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The Lizorkin—Freitag formula for several weighted L, spaces
and vector-valued interpolation

by

IRINA ASEKRITOVA (Véxj6), NATAN KRUGLJAK (Lulea) and
LupMiLA NIKOLOVA (Sofia)

Abstract. A complete description of the real interpolation space

L = (Lpo(wo),-- -, Ly, (Wn))§,q

is given. An interesting feature of the result is that the whole measure space ({2, 1) can be
divided into disjoint pieces §2; (¢ € I) such that L is an [, sum of the restrictions of L to
£2;, and L on each (2; is a result of interpolation of just two weighted L, spaces. The proof
is based on a generalization of some recent results of the first two authors concerning real
interpolation of vector-valued spaces.

1. Introduction. One of the most important results in real interpola-
tion is the description of the so-called (0, q) spaces. However, there are not
many cases for which a complete and explicit description of these spaces is
known. One of them is a couple of weighted L,, spaces which was treated by
J. Peetre, J. E. Gilbert, P. L. Lizorkin and D. Freitag. The corresponding
description of (6, q) spaces is usually called the Lizorkin—Freitag formula.
This formula seems to be quite fundamental; for example from it and the
fact that Besov spaces in wavelet bases are just weighted L, spaces follows
a complete description of (6, q) spaces for a couple of Besov spaces.

In this paper we will obtain an analog of the Lizorkin—Freitag formula
for the case of several weighted L, spaces. Our interest in this question
is connected with the interpolation of several smooth function spaces (see
[AKNMP]). The main tool is interpolation of vector-valued spaces for the
case of more than two spaces.

In a recent paper (see [AK1]) it was shown that if we have several se-
quences of spaces A; = {A¥};cz,i=0,1,...,n, then

(1) (o ({47 kez), - ({AP Yhez))g, = L (L(ASY . AP Yiez)
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under the condition that
A%k) = ckAgk_)]L for all k € Z and some fixed positive ¢ # 1.

Moreover, if for each k € Z the spaces A(()k), . ,Agf_)l are Banach function
lattices on the same measure space ({2, i), then (1.1) holds even when

k k
(1.2) AP = kAl AW)s,

for all k € Z and some fixed X, r and ¢ # 1.
In this paper we will generalize these results and use them to obtain a
complete description of the space

L = (Lpy(w0),- -, Lp, (n))g,.

In the diagonal case, i.e. when 1/q = 6y/po + 61/p1 + - - - + 05 /pn, the result
is known and we have a nice and quite useful formula

(1.3) (Lpo(@0); - +» L (wn)) 5. = La(w® - - o),

which was obtained for the case of two spaces in 1958 by Stein—Weiss (see
[SW]) and for n > 1 by G. Sparr (see [S]).

Therefore, the problem is interesting only in the non-diagonal case. In
the case of two spaces and pg # p; this description is known as the Lizorkin—
Freitag formula (see [L] and [F]):

~ 1 1-6 6
(1.4) (Lpo(wo), Lp, (w1))o,q = Lpyq(w,dpr),  — = +—,
Do Po b1
where Ly, 4(w,dp) is a weighted Lorentz space with weight w and measure
dp given by the expressions

_ wé_ewf di — wo 1/p0i1/p1 d
(1.5) W= 15, H= o1 e

(Z_(l)) 1/po—1/p1
Usually the formula for w is written in a different way, but for our purpose
it is better to rewrite it in the form (1.5). In the case pg = p; the result is
different. The first result was obtained by J. Peetre ([P]) in connection with
the problem of identification of Beurling’s spaces and a general result was
obtained by J. E. Gilbert (see [G]), who showed that

1/q
1Ly Ltenog = ( SoUFX L, r-000)?)
(1.6) kEZ
2, = {$:2k < wl_(a;) <2k+1}.
wo(x) ~

In this paper we will show that when we have more than two spaces then
the whole set {2 can be divided into some subsets (2; (i € I) such that the
space L = (Ly,(wo), ..., Ly, (wn))@q on {2; can be obtained by interpolation
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of just two weighted L, spaces and the norm of the function f in L is the [,
norm of the sequence of the norms of the restrictions of f to {2;:

(1.7) 1712 = (el ™

]

In the particular case of triples (i.e. when n = 2 and all weights are pow-
ers of one function) this result was obtained in [AKNMP] and it was used
for interpolation of several “smooth” function spaces. The proof of (1.7) in
[AKNMP] was rather complicated and it was a combination of some cal-
culations, known results and the reiteration theorem for finite collections
of Banach function lattices (see [AK2]). In this paper using a completely
different proof we will obtain the general result without any restrictions on
n and the weights.

To explain the construction of the sets £2; in (1.7) and the idea of the
proof let us consider the particular case pg < p1 < --- < pp. In this case
each intermediate p; (i = 1,...,n — 1) can be obtained from the “ends” py
and p,, in the following way:

1_1—ai+%

i Po Pn
If we consider the set

Wi
.Qlk: {IL’Qk < TZCM §2k+1},
wo zwnz

then for the restrictions of spaces to this set we will have

(1.8) Ly, (ws; sz) = 2k(Lpo (wo; sz)v Ly, (wn; sz))ai,pi'

Moreover, if we intersect the sets Qf which correspond to different ¢ and
k then we will obtain disjoint sets 2(F1--Fn-1) = QFt ... 0 Qﬁ’fll such
that their union gives the whole measure space {2 and on each of them all
spaces Ly, (w;) for intermediate p; could be obtained by interpolation from

the end spaces Ly, (wo), Lp, (wn) (we also have to multiply the norm in the
result by 2%).

If we denote the restriction of the space Ly, (w;) to QF1bn—1) By Agk),
K= (ki kno1), then Ly (w;) = Lp,({A%} ;. 1). Thus instead of de-

scribing the space L = (Lp,(wo), - - ., Lp, (wn)) 74 it s sufficient to describe
];:’ -
(1.9) L = (o ({A Y ez 1)+ o (AP Y )y

Moreover, (1.8) shows that
(1.10) AR ok AP AR =1 -1,
similarly to (1.2). The main difference is that the parameter  in (1.9) be-



230 I. Asekritova et al.

longs to Z"~! and not to Z as in (1.2), and instead of one condition (1.2) we
have n — 1 conditions (1.10). Nevertheless, as we will show below (see The-
orem 4) a formula analogous to (1.1) holds in this situation also. Therefore
we will have

L = (o ({A Y pepnt)s - o (A )z,

-,

P -
= 1L,({(AP, ..., Az Ypepn-r)
and we need to calculate the space (A(Ok), ceey Aﬁf)) iy But this is not difficult

because Agk) is just Ly, (w;) restricted to QF1okn=1) “and on this set the
spaces Ly, (w;) (¢ = 1,...,n — 1) can be obtained by interpolation of the
“end” spaces Ly, (wo), Ly, (wy) restricted to this set (see (1.8)). Moreover,
we will do some extra work to give the answer in a symmetrical way closest

to the remarkable formula (1.3). This is the content and the idea of the
paper.

2. Definitions and some results from real interpolation of sev-
eral spaces. Let Ag, Ay,..., A, be n+ 1 Banach or quasi-Banach spaces.
We will say that they form a compatible collection or simply a collection
A = (Ao, A1,...,Ay,) if they are linearly and continuously embedded in
some (common for all) topological linear space with Hausdorff topology.
Then we can, analogously to the case of a couple, define the K-functional

(see [S]) by the formula

K(f,a; A) = inf(||aol 4 + trla]a, + - + tallan]|a,),

(2.1) g L
F=(t1,....ty) e RS,

where the inf is taken over all decompositions a = ag + a1 + - - - + an,.
Let 60 = (09,01, ...,0,) be a parameter vector, i.e. §; > 0 and 6y + 61 +
---4+60, =1, and let 0 < g < oco0. Then the interpolation space Aé'q =

(Ao, A1, .., An)(;q (usually denoted by qu_K, but we will omit the index
K as we will consider only K-spaces) is defined by the norm (or quasinorm;

for simplicity we always say norm)

L dty dty  dt, \ M1
t ta iy

—61,—6 —0n 7o
22 lallg, = ( § (676" K (E o A
RY
with the usual modification for ¢ = oo. As the K-functional is a concave
function on R}, the norm (2.2) can be written in an equivalent form

, A , A - 1/q
lallg, ~ (D0 @02t (L 20 a A))
(ilv-”vin)ezn
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We will call § = (00,01, ...,0,) an extended parameter vector if 6; > 0 and
Op+ 61+ -+ 6, =1, ie. some of the coordinates 8; may be zero. In this
case in the definition of the K-functional and norms we omit the spaces A;,
parameters t; and integrate on the set of smaller dimension. In the particular
case when @ has one coordinate, say the ¢th, equal to one, and so all other
coordinates are zero, we will mean by (A, Ay, ..., An)@q the space A;.

We use the so-called “monotonicity” properties of interpolation spaces,
which follow easily from the definitions. Namely:

A) if gy < ¢1 then

(23> (AO)AI)"'7ATL) - (A07A17"'7An)

0,90 b1’
B) if we have embeddings A; C B; (i =0,...,n) then
(24) (Ao,Al,‘..,An)Q-;q - (B07Bly-'-7Bn)6T’q-

The following theorem will be of importance; it was proved in [AK2] in
the Banach case (the proof can be extended after some modification to the
quasi-Banach case).

THEOREM 1 (Reiteration Theorem). Suppose that Ao, Ai,..., A, are
Banach or quasi-Banach function lattices on the same measure space (§2, )
and the parameter vectors gk (k=1,...,m) span R"*1. Then

1 A A — _,_¢ _’— _’0 _’1 PR g
(2.5) (A507q0, Trgr 7A§m,qm)X,q = AG,q’ 0= X0 +N10"+ -+, 0™,
where X = (Xoy -+ -y Am) 18 a parameter vector. The formula is also true when
6% (k=1,...,m) are extended parameter vectors.

The proofs in the next section will be based on the results from [AK1].
For convenience of the reader we will formulate the needed results.

Let {A(k)}kez be a sequence of Banach or quasi-Banach spaces. In the
quasi-Banach case we assume that the constants in the triangle inequalities
are uniformly bounded. We will denote by 1,({A*)}) the vector-valued space
of all sequences a = {a} ez , a®) € A®) with the norm

1/p
lally cgacoy = (3o Ua®lLaw)?) ™,

keZ
with the usual modification for p = oco.

Let {Agk)}kez, i =0,...,n, be a family of n + 1 sequences of Banach

or quasi-Banach spaces such that for each k € Z the spaces A[()k), . ,Aﬁ{”

form a compatible collection and therefore we can define the spaces ffgg) =

7q
(A(()k), ce Aq(f))gq. Then we have (see [AK1])
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THEOREM 2. The formula

k k
(26) (o ({A Yhez): - 1o (AP iez))g, = (AP, ..., AP); Yier)
holds if for some fixed i # n, fixed positive number ¢ # 1 and all k € Z we
have (1)

(2.7) AP = kAP,

n

Formula (2.6) also holds when the space A,(lk) is obtained from an extended
parameter vector \:

(28> Agzk) = Ck(Aék)’ 7A k 1))\ k € Z’ c 7é 17

under the additional condition that A(() ), . ,A(k)

no1 are Banach or quasi-
Banach function lattices on ({2, pix).

3. Multiparameter vector-valued interpolation. Let

A= {A }keZm
be an “m-dimensional” sequence of spaces. The space [,(A) is defined by
the norm (quasinorm if p < 1)

- - 1
e eezm iy = (3 (1a®l0)7)™"
kezm
with the usgal modification for p = oo.

Let {Agk)}gezm, 1 =20,...,n, be a collection of n + 1 sequences of Ba-
nach or quasi-Banach spaces. In the quasi-Banach case we assume that the
constants in the triangle inequalities are uniformly bounded (do not de-
(k’) o A(k)

k) _

0.q

pend on k) We also assume that for each k € Z™ the spaces A
form a compatible collection and therefore we can define the spaces A(
() ()
(AP, ..., AP
Then we can consider the collection

(oo (AP 2y )y s by (AP} )

and look for conditions under which

3D (oA Yeezm): - o AP Y ez D
E -,
= 1L,({(AP, ... Az Yrcom).

We will prove the following theorem:

(1) The equality A; = B; (i € I) of sequences of Banach or quasi-Banach spaces here
and below means that the spaces A;, B; coincide as sets, their norms are equivalent for
each ¢ and the constants of equivalence do not depend on i.
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THEOREM 3. Suppose that m <n and fori=1,...,m,
(3.2) Agbk_)mﬂ—( )k A((z))’ ci #1, 0<s(i) <n—m,

Jor all k = (ki1,..., km) € Z™. Then the formula (3.1) is valid.

Proof. The right-hand side in (3.1) does not depend on p; (i =0, ...,n).
Therefore, from monotonicity properties (see (2.3)—(2.4)) it follows that it
is enough to prove (3.1) for the case when p; = p for all i.

Everywhere below for any k= (k1,...,kmn) we denote by Em=1) the
vector (ki1,...,km—1). The proof is by induction on m. For m = 1 the as-
sertion was proved in [AK1]. For the induction step, consider the spaces
BZ(T) = lp({AZ(kl""’km_l’r)}E(m,l)ezm_l) (r € Z is fixed and the space [, is
constructed over Z™~1). Then we can write

E r .
lp({AE )}gezm) - lp({BZ( )}TEZ)7 1 = 07 ey n.
Moreover,

B{") = (cw)"BY), forallreZ.

(kl’ cskm— 1, 7') — (C )TA(klv“'vkmfl,T)

Indeed, for a fixed r we have A, s(m) and so

r k1,....km—1,r)
BY = 1,({Af iy )

r k1ykm—1,m rp(r
= (cm) lp({Ag(Tln) ! )}E(mq)ezm—ﬁ = (em) Bi(?n)‘

Therefore from Theorem 2 for the spaces B-(T)

(3.3) <zp<{AEF>}EEZm>,z<{A<E’}E€Zm>,.. (AP} )i,
= LB hez) LB hez). . LUB V),
= 1,({(BS,.... BM)g brez)-

From (3.2) with ¢ = 1,...,m — 1, fixed r and the induction hypothesis, it
follows that

B5”,....BM);,

we get

E(m—l)’r pim—1) .

= (lp({A(() )}E(m—l)Emela sy lp({A%k ’ )}E(m—l)ezm—l)g_”q
E(m=1) R(m=1) .

= lq({(A(() )77A7(1k ’ ))é"q}]g(m—l)eszl)-

Therefore the assertion follows from (3.3) and the property li;(ly) =l;. =
Now we will consider the “intermediate” result.
THEOREM 4. Suppose that for each k € Z™ the collection A(()k), Agk), ce

A,(l_)m consists of Banach or quasi-Banach function lattices on some measure
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space (£2;, uy) and the last m (m < n) spaces have the form

E ok E E
(3.4) AP = e Al AP AP
where Xl are extended parameter vectors and ¢; #1,i=1,...,m. Then

(35) (o ({A§  pcgn) b (A ) - o b (A Y )
= 1,({(AP, AP, AP ).

REMARK 1. In the theorem, for simplicity, we required that the “last m
spaces” can be obtained by interpolation from the “first n + 1 —m” spaces,
but the same proof shows that the assertion is valid if we require that some
m spaces can be obtained by interpolation from the others.

Proof. The proof is analogous to the proof of the previous theorem,
except some details which we will explain below. As in the previous theorem,
from the monotonicity property and reiteration theorem it follows that it is
enough to prove the theorem under the additional condition that all p; and
q; (see (3.4)) are equal to some p. Now we argue by induction. For m =1
the theorem was proved in [AK1]. The induction step can be done in the

following way. Consider the spaces BZ-(T) = lp({Agkl’""kmfl’T)}E(m_l)ezm,l)
(r € Z is fixed and [, is constructed over Z™~1). Then we can write

lp({Az(k)}EGZm) = lp({B,L(T)}reZ), 1= 0, B

To use Theorem 2 we need the property

B — (cm)’“(B((JT), .. B(T) )5 for all r € Z.

n rEn—m/ g, p

But from the condition (3.4) for ¢ = m and vector-valued interpolation in
the diagonal case (see [S]) it follows that

r kiyeeskm—1,r
B = 1,({ASbmi0y )
r k1ykm—1,7 ki,..km—1,7
b ({(em)"(AG 10 AR e egne)

r ki,....km—1,7 ki,.km—1,7
= Lp({(cm)" (AF Rt ATy e egm)

k1,..., km—1,r ki,ooskm—1,r
AT g (LA Y Dk

— (cm)T’(B[()T)7 . ,sz;)m)xn“p.
Now everything is ready to apply Theorem 2. Using it we obtain
E E i
(AT ez (A Y i), A Yoz,

=1,({(B,.... B{)g }ren)-



Lizorkin—Freitag formula 235

Now we can calculate the space (B(()r)7 el Br(f)) iq by using the induction
hypothesis (see end of proof of Theorem 3) and the theorem follows from

the property l,(ly) =1;. =

4. Interpolation of weighted L, spaces. Let ({2, ) be a measure
space with o-finite measure u. Let wg, w1, . ..,wy, be some positive functions
defined on the set 2. We will consider the collection

L&) = (Lpy(wo), Lp, (w1), - -+, Lp, (wn)),

where 0 < p; < 00,4 =0,1,...,n, and the norm (quasinorm) in Ly, (w;) is
defined by the formula
. 1/Pz'
(4.1) 10y = ( § 1feit )
2

with the usual modification when p; = cc.
Without loss of generality we can restrict ourselves to the case pg < p; <
<+ < pp. If pp, # po, then we can define the numbers «; € [0, 1] such that

1 1-— (671 (67
— = + —,
Di Po Pn

1=1,....,n—1,

and the sets

(4.2) Q(E):{x60:2ki< — wi(@) §2k"+1,i:1,...,n—1},
wy “(z)wn' ()

where k = (k1,... kn_1) € Z" L.
If p, = po we take
(4.3) Q(E):{3:6(2:2’”<M§2ki“,i:1,...,n};
wo()
notice that here & is in Z" (and not in Z"! as in the case p, # po).

Tt is clear that in both cases the sets 2(F) are disjoint for different k and
their union gives all (2.
Our main result reads:

THEOREM 5. (a) If p, # po then

1/q
(44 o) oy o)y, = (DX g 12)7)

k

where L is a Lorentz space Ly, 4 on §2 with measure

1
dﬁ _ <ﬂ> 1/pg—1/pn du,

Wn
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-

Q%) is defined by (4.2), and

0o 91 b 1
(4.5) w= w, where —Z@—Fﬁ-}--“—ke—n.
( )m Do bo D1 Pn
Wn
(b) If pn, = po then formula (4.4) is also valid, but we have to take
dp = dp, w = go fl wln and Q%) are defined by (4.3).

Proof. (a) Denote by Lgf) (w;) the restriction of the space Ly, (w;) to the
set 2(). Then Ly, (w;) can be written as

Lp, (i) = by, ({L @) bpegna)-
Therefore
(4.6)  (Lpo(w0), Ly (@1). - Ly (wn))g,
= (o (LD @) peznr): - -+ b (L (wn) bz iy

Moreover, on k) given by (4.2) we have, for «; € (0,1),

(4.7) L) (wi) = 25 (L) (w0), L) (wn) o
and

(4.8) Lgf) (wi) = QkiL](Dﬁ)(wo) when «; =0,
(4.9) L® (@) = 25 LF (w,)  when a; = 1.

So the conditions of Theorem 4 are fulfilled with m = n — 1 and Agk) =

Lgf) (wi), @ = 0,...,n. Applying this theorem in the form of Remark 1 we
obtain

(410)  (Lpg(@0), Ly (@1); -+ Ly ()7,
= lg({(LP @0, -, LI (wn))g Y rezn-)

and we only need to calculate the space (Léo) (wo), - Lgfb) (wn))g 7, But from

the relations (4.7)—(4.9) and the theorem of G. Sparr (see [S, Theorem 9.2])
it follows that

(411)  (LE (o), L (wn))g,
— 2k191+---+kn—19n—1 (LI()IS) (w0)7 L]()’Z) (wn)),y,q7
where

(4.12) y=a101+ -+ apn_16p—1 + On.
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Moreover, from (4.2) we have

(4_13) 2k1€1+"'+kn—1€n71

(i) (i)

As
1 0 0 0
-_2 + 7 4t n
bo  Po P1 Pn
0 11—« «o 1— - Oy 0
:—°+01< 1+—1)+---+0n1< ot ”1>+—”
Po Po Pn Po Pn Pn
o to +‘91(1 - al) + +9n—1(1 - an—l) + Orog + -+ 0101+ 0,
1 Po Pn
1y
Do Pn
from (4.12) and (4.13) it follows that
6o, 0
2k191+---+/€n—19n—1 ~ wOOwll c wgn

Oo+601(1—a1)++bn—1(1—an—1) Ora1++0p_10n—1+6n

0o, 01 0
_ Wy Wy Wy
1—
wy wn

Now by using the Lizorkin-Freitag formula (see (1.4)-(1.5)) we infer that
(Léﬁ)(wo),Ll(gi)(wn))w is Lp, g on the set (2 with the measure dpg =
(wo/wn)mdu and weight
wp ewn,
1y

(ﬂ) 1/po—1/pn

n

SO
: - 1=, Voo T/
(L,&’;)(woxL;j?wn)nq:pr,q< 0 <ﬂ) o du,ﬂ,;),
(wo/wn)l/po—l/pn Wn

where 1/py = (1 —=7)/po+7/pn = 1/pe.
The constant 2¥101++kn-10n-1 op the right-hand side of (4.11) can be
moved to the weight, so the new weight will be

1—y v
2k161+"'+kn710n71 . Wy Wn
1/?7
(ﬂ) 1/po—1/pn
Wn
wioWb .. yfn wp W) whoWb .. yfn
~ . — = W.
1=y v 1/pg 1/pg
Wy Wn (ﬂ) 1/p0—1/pn (ﬂ) 1/p0—1/pn
Wn, Wn,
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So, from (4.11) it follows that on 2F) we have

1
; ; wo \ 770~ 17mm .
(L;gg (WO)v R 7L;ED]Z) (wn))é;q = Lpe,q <w7 (w_> dp, “Q(k)>v

n

and from (4.10) we have the desired result.
(b) The proof is analogous and even simpler, because on each set 0"
(see (4.3), where k is in Z" and not in Z"~! as in the case p, # po) we have

LP(w) =25 LP(wg) fori=1,....n.

Therefore we can apply Theorem 4 to obtain

(Lpo (@0)s Lpy (1) -+ L (i) g = La({ (L) (@0), -+, L2 (0n))g Y-
Moreover we can calculate the space (Lz(vlf)) (Wo)y -y Lz(vi) (wn)) 7 directly with-
out using the Lizorkin—Freitag formula. Indeed,

(LF (wo), - - -, L (wn)) g, = (L8 (wo), 2 LE (wp), . . ., 280 L) ()

0 Pn 0, Ppo @q
k1014 +knbn 1 (K 7 (k) (ok161++kn0
=2 0 L) (wo) = L (2 n0n0)

and it remains to notice that

k10 kn6 w1() " wn () on 0 0 0
9k1 1++kn "W R WO:woowll"‘wnn- -
wo() wo()

REMARK 2. Formulas for w and dj in the theorem in the case when
Po # pn depend on the parameters pg, pr, wo, wy, of the “end” spaces Ly, (wp),
Ly, (wy) and therefore it seems that the result is not symmetric with respect
to other spaces. However, it is possible to rewrite the result by using the
parameters of the spaces Ly, (w;), Ly, (w;) in the case when p; # p;. Indeed,
from the equality

( )<1 1) 1—ai+ai <1—0zj+0zj> 1 1
o —an (L L) 2 o (l-a; o5y 1 1
7T\ po pe Do P o P P pj

it follows that on Q(E) we have

1 1
(ﬂ) Ve (2kikj wé_af(x)w 1(55)) 1pi=1/p;
w

Wi
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Therefore, from the well known property of the norm of the Lorentz space
Lyp.g:
(4.14) HCfHLp,q(,ju) = HfHLp,q(cpdu)
1
it follows that if in the formulas for w and dp instead of (wp/wy,)/ro=1/pn

1
we take (w;/wj)'/?~'/%i then the norm || fwx ||z will be changed to an

equivalent one, with the constant of equivalence not depending on Q).
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