ce−ν1t
t�
0

∣∣∣
�
Ω

vη(0) dx
∣∣∣
2
eν1t

′
dt′ + e−ν1t|v(0)|22,Ω.

Applying (1.15) we have

(1.33) |v(t)|22,Ω + ν2e
−ν1t

t�
0

‖v(t′)‖21,Ωeν1t
′
dt′

≤ c

ν1

(
a2

1 + a2
2 +

∣∣∣
�
Ω

vη(0) dx
∣∣∣
2)

+ e−ν1t|v(0)|22,Ω.

Hence

(1.34) |v(t)|22,Ω ≤
c

ν1

(
a2

1 + a2
2 +

∣∣∣
�
Ω

vη(0) dx
∣∣∣
2)

+ e−ν1t|v(0)|22,Ω ≤ d2
3,

which implies (1.18)1.
Having estimate (1.34) we can consider (1.33) in the interval (kT, (k+1)T ),

k ∈ N,

(1.35) |v(t)|22,Ω + ν2e
−ν1t

t�
kT

‖v(t′)‖21,Ωeν1t
′
dt′

≤ c

ν1

(
a2

1 + a2
2 +

∣∣∣
�
Ω

vη(0) dx
∣∣∣
2)

+ e−ν1(t−kT )|v(kT )|22,Ω,
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where t ∈ (kT, (k + 1)T ). In view of (1.34) we obtain from (1.35) the in-
equality

(1.36) |v(t)|22,Ω + ν2e
−ν1T

t�
kT

‖v(t′)‖21,Ω dt′

≤ c

ν1

(
a2

1 + a2
2 +

∣∣∣
�
Ω

vη(0) dx
∣∣∣
2)

+ d2
3,

which implies (1.18)2. This ends the proof.

From Lemma 1.3 by an application of the Galerkin method and the
considerations from [9, Ch. 6] we have

Lemma 1.4. Let the assumptions of Lemma 1.3 hold. Then there exists
a weak solution to problem (1.1) in any interval (kT, (k + 1)T ), k ∈ N,
satisfying

(1.37) ‖v‖V 0
2 (Ω×(kT,(k+1)T ) ≤ di,

where i = 2 for nonaxially symmetric domains and i = 4 for axially sym-
metric domains.

The aim of this paper is to prove global existence of regular solutions
to problem (1.1) by improving regularity of the weak solution. For this
purpose we follow the ideas from [18, 19, 20]. Since in this paper nonaxially
symmetric domains are considered, we do not use the cylindrical coordinates
r, ϕ, z. Compared to [18, 19] we replace the cylindrical coordinate ϕ by x3;
vϕ by v3; h = vr,ϕer + vϕ,ϕeϕ + vz,ϕez by h(1) = v,x3 ; and χ = (rot v)ϕ
by χ = rot v · e3. Here er = (cosϕ, sinϕ, 0), eϕ = (− sinϕ, cosϕ, 0), ez =
(0, 0, 1) = e3, vr = v · er, vϕ = v · eϕ, vz = v · ez.

Hence we introduce the quantities

(1.38)
h(1) = v,x3 , q(1) = p,x3 , h(2) = v,x3x3 , q(2) = p,x3x3 ,

w = v3, χ = v2,x1 − v1,x2 .

Now we formulate the main results of this paper. First we introduce the
quantities

G1(T ) = ‖f‖L∞(0,T ;L6/5(Ω)) + ‖f‖L27/16(ΩT ) + ‖(rot f)3‖L18/13(ΩT )

+ ‖(rot f)′‖L2(ST2 ) + ‖f,x3‖L2(ΩT ) + ‖f,x3x3‖L2(ΩT ),

G0(0) = ‖v(0)‖
W

22/27
27/16 (Ω) + ‖(rot v(0))3‖L2(Ω) + ‖v,x3(0)‖L2(Ω)

+ ‖v,x3x3(0)‖L2(Ω),

d(T ) =
2∑

i=1

(‖∂ix3
f‖L2(ΩT ) + ‖∂ix3

v(0)‖L2(Ω))

+ ‖(rot f)′‖L2(ST2 ) + |f3|L2(ST2 ),
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D(T ) =
2∑

i=1

(‖∂ix3
f‖

W
β,β/2
δ (ΩT ) + ‖∂ix3

v(0)‖
W

2+β−2/δ
δ (Ω))

+ ‖(rot f)′‖
W

1+β−1/δ,1/2+1/2β−1/2δ
δ (ST2 )

(here (rot f)′ = ((rot f)1, (rot f)2), where (rot f)i is the ith Cartesian coor-
dinate of rot f), and

γ(T ) =
2∑

i=1

(‖∂ix3
v‖
W

2+β,1+β/2
δ (ΩT ) + ‖∇∂ix3

p‖
W
β,β/2
δ (ΩT )).

Finally, for β ≥ 0 and δ ∈ [1,∞] we define

W
β,β/2
δ (ΩT ) =

{
u : ‖u‖

W
β,β/2
δ (ΩT ) ≡ ‖u‖Lδ(ΩT )

+
(T�

0

�
Ω

�
Ω

|D[β]
x u(x, t)−D[β]

x′ u(x′, t)|δ
|x− x′|3+δ(β−[β])

dx dx′ dt

)1/δ

+
( �
Ω

T�
0

T�
0

|∂[β/2]
t u(x, t)− ∂[β/2]

t′ u(x, t′)|δ
|t− t′|1+δ(β/2−[β/2])

dx dt dt′
)1/δ

<∞
}
.

where [β] is the integer part of β.

Theorem 1 (local existence). Assume that Ω is a cylindrical type do-
main with respect to the x3 axis and with an arbitrary cross-section. Its
boundary is composed of two parts: S1, parallel to x3, and S2, perpendicular
to x3; S1 ∈ C3. Assume v(0) ∈ W 22/27

27/16 (Ω), (rot v(0))3 ∈ L2(Ω), v,x3(0) ∈
W

2+β−2/δ
δ (Ω), v,x3x3(0) ∈ W

2+β−2/δ
δ (Ω), f ∈ L6/5,∞(ΩT )∩L27/16(ΩT ),

(rot f)3 ∈ L18/13(ΩT ), (rot f)′|S2 ∈ W
1+β−1/δ,1/2−β/2−1/(2δ)
δ (ST2 ), f3 ∈

L2(ST2 ), f,x3 , f,x3x3 ∈ W
β,β/2
δ (ΩT ), δ ∈ (1, 2), β ∈ (0, 1), 5/δ < 3 + β,

3/δ < 2 + β. Then for sufficiently small d(T ) there exists a solution to
problem (1.1) such that ∂ix3

v ∈ W
2+β,1+β/2
δ (ΩT ), ∂ix3

∇p ∈ W
β,β/2
δ (ΩT ),

i = 1, 2.
Moreover , there exist a function ϕ = ϕ(γ(T ), G1(T ), G0(0), T ) and a

constant c1 with the following properties (see Lemma 5.2). Assume that for
a given T there exists a constant A such that

(1.39) ϕ(A,G1(T ), G0(0), T )d(T ) + c1D(T ) ≤ A
and

(1.40) c1D(T ) < A.

Then the local solution is such that

(1.41) γ(T ) ≤ A.



Navier–Stokes equations in cylindrical domains 251

Finally , (1.39) implies

(1.42) T <
1

ϕ3(d(T ))
,

with limd→0 ϕ3(d) = 0.

Hence, we have existence for arbitrary T if d(T ) is sufficiently small.

Theorem 2 (uniqueness). Solutions to problem (1.1) such that v ∈
L2(0, T ;W 1

3 (Ω)) are unique.

To prove Theorem 1 we use problems (3.1) and (3.12) for (h(i), q(i)),
i = 1, 2, respectively, in the form (5.1) and (5.2) which is appropriate for
applying the Leray–Schauder fixed point theorem. For this purpose we need
to estimate v in terms of h(1) and h(2). The relation between v and h(1),
h(2) and the corresponding estimate (4.28) for v ∈W 2,1

27/16(ΩT ) is described
in Lemma 4.4. To obtain (4.28) we use anisotropic energy type estimates
described by Lemma 2.1, which implies a high-regularity estimate for v with
different smoothness with respect to x′ = (x1, x2) and x3 (see Lemma 4.3).

The fact that v ∈ W 2,1
27/16(ΩT ) is crucial because 27/16 > 5/3 and

v ∈ W 2,1
5/3(ΩT ) implies that v · ∇v ∈ L5/3(ΩT ) so (1.1) does not increase

regularity. Moreover, for v ∈ W 2,1
r (ΩT ), r > 5/3, interpolation inequalities

from the proofs of Lemmas 4.6 and 4.7 are such that the mapping Φ is
compact (see Lemma 5.1) and estimate (5.9) holds (see Lemma 5.2).

The result of Theorem 1 is a small step towards solving the regularity
problem for the Navier–Stokes equations, because existence of a regular solu-
tion with small variations in the direction of the axis of a cylindrical domain
is proved. It seems that the solution is close to two-dimensional (see [10]).
But in [10] the non-slip condition is imposed on the boundary. Hence the
solution in Theorem 1 would be close to a two-dimensional solution with slip
boundary condition. Now, we describe the differences between the latter so-
lution and the solution presented in the present paper. In the 2d-solution
the boundary conditions on S2 are satisfied automatically, while in this pa-
per they are not. Moreover, in the two cases we use different estimates and
different imbedding theorems. In the 3d-case the imbedding theorems and
interpolation inequalities applied are much weaker than in the 2d-case.

Moreover, in the 2d-case global estimate follows directly from imbedding
theorems (see [10]), whereas in the present paper, much work is necessary
to obtain an estimate guaranteeing global existence (see Lemma 5.2).

In the last decade a lot of papers concerning global regular special 3d-
solutions to Navier–Stokes equations have appeared (see [2, 3, 7, 10, 13,
14, 15, 18–20]). They base on lower-dimensional global regular solutions to
Navier–Stokes equations:
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(1.43)

1. two-dimensional [10];

2. axially-symmetric [11, 17];

3. helically symmetric [12].

Global regular solutions close to (1.43)1 are shown in this paper and also
for thin domains in [2, 3, 7, 13–15].

In [13–15] Raugel and Sell proved existence of global regular solutions
to the Navier–Stokes equations in a thin domain Ωε = Ω′× (0, ε), Ω′ ⊂ R2,
ε small, with periodic boundary conditions by using the semigroup tech-
nique. The result was generalized by Avrin [2, 3], who also proved existence
of global regular solutions in the thin domain Ωε but with Dirichlet bound-
ary conditions on ∂Ω′ and periodic conditions in the third direction. In
his considerations the smallness of ε was replaced by large first eigenvalue
of −P∆, where P is the projection operator on the divergence free vector
fields. To prove this he used a fixed point argument. The above results were
generalized by Iftimie and Raugel in [7] who relaxed the conditions on the
magnitude and regularity of v(0) and f .

Global regular solutions close to (1.43)2 have been found by the author
in [18–21].

Finally, in [4, 5] there are some generalizations of solutions from (1.43)3.

2. Notation and auxiliary results. To simplify the writing we intro-
duce the following notation:

|u|p,Q = ‖u‖Lp(Q), Q ∈ {ΩT , ST , Ω, S}, p ∈ [1,∞],

‖u‖s,Q = ‖u‖Hs(Q), Q ∈ {Ω,S}, s ∈ R+ ∪ {0},
‖u‖s,QT = ‖u‖

W
s,s/2
2 (QT ), Q ∈ {Ω,S}, s ∈ R+ ∪ {0},

u p,q,QT = ‖u‖Lq(0,T ;Lp(Q)), Q ∈ {Ω,S}, p, q ∈ [1,∞],

‖u‖s,q,QT = ‖u‖
W
s,s/2
q (QT ), Q ∈ {Ω,S}, s ∈ R+ ∪ {0}, q ∈ [1,∞].

‖u‖s,q,Q = ‖u‖W s
q (Q), Q ∈ {Ω,S}, s ∈ R+ ∪ {0}, q ∈ [1,∞].

By c we denote a generic constant which may change its value from formula
to formula. By c(σ), ck(σ), k ∈ N, ϕ(σ) we understand generic functions
which are always positive and increasing. We do not distinguish the scalar
and vector-valued functions.

Moreover, we use the abbreviation r.h.s. (l.h.s) for right-hand side (left-
hand side).
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We introduce the space

V k2 (ΩT ) =
{
u : ‖u‖V k2 (ΩT ) = ess sup

t∈(0,T )
‖u‖Hk(Ω)

+
(T�

0

‖∇u‖Hk(Ω) dt
)1/2

<∞
}
, k ∈ N.

Now we recall an imbedding for anisotropic Sobolev spaces. Let Ω ⊂ R3.
Then we define

‖u‖W 1,k
2 (Ω) =

[ �
Ω

(|u|2 + |∇′u|2 + |∇kx3
u|2) dx

]1/2
, k ∈ N,

where ∇′ = (∂x1 , ∂x2).

Lemma 2.1. Assume that u ∈ L∞(0, T ;L2(Ω))∩L2(0, T ;W 1,k
2 (Ω)), 1 ≤

k ∈ N. Then u ∈ Lr(0, T ;Lq(Ω)) for any r, q ≥ 1 satisfying

(2.1)
2
r

+
2k + 1
qk

=
2k + 1

2k
,

and

(2.2) u q,r,ΩT ≤ c(ess sup
t∈[0,T ]

|u|2,Ω + ‖u‖L2(0,T ;W 1,k
2 (Ω))).

In the case r = q we have

(2.3) q =
2(4k + 1)

2k + 1
≡ q(k),

so that q(1) = 10
3 , q(2) = 18

3 , q(3) = 26
7 , . . . , and limk→∞ q(k) = 4.

Proof. From [6, Ch. 3, Sect. 10] for u ∈ W 1,k
2 (Ω), q ≥ 1 and any ε > 0

we have the inequality

(2.4) |u|q,Ω ≤ ε1−κ‖u‖W 1,k
2 (Ω) + cε−κ|u|2,Ω ,

provided

(2.5) κ = 1− 2
q

+
(

1
2
− 1
q

)
1
k
< 1,

which holds if

(2.6) q < 4k + 2.

Inserting in (2.4) ε = ε
1

κ(1−κ) yields

(2.7) |u|q,Ω ≤ ε1/κ‖u‖W 1,k
2 (Ω) + cε−1/(1−κ)|u|2,Ω .

Equalizing the terms on the r.h.s. of (2.7) gives

ε1/κ‖u‖W 1,k
2 (Ω) = ε−1/(1−κ)|u|2,Ω ,
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which implies

(2.8) ε =
( |u|2,Ω
‖u‖W 1,k

2 (Ω)

)κ(1−κ)

.

Inserting (2.8) in (2.7) yields

(2.9) |u|q,Ω ≤ c‖u‖κW 1,k
2 (Ω)

|u|1−κ2,Ω ,

provided (2.6) holds and

(2.10) κ =
2k + 1

2k
− 2k + 1

qk
< 1.

Next we calculate

u q,r,ΩT =
(T�

0

|u(t)|rq,Ω dt
)1/r

(2.11)

≤ c
(T�

0

‖u(t)‖κr
W 1,k

2 (Ω)
dt
)1/r

ess sup
t
|u|1−κ2,Ω

for any κ ∈ (0, 1). Putting

(2.12) κ =
2
r

we obtain

(2.13) u q,r,ΩT ≤ c‖u‖
2/r

L2(0,T ;W 1,k
2 (Ω))

ess sup
t
|u|1−2/r

2,Ω .

By the Young inequality, (2.13) implies

(2.14) u q,r,ΩT ≤ εr/2‖u‖L2(0,T ;W 1,k
2 (Ω)) + cε−r/(r−2) ess sup

t
|u|2,Ω

for all ε ∈ R+. From (2.10), (2.12) and (2.13) we get (2.1), (2.2), which ends
the proof.

For q = r inequality (2.14) takes the form

(2.15) |u|q,ΩT ≤ εq/2‖u‖L2(0,T ;W 1,k
2 (Ω)) + cε−q/(q−2) ess sup

t
|u|2,Ω ,

where q is defined by (2.3).
In this paper we use frequently the imbedding inequality

(2.16) ∇iu p,q,ΩT ≤ c‖u‖2+β,δ,ΩT , i ≤ 2,

which holds for

(2.17)
5
δ
− 3
p
− 2
q

+ i ≤ 2 + β.

In the case when either p or q is equal to ∞, the inequality in (2.17) must
be strict.
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Now we formulate the results of [1], which are frequently used in this
paper. Let us consider the Stokes problem

(2.18)

v,t − divT(v, p) = f in ΩT ,

div v = g in ΩT ,

n · D(v) · τ i = bi, i = 1, 2, on ST ,

v · n = b3 on ST ,

v|t=0 = v(0) in Ω.

Let us introduce the Besov spaces:

B2s,s
r,q (ΩT ) =

{
u : ‖u‖B2s,s

r,q (ΩT ) ≡ ‖u‖Lr(ΩT )

+
[h0�

0

(‖∆x(h,Ω)D[2s]
x u‖Lr(ΩT )

h2s−[2s]

)q
dh

]1/q

+
[h0�

0

(‖∆t(h, (0, T ))∂[s]
t u‖Lr(ΩT )

hs−[s]

)q
dh

]1/q

<∞
}
,

where s ∈ R+ ∪ {0} is noninteger, 1 ≤ r, q ≤ ∞, and

Bsr,q(Ω) =
{
u : ‖u‖Bsr,q(Ω) ≡ ‖u‖Lr(Ω)

+
[h0�

0

(‖∆x(h,Ω)D[s]
x u‖Lr(Ω)

hs−[s]

)q
dh

]1/q

<∞
}
,

where
∆x(h,Ω)u(x, t) = u(x+ h, t)− u(x, t), x, x+ h ∈ Ω,
∆t(h, (0, T ))u(x, t) = u(x, t+ h)− u(x, t), t, t+ h ∈ (0, T ).

Moreover, we define

W 2s,s
r (ΩT ) = B2s,s

r,r (ΩT ), W s
r (Ω) = Bsr,r(Ω),

which is possible in view of [8], where different kinds of differences were
introduced.

Finally, we have

Lemma 2.2 (see [1]). Let p>1, S1∈C2s, f ∈B2s,s
r,q (ΩT ), g∈B2s+1,s

r,q (ΩT ),

v(0) ∈ B
2s+2−2/r
r,q (Ω), bi ∈ B

2s+1−1/r,s+1/2−1/(2r)
r,q (ST ), i = 1, 2, b3 ∈

B
2s+2−1/r,s+1−1/(2r)
r,q (ST ), s ∈ R+ noninteger , 1 < q < ∞. Suppose there

exist functions A,B ∈ B2s,s
r,q (ΩT ), diam suppA < λ, where λ is sufficiently

small , such that the following compatibility conditions hold :

Dα
x∂

β+1
t g − div(Dα

x∂
β
t f) = div(Dα

x∂
β
t B) +Dα

x∂
β
t A,
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for all |α|, β ≥ 0 such that |α|+2β ≤ [2s]. Then there exists a unique solution
(v, p) to problem (2.18) such that v ∈ B2s+2,s+1

r,q (ΩT ), ∇p ∈ B2s,s
r,q (ΩT ) and

(2.19) ‖v‖B2s+2,s+1
r,q (ΩT ) + ‖∇p‖B2s,s

r,q (ΩT ) ≤ c
(
‖f‖B2s,s

r,q (ΩT )

+ ‖B‖B2s,s
r,q (ΩT ) + ‖A‖B2s,s

r,q (ΩT ) + ‖g‖B2s+1,s
r,q (ΩT )

+
2∑

i=1

‖bi‖B2s+1−1/r,s+1/2−1/(2r)
r,q (ST ) + ‖b3‖B2s+2−1/r,s+1−1/(2r)

r,q (ST )

+ ‖v(0)‖
B

2s+2−2/r
r,q (Ω) +

[s−1]∑

i=0

‖∂itf |t=0‖B2s−2i−2/r
r,q (Ω)

)
.

3. Basic formulations. To prove Theorems 1 and 2 we formulate prob-
lems for quantities (1.38) which help us to improve the regularity of the weak
solution.

Lemma 3.1. Let g(1) = f,x3 . Then (h(1), q(1)) is a solution to the problem

(3.1)

h
(1)
,t − divT(h(1), q(1)) = −v · ∇h(1) − h(1) · ∇v + g(1) in ΩT ,

div h(1) = 0 in ΩT ,

h(1) · n = 0, n · D(h(1)) · τα = 0, α = 1, 2, on ST1 ,

h
(1)
i = 0, i = 1, 2, h

(1)
3,x3

= 0 on ST2 ,

h(1)|t=0 = h(1)(0) in Ω,

where n is the normal vector to S1 and τα, α = 1, 2, are tangent.

Proof. Equations (3.1)1,2 and the boundary conditions (3.1)3 follow di-
rectly from (1.1)1,2 and (1.1)3,4 by differentiating with respect to x3 because
Ω is a cylindrical domain with respect to the x3 axis.

The boundary conditions (1.1)3,4 on S2 assume the form

v3 = 0, vi,x3 + v3,xi = 0, i = 1, 2,

so

(3.2) vi,x3 |S2 = 0, i = 1, 2,

which implies the first condition of (3.1)4.
Expressing (1.1)2 in the form

v1,x1 + v2,x2 + v3,x3 = 0,

we obtain, in view of (3.2),

(3.3) v3,x3x3 = −v1,x3x1 − v2,x3x1 = 0 on S2,

which gives the second condition of (3.1)4. This ends the proof.
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Lemma 3.2. Let q(1) and f3 be given. Then w is a solution to the problem

(3.4)

w,t + v · ∇w − ν∆w = q(1) + f3 in ΩT ,

w,n = 0 on ST1 ,

w = 0 on ST2 ,

w|t=0 = w(0) in Ω,

where ∂n = n · ∇ and n is the normal vector to S1.

Proof. Equation (3.4)1 is exactly the third equation of (1.1)1. Let

(3.5)

n|S1 =
∇ϕ
|∇ϕ| =

1
|∇ϕ| (ϕ,x1 , ϕ,x2 , 0),

τ 1|S1 =
∇⊥ϕ
|∇ϕ| =

1
|∇ϕ| (−ϕ,x2 , ϕ,x1 , 0), τ2|S1 = (0, 0, 1),

n|S2 = (0, 0, 1), τ 1|S2 = (1, 0, 0), τ 2|S2 = (0, 1, 0).

Condition (3.4)3 follows from (1.1)3. Expressing boundary conditions
(1.1)4 in the form

(3.6) ni

(
∂vi
∂xj

+
∂vj
∂xi

)
ταj

∣∣∣∣
S1

= 0, α = 1, 2,

where the summation convention over repeated indices is used, we have for
α = 2 the equation

(3.7) ni

(
∂vi
∂x3

+
∂v3

∂xi

)∣∣∣∣
S1

= 0.

Since n|S1 does not depend on x3, the above condition implies (3.4)2, and
the proof is finished.

Lemma 3.3. Let F3 = (rot f)3, h(1), v and w be given. Then χ = (rot v)3

is a solution to the problem

(3.8)

χ,t + v · ∇χ− h(1)
3 χ+ h

(1)
2 w,x1 − h(1)

1 w,x2 − ν∆χ = F3 in ΩT ,

χ = vi(ni,xj τ1j + τ1i,xjnj) + v · τ1(τ12,x1 − τ11,x2) ≡ χ∗ on ST1 ,

χ,x3 = 0 on ST2 ,

χ|t=0 = χ(0) in Ω,

where tangent and normal vectors to S1 are defined by (3.5).

Proof. Differentiating (1.1)2 with respect to x1 and (1.1)1 with respect
to x2, and subtracting the results we obtain (3.8)1.

In view of (3.2) we have

χ,x3 = v2,x1x3 − v1,x2x3 = 0 on S2,

so (3.8)3 holds.
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To show (3.8)2, we express v′ = (v1, v2) in a neighbourhood of S1 in the
form

v′ = v · τ1τ1 + v · nn,
where we have assumed that the vectors τ 1, n are defined in a neighbourhood
of S1. Continuing, we have

χ|S1 = (v · τ1τ12 + v · nn2),x1 − (v · τ1τ11 + v · nn1),x2 |S1(3.9)

= [(v · τ1),x1τ12 − (v · τ1),x2τ11 + (v · n),x1n2 − (v · n),x2n1

+ v · τ1(τ12,x1 − τ11,x2) + v · n(n2,x1 − n1,x2)]|S1

= [n · ∇(v · τ 1)− τ1 · ∇(v · n) + v · τ 1(τ12,x1 − τ11,x2)]|S1

= [n · ∇(v · τ 1) + v · τ1(τ12,x1 − τ11,x2)]|S1 .

Writing (3.6) for α = 1 in the form

(−vini,xj τ1j + n · ∇(v · τ1)− vjτ1j,xini)|S1 = 0

and inserting it in (3.9) yields (3.8)2. This concludes the proof.

Let Ω′ be a cross-section of Ω by the plane P perpendicular to the x3

axis. Then ∂Ω′ = S1 ∩ P ≡ S′1. Therefore, we can consider the problem

(3.10)

v2,x1 − v1,x2 = χ in Ω′,

v1,x1 + v2,x2 = −h(1)
3 in Ω′,

v′ · n′ = 0 on S1,

where v′ = (v1, v2), n′ = 1
|∇ϕ| (ϕ,x1 , ϕ,x2). In the case when S′1 is a circle,

Lemma 3.3 takes the following form:

Lemma 3.4. Assume that Ω is a cylinder. Then χ satisfies (3.8)1,4 and
the boundary conditions

(3.11)
χ|S1 =

2v · eϕ
R

∣∣∣∣
S1

,

χ,x3 |S2 = 0.

Proof. We have to prove (3.11)1 only. To do this we consider (3.8)2 on
the circle S′1. Then n = (x1/r, x2/r), τ 1 = (−x2/r, x1/r), r =

√
x2

1 + x2
2.

Hence

τ12,x1 − τ11,x2 =
1
r
, v · τ1 = −v1x2

r
+
v2x1

r
, n1,xj τ1j = −x2

r2 ,

τ11,xjnj = 0, n2,xj τ1j =
x1

r2 , τ12,xjnj = 0.

Applying the expressions in (3.8)2 yields (3.11)1 and concludes the proof.

Finally, we formulate a problem for h(2), q(2).
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Lemma 3.5. Assume that v, h(1), g(2) = f,x3x3 , v,x3x3(0) are given. Then
(h(2), q(2)) is a solution to the problem

(3.12)

h
(2)
,t − divT(h(2), q(2)) = −h(2) · ∇v − 2h(1) · ∇h(1)

− v · ∇h(2) + g(2) in ΩT ,

div h(2) = 0 in ΩT ,

n · h(2) = 0, n · D(h(2)) · τα = 0, α = 1, 2, on ST1 ,

h
(2)
3 = 0, h

(2)
i,x3

= f3,xi − g(1)
i ≡ F i, i = 1, 2, on ST2 ,

h(2)|t=0 = h(2)(0) in Ω,

where F = rot f , F = (F1,−F2, F3).

Proof. (3.12)1,2,3 follow directly by differentiating (1.1)1,2,3,4 with re-
spect to x3. Now we calculate the boundary conditions on S2. From (1.1)3

we have

(3.13) v3|S2 = 0

and (1.1)4 implies

(3.14)
∂vi
∂x3

∣∣∣∣
S2

= 0, i = 1, 2.

Then the continuity equation (1.1)2 yields

(3.15) h
(2)
3 |S2 =

∂2v3

∂x2
3

∣∣∣∣
S2

= −
2∑

i=1

∂vi,x3

∂xi

∣∣∣∣
S2

= 0.

Therefore, the first boundary condition for h(2) on S2 takes the form

h
(2)
3 |S2 = 0.

Expressing (1.1)1 in the explicit form

(3.16) vt − ν∆′v − ν∂2
x3
v +∇p = −v · ∇v + f,

where ∆′ = ∂2
x1

+ ∂2
x2

, taking the first two components of (3.16), differ-
entiating them with respect to x3, projecting on S2 and using (3.14) we
obtain

(3.17) h(2)′
,x3
|S2 =

1
ν
∇′q(1)|S2 +

1
ν

(v · ∇h(1)′ + h(1) · ∇v′ − g(1)′)|S2 ,

where ∇′ = (∂x1 , ∂x2) and u′ = (u1, u2). In view of (3.13) and (3.14) we
have

(v · ∇h(1)′ + h(1) · ∇v′)|S2 = 0.
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Hence (3.17) takes the form

(3.18) h(2)′
,x3
|S2 =

1
ν

(∇′q(1) − g(1)′)|S2 .

Projecting the third component of (3.16) on S2 and using (3.13), (3.14) we
obtain

(3.19) q(1)|S2 = −v · ∇v · n|S2 + f3|S2 = f3|S2 .

Employing (3.19) in (3.18) yields

h(2)′
,x3
|S2 =

1
ν

(∇′f3 − g(1)′)|S2 .

This implies the second condition of (3.12)4. This ends the proof.

4. Estimates. First we examine problem (3.8). Let us define a function
χ̃ to be a solution of the problem

(4.1)

χ̃,t − ν∆χ̃ = 0 in ΩT ,

χ̃ = χ∗ on ST1 ,

χ̃,x3 = 0 on ST2 ,

χ̃|t=0 = 0 in Ω.

Then the function

(4.2) χ′ = χ− χ̃
is a solution to

(4.3)

χ′,t + v · ∇χ′ − h(1)
3 χ′ + h

(1)
2 w,x1 − h(1)

1 w,x2 − ν∆χ′

= F3 − v · ∇χ̃+ h
(1)
3 χ̃ in ΩT ,

χ′ = 0 on ST1 ,

χ′,x3
= 0 on ST2 ,

χ′|t=0 = χ(0) in Ω.

First we replace (1.17)2 by a more appropriate energy estimate

(4.4) |v(t)|2,Ω +
( t�

0

‖v(t′)‖W 1,k
2 (Ω) dt

′
)1/2

≤ d2(t) + |∂kx3
v|2,Ωt ≡ d5(t), t ≤ T,

where k ∈ N will be chosen later. Then (2.2) and (2.3) imply

(4.5) |v| 2(4k+1)
2k+1 ,Ωt

≤ cd5(t), t ≤ T.
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Lemma 4.1. Assume that h(1)
3 ∈ L∞,1(ΩT ) ∩ L 10(4k+1)

18k+7
(ΩT ), h(1)′ =

(h(1)
1 , h

(1)
2 ) ∈ L 2k+1

k ,∞(ΩT ), F3 ∈ L 2(4k+1)
6k+1

(ΩT ), χ̃ ∈ W s,s/2
r (ΩT ) with 5

r −
10k

4k+1 +1 ≤ s, k ≥ 1, χ(0) ∈ L2(Ω). Assume also that v is a weak solution of
(1.1) satisfying (4.4). Assume that |∂kx3

v|2,ΩT , |∂kx3
χ̃|2,ΩT , |∇′∂kx3

v|2,ΩT are
finite. Then solutions of problem (3.8) satisfy

(4.6) χ 2,∞,Ωt + ‖χ‖L2(0,t;W 1,k
2 (Ω)) ≤ c exp(c h(1)

3 ∞,1,Ωt)

· [(d5 + |h(1)
3 | 10(4k+1)

18k+7 ,Ωt
+ 1)‖χ̃‖s,r,Ωt + d2 h

(1)′
2k+1
k ,∞,Ωt

+ |F3| 2(4k+1)
6k+1 ,Ωt

+ |χ(0)|2,Ω] + c|∂kx3
χ̃|2,Ωt + |∇′∂kx3

v|2,Ωt ≡ A1(t)

for all t ≤ T .

Proof. Multiplying (4.3) by χ′, integrating the result over Ω and using
(1.1)3 we get

(4.7)
1
2
d

dt
|χ′|22,Ω + ν|∇χ′|22,Ω

=
�
Ω

h
(1)
3 χ′2 dx−

�
Ω

(h(1)
2 w,x1 − h(1)

1 w,x2)χ′ dx

+
�
Ω

F3χ
′ dx−

�
Ω

v · ∇χ̃χ′ dx+
�
Ω

h
(1)
3 χ̃χ′ dx.

Estimating the first term on the r.h.s. by |h(1)
3 (t)|∞,Ω|χ′|22,Ω , applying the

Poincaré inequality and integrating with respect to time yields

(4.8) |χ′(t)|22,Ω + ν

t�
0

‖χ′(t′)‖2
W 1,k

2 (Ω)
dt′ ≤ c exp(c h(1)

3 ∞,1,Ωt)

·
[ �
Ωt

|h(1)′ | |w,x′ | |χ′| dx dt′ +
∣∣∣

�
Ωt

F3χ
′ dx dt′

∣∣∣+
∣∣∣

�
Ωt

v · ∇χ̃χ′ dx dt′
∣∣∣

+
∣∣∣

�
Ωt

h
(1)
3 χ̃χ′ dx dt′

∣∣∣+ |χ(0)|22,Ω
]

+ c

t�
0

|∂kx3
χ′(t′)|22,Ω dt′,

where h(1)′ = (h(1)
1 , h

(1)
2 ), w,x′ = (w,x1 , w,x2).

To estimate the first four integrals on the r.h.s. of (4.8) we use the imbed-
ding (see (2.15))

(4.9) |u| 2(4k+1)
2k+1 ,ΩT

≤ c(|u|2,∞,ΩT + ‖u‖L2(0,T ;W 1,k
2 (Ω))),

valid for all k ∈ N.
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By the Hölder inequality, the third integral on the r.h.s. of (4.8) is
bounded by

|v| 2(4k+1)
2k+1 ,Ωt

|∇χ̃| 4k+1
2k ,Ωt |χ′| 2(4k+1)

2k+1 ,Ωt
≡ I1.

In view of (4.4) and (4.9), we have, for any ε1 > 0,

I1 ≤ ε1

(
|χ′(t)|22,∞,Ωt +

t�
0

‖χ′(t′)‖2
W 1,k

2 (Ω)
dt′
)

+ c(1/ε1)d2
5(t)|∇χ̃|24k+1

2k ,Ωt
,

where to estimate the last norm we apply the imbedding

(4.10) ‖∇χ̃‖L 4k+1
2k

(ΩT ) ≤ c‖χ̃‖s,r,ΩT ,

which holds if

(4.11)
5
r
− 10k

4k + 1
+ 1 ≤ s, s ∈ R+, r ∈ (1,∞).

Using the imbedding (see [6, Ch. 3, Sec. 10])

(4.12) |u|2(2k+1),Ω ≤ c‖u‖W 1,k
2 (Ω), Ω ⊂ R3,

we estimate the first integral on the r.h.s. of (4.8) by
t�
0

dt′ [ε2|χ′(t′)|22(2k+1),Ω + c(1/ε2)|h(1)′ | 2k+1
k ,Ω|w,x′ |22,Ω ]

≤ ε2

(
|χ′|22,∞,Ωt +

t�
0

‖χ′(t′)‖2
W 1,k

2 (Ω)
dt′
)

+ c(1/ε2)|h(1)|22k+1
k ,∞,Ωtd

2
2(t),

for any ε2 > 0, where (1.17)2 was applied.
We bound the second term on the r.h.s. of (4.8) by

|χ′| 2(4k+1)
2k+1 ,Ωt

|F3| 2(4k+1)
6k+1 ,Ωt

≤ ε3|χ′|22(4k+1)
2k+1 ,Ωt

+ c(1/ε3)|F3|22(4k+1)
6k+1 ,Ωt

for any ε3 > 0. By the Hölder inequality, the fourth term on the r.h.s. of
(4.8) is bounded by

|χ′| 2(4k+1)
2k+1 ,Ωt

|h(1)
3 χ̃| 2(4k+1)

6k+1 ,Ωt

≤ |χ′| 2(4k+1)
2k+1 ,Ωt

|h(1)
3 |λ1

2(4k+1)
6k+1 ,Ωt

· |χ̃|
λ2

2(4k+1)
6k+1 ,Ωt

≡ I2,

whenever 1/λ1 + 1/λ2 = 1.
To estimate the last factor in I2 by the r.h.s. of (4.10) with r, s satisfying

(4.11) we have to calculate λ2 from the equality case of (4.11) and from the
relation

5
r
− 5

2(4k+1)
6k+1 λ2

= s,
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so
10k

4k + 1
− 1 =

5(6k + 1)
2(4k + 1)λ2

,

which implies that λ2 = 5(6k+1)
2(6k−1) and λ1 = 5(6k+1)

18k+7 . Hence

I2 ≤ ε4|χ′|22(4k+1)
2k+1 ,Ωt

+ c(1/ε4)|h(1)
3 |210(4k+1)

18k+7 ,Ωt
‖χ̃‖2s,r,Ωt ,

for any ε4 > 0 and any r, s satisfying (4.11).
Applying the above estimates in (4.8) and assuming that ε1 to ε4 are

sufficiently small we obtain

(4.13) |χ′(t)|22,Ω + ν

t�
0

‖χ′(t′)‖2
W 1,k

2 (Ω)
dt′ ≤ c exp(c h(1)

3 ∞,1,Ωt)

· [(d2
5 + |h(1)

3 |210(4k+1)
18k+7 ,Ωt

)‖χ̃‖2s,r,Ωt + d2
2 h

(1)′ 2
2k+1
k ,∞,Ωt

+ |F3|22(4k+1)
6k+1 ,Ωt

+ |χ(0)|22,Ω] + c

t�
0

|∂kx3
χ′(t′)|22,Ω dt′

≡ A′1(t) + c

t�
0

|∂kx3
χ′(t′)|22,Ω dt′.

In view of transformation (4.2) we have

(4.14) |χ(t)|22,Ω + ν

t�
0

‖χ(t′)‖2
W 1,k

2 (Ω)
dt′ ≤ A′1(t)

+ c
(
χ̃

2
2,∞,Ωt +

t�
0

‖χ̃(t′)‖2
W 1,k

2 (Ω)
dt′
)

+ c

t�
0

|∂kx3
χ(t′)|22,Ω dt′

≤ A′1(t) + c
(
χ̃

2
2,∞,Ωt +

t�
0

‖χ̃(t′)‖21,Ω dt′
)

+ c

t�
0

|∂kx3
χ̃(t′)|22,Ω dt′

+ c

t�
0

|∇′∂kx3
v|22,Ω dt′.

We need the imbedding

(4.15) χ̃ 2,∞,ΩT + ‖χ̃‖L2(0,T ;H1(Ω)) ≤ c‖χ̃‖s′,r,ΩT ,
which holds for r and s′ such that

5
r
− 3

2
< s′.
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Since 10k
4k+1 − 1 < 3

2 , we see that s′ can be chosen less than s. Therefore
(4.14) implies (4.6), and this ends the proof.

From the assumption of Lemma 4.1 we have χ̃ ∈ W s,s/2
r (ΩT ) whenever

s and r satisfy (4.11). Then solving problem (4.1) we get

(4.16) ‖χ̃‖s,r,ΩT ≤ c‖χ∗‖s−1/r,r,ST1
.

In view of (3.8)1 or (3.11)1 we see that v must belong to W s,s/2
r (ΩT ) and

(4.17) ‖χ∗‖s−1/r,r,ST1
≤ c‖v‖s,r,ΩT .

Next we obtain an estimate for h(1). We recall that

(4.18)
�
Ω

h
(1)
3 dx =

�
Ω

v3,x3 dx =
�

S2(x3=−a)

v3 dx−
�

S2(x3=a)

v3 dx = 0,

and h
(1)
1 , h

(1)
2 vanish on S2. Hence for h(1) we have the Poincaré inequality

(4.19) |h|(1)
2,Ω ≤ c|∇h(1)|2,Ω .

Lemma 4.2. Assume that v is a weak solution to problem (1.1) satisfying
(1.17). Assume that h(1) ∈ L∞(0, T ;L3(Ω)), g(1) ∈ L2(ΩT ), f3 ∈ L2(ST2 ),
h(1)(0) ∈ L2(Ω). Then

|h(1)(t)|22,Ω + ν

t�
0

‖h(1)(t′)‖21,Ω dt′ ≤ c h(1) 2
3,∞,Ωtd

2
2(t) + c|f3|22,St2(4.20)

+ c|g(1)|22,Ωt + |h(1)(0)|22,Ω
for all t ≤ T .

Proof. Multiplying (3.1)1 by h(1) and integrating over Ω yields, for all
ε1, ε2, ε3 > 0,

(4.21)
1
2
d

dt
|h(1)|22,Ω + ν‖h(1)‖21,Ω
≤

�
Ω

|h(1) · ∇v · h(1)| dx+
�
Ω

|g(1)h(1)| dx+
�
S2

|q(1)h
(1)
3 | dS2

≤ ε1|h(1)|26,Ω + c(1/ε1)|h(1)|23,Ω |∇v|22,Ω + ε2|h(1)|22,Ω
+ c(1/ε2)|g(1)|22,Ω + ε3‖h(1)‖21,Ω + c(1/ε3)|f3|22,S2

,

where (3.19) was used. Hence, after integration with respect to time, for
sufficiently small ε1, ε2 and ε3 we obtain the estimate (4.20). This ends the
proof.
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The inequality (4.20) implies

(4.22) |h(1)(t)|22,Ω+ν
t�
0

‖h(1)(t′)‖2
W 1,k

2 (Ω)
dt′ ≤ c h(1) 2

3,∞,Ωtd
2
2(t)+c|f3|22,St2

+ c|g(1)|22,Ωt + |h(1)(0)|22,Ω + c|∂kx3
h(1)|22,Ωt ≡ A2(t), t ≤ T.

Next we consider the problem

(4.23)

v1,x2 − v2,x1 = χ in Ω′,

v1,x1 + v2,x2 = −h(1)
3 in Ω′,

v′ · n′ = 0 on S′1,

where Ω′ = Ω ∩ {plane x3 = const ∈ (−a, a)}, S′1 = S1 ∩ {plane x3 = const
∈ (−a, a)}, and x3, t are treated as parameters.

Lemma 4.3. Let the assumptions of Lemmas 4.1 and 4.2 be satisfied. Let
|∂kx3

h(1)|2,ΩT be finite, where k ∈ N. Then the solutions of problem (4.23)
satisfy

(4.24) sup
t′≤t
‖v′(t′)‖1,Ω + ‖∇v′‖L2(0,t;W 1,k

2 (Ω)) ≤ c(A1(t) + A2(t))

for all t ≤ T , where A1 is defined by (4.6) and A2 by (4.22).

Proof. For solutions of problem (4.23) we get the estimates

(4.25)
‖v′‖21,Ω′ ≤ c(|χ|22,Ω′ + |h(1)

3 |22,Ω′),
‖v′‖22,Ω′ ≤ c(‖χ‖21,Ω′ + ‖h(1)

3 ‖21,Ω′),
where v′ = (v1, v2), Ω′ is defined above,

‖v‖k,Ω′ =
( ∑

α1+α2≤k

�
Ω′

|∂α1
x1
∂α2
x2
v|2 dx1 dx2

)1/2
, α1, α2, k ∈ N ∪ {0}.

Integrating the above estimates with respect to x3 and the second one also
with respect to time, and adding them, we obtain

(4.26) sup
t

a�
−a
‖v′(x3, t

′)‖21,Ω′ dx3 +
t�
0

a�
−a
‖v′(x3, t

′)‖22,Ω′ dx3 dt
′

≤ c(‖χ‖2V 0
2 (Ωt) + ‖h(1)

3 ‖V 0
2 (Ωt)).

Adding (4.20) for h(1)′ = (h(1)
1 , h

(1)
2 ) and employing (4.20) to estimate the

second term on the r.h.s. of (4.26), we obtain

(4.27) sup
t
‖v′‖21,Ω +

t�
0

‖v′‖22,Ω dt′ ≤ c‖χ‖2V 0
2 (Ωt)

+ c(d2
2(t) h(1)

3,∞,Ωt + |g(1)|22,Ωt + |f3|22,St2 + |h(1)(0)|22,Ω).
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Applying estimates (4.6) and (4.22) to (4.27) gives (4.24). This concludes
the proof.

Next we obtain an estimate for v in terms of h(1), h(2).

Lemma 4.4. (i) Assume that v is a weak solution to problem (1.1) such
that the assumptions of Lemma 1.3 are satisfied.

(ii) Assume that h(1) ∈ L∞,1(ΩT ) ∩ L54/17(ΩT ) ∩ L3,∞(ΩT ), h(i) ∈
L2(0, T ;H1(Ω)), i = 1, 2, and

γ0(T ) = h(1)
∞,1,ΩT + |h(1)|54/17,ΩT + h(1)

3,∞,ΩT

+
2∑

i=1

‖h(i)‖L2(0,T ;H1(Ω)) <∞.

(iii) Assume that f ∈ L6/5,∞(ΩT )∩L27/16(ΩT ), F3 ∈ L18/13(ΩT ), g(1) ∈
L2(ΩT ), f3|S2 ∈ L2(ST2 ),

G′1(T ) = f 6/5,∞,ΩT + |f |27/16,ΩT + |F3|18/13,ΩT

+ |g(1)|2,ΩT + |f3|2,ST2 <∞,

v(0) ∈W 22/27
27/16 (Ω), χ(0) ∈ L2(Ω), h(1)(0) ∈ L2(Ω), and

G′0(0) = ‖v(0)‖22/27,27/16,Ω + |χ(0)|2,Ω + |h(1)(0)|2,Ω <∞.
Then v ∈ W 2,1

27/16(ΩT ) and there exists an increasing positive func-
tion ϕ0 = ϕ0(γ0(T ), G′1(T ), G′0(0)) (see (4.43)) such that

(4.28) ‖v‖2,27/16,ΩT ≤ ϕ0(γ0(T ), G′1(T ), G′0(0)).

Proof. In view of (2.1) and (2.2) we obtain from (4.24) the inequality

(4.29) v′ q,r,Ωt + v′x q,r,Ωt ≤ c(A1 + A2),

which holds if

(4.30)
2
r

+
2k + 1
qk

=
2k + 1

2k
.

Hence
(4.31) ‖v′‖Lr(0,T ;W 1

q (Ω)) ≤ c(A1 + A2).

Let us use the imbedding

(4.32) |v′|σ,Ω ≤ c‖v′‖1,q,Ω ,
which holds if 1

q
=

1
3

+
1
σ
.

Applying (4.32) in (4.31) yields

(4.33) v′ σ,r,ΩT ≤ c(A1 + A2),

provided
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(4.34)
2
r

+
(

2 +
1
k

)
1
σ

=
1
3

+
1

6k
.

Inserting σ = r in (4.34) we have

r =
6(4k + 1)

2k + 1
.

Hence (4.33) takes the form

(4.35) |v′| 6(4k+1)
2k+1 ,ΩT

≤ c(A1 + A2).

To improve regularity of v we consider the problem

(4.36)

v,t − divT(v, p) = −v′ · ∇v − wh(1) + f,

div v = 0,

v · n|S = 0, n · T(v, p) · τα|S = 0, α = 1, 2,

v|t=0 = v(0).

Let us examine the regularity of the r.h.s. of (4.36)1. By the Hölder inequal-
ity,

|v′ · ∇v|σ,ΩT ≤ |v′|σλ1,ΩT |∇v|σλ2,ΩT ≡ I1,
with 1/λ1 + 1/λ2 = 1, σλ1 = 6(4k+1)

2k+1 , σλ2 = 2. Hence σ = 3(4k+1)
7k+2 and

I1 ≤ cd2(A1 + A2).

Next
|wh(1)| 3(4k+1)

7k+2 ,ΩT
≤ |w| 3(4k+1)

7k+2 λ′1,ΩT
|h(1)| 3(4k+1)

7k+2 λ′2,ΩT
≡ I2,

whenever 1/λ′1 + 1/λ′2 = 1.
Let 3(4k+1)

7k+2 λ′1 = 2(4k+1)
2k+1 . Then λ′1 = 2(7k+2)

3(2k+1) , λ′2 = 2(7k+2)
8k+1 and

I2 ≤ cd5|h(1)| 6(4k+1)
8k+1 ,ΩT

,

where (4.5) was employed.
Making use of the above considerations in (4.36) yields

(4.37) ‖v‖2, 3(4k+1)
7k+2 ,ΩT

≤ Φ1‖v‖s,r,ΩT + Φ2

whenever s and r satisfy (4.11) and

Φ1 = cd2(T ) exp(c h(1)
3 ∞,1,ΩT )(d5(T ) + |h(1)

3 | 10(4k+1)
18k+7 ,ΩT

+ 1),

Φ2 = cd2(T ) exp(c h(1)
3 ∞,1,ΩT )(d2(T ) h(1)′

2k+1
k ,∞,ΩT + |F3| 2(4k+1)

6k+1 ,ΩT

+ |χ(0)|2,Ω) + c(|∇′∂kx3
v|2,ΩT + h(1)

3,∞,ΩT + |g(1)|2,ΩT(4.38)

+ |f3|2,ST2 + |h(1)(0)|2,Ω + |∂kx3
h(1)|2,ΩT + d5(T )|h(1)| 6(4k+1)

8k+1 ,ΩT

+ |f | 3(4k+1)
7k+2 ,ΩT

+ ‖v(0)‖2− 2(7k+2)
3(4k+1) ,

3(4k+1)
7k+2 ,Ω

).
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To obtain an estimate for v from (4.37) we apply the interpolation inequality

(4.39) ‖v‖
W
s,s/2
r (ΩT ) ≤ ε

1−κ1‖v‖W 2,1
3(4k+1)

7k+2

(ΩT ) + cε−κ1 |v|2,ΩT ,

which holds for any ε > 0 provided

(4.40) κ1 =
[

5
3(4k+1)

7k+2

−
(

5
r
− s
)]

1
2
< 1,

and r, s satisfy (4.11), so 5
r − s = 10k

4k+1 − 1 = 6k−1
4k+1 .

Now, the inequality in (4.40) holds if
5k + 10

3(4k + 1)
< 1,

which is satisfied for k > 1. Since k ∈ N we assume that k = 2.
Hence κ1 = 17k+13

6(4k+1) = 47
54 . Therefore applying (4.39) in (4.37) yields

(4.41) ‖v‖2,27/16,ΩT ≤ (ε7/54‖v‖2,27/16,ΩT + cε−47/54d2)Φ1 + Φ2.

Taking ε7/54Φ1 = ε1 implies that ε = (ε1/Φ1)54/7, so ε−47/54 = (Φ1/ε1)47/7.
Finally, inserting ε1 = 1/2 we obtain

(4.42) ‖v‖2,27/16,ΩT ≤ c(Φ54/7
1 d2 + Φ2),

where
Φ1 = cd2(T ) exp(c h(1)

3 ∞,1,ΩT )(d5(T ) + |h(1)
3 |90/43,ΩT + 1),

Φ2 = cd2(T ) exp(c h(1)
3 ∞,1,ΩT )(d2(T ) h(1)′

5/2,∞,ΩT

+ |F3|18/13,ΩT + |χ(0)|2,Ω) + c(‖h(2)‖L2(0,T ;H1(Ω))

+ h
(1)
3 3,∞,ΩT + |g(1)|2,ΩT + |f3|2,ST2

+ |h(1)(0)|2,Ω + |h(2)|2,ΩT + d5(T )|h(1)|54/17,ΩT

+ |f |27/16,ΩT + ‖v(0)‖22/27,27/16,Ω).

Making use of the form of d2 and d5 we obtain
Φ1 ≤ c( f 6/5,∞,ΩT + |v(0)|2,Ω) exp(c h(1)

∞,1,ΩT )

· (|h(1)|54/17,ΩT + ‖h(1)‖L2(0,T ;H1(Ω)) + f 6/5,∞,ΩT + |v(0)|2,Ω + 1)

≡ Φ′1,

Φ2 ≤ c( f 6/5,∞,ΩT + |v(0)|2,Ω) exp(c h(1)
∞,1,ΩT )

· ( h(1) 2
3,∞,ΩT + ‖h(1)‖2L2(0,T ;H1(Ω)) + |F3|18/13,ΩT + |χ(0)|2,Ω)

+ c(‖h(2)‖L2(0,T ;H1(Ω)) + h(1)
3,∞,ΩT + ‖h(1)‖L2(0,T ;H1(Ω))

+ |h(1)|254/17,ΩT + f
2
6/5,∞,ΩT + |v(0)|22,Ω
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+ |g(1)|2,ΩT + |f3|2,ST2 + |f |27/16,ΩT

+ |h(1)(0)|2,Ω + ‖v(0)‖22/27,27/16,Ω) ≡ Φ′2.
Hence in view of assumptions (i) and (iii) we get from (4.42) the inequality

(4.43) ‖v‖2,27/16,ΩT ≤ Φ′1d2 + Φ′2 ≤ ϕ0(γ0(T ), G′1(T ), G′0(0)),

which concludes the proof.

In the assumption of Lemma 4.4 the quantity h(2) ∈ L2(0, T ;H1(Ω))
appears. Therefore we need some estimates for h(2).

Lemma 4.5. Assume that v is a weak solution of (1.1) satisfying (1.17).
Assume that h(2), h(1) ∈ L3,∞(ΩT ), f3 ∈ L2(ST2 ), F ′ ∈ L2(ST2 ), g(1) ∈
L2(ST2 ) ∩ L2(ΩT ), h(2)(0) ∈ L2(Ω), h(1)(0) ∈ L2(Ω), g(2) ∈ L2(ΩT ). Then
solutions of (3.12) satisfy

(4.44) |h(2)|22,Ω + ν

t�
0

‖h(2)(t′)‖21,Ω dt′ ≤ cd2
2(t) h(2) 2

3,∞,Ωt

+ c( h(1) 2
3,∞,Ωtd

2
2(t) + |g(1)|22,Ωt + |f3|22,St2 + |h(1)(0)|22,Ω) h(1) 2

3,∞,Ωt

+ c(|F ′|22,St2 + |g(2)|22,Ωt) + |h(2)(0)|22,Ω , t ≤ T.

Proof. Multiplying (3.12)1 by h(2) and integrating the result over Ω
yields

(4.45)
1
2
d

dt
|h(2)|22,Ω + ν|D(h(2))|22,Ω −

�
S

n · D(h(2)) · ταh(2) · τα dS

= −
�
Ω

(h(2) · ∇v + 2h(1) · ∇h(1) + v · ∇h(2))h(2) dx+
�
Ω

g(2)h(2) dx.

Here the boundary term equals�
S2

(∂x3h
(2)
α + ∂xαh

(2)
3 )h(2)

α dS2 =
�
S2

∂x3h
(2)
α h(2)

α dS2 =
�
S2

Fαh
(2)
α dS ≡ I1,

where in the first and second equality we used the first and second con-
dition of (3.12)4 respectively. Moreover, summation over α from 1 to 2 is
understood. Finally, for all ε1 > 0,

|I1| ≤ ε1‖h(2)‖21,Ω + c(1/ε1)|F ′|22,S2
.

In view of the boundary conditions n ·h(2)|S1 = 0, where we can choose for n
two different linearly independent vectors (if we choose two different points
on S1), and h

(2)
3 |S2 = 0, we obtain the Korn inequality

(4.46) ‖h(2)‖1,Ω ≤ c|D(h(2))|2,Ω .
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In view of (1.1)3, the first term on the r.h.s. of (4.45) equals

I2 = −
�
Ω

(h(2) · ∇v · h(2) + 2h(1) · ∇h(1) · h(2)) dx,

so that, for all ε2 > 0,

|I2| ≤ ε2|h(2)|26,Ω + c(1/ε2)(|∇v|22,Ω|h(2)|23,Ω + |∇h(1)|22,Ω |h(1)|23,Ω).

Making use of the above estimates in (4.45) and assuming that ε1, ε2 are
sufficiently small we obtain

d

dt
|h(2)|22,Ω + ν‖h(2)‖21,Ω ≤ c(|∇v|22,Ω|h(2)|23,Ω + |∇h(1)|22,Ω |h(1)|23,Ω)(4.47)

+ c(|F ′|22,S2
+ |g(1)|22,Ω + |g(2)|22,Ω).

Integrating (4.47) with respect to time and using (1.17)2 implies

(4.48) |h(2)|22,Ω + ν

t�
0

‖h(2)(t′)‖21,Ω dt′

≤ cd2
2(t) h(2) 2

3,∞,Ωt + c

t�
0

|∇h(1)(t′)|22,Ω dt′ h(1) 2
3,∞,Ωt

+ c(|F ′|22,St2 + |g(1)|22,Ωt + |h(2)(0)|22,Ω + |g(2)|22,Ωt).
Employing (4.20) in (4.48) yields (4.44), and this ends the proof.

In view of Lemmas 4.4 and 4.5 we obtain

(4.49) ‖v‖2,27/16,ΩT ≤ ϕ1(γ1(T ), G1(T ), G0(0), T ),

where ϕ1 is an increasing positive function and

(4.50)

γ1(T ) = h(1)
∞,1,ΩT + h(1)

3,∞,ΩT

+ |h(1)|54/17,ΩT + h(2)
3,∞,ΩT ,

G1(T ) = sup
t≤T
|f(t)|6/5,Ω + |f |27/16,ΩT + |F3|18/13,ΩT

+ |g(1)|2,ΩT + |F ′|2,ST2 + |f3|2,ST2 + |g(2)|2,ΩT ,
G0(0) = |v(0)|2,Ω + |χ(0)|2,Ω + |h(1)(0)|2,Ω + |h(2)(0)|2,Ω

+ ‖v(0)‖22/27,27/16,Ω .

Let us introduce the space

M0(ΩT ) = {(h(1), h(2)) : γ1(T ) <∞}.
Then (4.49) shows that the transformation

(4.51) M0(ΩT ) 3 (h(1), h(2)) 7→ v(h(1), h(2)) ∈W 2,1
27/16(ΩT ),
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is well defined. Having this transformation, we consider problems (3.1) and
(3.12), where v is replaced by v(h(1), h(2)). Therefore, to prove the existence
of solutions to problems (3.1) and (3.12) we need the following lemmas.

Lemma 4.6. Let v ∈ W 2,1
r (ΩT ), r > 5/3. Let h(1) ∈ L2(ΩT ), g(1) ∈

W
β,β/2
δ (ΩT ), h(1)(0) ∈ W 2+β−2/δ

δ (Ω), where β > 0, δ > 1. Then solutions
of (3.1) satisfy

(4.52) ‖h(1)‖2+β,δ,ΩT + ‖∇q(1)‖β,δ,ΩT
≤ ϕ(‖v‖2,r,ΩT )|h(1)|2,ΩT + c(‖g(1)‖β,δ,ΩT + ‖h(1)(0)‖2+β−2/δ,δ,Ω).

Proof. By Lemma 2.2 (see [1]) we have

(4.53) ‖h(1)‖2+β,δ,ΩT + ‖∇q(1)‖β,δ,ΩT ≤ c(‖v · ∇h(1)‖β,δ,ΩT
+ ‖h(1) · ∇v‖β,δ,ΩT + ‖g(1)‖β,δ,ΩT + ‖h(1)(0)‖2+β−2/δ,δ,Ω).

Applying Lemma 2.2 from [19] to the first term on the r.h.s. of (4.53) yields

‖v · ∇h(1)‖β,δ,ΩT ≤ ‖v‖β+ε/δ,δ1,ΩT |∇h(1)|δ′1,ΩT(4.54)

+ ‖∇h(1)‖β+ε/δ,δ2,ΩT |v|δ′2,ΩT ≡ I1,
whenever ε > 0 and 1/δi + 1/δ′i = 1/δ, i = 1, 2.

To estimate I1 we use the imbeddings

(4.55) ‖v‖β+ε/δ,δ1,ΩT + |v|δ′2,ΩT ≤ c‖v‖2,r,ΩT ,
which hold for any ε > 0 if

(4.56)
5
r
− 5
δ1

+ β < 2,
5
r
− 5
δ′2
≤ 2,

and

(4.57)
|∇h(1)|δ′1,ΩT ≤ ε

1−κ1
1 ‖h(1)‖2+β,δ,ΩT + cε

−κ′1
1 |h(1)|2,ΩT ,

‖∇h(1)‖β+ε/δ,δ2,ΩT ≤ ε1−κ2
2 ‖h(1)‖2+β,δ,ΩT + cε

−κ′2
2 |h(1)|2,ΩT ,

which hold for any ε1, ε2 > 0 if

(4.58)

κ1 =
(

5
δ
− 5
δ′1

+ 1
)

1
2 + β

< 1, κ′1 =
(

5
2
− 5
δ′1

+ 1
)

1
2 + β

,

κ2 =
(

5
δ
− 5
δ2

+ β +
ε

δ
+ 1
)

1
2 + β

< 1,

κ′2 =
(

5
2
− 5
δ2

+ β +
ε

δ
+ 1
)

1
2 + β

.

The inequalities (4.56) and (4.58) imply the restrictions

(4.59)
5
r

+ β < 2 +
5
δ1
< 3 + β,

5
r
≤ 2 +

5
δ′2
< 3.
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By Lemma 2.2 from [19], the second term on the r.h.s. of (4.53) is esti-
mated in the following way:

‖h(1) · ∇v‖β,δ,ΩT ≤ ‖∇v‖β+ε/δ,δ3,ΩT |h(1)|δ′3,ΩT(4.60)

+ ‖h(1)‖β+ε/δ,δ4,ΩT |∇v|δ′4,ΩT ≡ I2
whenever ε > 0 and 1/δi + 1/δ′i = 1/δ, i = 3, 4.

To estimate I2 we make use of the imbeddings

(4.61) ‖∇v‖β+ε/δ,δ3,ΩT + |∇v|δ′4,ΩT ≤ c‖v‖2,r,ΩT ,
which hold if

(4.62)
5
r
− 5
δ3

+ β + 1 < 2,
5
r
− 5
δ′4

+ 1 ≤ 2,

and the interpolation inequalities

(4.63)
|h(1)|δ′3,ΩT ≤ ε

1−κ3
3 ‖h(1)‖2+β,δ,ΩT + cε

−κ′3
3 |h(1)|2,ΩT ,

‖h(1)‖β+ε/δ,δ4,ΩT ≤ ε1−κ4
4 ‖h(1)‖2+β,δ,ΩT + cε

−κ′4
4 |h(1)|2,ΩT ,

which hold for any ε3 > 0 if

(4.64)

κ3 =
(

5
δ
− 5
δ′3

)
1

2 + β
< 1, κ′3 =

(
5
2
− 5
δ′3

)
1

2 + β
,

κ4 =
(

5
δ
− 5
δ4

+ β +
ε

δ

)
1

2 + β
< 1,

κ′4 =
(

5
2
− 5
δ4

+ β +
ε

δ

)
1

2 + β
.

From (4.62) and (4.64) we obtain the restrictions

(4.65)
5
r

+ β < 1 +
5
δ3
< 3 + β,

5
r
< 1 +

5
δ′4
< 3.

From (4.59) and (4.65) we have r > 5/3. Employing the above estimates in
(4.53) and assuming that εi, i = 1, . . . , 4, are sufficiently small we obtain
(4.52). This ends the proof.

Lemma 4.7. Let v ∈ W 2,1
r (ΩT ), r > 5/3, h(1), h(2) ∈ L2(ΩT ), h(1) ∈

W
2+β,1+β/2
δ (ΩT ), g(2) ∈ W β,β/2

δ (ΩT ), F ′ ∈ W 1+β−1/δ,1/2+1/2β−1/(2δ)
δ (ST2 ),

h(2)(0) ∈ W 2+β−2/δ
δ (Ω). Assume that β > 0 and δ > 1 satisfy 5/δ < 3 + β.

Then solutions of problem (3.12) satisfy

(4.66) ‖h(2)‖2+β,δ,ΩT + ‖∇q(2)‖β,δ,ΩT
≤ ϕ(‖v‖2,r,ΩT )|h(2)|2,ΩT + ϕ(‖h(1)‖2+β,δ,ΩT )|h(1)|2,ΩT

+ c(‖g(2)‖β,δ,ΩT + ‖F ′‖1+β−1/δ,δ,ST2
+ ‖h(2)(0)‖2+β−2/δ,δ,Ω).
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Proof. Lemma 2.2 (see [1]) yields

(4.67) ‖h(2)‖2+β,δ,ΩT + ‖∇q(2)‖β,δ,ΩT
≤ c(‖v · ∇h(2)‖β,δ,ΩT + ‖h(1) · ∇h(1)‖β,δ,ΩT + ‖h(2) · ∇v‖β,δ,ΩT

+ ‖g(2)‖β,δ,ΩT + ‖h(2)(0)‖2+β−2/δ,δ,Ω + ‖F ′‖1+β−1/δ,δ,ST2
).

Applying Lemma 2.2 from [19] to the first and third terms on the r.h.s. of
(4.67) yields (4.54)–(4.65) with h(1) replaced by h(2).

We examine the second term on the r.h.s. of (4.67) in the following way:

‖h(1) · ∇h(1)‖β,δ,ΩT ≤ ‖h(1)‖β+ε/δ,δ5,ΩT |∇h(1)|δ′5,ΩT(4.68)

+ ‖∇h(1)‖β+ε/δ,δ6,ΩT |h(1)|δ′6,ΩT ≡ I3
whenever 1/δi + 1/δ′i = 1/δ, i = 5, 6, and ε > 0.

The imbedding

‖h(1)‖β+ε/δ,δ5,ΩT + ‖∇h(1)‖β+ε/δ,δ6,ΩT ≤ c‖h(1)‖2+β,δ,ΩT

and the interpolation inequality

|h(1)|δ′6,ΩT + |∇h(1)|δ′5,ΩT ≤ ε1‖h(1)‖2+β,δ,ΩT + c(1/ε1)|h(1)|2,ΩT ,
which both hold for

(4.69) 5/δ < 3 + β,

imply that

I3 ≤ ε5‖h(1)‖2+β,δ,ΩT + ϕ(1/ε5, ‖h(1)‖2+β,δ,ΩT )|h(1)|2,ΩT .
In view of the above considerations, inequality (4.66) follows for sufficiently
small ε1, . . . , ε5 (see Lemma 4.6). This ends the proof.

Repeating the proof of Lemma 3.4 from [19] we obtain

|h(1)|2,Ωt ≤ c[ ∇v 3,2,Ωt exp(c ∇v 2
3,2,Ωt) + 1](4.70)

· [|g(1)|2,Ωt + |f3|22,S2
+ |h(1)(0)|2,Ω ], t ≤ T,

and

|h(1)(t)|2,Ω ≤ exp(c ∇v 2
3,2,Ωt)(4.71)

· [|g(1)|2,Ωt + |f3|22,St2 + e−νt|h(1)(0)|2,Ω], t ≤ T.
Finally, we shall obtain energy type estimates for solutions of problem

(3.12). For this purpose we express (4.47) in the form

(4.72)
d

dt
|h(2)|22,Ω + ν‖h(2)‖21,Ω ≤ c(|∇v|23,Ω|h(2)|22,Ω

+ |∇h(1)|23,Ω |h(1)|22,Ω) + (|F ′|22,S2
+ |g(2)|22,Ω).

This implies
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d

dt
(|h(2)|22,Ωeνt−c ∇v

2
3,2,Ωt ) ≤ c[|∇h(1)|23,Ω |h(1)|22,Ω(4.73)

+ (|F ′|22,S2
+ |g(2)|22,Ω ]eνt−c ∇v

2
3,2,Ωt .

Integrating (4.73) with respect to time yields

|h(2)(t)|22,Ω ≤ exp(c ∇v 2
3,2,Ωt)[c(sup

t
|h(1)(t)|22,Ω ∇h(1) 2

3,2,Ωt(4.74)

+ |F ′|22,St2 + |g(2)|22,Ωt) + e−νt|h(2)(0)|22,Ω ].

Making use of (4.71) in (4.74) gives

|h(2)(t)|22,Ω ≤ exp(c ∇v 2
3,2,Ωt)(4.75)

· [c( ∇h(1) 2
3,2,Ωt(|g(1)|2,Ωt + |f3|22,St2 + |h(1)(0)|22,Ω)

+ |F ′|22,St2 + |g(2)|22,Ωt) + e−νt|h(2)(0)|22,Ω].

Integrating (4.72) with respect to time and using (4.71) and (4.75) yields

|h(2)|22,Ωt ≤ c exp(c ∇v 2
3,2,Ωt)(4.76)

· [ ∇h(1) 2
3,2,Ωt(|g(1)|22,Ωt + |f3|22,St2 + |h(1)(0)|22,Ω)

+ |F ′|22,St2 + |g(2)|2,Ωt + |h(2)(0)|22,Ω ](1 + ∇v 2
3,2,Ωt).

5. Local existence and uniqueness. To prove the existence of so-
lutions to problem (1.1), we apply transformation (4.51) to examine the
following problems:

(5.1)

h
(1)
t − divT(h(1), q(1)) = −λ[v(h̃(1), h̃(2), v) · ∇h̃(1)

+ h̃(1) · ∇v(h̃(1), h̃(2), v)] + g(1) in ΩT ,

div h(1) = 0 in ΩT ,

h(1) · n = 0, n · D(h(1)) · τα = 0, α = 1, 2, on ST1 ,

h
(1)
i = 0, i = 1, 2, h

(1)
3,x3

= 0 on ST2 ,

h(1)|t=0 = h(1)(0) in Ω,

and

(5.2)

h
(2)
,t − divT(h(2), q(2)) = −λ[v(h̃(1), h̃(2), v) · ∇h̃(2)

+ h̃(2) · ∇v(h̃(1), h̃(2), v)] + g(2) in ΩT ,

div h(2) = 0 in ΩT ,

n · h(2) = 0, n · D(h(2)) · τα = 0, α = 1, 2, on ST1 ,

h(2)′
,x3

= F
′
, h

(2)
3 = 0 on ST2 ,

h(2)|t=0 = h(2)(0) in Ω,
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where λ ∈ [0, 1] and v is the weak solution from Lemma 1.4. Problems (5.1)
and (5.2) lead to the mapping

(5.3) (h(1), h(2)) = Φ(h̃(1), h̃(2), v, λ).

The main problem of this section is to show the existence of a fixed point
of transformation (5.3) for λ = 1, together with an estimate. The above
presentation suggests using the Leray–Schauder fixed point theorem.

To define a domain of mapping (5.3) we take into account (4.51) and also
the proofs of Lemmas 4.6 and 4.7. In view of the interpolation inequalities
(4.57) and (4.63) for h(1) and h(2), we define the space

(5.4′) M(ΩT ) = M0(ΩT ) ∩M1(ΩT ),

where

M1(ΩT ) = {(h(1), h(2)) : h(1), h(2) ∈ Lδ′3(ΩT ) ∩W β+ε/δ,β/2+ε/(2δ)
δ4

(ΩT ),

h(1) ∈ Lδ′6(ΩT ) ∩W β+ε/δ,β/2+ε/(2δ)
δ5

(ΩT ),

∇h(1),∇h(2) ∈ Lδ′1(ΩT ) ∩W β+ε/δ,β/2+ε/(2δ)
δ2

(ΩT ),

∇h(1) ∈ Lδ′5(ΩT ) ∩W β+ε/δ,β/2+ε/(2δ)
δ6

(ΩT )}
with

(5.4)

5
r

+ β +
5
δ′3
< 1 +

5
δ
< 3 + β +

5
δ′3
,

5
r

+
5
δ4
< 1 +

5
δ
< 3 +

5
δ4
,

5
r

+ β +
5
δ′1
< 2 +

5
δ
< 3 + β +

5
δ′1
,

5
r

+
5
δ2
< 2 +

5
δ
< 3 +

5
δ2
,

5
2
< δ′5 <

5
5/δ − (1 + β)

,

5
1 + β

< δ5 <
5

5/δ − 2
,

5
2 + β

< δ6 <
5

5/δ − 1
,

5 < δ′6 <
5

5/δ − (2 + β)
;

here (5.4) comes from (4.59), (4.64) by using the fact that 1/δi+1/δ′i = 1/δ,
i = 1, . . . , 6. Moreover, 5/δ < 3 + β, 3/δ < 2 + β. Therefore, Lemmas 4.6
and 4.7 imply

(5.5) Φ : M(ΩT )× [0, 1]→W
2+β,1+β/2
δ (ΩT ).
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Lemma 5.1. Assume that g(i) ∈ W
β,β/2
δ (ΩT ), h(i)(0) ∈ W

2+β−2/δ
δ (Ω),

i=1, 2, F ′∈W 1+β−1/δ,1/2+1/(2β)−1/(2δ)
δ (ST2 ), f ∈L6/5,∞(ΩT ) ∩ L27/16(ΩT ),

F3 ∈ L18/13(ΩT ), v(0) ∈ W 22/27
27/16 (Ω), χ(0) ∈ L2(Ω). Assume that δ ∈ (1, 2)

and β ∈ (0, 1) are such that 5/δ < 3 + β, 3/δ < 2 + β. Then the imbedding

(5.6) W
2+β,1+β/2
δ (ΩT ) ⊂M(ΩT )

is compact.

Proof. In view of the interpolation inequalities (4.57) and (4.63) for h(1)

and h(2), we only have to show that

(5.7) W
2+β,1+β/2
δ (ΩT ) ⊂M0(ΩT )

is compact.
To show this we recall that the following imbeddings are compact:

(5.8)

W
2+β,1+β/2
δ (ΩT ) ⊂ L∞,1(ΩT ) if

3
δ
< 2 + β,

W
2+β,1+β/2
δ (ΩT ) ⊂ L3,∞(ΩT ) if

5
δ
< 3 + β,

W
2+β,1+β/2
δ (ΩT ) ⊂ L54/17(ΩT ) if 5

(
1
δ
− 17

54

)
< 2 + β.

This implies that (5.7) is also compact. This ends the proof.

Now we find an estimate for a fixed point of mapping (5.3).

Lemma 5.2. Assume that g(i) ∈ W β,β/2
δ (ΩT ), h(i) ∈ W 2+β−2/δ

δ (Ω), i =
1, 2, F ′ ∈ W 1+β−1/δ,1/2+β/2−1/(2δ)

δ (ST2 ), F3 ∈ L18/13(ΩT ), f ∈ L6/5,∞(ΩT )

∩ L27/16(ΩT ), v(0) ∈ W
22/27
27/16 (Ω), χ(0) ∈ L2(Ω). Assume that δ ∈ (1, 2),

β ∈ (0, 1), 5/δ < 3 + β, 3/δ < 2 + β. Set

d(T ) =
2∑

i=1

(‖g(i)‖2,ΩT + ‖h(i)(0)‖2,Ω) + |f3|2,ST2 + |F ′|2,ST2 .

Then there exists a large constant A (see (5.14) and inequality (5.13) below)
such that for sufficiently small d(T ) the following estimate holds:

(5.9) γ(T ) ≡
2∑

i=1

(‖h(i)‖2+β,δ,ΩT + ‖∇q(i)‖β,δ,ΩT ) ≤ A.

Proof. In view of the imbeddings (5.8) we obtain from (4.49) the estimate

(5.10) ‖v‖2,27/16,ΩT ≤ ϕ2(γ(T ), G1(T ), G0(0), T ).

Let us introduce the quantity
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D(T ) = ‖g(1)‖β,δ,ΩT + ‖g(2)‖β,δ,ΩT + ‖F ′‖1+β−2/δ,δ,ST2
(5.11)

+ ‖h(1)(0)‖2+β−2/δ,δ,Ω + ‖h(2)(0)‖2+β−2/δ,δ,Ω .

From (4.52), (4.66) and (5.10) we have

(5.12) γ(T ) ≤ ϕ(γ(T ), G1(T ), G0(0), T )d(T ) + c1D(T ),

where ϕ is an increasing positive function.
From (5.12) it follows that for a given T and sufficiently small d(T ) there

exists a large constant A such that

(5.13) ϕ(A,G1(T ), G0(0), T )d(T ) + c1D(T ) ≤ A
and

(5.14) c1D(T ) ≤ A.
Inequality (5.13) implies that

(5.15) γ(T ) ≤ A.
Hence (5.9) holds, which ends the proof.

Remark 5.3. Inequalities (5.12) and (5.14) imply (5.9) for T such that

(5.16) T ≤ 1
ϕ3(d(T ))

,

where ϕ3 an increasing positive function such that limd→0 ϕ3(d) = 0.

Finally, we show the uniform continuity of the mappingΦ defined by (5.3).

Lemma 5.4. Let the assumptions of Lemma 5.2 hold. Then the mapping
Φ is uniformly continuous in the product M(ΩT ) × [0, 1], where M(ΩT ) is
defined by (5.4), (5.4′).

Proof. Uniform continuity with respect to λ ∈ [0, 1] is evident. Therefore
we examine the uniform continuity with respect to elements of M(ΩT ) for
any λ ∈ [0, 1]. Since dependence on λ is very simple we omit λ in the
considerations below because it does not affect the proof.

Let h̃(i)
s ∈ M(ΩT ), s = 1, 2, i = 1, 2, be two elements. We consider the

following problems:

(5.17)

h
(1)
s,t − divT(h(1)

s , q(1)
s ) = −vs · ∇h̃(1)

s − h̃(1)
s · ∇vs + g(1) in ΩT ,

div h(1)
s = 0 in ΩT ,

h(1)
s · n = 0, n · D(h(1)

s ) · τα = 0, α = 1, 2, on ST1 ,

h
(1)
si = 0, i = 1, 2, h

(1)
s3,x3

= 0 on ST2 ,

h(1)
s |t=0 = h(1)(0) in Ω,

where s = 1, 2;
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(5.18)

χs,t + vs · ∇χs − h̃(1)
s3 χs + h̃

(1)
s2 ws,x1

− h̃(1)
s1 ws,x2 − ν∆χs = F3 in ΩT ,

χs =
2∑

i=1

vsiai ≡ χs∗ on ST1 ,

χs = 0 on ST2 ,

χs|t=0 = χ(0) on Ω,

where s = 1, 2, ai, i = 1, 2, depend on S1 and are defined by (3.8)2;

(5.19)

vs2,x1 − vs1,x2 = χs in Ω′,

vs1,x1 + vs2,x2 = −h(1)
s3 in Ω′,

v′s · n′ = 0 on S′1,

where s = 1, 2, Ω′ nad S′1 are cross-sections of Ω and S1 with a plane
perpendicular to the x3 axis;

(5.20)

h
(2)
s,t − divT(h(2)

s , q(2)
s ) = −h̃(2)

s · ∇vs − 2h̃(1)
s · ∇h̃(1)

s

− vs · ∇h̃(2)
s + g(2) in ΩT ,

div h(2)
s = 0 in ΩT ,

n · h(2)
s = 0, n ·D(h(2)

s ) · τα = 0, α = 1, 2, on ST1 ,

h
(2)
s3 = 0, h

(2)
si,x3

= F i, i = 1, 2, on ST2 ,

h(2)
s |t=0 = h(2)(0) on Ω,

where s = 1, 2.
First we examine problem (5.18). Let us introduce a function χ̃s as a so-

lution to the problem

(5.21)

χ̃s,t − ν∆χ̃s = 0 in ΩT ,

χ̃s = χs∗ on ST1 ,

χ̃s,x3 = 0 on ST2 ,

χ̃s|t=0 = 0 in Ω,

where s = 1, 2. Introducing the new function

(5.22) χ′s = χs − χ̃s, s = 1, 2,
we see that it is a solution to the problem

(5.23)

χ′s,t + vs · ∇χ′s − h̃(1)
s3 χ

′
s + h̃

(1)
s2 ws,x1 − h̃(1)

s1 ws,x2

− ν∆χ′s = F3 − vs · ∇χ̃s + h̃
(1)
s3 χ̃s in ΩT ,

χ′s = 0 on ST1 ,

χ′s,x3
= 0 on ST2 ,

χ′s|t=0 = χs(0) in Ω.
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Since we are looking for a solution which is a regularization of a weak
solution, we need an energy type estimate for the weak solution,

(5.24) v 2,∞,Ωt + |∇v|2,Ωt ≤ d2(t), t ≤ T.
Repeating the considerations leading to (4.49) we obtain

(5.25) ‖vs‖2,27/16,Ωt ≤ ϕ1(d2, γ̃1s(t), G1(t), G0(0)), s = 1, 2, t ≤ T,
where ϕ1 is an increasing positive function and γ̃1s(t) is equal to γ1(t), where
h(1), h(2) are replaced by h̃(1)

s , h̃(2)
s , respectively.

For solutions of problem (5.17) we have

(5.26) ‖h(1)
s ‖2+β,δ,Ωt + ‖∇q(1)

s ‖β,δ,Ωt ≤ c(‖vs · ∇h̃(1)
s ‖β,δ,Ωt

+ ‖h̃(1)
s · ∇vs‖β,δ,Ωt + ‖g(1)‖β,δ,Ωt + ‖h(1)(0)‖2+β−2/δ,δ,Ω).

Similarly, for solutions of problem (5.20) we get

(5.27) ‖h(2)
s ‖2+β,δ,Ωt + ‖∇q(2)

s ‖β,δ,Ωt
≤ c(‖h̃(2)

s · ∇vs‖β,δ,Ωt + ‖h̃(1)
s · ∇h̃(1)

s ‖β,δ,Ωt

+ ‖vs · ∇h̃(2)
s ‖β,δ,Ωt + ‖g(2)‖β,δ,Ωt + ‖h(2)(0)‖2+β−2/δ,δ,Ω).

In view of the definition of the space M1(ΩT ) and imbedding theorems, we
obtain from (5.26) and (5.27) the inequalities

(5.28) ‖h(1)
s ‖2+β,δ,Ωt + ‖∇q(1)

s ‖β,δ,Ωt ≤ c‖vs‖2,27/16,Ωt‖h̃(1)
s ‖M1(Ωt)

+ c(‖g(1)‖β,δ,Ωt + ‖h(1)(0)‖2+β−2/δ,δ,Ω),

and

(5.29) ‖h(2)
s ‖2+β,δ,Ωt + ‖∇q(2)

s ‖β,δ,Ωt ≤ c‖vs‖2,27/16,Ωt‖h̃(2)
s ‖M1(Ωt)

+ c‖h̃(1)
s ‖2M1(Ωt) + c(‖g(2)‖β,δ,Ωt + ‖h(2)(0)‖2+β−2/δ,δ,Ω).

In view of the definition of M0(ΩT ) we can replace (5.25) by

(5.30) ‖vs‖2,27/16,Ωt ≤ ϕ(‖h̃(1)
s , h̃(2)

s ‖M0(Ωt)),

where
‖u, v‖M(Ωt) = ‖u‖M(Ωt) + ‖v‖M(Ωt).

From (5.28)–(5.30) we obtain

‖h(1)
s , h(2)

s ‖M(Ωt) ≤ ϕ(‖h̃(1)
s , h̃(2)

s ‖M(Ωt))(5.31)

+ c
2∑

i=1

(‖g(i)‖β,δ,Ωt + ‖h(i)(0)‖2+β−2/δ,δ,Ω),

where s = 1, 2, t ≤ T . Hence the transformation Φ maps bounded sets in
M(ΩT ) into bounded sets in M(ΩT ).
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Now we shall show the uniform continuity of Φ. For this purpose we
introduce

(5.32)
H(i) = h

(i)
1 − h

(i)
2 , V = v1 − v2,

Q(i) = q
(i)
1 − q

(i)
2 , K = χ1 − χ2, i = 1, 2.

Then the problem for H(1) takes the form

(5.33)

H
(1)
,t − divT(H(1), Q(1)) = −V · ∇h̃(1)

1 − v2 · ∇H̃(1)

− H̃(1) · ∇v1 − h̃(1)
2 · ∇V in ΩT ,

divH(1) = 0 in ΩT ,

H(1) · n = 0, n · D(H(1)) · τα = 0, α = 1, 2, on ST1 ,

H
(1)
i = 0, i = 1, 2, H

(1)
3,x3

= 0 on ST2 ,

H(1)|t=0 = 0 in Ω.

Next, we have the problem for H(2):

(5.34)

H
(2)
,t − divT(H(2), Q(2)) = −H̃(2) · ∇v1 − h̃(2)

2 · ∇V
− 2H̃(1) · ∇h̃(1)

1 − 2h̃(1)
2 · ∇H̃(1) − V · ∇h̃(2)

1 − v2 · ∇H̃(2) in ΩT ,

divH(2) = 0 in ΩT ,

n ·H(2) = 0, n · D(H(2)) · τα = 0, α = 1, 2, on ST1 ,

H
(2)
3 = 0, H

(2)
i,x3

= 0, i = 1, 2, on ST2 ,

H(2)|t=0 = 0 in Ω.

For solutions of (5.33) we have

(5.35) ‖H(1)‖2+β,δ,Ωt + ‖∇Q(1)‖β,δ,Ωt
≤ c(‖V · ∇h̃(1)

1 ‖β,δ,Ωt + ‖v2 · ∇H̃(1)‖β,δ,Ωt

+ ‖H̃(1) · ∇v1‖β,δ,Ωt + ‖h̃(1)
2 · ∇V ‖β,δ,Ωt).

Repeating the considerations from (4.54), (4.55), (4.60), (4.61) we obtain

‖H(1)‖2+β,δ,Ωt + ‖∇Q(1)‖β,δ,Ωt ≤ c(‖V ‖2,r,Ωt‖h̃(1)
1 , h̃

(1)
2 ‖M1(Ωt)(5.36)

+ ‖v1, v2‖2,r,Ωt‖H̃(1)‖M1(Ωt))

for all r > 5/3, where

‖v1, v2‖2,r,Ωt = ‖v1‖2,r,Ωt + ‖v2‖2,r,Ωt .
For solutions of problem (5.34) we get
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(5.37) ‖H(2)‖2+β,δ,Ωt + ‖∇Q(2)‖β,δ,Ωt ≤ c(‖H̃(2) · ∇v1‖β,δ,Ωt
+ ‖h̃(2)

2 · ∇V ‖β,δ,Ωt + ‖H̃(1) · ∇h̃(1)
1 ‖β,δ,Ωt + ‖h̃(1)

2 · ∇H̃(1)‖β,δ,Ωt

+ ‖V · ∇h̃(2)
1 ‖β,δ,Ωt + ‖v2 · ∇H̃(2)‖β,δ,Ωt).

Repeating the estimates from (4.54), (4.55), (4.60), (4.61) and (4.68) in
(5.37) yields

(5.38) ‖H(2)‖2+β,δ,Ωt + ‖∇Q(2)‖β,δ,Ωt ≤ c(‖V ‖2,r,Ωt‖h̃(1)
2 , h

(2)
2 ‖M1(Ωt)

+ ‖H̃(2)‖M1(Ωt)‖v1, v2‖2,r,Ωt + ‖H̃(1)‖M1(Ωt)‖h̃(1)
1 , h̃

(2)
2 ‖M1(Ωt))

for all r > 5/3.
To show the continuity of the transformation Φ we should find an esti-

mate for ‖V ‖2,r,Ωt , r = 27/16. For this purpose we consider the problem

(5.39)

V,t − divT(V,Q) = −V ′ · ∇v1 − v′2 · ∇V
−Wh

(1)
1 − w2H

(1) in ΩT ,

div V = 0 in ΩT ,

V · n = 0, n · T(V,Q) · τα = 0, α = 1, 2, on ST ,

V |t=0 = 0 in Ω,

where V ′ = (V1, V2), W = V3, v′s = (vs1, vs2), ws = vs3.
For solutions of (5.39) we have

‖V ‖2,r,Ωt + |∇Q|r,Ωt ≤ c(|V ′ · ∇v1|r,Ωt + |v′2 · ∇V |r,Ωt(5.40)

+ |Wh
(1)
1 |r,Ωt + |w2H

(1)|r,Ωt).
We bound the first term on the r.h.s. of (5.40) by

c|V |5,Ωt‖v1‖2,r,Ωt ≡ I1.
Since r > 5/3 we have 5 < 5

5/r−2 , so by interpolation we get, for all ε1 > 0,

I1 ≤ ε1‖V ‖2,r,Ωt + c(1/ε1)ϕ(‖v1‖2,r,Ωt)|V |2,Ωt .
Similarly, we estimate the second term on the r.h.s. of (5.40) by

c|∇V |5/2,Ωt‖v2‖2,r,Ωt ≡ I2.
For r > 5/3 we have 5

2 <
5

5/r−1 , so by interpolation, for all ε2 > 0,

I2 ≤ ε2‖V ‖2,r,Ωt + c(1/ε2)ϕ(‖v2‖2,r,Ωt)|V |2,Ωt .
By the Hölder inequality the third term on the r.h.s. of (5.40) is bounded
by

c|W |σ1,Ωt |h
(1)
1 |σ2,Ωt ≡ I3,

provided 5/r− 5/σ1 < 2, 5/δ− 5/σ2 ≤ 2 + β, 1/σ1 + 1/σ2 = 1/r, which are
satisfied for 5/δ < 3 + β and r > 5/3.
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Since 5/r − 5/σ1 < 2, we apply the interpolation inequality to the first
factor in I3 to get, for all ε3 > 0,

I3 ≤ ε3‖V ‖2,r,Ωt + c(1/ε3)ϕ(‖h(1)
1 ‖2+β,δ,Ωt)|V |2,Ωt .

Finally, by the Hölder inequality, the fourth term on the r.h.s. of (5.40) is
estimated by

c|w2|%1,Ωt |H(1)|%2,Ωt ≡ I4,
provided 1/%1 + 1/%2 = 1/r, 5/r − 5/%1 = 2, that is, %2 = 5/2. Hence,

I4 ≤ c‖v2‖2,r,Ωt |H(1)|5/2,Ωt .
Applying the above estimates in (5.40) and assuming that ε1, ε2, ε3 are suf-
ficiently small we obtain

(5.41) ‖V ‖2,r,Ωt + |∇Q|r,Ωt
≤ ϕ(‖v1, v2‖2,r,Ωt , ‖h(1)

1 ‖2+β,δ,Ωt) · (|V |2,Ωt + |H(1)|5/2,Ωt),
provided r > 5/3, 5/δ < 3 + β.

Assume that h̃(1)
s , h̃(2)

s , s = 1, 2, belong to a bounded set in M(ΩT ).
Hence, there exists a constant A such that

(5.42) ‖h̃(1)
s , h̃(2)

s ‖M(ΩT ) ≤ A.
Making use of (5.30), (5.31) and (5.42) in (5.41) implies

(5.43) ‖V ‖2,r,Ωt + |∇Q|r,Ωt ≤ ϕ(A)(|V |2,Ωt + |H(1)|5/2,Ωt).
Finally, we estimate the r.h.s. of (5.43). Multiplying (5.33)1 by H(1) and

integrating over Ω yields
d

dt
|H(1)|22,Ω + ν‖H(1)‖21,Ω ≤ c(|V · ∇h̃(1)|26/5,Ω + |v2 · ∇H̃(1)|26/5,Ω(5.44)

+ |H̃(1) · ∇v1|26/5,Ω + |h̃(1)
2 · ∇V |26/5,Ω).

By the Hölder inequality, (5.44) implies, for λ1, λ2 such that 1/λ1+1/λ2 = 1,

(5.45)
d

dt
|H(1)|22,Ω + ν‖H(1)‖21,Ω

≤ c(|V |22,Ω |∇h̃(1)|23,Ω + |v2|2(6/5)λ1,Ω
|∇H̃(1)|2(6/5)λ2,Ω

+ |H̃(1)|22,Ω |∇v1|23,Ω + sup
t
|h̃(1)

2 |23,Ω |∇V |22,Ω),

where, in view of (5.42), the first and last expressions are estimated by
ϕ(A)‖V ‖21,Ω .

Multiplying (5.39)1 by V and integrating over Ω shows that

d

dt
|V |22,Ω + ν‖V ‖21,Ω ≤ c(|V |22,Ω |∇v1|23,Ω + |V |22,Ω |h(1)

1 |23,Ω(5.46)

+ |w2|23,Ω |H(1)|22,Ω).
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Multiplying (5.46) by a constant c∗ such that νc∗ − cϕ(A) ≥ ν and adding
to (5.45), we get

(5.47)
d

dt
(c∗|V |22,Ω + |H(1)|22,Ω) + ν(‖V ‖21,Ω + ‖H(1)‖21,Ω)

≤ c(|H̃(1)|22,Ω |∇v1|23,Ω + |V |22,Ω |∇v1|23,Ω + |V |22,Ω |h(1)
1 |23,Ω

+ |w2|23,Ω |H(1)|22,Ω + c|v2|2(6/5)λ1,Ω
|∇H̃(1)|2(6/5)λ2,Ω

).

Integrating (5.47) with respect to time yields

(5.48) |V (t)|22,Ω + |H(1)(t)|22,Ω + ν

t�
0

(‖V (t′)‖21,Ω + ‖H(1)(t′)‖21,Ω) dt′

≤ c exp[c( ∇v1
2
3,2,Ωt + h(1) 2

3,2,Ωt + v
2
3,2,Ωt)]

· ( v2
2
(6/5)λ1,2µ1,Ωt

∇H̃(1) 2

(6/5)λ2,2µ2,Ωt
+ ∇v1

2
3,2,Ωt H̃

(1)
2,∞,Ωt) ≡ J,

provided 1/λ1 + 1/λ2 = 1 and 1/µ1 + 1/µ2 = 1. By imbedding we get

J ≤ c exp[c(‖v1‖22,r,Ωt + ‖h(1)‖22+β,δ,Ωt)]

· ( v2
2
3,∞,Ωt |∇H̃(1)|22,Ωt + ∇v1

2
3,2,Ωt H̃

(1)
2,∞,Ωt) ≡ J1.

By (5.30), (5.31) and (5.42) we obtain

J1 ≤ ϕ(A)(|∇H̃(1)|22,Ωt + H̃(1) 2

2,∞,Ωt).

Therefore, (5.48) takes the form

(5.49) ‖V ‖V 0
2 (Ωt) + ‖H(1)‖V 0

2 (Ωt) ≤ ϕ(A)(|∇H̃(1)|2,Ωt + H̃(1)
2,∞,Ωt).

Employing (5.49) in (5.43) and the result in (5.36) and (5.38) we obtain

(5.50) ‖H(1),H(2)‖M(ΩT ) ≤ ϕ(A)‖H̃(1), H̃(2)‖M(ΩT ).

This implies the uniform continuity of Φ and ends the proof.

Proof of Theorem 1. Lemmas 5.1, 5.2, 5.4 and the Leray–Schauder fixed
point theorem imply that there exists a fixed point of transformation (5.3).
Hence there exists a solution to problem (1.1) and Theorem 1 is proved.

Proof of Theorem 2. Assume that we have two solutions (vi, pi), i = 1, 2,
of problem (1.1). Then V = v1−v2, P = p1−p2 are solutions to the problem

(5.51)

V,t − divT(V, P ) = −V · ∇v1 − v2 · ∇V in ΩT ,

div V = 0 in ΩT ,

V · n = 0, n · D(V ) · τα = 0, α = 1, 2, on ST ,

V |t=0 = 0 in Ω.
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Multiplying (5.51) by V and integrating over Ω we obtain

(5.52)
d

dt
|V |22,Ω + ν‖V ‖21,Ω ≤ c|∇v1|23,Ω |V |22,Ω .

For v1 ∈ L2(0, T ;W 1
3 (Ω)) we obtain |V (t)|2,Ω = 0, and this ends the proof.
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[17] M. R. Ukhovskĭı and V. I. Yudovich, Axially symmetric motions of ideal and viscous
fluids filling all space, Prikl. Mat. Mekh. 32 (1968), 59–69 (in Russian).

[18] W. M. Zajączkowski, Global special regular solutions to the Navier–Stokes equations
in a cylindrical domain under boundary slip conditions, in: Gakuto Series in Math.
21 (2004), 1–188.

[19] —, Global special regular solutions to the Navier–Stokes equations in a cylindrical
domain without the axis of symmetry, Topol. Methods Nonlinear Anal. 24 (2004),
69–105.

[20] —, Global existence of axially symmetric solutions of incompressible Navier–Stokes
equations with large angular component of velocity, Colloq. Math. 100 (2004), 243–
263.

[21] —, Global special regular solutions to the Navier–Stokes equations in axially sym-
metric domains under boundary slip conditions, Dissertationes Math., to appear.

Institute of Mathematics
Polish Academy of Sciences
Śniadeckich 8
00-956 Warszawa, Poland
E-mail: wz@impan.gov.pl

Institute of Mathematics and Cryptology
Military University of Technology

Kaliskiego 2
00-908 Warszawa, Poland

Received May 21, 2004
Revised version January 26, 2005 (5423)


